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Introduction.
E. J. Wilczynski, in his treatise on 11 Projective Differen­

tial Geometry of Curves and Ruled Surfaces", (Leipzig, B. G. 
TeuToner, 1906), Chapter IV, discusses the seminvariants and
invariants of a system of linear homogeneous differential equa-

1
tions under a projective transformation. He finds first the 

1 he shall speak of the functions of the coefficients of the 
system of differential equations which'remain unchanged under 
the transformation affecting only the dependent variables as 
serninvar 1 ants. while those remaining unchanged under the 
transformation of the dependent and independent variables as 
invariants.

induced transformation of the coefficients of a system of n 
linear homogeneous differential equations (in n dependent 
variabl.es) of the m-th order, the transformation affecting 
only the dependent .variables, and then proceeds to calculate 
the seminvariants for the particular case of m = 2, n= 2. This 
calculation, as presented there, requires the solution cf a 
complete system which is quite laborious even for the special 
case considered by Wilczynski. This .m e th o d  becomes more diffi­
cult if we try to calculate the seminvariants in the case of 
ais 2 , n=1 ; and the calculations become more and more involved 
as the number of variables becomes larger.

It is our purpose to present an easier and more elegant 
solution of the problem of finding the seminvariants of a system 
of n linear homogeneous differential equations of the second 
order under a linear transformation. Consider the system

 ^
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where . a» cX̂ w ii ca V**
a x  ' 3r» _  if? ’

under the transformation

In a previous paper we have computed the seminvariants depending 

A/H. Reingold, Thesis (M. A.), University of Cincinnati, 1934.

only upon the arguments . It is the purpose of
the present paper to find the seminvariants depending also on the
higher derivatives of the coefficients of the system of differen-

ii _ _ AM*ttal equations, namely on and . Although the
number of such seminvariants and the seminvariants themselves have
been found, in this paper, for the general n, the independence of
this system of seminvariants has so far been shown only for n=2 ,o,

In the last two sections of this paper some invariants are
also calculated and the number of all functionally independent
invariants involving the arguments L -v-. , LJ- , LIT. , M-• .and !»!>• is

0 o ‘ft 4 «
found.

Just as bilczynski applied the the or 3* for the case n »•£ to
the study of ruled surfaces, we could also apply the results gi­
ven in this paper to the stud;' of a certain type of protective 
configuration represented by the system of differential equations 
here considered. However, this will be reserved for another work.

1. The Equations and the Transformation.
Consider the system of linear homogeneous differential 

ecuations of the second order
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(1.1) i. + TL L,:U) ■*-.+ £ IV»W. = 0 , 0- = ‘.*....-

wnere ,
» u" _

'J-= T T  ’ A* '

and where we assume the quantities and fy») to be con­
tinuous and possessing derivatives of all orders on the in­
terval a=x#b. The most general point-transformation affec­
ting only the dependent variables, which converts the system
(1 .1 ) into another of the same form and order, is given' by

Wilczynski, loc. cit., chpt. I .

(l.S) V *  5  VC>*W  "V ’

where the are arbitrary continuous functions having
derivatives of all orders on a«x==b, and such that the de­
terminant

1 + .. . ^IW
^xx

* * *

is not identically zero.
The subscripts i and j, unless otherwise specified, will 

have throughout all this work the range of values 1 ,2 , ...,n. 
All primed letters will denote differentiation with respect 
to the variable x.
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2. The Finite Transformations Induced on the Coeffi-
cients Li; and Mu.
.---------------- ^ ------- T~

In order to transform (1 ,1 ) by means of (1 .2 ), we com-
j i'  ̂ «pute ^  axfid ^  in terms of and and substitute

the resulting expressions in (l.l). We obtain

(S.l) < +

where

+ ± ( / h + H- + 5 L-^K^-V s  ■

To find the transformations induced on the coefficients Lu»o
we write (2 .1 ) in the form

(s.s)

Since the determinant (1.3) is different from zero, the sys­
tem (2 .2 ) may be solved and we obtain

W
(2.3) -’Z-f S  ,

/here the satisfy the relations

(2.4) Uv* *  X;* + g  Klw. 0  ,

(2.5) V\h -V X u  "V- 1ET 0 .

w

After substituting in (2.3) the expression' for 'Z.\l we 
obtain
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(8.6)
where

(S.7) U i= U i+ ^ + S L ; „ ^ + S H „ L - j  + 4 E ^ „ K ^ + | , S V \ v„L„,KSf

and
» *

f \ -  *■»+ V  5  U - V S  +  S  U ~

t  A , „ * V  S  t  \ U - „ X S + £ £  ttu.(2.3) -2- - H —  -*■
' + VH

3. The Infinitesimal Transformations Induced on the • 
Coefficients V--̂  and fA^ .

In order to obtain the infinitesimal transformations in­
duced on the coeffieents and we nov; regard the 
as depending not only on the variable X but also on the single 
parameter <V ; so that for a fixed ^ the equations (1 .2 ) may 
be considered as a one-parameter group of transformations ta­
king the point ^  into the point .

Let a=oi0 be the parameter giving the identity transfor­
mation, so that 0 , and hence from (2.4) H^(xjft#')sO.

Writing (1.2) in the solved form, we have as in (2.5):

and hence

& L *  * •
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Denoting / ^by we have

Differentiating the la^st equation with respect to X we
obtain

(s.D #  =

( * • * > O'*
tL;.In order to find the infinitesimal transformations

'b/Av* M, v/e differentiate the transformed equationAwith
respect to the parameter (X and set <x= fto . We find

Mj’ + ^. VL + K- • 0
“̂ SoT - ^ A ^ ^  i 15 0 ^  ^  * ***•/

which in view of the equations (3.1), (3.S) and (l.l) becomes.

A * r * V *

iwhich is true for arbitrary ^  and ^  . Thus 

(3.?) "^oT =  +  S, (A-Xw^v^“ ^.v*V.v.jl>) j

( s . < ! )  v v 1  ~ ^ , +  t ^ L v ~ ^ S +  ■

are the infinitesimal transformations of the coefficients \_-k;
*

We shall also need the infinitesimal transformations of
and fA*̂  in (l.l).
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v tvAV— j ^ > which by differentiating (3.3) and (3.4)
are found to be given by

(3.5) ;

(3 .6 ) + 1

- V -  \ _ \ , W k ^ V V * j j  ~  ^ V v v w  >

(3.7) 7J3"* — ^  S  ■*• cR 0VM fAv^^L-^X^

vvŝ Ĉ\. w\ •

4. The Calculation of the Seminvariants.
In this section we exhibit the seminvariants depending

) I* )only upon arguments \--ŵ , snd /A-̂  . To do
this define the functions anĉ u-U) -by

(4.1) G-^ = a, L-^ - 4 IAÛ  + £  Luvw L  >

(4 .2 ) U  ^ ̂  ̂  +■ S  (l- ̂wx &UVVN L •

Thus G;-. and are two matrices depending upon the matri-
it

ces L- , \L-- , \lv , IA-t; snd K b .  We shall also need the $ '‘\S & Q o
cowers of G-- and of U-.: , defined by the relations 

6 0 
(O) ** in jV

(4.3) G,;=SGlUG„, , It-VA,...],

(4 . 4 ) u ‘J = t u f ; V 4 , ( > - < u

($,) p w)
so that Or- • is the £-th cower of the matrix la.- and U-• is^  o ^
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the V< _th power of the matrix . The zeroth power of every 
matrix is by definition the identity matrix I.

. .1*0Consider now the product of the two matrices and U-,O 0
namely the matrix

A  Ax)(4.5) uv«.

nFor this last matrix becomes ba , and for -t=0 it reduces 
t0

Introduce now the expression
*  . I t )  w )

(4.6) X -  ,Wl=| V=\

which is the trace of the matrix (4.5). Next, we want to prove 
in this section that the traces given in (4.6) are seminvariants.
In order to do this we derive the infinitesimal transformations

lO XM)and U-rtf) .M)induced on b-*- and VJ-- by (I.?.). These transformations are
found to be

(4 .7 ) ^  =  £  (d l  ,

(4 . 8 ) ^ = t ( u ^ - X „ u - ) .

These formulas are readily proved by the method of mathemati­
cal induction. V.re shall restrict ourselves to the derivation 
of (4.7), since that of (4.8) is similar. \Ye first show that

( 4 . 9 )  * S

holds. Differentiating (4.1) and then using (o.o), (3.4) and
(3.5) we obtain
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q 3^- - <* o&. ^  +  ^  \ ',vv' oft. + exx.

=  s U ^ - - 4  K - +  S  L - - L - ) ^

-  |l Wi,™ - 4  + £, L ws L ^ )

~  -'5Civw

which establishes (4.9).
To complete the induction we assume

to be true. From (4.10) and the definition of (7 .. we see 
that

ifiST1-  ^  t  r vt’ c

—  f '  I  ̂  G  ■ -+■ G ^
V ^  CWV 'b0"- /

—  T ’ ( • —  V~  r̂f \  '°'i.wv Jvvvs 'T̂  J *

Using (4.7) and (4.8) it is seen at once that the expre­
ssions in (4.6) are seminvariants, for

-at t cfiu1:’ «, * . IOĜ . u«) f  It) o u l^

= ± U U ^ - k > g U K  

+ 1  & ' !  ^ ~ 4 C ' ) ] =  0 .
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We have thus proved the following
Theorem 4.1 . If Gq and U-- are defined as 

G-  ̂=  3, -  4 N  ̂  \-»»» V . ,

Ui.̂  — X + £  ̂V-v.̂  G ^  — & U>WL ,

then all the traces

£ * G ? i v ? ! l  , ( £ , k =  V , h - ) ,vS\ '1\*S 1 '

will remain Invariant under transformations (2.7) and (£.6 ) 
induced on the coefficients L-t- , |Au by the projective

<3 ^

transformation

5. The Complete System.
The problem which presents itself next is to find the 

number of all functionally independent seminvariants, depen-
) ■> iding only upon the arguments U-^ , and t\~̂  .

If f is a seminvariants depending only upon the argu-

llllcsynski. loc. cit., p. 95 .

meats V.;- , } vim , M u  and the expression
V O flf Q

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



- 1 1 -

which represents the Increment which the infinitesimal trans­
formation gives to f , must vanish for all values of the ar­
bitrary functions . Substituting the
values from (3.3), (3.4), (3.5), (3.6) and (3.7), and equating
to zero the coefficients of these 4n^ arbitrary functions,

3Uwe obtain a system of 4n partial differential equations for 
f ..By the general theory of Lie we know’-, that this set of 
equations will form a complete system of which every solution 
is a seminvariant, and conversely every seminvariant depen­
ding upon , \i.-̂ , and is a solution of this
complete system.

For brevity let us introduce the permanent notation

_ V  — Cp" _ M. — SA}

so that (5.1) yields the set of equations

(a) c&i.̂ *+• ~  0  »

(b) X oCwjf + + 52. +

(5.2) (c) & - • -V XI ~ ^  ̂vvx &  V.'*v
J \

-V- c / A o -o V a - V  \ - w »u  J

(d) f l  ( — St*. + LjLi- V ^ „ +  L„, ^
- L * * '& " * » +  h > ~  H ^ A ^ = 0 .

3L/ V .This system contains 4n equations with the 5n variables v-u-,
0

W y .  , L.I: . ft.. , K v .  Denoting the n eauations of (5,2d) o 4 '‘it <5
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0 , we readily obtain the relation
H

(5.3) E  =  0 .

In the sequel it will be shown that the remaining 4-n — 1 equa­
tions of the complete system (5.2) are independent.

We shall now show from equations (5.2a) and (5.2b) that
a, iour seminvariants are functions of the on arguments }

G-̂  , Gij , By (4.1) we have

(5.4) Gvj — a-C* - h kh + £
Denoting the left members of (5.2a) by , (r,s= 1,S,.,,,n),
we readily find

Y „ U = o  , Y n \ s j i  =  0 , =  0  •

Similarly denoting the left members of (5.2b) by we
have

* J b ^ = o ,  u , ^ = o ,  z j G r ^ - 0 .

We shall now show from equations (5.2c) that our semin­
variants are functions of G\,- and U{.: . To this end denote

a <5
the left members of (5.2a' by SLyh. Making use of (4.1) we 
f ind

Slri tG ^ a O .
Similarly using the definition of given in (4.2) and 
keeping in mind (5.4) and (4.1) we obtain after some calcu­
lations
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•a jv * * )3 0 - '

If as before Xjfl denote the left-hand members of (5 .2 d)
and if the variables G-̂  and 0 ^ are introduced as independent
variables, the system of equations , becomes**

d
5 L. E. Dickson, Differential Eqtiations from the 6-roup 
Standpoint.Annals of Mathematics, vol. 25, No, 4, p. 322,.

(5.5)

We proceed to find the form of this last set of equations, when 
expressed in terms of the new variables and 0 ^ .

Making use of (5.2d) and (4.1) we have after some calcu­
lations

Similarly making use of (5.2d) and of

0 -̂  =• H ^  "* ^  +  + ,

we obtain

£  £  K  -  ̂ I r J  •

So that in terms of the new variables G- and U-; the system
(5.5) takes on the form

(5-6) " V - i f c ) - ° -
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The equations (5.6) form a complete system of n partial 
differential equations in the 2n independent variables

. Any solution of (5.6) is a seminvariant, and converse-
/ M

ly, every seminvariant involving L-fĉ , } r\^ and
Mijj is a solution of (5.6). Hence the number of all functio-

i iinally independent seminvariants involving
and is equal to the number of independent solutions

/ N 2-of (5.6), which in turn is equal to 2n minus the number of
independent equations of (5.6).

The problem of finding the number of all functionally
independent seminvariants involving \-u , , M-'

, 4 <5 o v $
and reduces itself then to the problem of finding the - 
number of independent equations in the system (5.6). It 
is seen from (5.5) that there exists a relation among the 
equations of (5.6). We want to prove now that the complete

ft
system (5.6) consists of n -1 independent equations, lea­
ving (5.3) as the only relation among them, hence it will 
follow that the number of all independent seminvariants is 
2 n'-(n'-l)*n+l . We do this in the next ==* section , 
first for the special case ns 5 and then for the general n.

6 . The Humber of Indeoendnet Solutions of the Complete 
System.

We consider first the complete system (5.6) in the case 
n = 3, namely

( s - 1 ) U I m p a n + M f c y k i ) = 0  . k v A M ) -

We shall now show that this complete system consists of only
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8(5 —1) independent equations. To do this consider its matrix 
of coefficients

(6.2)

o ;■Ux U M |0 ,o Ms, 0 I 0 0 ^u. 0 0 i 0 0
1 j

•V.-'k-'V 0 !Mi, 0 0 u > . ° - S G‘'Gu o!i<*’ 0 i 0 : 0

•Hi Mru* 0 Io! U w j 0  I 0 V »u^ o  I0 0 0 &3,

0 ! 0 0 -Hi -h M J 0  0 0 ! o M J 0  i V
!

0 !0,1 0 r % \ o r•«,i o !m J o ; 0 I o - G lt 0 0 jG at.0 ;

o| 0 0 , -HxHrHi o 0 H » o Ii 0 ;K*. G-G>t» 33 0 0t

0 0 'ivw o o iuHi - H u H i 6»* o  : 0 0 0 &-G„ -Gu

0 0 ;o ■VJla 0  j-Mu 0 & *j o 0 0 I1 ~Gn
0 0 V* ! 0 0 O n  -U„ -Ht o 0 0 G,* 0 0 " &3V 0

-11C Olit 0f ■ ,7 3 ill;: 1111 ill 'S v.; i i i - L ■•. 1* the j_ (j _.iov -A ('•iJ5 w —ihtii c -L‘ior
detenu a

_Vt\viv_vT5i jL

0

U.tH u. 0  1 o I v)M 16,-W- ^

M»} 0 0
0  0  U,;H. -<J,y U„ 0  0  0

0  M* - M * U , A  0  0  0  &u
0  0  0  U , - V )0 - V ) t >  0  0

_ .0   0  -uu o)3-on &,s O

-vt.-o,, o u 0  1 ^ : 0

Ujt. 0  '-U3l 0  V)3 1 0

Patting . v.’hen i*+^- , vve readily find Ithat inis dettrii-
n;î nt reduces to

~(Uu-V)â  (Uir^a) (°n- ̂  Gr%x &,3 ^  0  .
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We have proved, then, that the matrix (6.2) is of rank eight 
and hence that eight equations in the complete system are in­
dependent, so that (5.3), for n = 3, is the only relation among 
the equations of (6 .1 ),

Consider finally the general case, namely the complete
/  \  SU 9.system (5.6). We shall now prove that n —1 of the n equations 

of (5.6) are independent, so that we shall show that the mat­
rix of the coefficients of this complete system is of rank 
n —1. The matrix of the coefficients of (5.6) is analogous to
the matrix (6 .2 ) of the coefficients of (6 .1 ), and may he

%described in the following manner. It consists of n rows 
& %and 2n columns, n columns of which have as their elements 

the same expressions in ■ as the remaining n columns have
<3

in Gvjp The variables Uu , U u  , ,,m) appear only In
the binomial form VJ.v—  'Jl; in the column of coefficients of

s %— 77" . Out of this matrix pick a determinant of order n — 1
^  uL

-CT*in the following way; Omit the row of coefficients of jL*w 5 
2.out of the n columns associated with the coexficients of 

^ (j. take the n ~n columns when and out of the n
columns associated with the coefficients of vN"r~~. take the

• i V  , *  Nn-1 columns of coefficients of — ~y~ , (p=2,6,...,n;. By 
a suitable rearrangement of rows and columns we find that 
this determinant, apart from sign, is equal to
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" G u ■

0 0 0 0

0 0 ... 0 0

• • % •

0 0 0 *  v \ - \ 0

= i G Vi  G v » -  g - , .

w

V :■=!

4 . K - V -■•s

a,

<•<*

IVe have thus proved
Theorem 6.1 , If the system of n linear homogeneous 

differential equations of the second order-

S S i + S N' a i s 0 '
be transformed by means of

>=•

then there are exactly n -t-1 functionally independent semin­
variants involving the arguments . L.-̂  . , ^i^and iAk̂ ..

7, The Humber of Seminvariants Depending on the Arguments

.i v«. .i— «.«.,»j—V- — j— ,3 3.
Although it is not the purpose of this paper to consider 

seminvariants depending.on the derivatives higher than L- 
and , it will not be•without interest to determine the
number of seminvariants depending on higher derivatives, espe­
cially since this can be made to follow from the discussion 
just given.

From (3.3) and (3.4) we have by Leibniz* Theorem
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( 7 a )  £ ± { i )  ( C <  - s O 1 * )  ,

(v.s)^=s£*%£ ±.[\) ( l l . „ K U ^ r ^ / A l j ) ,
t *  ^ L i vwnere ^ xJ is the binomial coefficient and where 1—w 53

and , etc.
If f is a seminvariant depending upon the arguments

, ..., , ..., K*^ , the expression

(7-*) -30. - 3a. j ’

which, represents the increment which the infinitesimal trans­
formation gives to f , must vanish for all values of the ar­
bitrary functions after expressions (7.1)
and (7.2) have been substituted, respectively, for and

M?"' l». Equating to zero the coefficients of these (>J+2)n
O o -
arbitrary functions we obtain a system of (o+S)^ partial 
differential equations for f. By the general theory of Lie 
we know, that this set of partial differential equations will 
form a complete system, and that every solution of it is a 
seminvariant and conversely every seminvariant depending on 
the above stated arguments is a solution of this complete 
system.

Substituting (7.1) and (7.2) into (7.5) we obtain

" -t $ $ “4 . i c i
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A . . . « • • • • * >  T * • • •  * • *  *The set of the n partial*gî Sf.en̂ wtSLfe‘15. equations, of the 
complete system, obtatne&\ ’'ejq̂ db ipg *to zero the coeffi­
cients of is

Denoting the left hand member of (7.5) by V-\j\ we readily
A J

obtain
(7.6) tV uU]=0.

We now shall prove that (7.6) is the only relation among
the equations of the complete system. To do that we find that

%the set of the n equations of the complete system, obtained
by equating to zero the coefficients of in (7.4), is gi-

o
ven by

(? .V) a.
0  u Vjt O  t \ H

When 0 -<k the complete system consists of (d+£)n" equa­
tions obtained by equating to zero the coefficients of ,

L̂ , . in (7.4). Nov/, when 4 - cH the corresponding 
complete system consists of (cV+lJn1, equations, obtained by 
equating to zero the coefficients of } ..., cKu' in
(7.4). From (7.4) it is obvious that the complete system 
corresponding to ^-d-1 , may be obtained from the complete 
system corresponding to by omitting all terms involving 

and . By this omission the n equations (7.7), of
the complete system corresponding to 0=t* , will not appear,
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. a,while the remaining (<*+l)n equations of this sytem will be- 
come the (d-vl)n equations of the complete system correspon­
ding to v)=;<*-l. Hence every relation among, the equations of the 
complete system corresponding to U = except a relation in­
volving only the equations of (7.7), will hold among the e- 
quations of the complete system corresponding to v)=o(—1. But, 
obviously, equations (7.7) are independent. How for 0=2 the 
equation (7.6) reduces to (5.3), so it follows that for v» = 2,
(7.6) is the only relation among the (o +2)^ equations of 
the complete system. Thus we have proved

Theorem 7.1 . If the system of n linear homogeneous 
differential equations of the second order

be transformed by means of

,

then the number of all functionally independent seminvariants 
involving the arguments V-h . . .... .
.... M*- , for >)~S2. is (\i — l)n̂ -t-l .

& For the case osl we have shown that there are exactly n 
seminvariants. See H. Reingold. Thesis (M. A.), University 
of Cincinnati. 1934.
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8. Several Lemmas.
It was proved in Theorem 4.1 that the traces (4.6) are

i 11seminvariants involving the coefficients L l: , L-u , I-1**
, <J  ̂ <T

and . In Theorem 6.1 it was shorn that the number
of all such functionally independent seminvariants is n +1.
Our problem of finding the complete system of seminvariants
involving the arguments , L.^ > / A a n d  PA- will

£then be solved if we can exhibit n +1 functionally indepen­
dent traces of (4.6). We consider then the following n*+l 
tra—ces

tv toy U) / \
. U = t A , . , w i  v-o.i .-o,

(8.1) w*
V3l

which we want to prove to be functionally independent. We do 
this in this paper for the cases n =2, n= 3 and n— 4 and are 
as yet unable to do it for the general n.

For these considerations it will be found convenient to 
introduce some preliminary matters concerning the derivatives 
of the traces of composite matrices as well as properties of 
certain determinants which arise here. This will be done in 
this section and the next.

Y,e first prove 
Lemma 3.1 7~

a,:) =  \ > V  •
(J vj Y J vw=\ Vs\ >̂2'
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? H. w. Turnbull, ”A Matrix Form of Taylor’s Theorem”, Pro­
ceedings of the Edinburgh Mathematical Society, 2-nd series, 
vol. 2, 1930-31, p.39, Theorem IV , Turnbull obtains this 
lemma as a corollary of another theorem proved in his paper.

From the relation (4.4.) and by direct differentiation it
follows that

* » (£) Iv) ,
   L L  r r r -O U ys %«!

V* Vi I fl\ w H ** A / /  \

- 5 5. *5 5 5
»  C E & "  ( i•w=i >»«<,,•=» « >Jrs ' <if=v * >>n4 «i.fc

o  o  | \*~x) i i . f1
+ —  S  ""‘w  -D Ort /'

But obviously

^  0* ■ . 'hU- ■"A .  ̂ when u-t 1= £ and - ■=; 0 other?;ise.
^\Jr& $

Hence r£\ lV(\

^ 1 5 4 - ? ° -  =  i i i i  / :u)tV?,+ u . r +  -
^ O r& — A

.v. -V +  5*̂  v* y  J J

which establishes (8.2).
For £s0, (8.2) reduces to

y' y ^  o*-0
(8 s) ,!r- -  v y  '
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The n +1 seminvariants given in (8,1) may be regarded 
as composed of two sets of functions . One set is given by 
the n seminvariants

(8.4) t . Gu , U*».i.*),
which are functions of the variables Gu , G IV , , GA„
only, and the other set b3r

,(«J . .(vd 
2^ 2-a S:

(8.5) MSt
t i u i ?

where we have n — n -$-1 seminvariants which are functions of

We ca-̂ n show now that the traces (8.4) are independent 
functions of the n*1 variables G ^  . To do that it is suffi­
cient to show that they are independent when considered as 
functions of the n variables Gu , G41 , ..., G** only. Ma­
king use of (8.-5) we see that the Jacobian of the n functions
(8.4) with respect to the n variables , G21> , . .., G v 
is

1 V > V t

I t
X G tl StG

I
Xfr,

<w(yH

12) £/Setting GvfO, (V* j), so that G ^ =  we find that the
last determinant reduces to

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



- 2 4 -

'tvi 'IX

We have thus proved
Lemma 8.5 . The first n successive traces

tA •
are functionally independent in the variables .

We have now the following result
Lemma 8.3 . If the seminvariants given in (8.5) are inde­

pendent when considered as functions of the variables .
VJ'a.vu only, then the n^+l seminvariants given in (8.1) are 

independent in the variables Gy . . .... G w  . . On. ,

For suppose that the seminvariants (S.l) are not indepen­
dent, then there exists a functional relationship among them 
with a-̂ nd Ut‘ as independent variables. Because of Lemmma0 4
8.2 some of the seminvariants of (8.5) must enter into this 
relationship, which gives us a functional relationship among 
the semi variants (8.5) in the independent variables ,
contrary to our assumption.

9. Generalized Determinants of Vandermonds.
Consider an arbitrary n by n square matrix the

determinant of which is denoted by m. As usual M-t: is the0
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element in the i-th row and j-th column of the square matrix, 
(yc)Let M-. stand for the element in the i-th row and j-th co- M-

lumn of the fc-th power of the given matrix » So that

V ~  ti 7 ~fca "" ''ta

Since every square matrix satisfies its own characteristic
equation, we have
(9.1) A*~i) (o)

*V ***
for every pair of integers i,o where a^ss (-1) , a#=m. 

Consider now determinants of the form

(9.2)

M
to

•V.s,

M
M,toT,>t

W

rlU M

where r4 , r^, ..., rn and s4, st, ..., sn are arbitrary inte­
gers on the range 1 to n, equal or unequal. For the sake of 
simplicity we introduce the permanent notation to denote a 
determinant of the type (9.2) by exhibiting its i-th row, 
i.e. by writing

to ,.u)(9.3) 1 “ 1 1 M M

We call a determinant of the type (9.5) a generalized 
determinant of Vandermonde.since for the particular square 
matrix |m - [\ =  it reduces to the determinant

V
-V x. X
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which is known as the determinant of Vandermonde.
We want to factor now the determinant (9.3). In order to 

do that operate on this determinant as follows: Multiply the 
la^st row by a^ and add to it times the (n-l)-st row, a*..̂ 
times the (n-2)-nd row, ..., times the second row and a, 
times the first row. Then making use of equation (9.1) we find 
that the last row of this determinant is equal to

Io)(o) (o) fo)
~*ao^r,6, t ~ a oi'̂ Vv61 > t

while the other rows are unchanged. The value of our new deter­
minant is clearly an|lVÎ t ... ^y n-^ i-n'ter-
chcL̂ nges of pairs of adjacent rows the last row may be shifted 
into the first row and then if we factor —afl out of the first 
row we have

or

t o  Ji lv) I• ̂  t • 't ♦ 1
X S n V

T,T 1< • • • X &c'«|Lv,s, I ao|Hh • * • •’tv.iv, I
V\

Since aft=s(-l) and a^m we have 
Lemma 9.1

( b - 4 )  | < l  4 . H H -  • • •  i •

This lemma gives us the factorization of the determinant
(9.5).

If no pair of the n sets (r4 ,st), (r^sj, ..., (rn,s„J
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have equal elements, i.e. if r,^ s, , ,' ..., rn?̂  s* simul­
taneously, then the first- row of the determinant on the right 
hsnd. side of (9.4) has every element zero. Consequently we have

Lemma 9.2 . If rt st . râ r sx ...... r ^  Sy, simultaneously.
then the value of the determinant (9.5) is zero.

10. The Inde-pendence of the Seminvariants for the Case n— >5.
As pointed out at the beginning of section eig\it,the prob­

lem of finding the complete system of seminvariants involving
. .* wthe arguments , L;j , L'^ ,•

we can prove that the n%.l seminvariants given in (8.1) are 
functionally independent. Y’e do this in the present section for 
the case nso, so that i and j will haxve the range of values 
1,5,5. In view of Lemma 8.3 it will suffice to prove that the 
seven functions

We are thus lead to the consideration of the following 
seven by nine matrix

and IAw. will be solved if $ q
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•3G .U afe.3 'a k l l
H I , 3 U sr

s c . i t = 6 1  . . .
^V )lx ^Msr

. . . a M .  . . . • a M
ov>M T>Utt v)^sr

l  • »

. . .■out* *5Uj3

o u 3i

Applying Lemma 8.1 and formula 8.3 and setting ^ = 0  when 
we find that (10.2) takes on the form

G rt G* 0 VS G «
Gtt

rwu * • CS pH)u J3
^0 pi»)G « rs

p li)G3J
(U„ +U„ ) G u ( ^ * D ,  )<S* •« ( V l f i G r. ... (u , * u „ ) g S5
( V ^ ) G ? ( i V u » K ' .. ( v r f i o S ... ( v ^ 1̂
(U,+ U U ) G ? ( V 1 ) s ? .. (o „<-iQ g £ ... O v u J t ]

c Tt1'o L tt 0 .. snt, fri k3TT»
Employing the notation introduced in section nine for the rep­
resentation of generalized determinants of Vandermonde the 
last matrix can be written in the more compact form
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comes

0? plO
XX # • •

n,)<£ d- TT \Uu ) Glv ...
0 • 9 •

let U lt= - U *x= 1 and U

rcq p0J
w GM

p W
31 GUi G u

2G*1 0 p U) 
31 0 -2G

3 0 0 0 3

,U)Trs ,10Tas
(WpUjdiWvr' 'Jrs ••

% rf
• • •

(d^ u j g :“j

sur-5 <T„ -3U.33

33

u)
ifl
«
11

rw

-g;Vv)31

GU) GW Gl°tl 13 33
GW -°£ 013 13
0 0 00

To show that this matrix is of rank seven consider the folloW- 
wing seventh order determinant

By the Laplace development this determinant is equal to

gPii gm Gll)IX It <£ g‘°33
SG^ 0 p (v) o: np^-*G*1 -gm31 0
3 0 0 0 5 0 0

cprt (40 op" 

1 0  1 0

=-6 I G1

| < t f GU' GU) | =I! 33 I —

£  €  g S I + K 8  €  < ’ l ] -

Denoting by g the determinant of the matrix ||Ĝ ll and applying
Lemma S.l we see that (10.3) reduces finally to

<%* Ĝ4 <£|.
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G..~
i

But this can he readily verified not to be identically zero 
by taking

IEi 1 0  
0 - 1 1  
1 0  0

We have thus proved our final result for n = 5,, namely 
Theorem 10.1 . Let

be a system of three linear homogeneous differential equations 
of the second order. Sucrose that the variables are trans­
formed by means of . 1

(10,4)

Then, if we define

and
G-ujr -  & ̂  - 4 ttwj + W j  .

U,- =  ^ G*̂  £; ( L  vv. )

she ten traces

t l  V ) J f  ,

are a s?/stem of ten independent functions of G^ , GUH1- -11 >

Uu, Uu...... IL which remain unchanged by the transformation
(10.4); and any seminvariant depending noon L:.:. LI . LV- . Md,(T o'
M?. may be expressed functionally in terms of these ten traces.
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The proof of the functional independence of the five tra-

for the case n = 2  goes through in an exactly analogous fashion,

also have a result corresponding to Theorem 10.1 for the case 
n=?2, where instead of ten independent seminvariants we now 
have five.

11. The Independence of the Seminvariants for the Case n=4.
In view of Lemma 3.3 it will suffice to prove that the 

13 functions

thus lead to the consideration of the following 13 by IS 
matrix

ces

by taking the set of values TL=.0, i j, =»1, U^-sO. Thus we

are independent in the variables Urt ,
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Applying Lemma 3.1 and formula 8.3 and letting Uu- = 
■we find that (11.1) takes on the form

Gr4
<
**
rt$*5

(U„ +  IT  ̂GU^
( U „ + U J g £
(U„

< V J „ +
(t£r + V S „ + i£ ) g 2
(ur\  + V k + t £ ) < s ™

4U*, < &
where we are .representing our matrix by exhibiting e

0 when

column
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with subscripts s and ,r .
Employing the notation introduced for the representation 

of generalized determinants of Vandermonde^the last matrix can
be written in the form

(U„+Uu)G^ 
$

pUi

(D„-vnM)G's

(’t ' W ' i X f

G,fi)•m
I1-) M

rs
4UI 4U,

t
Si

L£s. 4U,hi

Now let Uu^-U^^l, U33=»2 and U4H=0, so that the last matrix 
becomes (after omitting the factor 4 in the last row),

G U
> )
G«

p W
G »U

r w
11

pl»i
Gt»,

pCO
G3Z

2GWu 0 3<§ G«u 0 - S G W1.5/ <

olr,j Gu < %
ptO
\x

TplO
O Ga

1 0 0 0 0 - 1 0

„C0 CO P W  u h  pu) pU)
G» Gms G.t Gm % h

«nia ,w nW p W  pl^ /I ptOG£ 7G;w 3G£ 12G‘ 4G£ G? Gft 4Q£. 0 
0 0 0' 8 0 0 0 0 0

To show that this matrix is of rank 13 consider the follow­
ing 13-th order determinant

(11.2)
Gu Gm Gm p WHI otOuix plif11 riait pltig H4 cff pii)13 p W13 pli)W Gli)

sg» o' 5 G « 0 c pt^ piO pU)Gii 53 pCOn 0
S G « p Wn 7 g " VI 3GS ry pli)o G st < -rpW i2dg q W 0
1 0 0 0 0 -1 0 0 0 0 8 0 0

Denote the matrix of the first four rows of (11.2) by a , 
that of the second four rows by b and the third four rows 
by c . After performing the elementary operations indicated
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below we find that, except for sign, the determinant (11.2) 
reduces to

(11.3)

-see 0 0 -20? 0 u 0
K

0 0
<

-scg
2G^ 0 HI 0 o n ®

g i£)31 -Gt X pli)
<

pU) 0
-3(? Gu)u -2G« -20? 9g£ 0 < - K

0 0 -so;;' 0
1 0 0 0 0 -1 0 0 0 0 8 0 0

(&-aA»
W

lc-a

Expanding the last determinant by the elements of its last 
row we find

0 0 -20? 0 6<Hi 0 ppiaHi 0 0 < opW-^G.n pW-uH1(
0 < 0 -S€

ru)Hi SO? <** 4GtiJ sja 0

0? -so? -20? pW 9G? 0 4Gm̂ -26® 0 0 -26® 0

- 2 6 ? 0 0 - 2 6 ? 0 0 2 0 ® 0 0 S G ? - ■20? - ptOGm
+ 2 0 ? 0 y plO 31 G ? 0 pl>) ptoG«, " Ghi ^pfOS&,J < s « e o ? 0

- * ? GW r,n^ — ^ G jj - 2 G 1̂~ um Gtl CA0 4G,’ - op 1̂ o. 0 -•26? 0

- cAj,, 0 0 o~ 11 0 6 G ^  0 tjpC'5 0 0 pl^- Gsh
+  8 2 G ^ 0 SO? rvtvlMl 0 rjpfl*1 G|» -ul<x 6? pW

w 0
- cCju 6« - 2 6 ? _ o p p <c 9 0 ?  0 4 G W -2C>] 0 - 2 0 ? 0

Making use of Lemma 9.2 we may show that the last expression 
is equal to
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2Gj] 2g£ 2G*J Gjj

j o p ^  o p ^  or® p^l -  < ^ ih btJ

-t*8|2Ĝ  2G^ 2G^ (Q

0  3 g “ } 0 - 2 G g G Wu 11
p WGM> 4  g £

G x» “ ^nsi G »  S < £ ? 0 0 0

saf 0 s g £ 0 n lA
« §

pit) 4 G ?>3

- 5 0f piw -S(£' pli) 0 0 0

< 0 0 - 2 ( ^ 3(t? i
- s o ? pwG»l -2 <£ pi*)A 9G“  0 -2$  0

Making use of the Laplace expansion and Lemma 9.2 we find that 
the last expression is equal to

8 k '  G “  G ™  « & l { p 3 l €  €  G S  <  €  G » h

♦ sis log <£ <& <&\\% G» G“ g“\ - ^ H :  g» g£ < \ V *  £  d?\

-vsl<^ G“ Gn Gt l K  G“ ^  G?l-S64|< <* GS 'tTK G“ <=£ <§1 
-864 K <& G® G?Wg2 g£ og Gfl*288 jo'* g“ g£ ĜGg Gj*' Gg gJ
+ 288\Gg c£ <&' G®\'(g“ og 0?fy .

If we now use the factorization given in Lemma S.l we finally 
obtain that the value of (11.3) is

-34566>ior g!;;0 d? <c c'clic' <4 <$• g::1+
'li-o U*0 rN  p14-) nt'-)

+ ‘GA G«  G»  Gw  V\G1» 31 U.r

where g is the determinant of the matrix | Gv̂l\ • That the 
expression (11.4) is not identically zero can be shown by 
taking

"g...
1-X. 1 -1 2
-1 1 0 1
0 0 0 -1
-1 -1 0 0

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



and (11.4) becomes

We have thus our final result for n=a4, 
Theorem 11.1 . Let

be a system of four linear homogeneous differential equations 
of the second order. Suppose that the variables are trans­
formed by means of

are a system of seventeen independent functions of G„. Gt,. ...,
C-H,. U0. U„. .... Uuu. which remain unchanged by the transformation
(11.5); and any seminvarlant depending upon L-.. 14, L.M. M--. Ml<r 0 0 *3
may be expressed functionally in terms of these seventeen trao-es.

(11.5)

Then, if we define

the traces
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12. The Effect of a Transformation of the Independent Variable 
Upon the Seminvariants.

The invariants of the system (l.l) of linear differential 
equations must obviously be functions of the seminvariants, 
namely such functions of the seminvariants as are left unchan­
ged by an arbitrary transformation of the independent variable 
x. In order to determine the invariants it is necessary to 
find the effect of such a transformation upon.the seminva­
riants. We do this in the present section.

Let (l.l) be the given system as before. If we introduce 
a new independent variable 
(12.1)
where %(x) is an arbitrary function having derivatives up to 
and including the third order on then (l.l) becomes

cXV X-' 4 * 5  4r-‘ * fr

as.s) * ^ - r  W  ’

and where d* is given by
a

_ _  J__
(12.3) * “

(12.4)

We find from (12.2) 
clL
d-% ~  (?)

:.nd hence usine the definition
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iT- • —  —  u)
G  =  I '-Vi'7‘4 4 4

v/e have

a s .  5) G , =  V ^ V ) 1

where
III l|.1- j L -  jl.(IS.6) . 4 -  j, - y  ) >

is the so-called Schwarzian derivative. V/e find at once from 

(IS. 5) .. }i P/P\ fr̂ 'p)

* ? .  *  U K * * f  ( V  <  *  " ■ * 1 1 1 »

(■«* ~P 14̂ — *Denoting the trace 2-jvj--, hv t. and i-b-.: by t we have

1 \ . . . * r m . v v * v - y

8
The trances t̂  are the seminvariants of (l.l) under the

8 Reingold, loc. cit.

transformation (l.£), depending upon the arguments Lv , L’--d a
and M-k̂ . It was also shown there, that the n traces t̂  ,
(>t = l,2, n), are functionally independent and that any
seminvariant of (l.l) involving L-̂  , L{̂  and,' may be
expressed in terms of these n traces.

From (1:2.7) we may deduce the following independent re-
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lative invariants

q cf. Dickson, loc. cit,, p.575.

t v - j

since we may readily verify that

—  \ 0
0g —  y S, 8),

From these relative invariants we obtain at once the two ab­
et ©isolute invariants and — ^T“ , which are obviously inde-©8 ©t

pendent.
For the purpose of determining the number of functionally 

independent invariants, we set up the infinitesimal transfor­
mations. We now regard the lj(x) as depending not only on the 
variable x but also on a single parameter a , so that for 
a fixed x the equation (12.l) may be considered as a one-para­
meter group of - transformations taking x into x. Let a = 0 be 
the parameter giving the identity transformation, i.e. ^(x^j= x. 

The infinitesimal transformation of (12.1) is defined by

, - § u , o ) = x ,

where 9 is an arbitrary function having derivatives up to and 
including those of the fourth order. We have at once
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a . : '  • i $ b ■

Hence from (12.3) and (12.6) we have

W „ . =  ° * L*'L.= °. 1 / 1 . . . = L/i,.= 0 •

1 f t / -  L a ; 1'".

Making use of these expressions we shall now find the infini­
tesimal transformations induced by (12.1) in the coefficients 
L-fc. and M-- and in the seminvariants.

We have then from (12.2)

cX, a. & 5̂ » <A 0

and from (12.4)

 /  —  -

Hence from the definition of Gy we get
&

cX.

and more generally 

Using (12.5) we find
Jt

and hence

"X
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(1J

^  - h <c“ ^ 4 ,

. 9 1 . = -ivcf' U?) -4<t" t t t  .'* ' i\<X  ̂ f-o ■'*’■' ic‘ • "

From (12,8) and (12.9) it follows that

d<X. *,«' 0 r

*» ̂ M _
Denoting the trace GrVv*̂ v*i by vve have

=  - ( . « ■ * *  ^ X t  +  H < p ’ " t W i .  + 4  K < f  V

( 1 S ' 1 0 )  - M < t *  f : |  i t  t  e £  u l f! & „ v > r * .

For k = 0 the last expression reduces to

( 1 2 . 1 1 )  t ^ H r  <P W . )  •

The last two equations furnish us with the infinitesimal 
transformations induced by (12.l) in the seminvariants. Equa­
tion (12.11) gives us the transformation of the seminvariants 
involving only the arguments L- , L[. and M;- , and (12.10) of ̂ Q
the seminvariants depending only upon L- , L.l . LI! • M.-to . .J? .4  ̂ v4 > ^
and Ml- .

Nr
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13. The Number of Invariants.
In the present section we first find the number of all

independent invariants of (l.l) involving only the arguments
L;- , L>’. and for any n. Next we proceed to find the number 
pi * ^
of invariants depending only upon L- , L* , LJ! , M-k. and .o o d kir
Since the independence of the seminvariants TgK has been pro­
ved only for n — 2, n= 5 and n = 4. (sections 10 and 11), the de- 
terminantion of the number - of independent invariants involving
L-- , L-*- , LN » M:-. and M-J: will be confined to the same values ‘d  ̂ "<i! A *
of n.

Let any function F(tk, ta,,..,ttt) be an arbitrary abso-
3 v\cj_____lute invariant involving only L-- , L-J. . S^SQSSSSSsaS Ml . Thend o .  o

the expression

Jt_ i  „  - j ,  _ o .

must vanish for all values of the arbitrary function <P( x) 
and its derivatives. Using (13.l) and (12.11) and equating to

I u;
zero the coefficients of (x) and (x) we obtain

f t r = °  •
(13.2)

V  ’ V Ty  I X  o .

The two equations (13.2) form a complete system of which every 
solution is an absolute invariant, and conversely every inva­
riant depending upon Lv , LJ- and M- is a solution of (13.2). 
These equations are obviously independent and hence the num­
ber of all independent absolute invariants is n-2.
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Since an absolute invariant is the quotient of two rela­
tive invariants of the same weight, we have then the following

Theorem 15.1 . If a system of n linear homogeneous 
differential equations of the second order

be transformed by means of

then the number of all functionally independent relative inva-

Secftovk-
ent in­

variants involving , Lt , LJ*. , Mt- and Ml- for the caseV 0 0 0 o
n *4, In view of Theorem 11.1 we know that any arbitrary inva­
riant involving L-- , LI , L!’- , M L- and M ’- is a function F of-j > ^  ^  awl T0„.
the seventeen traces TgK (X=l,2,3,4; X=S0,1,2,3)A Hence the 
expression

jf 2 L .  i3L* * f v — ■
(15-3) <U- ~ ^  ^ T«,k ^

must vanish for all vâ -lues of the arbitrary function
and its derivatives. Substituting (IS.10) into (IS.3) and
equating to zero the coefficients of ¥(x), <P(x), ¥ (x) anĉ
/T\S(x) we obtain

( H + w )  ■ + % £ i t a X ,  + u t 0, % H =  o .

(is.4) £ £ +  4 -17,9 1 = 0 ,
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<rwhere stands for » .
*4

The above four equations form a complete system of which
every solution is an absolute invariant and conversely every
invariant depending upon L-„;, L*. , L’i , Mv and WJ- is a so- ,
.lution of (13.4). We can readily show that these four equations
are independent by considering some non-identically vanishing
four by four determinant of its matrix of coefficients. For, we.
see. in this matrix the determinant of the coefficients o-f
<T cr <■ . and <i0M 14

5TIV 2T,0 4Tft.'O 12T0)4

T>,o 0 0 4Tl|3
V 2TVi0 0

m-1.0 0 0 A rn

40 :tVtat\\we set for all i and j, and G-^=0, i , G41=
— G, — Gu„ = 0 and G„=l . we find at once that the value of thisn*i » *

determinant is 144.
Since the equations of (13.4) are independent the number 

of all independent absolute invariants is 17-4=15 (4a+l-4). 
We thus have the following result for nr 4,

Theorem 15.2. If a system of four linear homogeneous 
differential:, equations of the second order

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



be transformed by means of

then the number of all functionally independent relative inva­
riants Involving the arguments L-- . II . LU . Mr.- and Mj ‘' 
is 14 (41* 1-4+1).

Applying Theorem 10.1 we find in an exactly analogous 
fashion a corresponding result for ns3, where instead of 14 
relative invariants we now have 7 (3+1—4+1). For the case

to in - 2 the number of relative invariants is 2 +1-4+1).

to cf. Wilczynski. loc. cit., pp. 110-113.
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