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Introduction.

E, J. Wilczynski, in his trestise on "Projective Differen-
tial Geometry of Curves and Ruled Surfaces", (Leivzig, B. G.
Teubner, 1908), Chapter IV, discusses the seminvariznts and
inveriants of a system of linear homogencous differentizl egua-

1
tions under a projective transformation., He finds first the

1 ; .
Ye shsll sneak of the functloﬂc of the coefficient

S}
system of differential eguations which remain unchanged u T
tne trensformation uf?eﬁtung only the dependent Vch”blOS as
seminvarisnts, while those remsining vnchanged under the
“transformation of the devendent end independent varlables as
invariants.

T the
mde

induced tramsformation of the coefficients of a system of n
linear homogeneous differential equetions {in n dependent
varisbles) of the m-th order, the transformation affecting
only the dependent variables, snd then proceeds to cealculate

he seminvarionts for the particular cese of m=2, n=2. This

calcu on, s presented there, reguires the scluticn cf a
comnlete system which is quite laboricus even for Lhe special

m=2, n=%; and the calculationg become more and more involved
zs the number of variables bhecomes larger.

It is our puronse to

of n linezr homogeneous differentizl equetions of the second
order under a linesr ansfTornmation., Consider the system
I b 5 Q b=\
o\ ‘?S -\-E M, Y= (=12, M),
¥= B-l
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where L

Y J‘%\, u_.c\‘&;.
BT T e

uhder the tranzsformetion

‘3’ =N‘ * %‘\( (‘5“) N\ (.L=\'2’)~--/NV)'

In & previous yap,r e have ¢ ﬂputed the gceminvarliaznts dependi

H. Reingold, Thesis (M. 4.,), University of Cincinnati, 1934,

. ) dvl; . .
only upon the arguments L} ,Lq..nx—ﬂ P\%. It is the purvpose of

the present paper to find the scm1nvan1dnfs dencmdlng also on the

higher derivatives of the coefficients of the system of differen-
. 1 A t M" — M‘;' .

tial equations, namely on \.. 5 and ur-—;7j‘ Llthough the

numher of such seminvaricnts and the seninvariants themselves have

been found, in this naper, for the general n, the independence of

this system of seminveriants has so far been shown only for n=2,3,4
In the'last two sections of this paver some invariants are

a1ls50 czlculated and the number of all functionally indepnendent

invariznts involviag the srguments L, LI , LW, I, .and M%

(- 4
\

found.

Just ag Wilczyaeki znplied the theory for the case n=Z to
the study of ruled éurxaces, we could glso aoply the results gi-
ven in this wnaner to the study of 3 certzin type of vrojective
configuration revnresented by the system of differential equations

here considered. However, this will be reserved Jor znother work,

linear homogeneous differential

97}

3 ~ 2
ecuctions of the second order
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(1.1) Yt %\ \_.béu) \3'&"‘ Z:_—,‘ M"'éb_‘)-%&:o o =y, ...,m.\ ,

wnere .
v Ay "o dy;
%f‘ ! \3'1." A%

and where we assume the guantities \—;éb‘) and )“\-,&b») to be con-
tinuous and possessing derivatives of all orders on the in-
tervael a&£x£b. The most general point-transformation affec-
ting only the dependent varisbles, which converts the system

3
(1.1) into znother of the same form and order, is given by

s Wilczyanski, loc, cit., chpt. I .

(1.2) Y. =Mt é‘KL}Lx) My (v=, &, -

'-.ﬁ.rllere the \('.,-u) are arbitrary continuous functions having

derivatives of all orders on a£x%b, and such that the de-
terminant
‘+Ku K\.;, « v s K\“
(1.3) S A ™

Km Kv\'.b R \—\'K““

is not identically zero.

The subscripts i and j, unless otherwise speciiied, will
nave tianrougnout all this work the range of values 1,2, ...,n.
A1l primed letters will denote differentiation with respect

to the variable x,
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2., The Finite Transformations Induced on the Coeffi-

cients Ly anda My,
9 ==
In order to transform (1.1) by means of (1.2), we com-
W \

pute * and u. in terms of M. . and ~m, and substitute
\a" ‘%\- IV\\' > L N\\, '

the resulting expressions in (1.1). We obtain
v iK [ ‘ O
(2~l> ’V\,\'-\" »bﬂ\a""z‘u: J

Pl

where

%

- : "" . - N !.

2= T (0K + Ly B L Ko )4y

. . w W w ‘ w
+ %‘\K‘k* Myt 2 L Kyt 3 M-m\(wad\-& :

To find the transformations induced on the coefficients \_

i‘é’
M;.&, we write (2.1) in the form
W é \( M
(2.2) | Z.=-M, Zs My

Since the determinant (1.3) is different from zero, the sys-
tem (2.2) may be solved and we obtain

W

"

oz =-7. - i, %y,
(2.2) M= T WG
where the Hr% satisfy the relations

. “w
(2.4) oy + Ky + “.2-.\ Xiwe \‘\...§= 0,
(2.5) H W \‘(;% Y Z;: Wi \(w‘f Q.

After substituting in (2.3) the exnressiorn for "Z; we

obtain
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(2.8) M+ :Zzl\ Ly + 2 My =0,

where

LI S

(2.7) Ty Lyt A+ B LKoo ZMbg + 28 WX+ ST ML,

and
ﬁ\.‘aﬂ M‘h + K“._d‘\‘ é \-"'MKL§+KZ:: M'\W\Kwé‘ e ?“ \,\_“M M‘Ma
(2.8) + i:‘ \‘\‘\.\m\<‘w\.§+ Z: E:; “‘w\-m\(’s& -\?2‘_‘\%\ H... Mm\(‘é_

3. The Infinitesimal TransformationsInduced on the

Coefficients L"‘B and M“\;;’

In order to obtain the infinitesimal transformations in-
duced on the coefficents L;‘h and M;‘h we now regard the \(:,bbk)
as depending not only on the variable X but also on the single
parameter & ; so that for a fixed X the equations (1.2) may
be considered as a one-parameter group §f transformations ta-
king the point vy, into the point '%,;_ . |

Let a=a, be the parameter giving the identity transfor-
metion, so that \(L% (,X,Clo)":;. O, and hence from (2.4) '\'\;é(x,aa)’;-:O.

Writing (1.2) in the solved form, we have as in (2.3):

i

eman————

and hence - S w Uy
3‘6"») — O%_ (2 —-—*‘%) )
J o Q=04 Q=48
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g
Denoting (':5&3)“_ by -’J{.Vb\) s, we have

b%b —a = 2 m\.&()‘) \a'&

Differentiating the la~ st equation with respect to X

we
obtain ‘
Dy -
(3.1) _,3_6.3:_ ?( “a‘%'a*mvx‘%)
‘.3 W
(5.2) fui T km‘a"a*‘ Wy g+ Wy %a)

-}\_..
In order to find the infinitesimal trunsformatlon‘s el
WMy (L

<oe. 5 we differentia-te the tra-nsformed eguation,with

respect to the parameter 0 and set a= Qo , We find

—3—-*-2 \6'\'\‘ E-Pi't 3%\ D)

pe ‘k‘Doﬁ*’ LN %o ' Son
which in view of the equations (3.1), (5.‘3) and (1.1) becomes.

B BB B )

y=

. ‘ o vy _ —

1
which 1s true for arbitrary \“ and ‘6& . Thus

’BL‘@ R‘K~¢ Zl(\--uﬂéﬂ,wes ‘}Lm\_wg
=Wt Bl Mot M U Moy

~~
(o]
.
M
~

N
(@3]
°
[1aN

~—

are the infinitesimal transformations of the coefficients Ly

“
and M:;\ in (1.1).

We shall z@lso need the infinitesimel transformations of
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) W 1
iy, Ly, My, waich by differentiating (3.3) and (2.4)
are found to be given by

'

o ] S “., 3 .\, oL - !
(3\\.'.‘\,' w b w )
(5 . 6) '%-&k' = g\‘m »d, + z\ (\-"\.W\Mw'&- &“&Iw\ + Dv\—vmasf\l

“%

(11}

(3.7) ____h— Wi -\- é \..mw;-m&-\' l\'\‘;mmw&— M‘m M.N'Q“'\_;,M‘)’(,‘;&
-\—MBW‘AQW%—".K‘M t\)\‘mﬂ) .

4, The €alculation of the Seminvariants,

In this section we exhibit the seminvariants depending
14

)
only upon arguments L"é 5 \..-h-d_ , L;& , M‘-é, and M% . To do
this define the functions Gyl) and Uyl by

)

(4.1) Gx{=1LL§~q M"ég+ Z-;‘“L"-W\\""“e;

Thus G;- and U;,é3 are two matrices depending upon the matri-
)

o
ces L”és , Lo, Ly, My end ["\ We shall also need the

WY d
powers of Gy and of Uhes , defpned by the relations
W _ o e
(4 5> G’b& = Mz='| GLM GM§ ) (2': D) ‘) ov, “ee ) )
, 0 _ o)
(4.4) U.,es = Z::“‘ U‘..m Uwé ) (\&‘—‘-0, y 2‘) ”“))

(2 (x)
so theat G("Q is the £-th power of the matrix G"& end U, is
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the ¥ -th power of the matrix LL&' The zeroth power of every

matrix is by definition the identity matrix I.

‘ _ . ) ()
Consider now the product of the two matrices G% and U%,
namely the matrix

(4.8) Z; G«i ey
@
e b

For X=0 this last matrix becomes G'

to ‘JSS'

and for £=0 it reduces

Introduce now the expression

(4.8) 22

waz| ve

)

which is the trace of the matrix (4.5). Next, we want to prove

in this section that the traces given in (4,8) are seminvariants,

In order to do this we derive the infinitesimal transformations
)

X
induced on G and U;& by (1.2). These transformations sre

found to be

(4.7) g: (e oy — i 69),
(4.8) %(:; _ Z‘i:: k UM ‘;R, Tv}{'..w. Uc\d)

These formrulas are readily proved by the method of mathemsti-
cal induction. Vie shall restrict ourselves to the derivation

of (4.7), since that of (4.8) is similar. We first show that

382 5 (G Ry ~ WG

m=t

holds. Differentiating (4.1) and then using (%.2), (3.4)

(£.5) we obtain
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'3“ \th '_3&

z: .z\_.m* q M.m-» g: L_.“Ls,“):}c,,é
W (A - MM s 2L L)

w

LGBy - K 6.y),

M=y

which establishes (4.9).

To complete the induction we assume

&v)
wao 2853 (- %.. 6)

YN
{v+0
to be true. From (4.10) and the definition of G, we see
that
{ I) “
268" 2 S, G\-P) C -
200~ Do = b {
n fAeN W Dy
= Mza‘ Do. 3 im  Jo.
tp) (f)) (p
=% 2 (60 ¥ Ke G0+ 206K G

- (o) o g+ )
- é (be\ MW\K :}c'\fw G-"“{g ) »

Using (4.7) and (4£.8) it is seen at once that the expre-

ssions in (4.8) are seminvariants, for

RN () B (3] W W
‘Di 2 GLM Uw\'u 2 e (3 G'v'M U G(ﬂ P Umv)
L=| WABL = ca—— W\V
Do 2_-.:\‘ i:':\ 30 ) 20 \
w w (%) (Q &K
B9 55 4 pa({cus N AR 0w

w

+3 0 (0, - mmu:‘:’)x 0.

=1
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We have thus proved the following

Theorem 4.1 . If G-hé and Vi are defined =zs
X

Giy= 2Ly =My + B Lumbwg
U= 26+ 2 (LB =Gl

then all the traces

S5 69 o

=y AT\ )

(,Q) K= 9,1\, fb,...))

will remain invariant under transformations (2.7) and (2.8)

induced on the coefficients La% , M;: by the projective
3

transformation

9= M ,f‘_. K"SM N\« .

5. The Complete Systenm.

The problem which presents itself next is to find the

number of all functicnally independent seminvariants, depen-

) 1] ]

ding only upon the arguments L;és , LL& , Ll'& » My 2nd M;§ .
L‘

If £ is a seminvarisnts depending only upon the argu-

Wilczynsidd, loe. ecit,, ». 95 .

: ) M. and M.

. L. the expression
y 0 W X i ‘

‘t’

3 aa [ by O 3\'_;; 4 3\..,, 2 MG, D My
ZZ(’DL Ral ¥ U WRNUHETS faM "30~+‘DM %))
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which represents the increment which the infinitesimal trans-
formation gives to £ , must vanish for all values of the ar-
] 1} Y

s Wig, Wiy, Wi . substituting the

values from (3.3), (3.4), (3.5), (3.8) and (2,7), and eguating

bitrary functions 5&

to zero the coefficients of these 4n’ ~arbitrary functions,
we obtain a system of 4n% partiazl differential equations for
f ..By the general theory of Lie we know, that this set of
equations will form a complete system of which every solution
is a seminvariant, and conversely every seminvariant depen-

; »
ding uoon L., L., L M

\-8! 6,)
complete system.

)
and M. is a solution of this

L& 3 .".%‘ '\'& :

For brevity let us introduce the permanent notation

A g 2f g 2F g 3k 2f g

’3\_-‘.;' 'u'a ) 3\:.;% S 0"—;(_\- - L&) UM".&— Py QM\'A—- '\6 )

so that (5.1) yields the set of equations

(a) 1%1&"‘ f)“;i.& =0 ,
(b) .‘2' t’f""-ir * ‘M"'»'&*'é: (\-M y"mg“\-(}h%‘m * L J‘\;M-\-—:O,
+ Mo q)(‘)m-%“ M'&M J‘I\a-w,-\- Lo ‘)«,N.\-—'O,

= ] } ' ] W W
1] ] [} i
- \_8\’“ \i; Lva <+ M“,\" %w%" M&“ J&_\mﬂ' MM&MM’Q— MSNJ&;‘M}:‘O\_
LV t%
This system contains 4n ecuations with the 5n variables \.%,

’ v . \ &
L.".?S' R L_;,-% s P’\\“&, M;-«, Denoting the n equations of (5.2d)
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by §%§Q=(L we readily obtain the relation

2. X,=0.

v=y

(5.3)

In the seguel it will be shown that the remzining 4n?—l egua-
tions of the complete system (5.2) are independent,

We shell now show frem equations (5.2a) and (5.2b) that
our seminvariants are functions of the Sn& arguments Lﬁ&,
Gx.é s G,;,& . By (4.1) we have |

L)

(5.,4) G;éf"' 2:\_;&. -y M“g + 20 (L'.,w\_w'“-t-\_.;,“\_w&\.

Denoting the left members of (5.2a) by Tfﬁxg\ , (v,s=1,2,...,n),

we readily find
Til=0, Y.le\=0, Y.[e)=0.

"
Similarly denoting the left members of (5.2b) by ‘Z-“UX we

have
szi\'"‘x: O) Z\'S‘_G‘\‘;\: O, ‘Z‘rs[G"iﬁ‘X =0.

ie shall now show from equations (5.Zc¢c) that our semin-

variants are functions of Gﬂ;and Ui, . To this end denote
3 3
the left members of (5.2¢ by an%. laking use of (4.1) we
find
-
-Szl\-s ‘_G.V« O‘

Similarly using the definition of \J% given in (4.%) and
keeping in aind (5.4) znd (4.1) we obtain after some calcu-

lations

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



‘ﬂ'rs{‘U"'{A =0,

If azs before X‘; f] denote the left-hand members of (5.24d)

and 1if the variables G and U-- are introduced as independent

'8
]
variables, the system of equations X.. U] O, becomes

SL. E, Dickson, Differential Eguations from the €&roup
Stendpoint, snnals of iathematics, vol, 25, No, 4, 0. 522.

t &=\

(5.5) f: Z;X.%{GA? +ZZI%[U“ =0

We proceed to find the form of this last set of eguations, when
expressed in terams of the new variables G;"G and U;& .
Mazking use of (5.24) and (4.1) we have after some calcu-

la~tions

Similarly making use of (5.2d) and of
Ui'-%.-—— q Y-LVB - % M\'8+ %(va\"mx-LuwMﬁa-‘—Mu\MLm&ﬂ)

we obtain
24
Z‘EI Y_Ur, Z( i w \)es“ W,

31 5=y mE

So that in terms of the new variables G-‘,% and U;& the system
(5.5) takes on the form

; % o4 O\
°® ( s au wsu.m"'Gw'»’aG...& - G'zs“ 06, =0.
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The equations (5.6) form a complete system of na’ partial

differential eguations in the Ena' independent variables GB’
UL"\, . hny solution of (5.6) is a seminvariant, and converse-
ly, every seminvarisnt involving L.

; ‘% 2 L"&

My, is a solution of (5.6). Hence the number of all functio-

, biy, My ane

nally independent seznilqvgriants involving \;"{’s 5 \'..L& s \:'_;,*'.,
M"'k and M'.% is equal to the number of independent solutions

(5.6‘), which in turn is equal to 2nm minus the number of
independent equations of (5.8).

The oroblem of finding the number of all functionally
independent seminvariants involving \"’k s \""’& s L'i”?s s P\\_«
and M\% reduces itself then to the problem of finding the -
number of independent eguations in the system (5.8).
is seen from (5.3) that there exists a relation among the
equations of (5.8). We want to prove now that the complete
system (5.8) consists of o1 independent equations, lea-
ving (5.3) as the only relation among them, hence it will
follow that thne number of all independent seminvariants is

Y
2n&'-(n ~1)= n"-{-l . We do this in the next == section ,

first for the special case n= 3 and then for the general n,

€. The Number of Indevendnet Solutions of +the Complete

System,

Ve consider first the complete system (5. 8) in the case

n=35, namely

(61>2( * _y A Gm.ﬁ-, ‘,MG) 0 (er‘“)

wu. ’\)U "™ U.,M ¥ Gm&

Ve shall now show that thls complete system consists of only

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



8(5"~1) independent eguations. To do this consider its matrix

0 -Uu Uy Uy 0,0 U, 0.0 0-6 c-;(; 00 6,00

.ufu“u,;-”o'u,.o 0lu, 0- G, -G, oe,\o 0 G, 0

! 1.3

‘%“«aOOUWWOMAﬂ%%WQOQHQOG

\’_\_},‘l () 0 uz n U\s 0 0 Gu.‘ 0 0 2 “ Gu Gn‘ GM‘ 0 0

(6.2 BT

OU»'»O,UNO 00(’11061‘06 OG fo
0/ 0 um&o ou 0.0 6,-68 G—G‘o Q¢ |

3\ 32712 3
_G5

2‘},_()“ 0 Um,(_}- 0 u"-'*u“ U G"-» 0 0 G*‘b 0 0 as “ "G‘lr.s
0 Uy 00 Uy 0. uﬁ, Mf 0 Gy o o G, 0 -6, Gz:.
0 0 \),3(>ouM -UQOOGmOoG,_,,G

wdosut of tais aenbrii conclosy the fuliowing eiphth seder
deter: . o it
Vﬁ\_“a.:.'.ulu 0 i 0' 0 l'\)s\lzc’i(’zi'c’n
U0, 0 U, O 0 -6,6:6,
mouuw%wm&;9ﬁ
0 Uy -UUsY 0 0 O G,
0.0 Yy oyY-v, 0 o
U, 00 0 VU6, 0
WE)_- 2 U‘3 U’“ 0 \) :-G\zi.-(‘?lb
,E%F;WQU Lk“‘\) 0 ~\) Ghvue.

Set‘bing U;,fo, when 'u:#‘a,- , we readily find lhat Lals debteoai-

n-nt reduaces to

2
"’LU\FUM\Q (U“—Uss)b (Ui‘.\— \)333 G'n_ G'n % 0.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



~16-

We have proved, then, thaﬁ the matrix (6.2) is of rank eizht
and hence that eight equations in the complete system are in-
dependent, so that (5.3), for n=3, is the only relation among
the equations of (6.1).

Consider finaAly the general case, namely the complete
systemn (5.8). We shall riow prove that n*~1 of the n® eguations
of (5.8) are independent, so that we shall show that the mat-

rix of the coefficients of this complete cystem is of rank

>N

¥ . o - -
n'=1l., The matrix of the coefficients of (5.8) is analogous to
the matrix (6.2) of the coefficients of (6.1), and may be

. . . . L
described in the following manner, It consists of n rows

L » . .
and Zn columns, n columns of wnhich have as their elements

. . %
the same expressions in U\.é_ as the remaining n columns have

in
in G‘;‘K. The variables Uy s Uu y sewy \)m appear only in
b

e

nomial form \);‘,.---\)%is in the column of coefficients of

O . . .

S ° ut of this matrix cick a determinant of order na'—l
3

(@}

in the following way: Omit the row of coefficients of I“ H

the n columns asscociated with the coefficients of

2 L
~ take the n -n columns when L":«, and out of the n9"
i) U"éf

PR
coluwnng associsated with the coefficients of Yo take the
%
&
n-1 columns of coefficients of &= , (p=2,3,...,n). By
‘7

a suitable rearrangement of rows and columns we find that

this determinant, apart from sign, is equal to
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}
~6y -6, -Gy e - twt  Tin
G\L ‘ 0 0 .. 0 9
0 G\'S 0 i 0 0 C‘— k\)u’
. . A . v, \"a_
’ 1.46
0 0 Q - 6'\ e\ 0

- w L
=iGu G’\a e G'vs-\ G‘..\ ‘.;‘-_E‘ (\,i.i." UGQ io .
P
We have thus proved

Theorem 6.1 . If the system of n linear nowmogeneous

differential equations of the second ordenr

3

%*2‘-%% Mig %5 = 0,

be transformed bv mesans of
W

then there are exactly n.+l functicnally independent semin-

. . . . ) "
variants involving the arguments \-'..',., L—\L_L | M
q (]

}
wand M.
\\) L]

7. The Number of Seminvariznts Devnending on the Arguments

Although it is not the purpose of this

paper to consider

1] n
seminvariants depending .on the derivatives higher than L.

g
i
and P\iﬁ s 1t will not be without interest to determinz the

number of seminvariants depending on higher derivatives, espe-
cially since this can he made to follow from the discussion
Just given,

From (3.3) and (3.4) we have by Leibniz!' Theorem
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(7.1) 3———* &W* ¥ {l 2 (9 (Lo mly - L) s

Y20 A=)
? . o4l r -Y
oty \ ¢ \
(7 F)) —-—a M Y‘O M_\ ) (L‘,\M m’ + M\,Mm/w\“ —M'\:M MNK) []
w
X LN
wnere (8{) is the binomisl coefficient and where \__-,6’-‘-'—&;?

Q

and L;&’v \-‘\’&., ete,
If f 1is a seminvariant depending upon the arguments
]
L.l:& )

O ' 9-t
'\"G 3 ceey \-vt s M‘-‘a) MV«: ceey ML&:

w ow * M £
ORI - 20 19 2 £ SRCL N 9—“5-"*),

r-

the expression

Vo LI =y \(—0—3 % £=0 ML DN

which represents the increment which the infirnitesimal trans-
formation gives to f must vanish for all values of the ar-
0
bitrary functions YM"G’ M“ s ""‘%"ﬁ after expressions (7.1)
; 2y
and.é/.?) have been substituted, respectively, for and

VO
;%%E§ . Equating to zero the coefficients of these (0-?2)HL

srbitrary functions we obtain a system of (y+2)n" pzrtial
differential equations for f. By the generzl thecory of Lie
we know, that this set of partial differential equations will
form a complete system, and that every soluticn of it is =&
seninvariant and conversely every seminvariznt depending on
the azbove stated arguments is a solubtion of this complete
system.

Substituting (7.1) and (7 2) into (7.%) we obtain

2 SR in e W R () (- w »5)

o0 Uhal ®=90 QL‘

(7.4) Y
| B3 wv&)w N AT
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The set of the n” partlal.:é:'.?.i:egf.. el équa.tions, of the

.
e, 8
L e%e s
.o

~complete system, obtatnet ”:'3" u.c:i'ing 4% zero the coeffi-

cients of M;& is : éi.."'.-‘ D

(7. 5)2 KZ“( K;-;a-—\_-_-m-) 3:‘.:( M}Zm-” Mﬂ) 0.

Denoting the left hand member of (7.5) by V U‘l we readily

obtain "
(7.6) £Vl =0.

We now shall prove that (7.6) is the only relation among
the equations of the complete system, Toc do that we find that

, L PN . .

the set of the n equations of the complete system, obtzined
vt

by equating to zero the coe“flvlents of ‘ZK,& in (7.4), is gi-

ven by

2§ W
(7.7) % o + ”DM".,‘&‘—(L

. . 2
When 9=d the complete system consists of (d4£)n equa-
tions obtained by equating to zero the coefficients of ‘3(.:.6' s
' il .
’)’\,;&, sy M"(’f . in (7.4). Yow, when Y=d-\ the corresponding

complete system consists of (qg’+“')n1' equations, obtained by
o

csoy M.,&

eguating to zero the coefficients of M‘\ s M in

v&)
(7.4). From (7.4) it is obvious that the complete system

corresponding to VY =d-l, may be obtained from the complete
system corresponding to v=4 by omitting 2all terms invelving
C\".é and M\,- ., By this omission the na' equations (7.7), of

the complete system corresponding to d=d , will not appesar,
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while the remsining (d&+l)nz egquations of this sytem will be-
come the (d+1)n" equations of the complete system correspon-
ding to Jd=zq-1. Hence every relation among the eguations of the
complete system corresponding to vy=d, except a relation in-
volving only the equations of (7.7), will hold among the e-
quations of the complete system corresponding to o:x-l.vBﬁt,
obviously, equations (7.7) are independent. How for v=2 the
equation (7.8) reduces to (5.3), so it follows that for vZg,
(7.8) is the only relation zmong the (o-+2)n% equations of
the complete system, Thus we have proved

Theorem 7.1 . If the system of n linear homogenecus

differential equations of the second order

0 w ) w _
%.b.k;:\ Ly, + 2 M.‘ékx) 4;=0)

3 =\

be transformed by means of

W= Mo 2 00M

then the number of all functionally independent seminvariants

) N ;
involving the arsuments \-‘..% A S \.—Lé , M;& ., M
L)

‘.
L ¥ W J

g

g-! b
q

For the cese v=1 we have shown that there are exactly n
seminvarisnts, See H. Reingold, Thesis (i. A.), University
of Cincinnati, 1924,
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8. Seversal Lemmas,

It was oroved in Theorem 4,1 that the trzces (4,8) are

. . . . . .. ) "
seminveriants invelving the coefficients L.. L-ié , L

L by >
. s )

M'.,& and Mba In Theorem 8.1 it was shown that the number
. . . . . L8

of all such functionally indevendent seminvarisnts is n 1.

Qur problenm of finding the comnlete svstem of seminvariants
) = o J

! . »
involving the arguments LL& s L"’S‘ s \_L& s M"‘é; and ML& will
. . 2 . - .
then be solved if we can exhibit n"41 functionally indepen-
dent traces of (4.8). Ve consider then tue following n?+l

tra-ces

w ()
i Z G—(ﬁ Ui , (2: L2, ny X=0,1,.., u—l)l

which we want to prove to be functionally indevendent. We do
this in this paper for the cases n=2, n=3 and n=4 and are
as yet unable to do it for tne generzl n.

For these considevations it will e found convenient to
introduce some oreliminary matters concerning the derivatives
ol the traces of camnosite matrices =zs well as properties of
certain determinants which arise here. This will be done in
tnis section and the next,

e first prove

Lemms 2.1 1.

; = S 1 . n ~ X { k- Q) -
(5.2) Dgz;‘ m Uwu. - z Z \JS:V)GE \)E‘: \) .

i
\ I
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H. W, Turnbull, "A Matrix Form of Taylor's Theorem", Pro-
ceedings of the Edinburgh Mathematical Society, 2-nd series,
vol. 2, 1930-31, ©».29, Theorem 1V , Turnbull obtains this
lemma as a corollary of another theorém proved in his paper,

From the relation (4.4) and by direct differentiation it

follows that
o= () (W
-32 GLMUM'\.

el el

AV

But obviously

NRVN . . (VN
Tk =\ yhen L=y &= S , and 9_"5;. = Q otherwise,
O Vr, D Vv

Hence @

. : o -) (k-2 .(©)
RR2RE LS = 2. Z(U:‘u G(f)r * \)s ARV

*

D 3 s I w )
¥ st(;&&}. UL::\ + Gy U:r\—) )

which establishes (8.%2).
For £=0, (8.2) reduces to

2 )
s (x-1)
fb Z“ vie \& U

’DU\'&. - svr .

| (8,3)
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The n' 41 seminvariants given in (8.1) may be regarded
as composed of two sets of functions . One set is given by

the n seminvariants
) ~ (9
(8.4) g;.: G';_;, , &/?,f:. V2, ..., w) ,

waich are functions of the variables G, , Gy , ..., Gan
only, and the other set by
w w ‘ .
z_\‘i-% G(f}v« Ui‘:: ) (’9'::‘!1’»"':“' ) KS\IO""""“-\)'
(8.5) :;: 6‘“’
T o )
where we have n —n 41 seminvariants which are functions of
Gu, Gus ooes Gans Uy, Uy vony Vi,

We ca~n show now that the traces (8.4) zre independent
functions of the n” variables G . To do that it is suffi-
cient to show that they are independent when considered as
functions of the n variables &, , G, , ..., Gw only. Ma-
king use of (8.3) we see that the Jacobian of the n functions
(8.4) with respect to the n varisbles G, , G, , ..., Gun

is
i \

n'Gll a'GM, e e » QIG'“'“

° . o -

() (-1 -0
MG-“ nn 9, a o o« N G.;“

) b
Setting G.=0, (i j), so that G'(i.;.z G'-M-' we find that the

last determinant reduces to
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} | e\

o | G G - G| = g“g;(cm-e&‘)#‘-o.
o L e K
u p& nw

We have thus proved

Lemma 8,2 . The first n successive traces

idﬁ (,Q::. \’9’) “’:M":

L=t )

are functionally independent in the varizbles G'n ‘, Gfu, 4 e e 1&,}.

We have now the following result

Temma 8.3 . If the seminvariants given in (8,5) are inde-

pendent when considered as functions of the variables U, , U‘,, s

voos Vo only, then the n"41 seminvariants given in {8.1) are

independent in the variables Gu_, Gy vae Gm\. LY, VU,

[ I ) UWW.

For suppose that the seminvariants (8.1) are not indepen-

dent, then there exists a functional relationship among tnem
with G;,-a a-~nd U;,‘x as independent variables., Because of Lemmma
8.2 some of the seminvariants of (8.5) must enter into this
relationship, which gives us a functional relationship among
the semivariants (8.5) in the independent variables U"K ,

coantrary to our assumption.

9. Generalirzed Determinants of Vandermondez.,

Consider an arbitrary n by n square matrix “M-‘%\, the

Hip

deteraninant of which is denoted by m. As usual is the
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element in the i-th row and Jj-th column of the square matrix.
Let M‘; stand for the element in the i-th row and j-th co-
‘lumn of the k-th power of the given matrix ||Myll . So that
M(:g = sz:; Nﬁf:)Ms& , I\q@fg-:. 4 -
Since every square matrix satisfies its own characteristic
equation, we have
(¢.1) a, M” v a s o w oA Jhy a2 i = o,

for every pair of integers i,J where aw==(—1) y 8,=1M,

Consider now determinants of the form

Mg, Myq  eee Mg,
2
IS S gy,
(e.2) >
) =) (CN
My, My, ... Mg,

where r,, T,, ..., I, and s, S,, ..., S, are arbitrary inte-
gers on the range 1 to n, equal or unequal, For the sake of
simplicity we introduce the permanent notation to denote a
determinant of the type (9.2) by exhibiting its i-th row,

i.e. by writing

Yubn

o ¢ (\0)]
(9.3) \M” M@m e .

Ve call a determinant of the type (8.3) a generalized

deterainant of Vandermonde,since for the particular square

matrix h“a“ _.“ %\ it reduces to the deteriinant
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wnich is known as thebdeterminant of Vandermonde,

We want to factor now the determinant ($.3). In order to
do that operate on this determinant as follows: Multiply the
le—st row by a, &nd add to it a,, times the (n-1)-st row, a,,
times the (n—z)-nd row, ..., a, times the second row and a,
times the first row. Then making use of equation (8.1) we find

that the last row of this determinant is equal to

(0

3 ¢ ’a‘nMv“s“ ’

£0) (o)
—agMys , ~8,My,,

while the other rows are unchanged, The value of our new deter-

. . W) nd .
minant is clearly an‘Mn& Myg oo Mys.] » Now by n-1 inter-
cha.mges of pairs of adjecent rows the last row may be shiftea
into the first row and then if we factor -a, out of the first

row we have

) 0 u) R )
a ‘\r.s. TT:s . \ (l) (e )l“m. Hey * i

YuSn
or
&y n-(t) Eﬂlb) . (\3 =(-1 ) m& -1) Au('- -1) . "LL\- -1) .
s, L X 4 0,5, Y. 5w

A1)
Since a,=(-1) and g ;=m we have

Lemmra 9.1

7"(“ |

. . ) 4) g o c»-o
(.4) ll&,s‘l oo M mlN My Yusn

‘.Lsz \\Su “Ns,

This lemma gives us the factorization of the determinant
(8.8).

If no puir of the n sets (r, ,s,), (r,,5,), «+oy (Ty55,)
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have equal elements, i.e. if 1, s, 1,# 8, ..., L# S, siml-
taneocusly, then the first row of The determinant on the right
znd side of (9.4) has every element zero. Consequently we have

Lemma 8.2 . IF r;é S, s r;l:s. s esas r:;‘- S, _sSimultaneously,

then the value of the determinant (8.3) is zero.

10. The Independence of the Seminvarisnts for the Case n=3,

As vointed out at the beginning of section eighl the prob-
lem of finding the complete system of seminveriants involving
the zrguments \_;és 3 \_.’_Les 5 \:‘6 s ML% and Mﬂ will be solved if
we can prove that the n*41l seminvariznts given in (8.1) are
functionally independent. ‘e dc this in the present section for
the case n=3, so that 1 and j will ha~ve the range of values
1,2,3. In view of Lemme 8.3 it will suffice to prove that the

seven functions
i‘z G0 21N, (88, K\n,)
Zl U =093 ,

(10.1)
are independent in the variables Uy , Uy, ..., Yaa.

We are thus lead to the consideration of the following

seven by nine matrix
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0] (O TR () Y 1) (A )]
? Uu ' DU\L 3Usr '3\)33
R SN v X A V¥ A X
VU, A, PV W,
(10.2) - 1ER Y ) N 1 NP
2V, oV, Wy WW,, )
208 a0 |
U, Y, )
bl Wy L. .
bu\l DUn.
A4 mY:s 3., M) . 3By
OU\\ 'DU_f,r %U_g}
e, 3 'ﬂoa Al . il
'Dul\ 9 U\b 0 Us\' 0033

Applying Lemma 8.1 and formula 8.5 and setting \h§=0 when 1 = j,
we find that (10.2) takes on the form

| M
G“ Gz‘ . ® 8 G.‘s . ® e G33
o) &) (1) )
G\‘ Gz\ * @9 G‘,s ¢ o o Gss
» w A2) &)
G “ G,.‘ . 8 @ Grs L BN BN Gs}

(Uu+Ta )Gy (U0 )Gy oo (UG, ... (U006,

U U (UeU0E L. TaWGEE ... (UrU)0,

U U)ED (UaT Lo (TS ... (U, )Gﬂ
T"b - A

Il PUy 0 coe BUL dyg e 30,

Employing the notation introduced in section nine for the rep-
resentation of generalized determinents of Vandermonde the

last matrix can be written in the more compact form
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o &) ) 9]

e L. e ... alv
(U+7,) 6 30,06 & .+t ) (0,20, )6
" 1y e Ye “ss/ vy e 33 T3y 33

Uy 0 vee BUndy ... 53U,

Now let Uy= «U,,=1 and U,,=0, so that the last matrix be-

comes
[ W ¢\ R (31 3] () ® L) u.) )
Ge G, G, G, G, Gy G G G,
) &) ® 8 L0 to .
G, O G O =RG,, -G, G'5 -G, O
$ 0 0 O 3 0O O 0O O

To show that this matrix is of rank seven consider the follow-

ming seventh order determinant

S I Tt W O W oow o
i G W Gn Gs‘ G 175 Gzz G::. Ga:!
i PEL ) ‘. anW ) .
(10.3) 126 o ¢ o =6}, -G O
3 0 ©0 O % 0 0

By the Laplace development this determinent is egqual to

o) 4\) R W
2 2;‘;; Gy =56, G lG(.) :;\ Gls)‘ —
1 0 1 0
® W u) B A0 AW RN R
=6 | ¥ o & nGn @ @lele? o o }

Denoting by g the determinant of the matrix u G;&\\ and applying

Lemma .1 we see that (10.3) reduces finally to
G- - (~-l) G-) b-l) (i-1)
~-lzg ‘G ) ‘ ) ‘ ‘ 1 | -

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



But this can be rezdily verified not to be identically zero
by taking
1 1 0

||be||z-o S
1 0 o0

We have thus proved our final result for n=3, namely

Theorem 10.1 . Let

\g'\. +i L;&(.X) ‘6:8'4- }Z:M;(-\(X) ‘6-6:0,

'Bf.\

be & svstem of three linear homogeneous differential equations

of the second order. Suvpose that the veariasnles %1 are trans-

formed by means of

3
(10.4) | M =Mt _??K%(x)"\& :

Then, if we define.

' by
G".,&= :LLLG -4 M'v'a, + 5,

&
and

Uy= 3 Gy 2 (Lin Gy = G L)

Q
P

> )
%:Zd?m UE«:‘\- 3 (2'-‘-‘\,&/,3) \(:0,\,3:),

the ten trac

(D

TSV vy
$ P
- w2
%4 1 .
cre a svstem of ten indesendent functions of & G, , "°‘~G3m

(LY
LI 4

s eees U..which remain unchanged by the transformation
>

(10.4); and any seminvariant devending uoon L., L% y Lg&' Mit,
"M!'. may be expressed functicnclly in terms of these ten traces.
K\
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The proof of the functional independence of the five tra-

ces
i%‘; GE%lUfrz , UL-—-—\,L; \(:0,\),
2 (2)
VL,

for the case n=Z goes through in an exectly analogous fashion,
by taking the set of values Uﬁ:O, is¥i, U,=1, U,,=0, Thus we
also have a result corresnonding to Theorem 10.1 for the cese
n=2, where instead of ten independent seminvariants we now

-

have five,

11, The Independence of the Seminvariants for the Case n=4,

In view of Lemma 8.2 it will suffice to prove that the

1% functions

“2 Z“: G(m U\x‘ = ‘;Q’\ZX ’ (Qlf-\ui’;%:t‘; K=\l L'B\ ’

: i
=\ M=)

Lui=ld,

are independent in the variables Uy , Uy, ..., Uy . We are
thus lead to the consideration of the feollowing 15 by 18

matrix
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3§,g Y10 R | 1 1 .1
T. 0, | 30 )ij
2. oD ... o1 ... 201
it U, YA >U
LA MED ... z e 2B
0, 0, DUy, DUy
e, N G DR O cee R
U, Ty, 3, T,
(11.1) || ~,2l AW, ... M,e .. ’bil,?,j .
S, U, U, > Uny
RE,gl k.21 ... 2.2 ... .2
U, DU, T, U,
g,z 2,3 ..o 2,3 ... g,z
DU, o7, U, Yy
0,4 do.4 ... o.4 vee Do,4
Uy U, >0, )i

Applying Lemma 8.1 and formula 8.3 znd letting U-‘_&-_-O when igj,
we find that (11.1) takes on the form
G

s

C_u\

vs
]
Gy,

)
G,,

(Uw+ Uss) Gy,
(U, T,,) Gy

rs

, )
(JVV + Ugs) Gvs

>

. O]
(Dvr + U“) Grs

% 2
(U\'\- + U\'rUss + Uss) Grs

()
(U:.V‘ * U;"rUss + Ua ) Grs

55/
(U + U, T, +T2) 65
(UA+ U, U+ UL GO
auy, &,

where we are representing ocur matrixz by exhibiting a column
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with subscripts s and .r .
Employing the notation introduced for the representation
of generalized determinants of Vandermonde, the last matrix can

be written in the form

) W) )
G“ LR R J G*s s 0O Gq“
- W) i ;
(Un* U\I ) G“ LI (UY(+ Uﬁs) G\'S) e v (U.N'\'U““) G’::z
2 2\ ) 2 4 L) 3 LG
(U|\+U“ Uu + U\l ) Gu LA (Urr+ UVVU;,S*. U‘;s) Grs ¢ e (J‘i\|+ U\(-\UIN* Uu'{) Glﬂ
4[11'3 LA 4U35 rs L 4U‘:q

Now let U,=-U,=1, U, =& and Uy,=0, so that the last matrix

becomes (after omitting the factor 4 in the last row),

QPR © R B c N () B C I e e D [ TSRS BN ( N CA B L;)l
G\l Gy G:n G‘H Gy Gy Gaz G*u Y G13 G» Gus Gi'l GLH Gs-c le
() =AY ) BT\ R €5 P L\ QU 1) S ) g (4 D A8 LD 66
26, 0 3G, G, 0 -G, G, -G, 3G G, 4G RG; G, -Gy 2G, 0 ||
2l A LA ) B ) ol AR el AW ® L. A0 A,
&Gy G, TG, G, G, 3G, 3G . G, 3G, 12G 4G, G, Gy 4G, 0

1 0 00 0O -1 0 0 0 0 Boooood

To show that this matrix is of rank 13 consider the follow-

ing 13-th order determinant

SRS RN QR QTS ) A T Sy (TR0 RN 3 SR G A 3 RS T}
G“ Gl\ ‘Gu G‘“ ‘u\tz G'u Gn G"lz G\”a st ng G;q duz»
o) A A AR ardd)  AB) AN A0 LW ® A0~
(11.2 RG, 0 3Gy Gy 0 =BG, G -G, 3G, G 4G G 0 .
‘ 2e® A A A A A AR AR ® - Joald) B 4
3Gy Gn 7Gy Gf G, 3G, 3 Y re® s 1269 6 o

" 7Y ~*a

-1 0 o oo 0 1 O O O © 8 0 0

Denote the matrix of the first four rows of (11.2) by a ,
that of the second four rows by b and the third Tour rows

by ¢ ., After performing the elementary operations indicated
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below we find that,

reduces to

20 0
e T

(11.8) | . .
SIS ©
-3G, G -26G)

0

1 0O
Expanding the

row we find

0o 0 -2¢)

e (6]

0 3G, G,

) €8} G

Gy "?’GM "2G~u

2o 0

|20 ac?

& O 8

~3G, G, -2Gy
)

-2G, 0 0

() 2

+8| 2G;” 0 3G,

29 A )

-—u(]’“ "“ —2G31

Making use of

is equal to

Lemma 9,2

except for sign, the determinant (11.2

W ) Q) © oy 6
~2G, 0 6G, 0 2Gy 0 0 3G, -2G, -G
@ ont® A @ B A a0 0]

Gy O =2G, G -G, 3G5 G 4G, Gy O

o0
-EG‘“ Gh.

0 O

0 ) )
9C~n 0 4 2 --2(}‘3 0

-1 0 O 0O 0 8

0

o -2dY o

0

(S
(&)
kc.—ﬁ\os

last determinant by the elemenits of its last

o oo 2 o o s6Y -2V o
o P Rl & o
¢ oaf 0 add 2a® 0 0 -2ad o
2p 0 0 ed) o o 36Y _zef -cf)
P o ¢ s o a® & o
262 ¢ o ach -ed) 0. 0 -2a6y O

o AN ontd © AW
-ed, 0 6G) O 26, 0 0 =2G, -G
) ord) A AW R )
Gy 0 =-RG, Gg; -Gy 3G, Gn G, Ol
DAY \) ® W ot
-2G, G) oG, 0 4G, -26Y 0 -2Gf) o
we nay show that the last expression
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0 360 -2

G(i)

B L0 A0 LW ()
G3 2 ’G G,y 4(}33
41

I 0 oA oA u)I
268 269 262 ¢
v 2 ¥ 9G“’ 0 -9(“‘2 0 0

2o s o ¢ 3d? P ac?

k>3

2a) o

YN

26 G°|

(IS W AW ()
-3G, GJ -2(‘:3‘ . © -G, O 0

® 2 et QP (R R
=G, O oG 0 =2 oCh Ch

© o) l ml 3 1 Ry,
+ 812G, £G 3 " o R y
“ " - GL-\ GL) GLM\ G},B 90’;2 0 -2 "s) 0

Meking use of the Laplace expansion and Lemmz 9,2 we find that

the last expression 1s equal to

(DI S R QR W o® ©
alad & ¥ ¥ {»1("\ & o Pl o) @ )+

&) (s) @ AOL{® ® 0 O Aol B WL W (i.\\
+216|6Y & & of \\Gm 6% 6 - 2\6‘3‘ ® o @ @ o o

- 72” & G‘“ Gm “ o® m m \_Spqdo .) Gu) Gg ” Qv G:n

'L t's
-56 *\Gm G‘:z_ G:l Gf:) \Gm Gm Gm Gm \+;¢88 \Gl») G?,, G:‘: G‘”)\ \Gm G“’ G"” u)
() w M L\\ &) m m M\
+2es\dl o) off adt{el o ¢ } :

If we now use the factorization given in Lemma €,1 we finally

obtain that the value of (11.3) is

- ) e fe) i) CEDISTE IO S o) | (LS, ST R 2 IR V)
(11.2) ~3458g \G“ Gy Cha Gi ‘\\ Gy, Gn Gax ~\G,‘ G.1 G G

e ) - 2t 1) - =t -
. G(‘:D e a} ) o ) GL ) e G“ )'\},

a2 I 12

where g is the determinant of the matrix \G“d\\ . That the

exoression (11.4) is not identically zero can be shown by = -

taking
11 -1 2
-1 l 0 1
lodes o o
~l -7 0 0
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and (11.4) becomes
X _
—5456-(-2)-2[_0 +1-(-7)}: -3456+8-2+7 .-#.o.

We have thus our final result for n=4,

Theorem 11.1 . Let

w 4 ' )
\6"" + ;é' L\.aty‘) \86 * 2}:‘; Mu«kx)%&:‘;c )

be a system of four linear nomogeneous differential equations

of the second order. Supvose that the variables “%;i are trans-

formed by means of

(11.5) g=t :[5 K.L&(‘A)x\& :

Then, if we define

G, = gu\: -4 M‘.,""' \-(-i?.« )
g nd

the traces

4 ()
z Vit
v=\

are a system of seventeen independent functions of G,. G,

e s 0y

Gus Uus Uy veos Uny, which remadin unchanged by the transformation

(11.5): and any seminvariant devnending uovon T.., L', LM, M., M
K} ¢ K] d
may be exvressed functionally in terms of these seventeen trac-Ls,
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12. The Effect of a Transformation of the Independent Variable

Upon the Seminvariants.

The invariants of the system (1.1) of linear differential
equations must obviously be functions of the seminveriants,
namely such functions of the seminverisnts as are left unchan-
ged by an arbitrsry transfcermation of the indepencent variable
X. In order to determine the invarisnts it is necessary to
find the effect of such a transformétion upon. the seminva-
riants, We do this in the present section.

Let (1.1) be the given system as before. If we introduce
¢ new independent variable
(12.1) | % = %(x),
wvhere g(x) is an arbitrary function having derivetives up to

and including the third order on x,£x%Xx,, then (1.1) becomes

dy .. 3% =0,
o\.”z-ﬂ‘z ..X‘;\'-';"*Z:M&\t

vhere
— \ = y
(iz.2) L_.,6-=§~(\¢S -\-L,ﬁ) ; M-,é‘- 3 Mbd, ,

and where A is given by '

[
3
E‘

(12.2) %= '

e find from (12.2)

(1=.4) (t\\%‘t - (.;.):- {L‘-‘;&-— A L"(‘f “+ (d‘ - d\l) (;:A '

end hence using the definition
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- A, ~ ~
G-.é::l“ﬁi”qu* v

vie have

i
(12.5) G, = W(‘G%* I J-bﬂ,
where '

A v &k . 5 3(%
(12.6) pERTATT T ’v(%'

i

(

O]

the so-called 8Schwarzian derivative

. Vle £find at once fronm

PRI u) AW “‘F’)
G = w{ Apeg L () Gy .9'( U

(-

2.5)

! 3’1
l-l .0, -t A 1
vt (BB Gyl /*%\}-
el )
Denoting the trace 25(5b” by ¢, ~end ilﬁtz by t, we have

o

_ T
t£= (l)ﬂ'{_t % Q’ )Atle_l"'l ( ))A -LJ 1-%.-.-\-&?( )),\ t -p
+...*§l(£\) t*lf‘“w

8
The trz-ces tZ are the seminveriants of (1.1) under the

(12.7)

Reingold, loc. cit.

transformation (1.Z), depending upon the arguments L% s L&&
znd My . It was zlso shown there, that the n traces ta s
(Lzl’l?«’ sy n),

are functionally independent and that any

seminvariznt of (1.1) involving Ly » 14& and: M;& may bhe
expressed in terms of these n traces,

From (12.7) we may deduce the following indevendent re-
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w0

lative invariants

q \ ‘ . -
ef, Dickson, loc, cit., p.575.

>t 4 Dt
e(’::ti-T ‘1*‘;’— 3
Y 2 L

since we may readily verify that

—(-7;,—),,—9\, , (=4, 8, 8).

From these reletive invariants we obtain at once the two ab-
2

8 9\1 98
solute invariants 7;“ and o which are obvicusly inde-
] o

pendent,
For the purpose of determining the number of functionally

independent inveriants, we set up the infinitesimal transfor-

metions. We now regard the ‘g(x) as denending not only on the
varisble x but zlso on a single perameter a , so that for

fixed x the equation (12.1) mey be considered as a one-para-

&4}

meter zroup of transformations taking x intc X, Let a=0 be
the narameter giving the identity transformation, i.e. Y%(X% = X,

The infinitesimal transformation of (1£.1) is defined hy

&%(X ‘*) __q)( )

(X,O)::X,

where QP is an arbitrary function having derivatives up to and

.

including those of the fourth order., Ve have at once
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s Bleo Bleo (S 2 o0 [0 (2= 1

Hence from (12.3) and (12.6) we have

Y, i

\
X_D‘.Xq-;q:o ) Y_d]o.::o:o’ {);k““ \‘}A] —.0
¢ e (e,
d.@\w‘ c? L A az0 J O Jazv )
Making use of these expressions we shall now find the infini-
tesimal transformations induced by (12.1) in the coefficients
L.. and M¥,: and in the seminvariants.

b% La

We have then from (12.2)

M o e MM 0 g My
—-c-)‘—é-'r-— QL‘&'\'Q &6 , A“’ a'(P "6:

and from (1£.4)

_2\5(%) =0 L -+ @

dence from the definition of G%_ we get

o)
«LG% 2L(-@e,+ ¢S ),
s (i
and more generally

) \
3G, v (Y w8y
(12.8) ‘—A'o-:a" = Q;QI (_ (P G’,,6 + (p G"b ) ,

Using (1£.5) we find

- W
d &G._xv) = -3¢ G -296. +29 &,
_3"—;( ; a=¢ 6 d &

and hence
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3k o2y - 4@ 6y U I

i) W . (K—\e - (-1)
\J.b, ' ‘.“ i
(12.9) '%:’BKQ Ui. _qQ ZZE \)\.\M wus 5& + quU

pe M=t 5Tt

From (12.8) and (12.9) it follows that

0 RO PR
0\ SG{?‘U :422*3‘&)‘? ZG' \) *“W’?:zozﬂ _“zé; ..m\)msGsrUré
“ mEy
w «) (2) k")
+&QQZ:\ lh) ¢ +\{\<fZ\G \)
w A8 ()
Denoting the trace ‘Z‘E\GM\); by TE,\:' vie have

o\.IL.K : - (aL+3%) Q'T:ew + 24 ({’."T}..,‘ + 4K <FTE—“:a,v:-\
(0.5

(12.10) _y Q” % i i i 23 m Gs\-\’x— -\1'

v.-ua LT w2

For k=0 the last expression reduces to
AT’L n
(12.11) G Ww(-@t,+@ L) -
The last two eguations furnish us with the infinitesimal
transformations induced by (1£.1) in the seminvariants. Equa-

tion (12,11) gives us the transformation of the seminvarients

invelving only the arguments LL{\’ L"..;\ and M“& , and (1%2.10) of
the seminvariants depending only upon L. Lt nnr M-

and M "6 .
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13, The Number of Invariants.

In the present section we first find the number of all
independent inveriants of (1.1) invclving only the_argumenté
L% s L ané!*% for any n. Next we proceed to find the number
of invariants depending only upon L s L% s L" s M% and it
Since the independgnce of the semianrlants i@x has been pro-
ved only for n=2, n=3 and n=4 (sections 10 and 11), the de-
terninantion of the number of independent invariants involving
L% ’ L% s L% ’ M% and ME will oe confined to the same values
of n,

Let any function F(t‘, ta,...,t“) be an arbitrary abso-
lute invariant involving only L% s L% . =5=§§ég=5=g M% . Then
the expression

AF & dF dY
(13.1) v Z} 3T, Ae
must Vanle for all values of the arbitrary function <P(X)

and its derlvablves. Using (13.1) and (12.11) and eguating to

zero the coefficients of <¢(x) and ?%x} we obtain
_ :)F'
Z,QH =0,
:m-‘m

The two equations (1Z.2) form a complete system of which every
solution is an absolute invariant, and conversely every inva-

riant depending upon L% » L and WM, is a sclution of (13.2).

'3 K
These equations are obviously independent and hence the num-

ber of all independent absolute invariants is n-2.
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Since an absolute invariant is the quotient of two rela-

tive invariants of the same weight, we have then the following

Theorem 13.1 . If a system of n linear homogeneous

differential quations of the second order

v

‘8, + EL‘%%&-\-EM%\& =qQ,

be transformed by mesns of

FEE D Ky, B30,

then the number of all funectionally independent relative inva-

riants involving the arguuents L_L . L' and 1 is n-1,

For w=t, Phese velafive wvariawls are givew \o, 94,054 98 o{» &L previows So.c.f'\o‘lb—
.. now proceed to find tie ntinber of all indeypendent in-

variarnts involving L,a s £8 » L{'6 s M,é and uI}a for the case

n=4, In view of Theorem 11.1 we know that any arbitrary inva-

riant involving L;(-) s L;‘& s L}_‘& s ML& and M\"g is a i;iﬁcéfon F of
the seventeen traces ,B,x (£=1,2,%,4; «=0,1,2,3), Hence the
expression

IF &2 OF AT 525 4% DF 4T
( 3> .—;.-: E}%\ 5-—-9; d L= 31;:" 0\& ’3—‘;,\( A,&

must vanish for all veAdues of the arbitrary function P(x)
end its derivatives., Substituting (12.10) into (1%.3) and

] L Hi
equating to zero the coefficients of @(x), @(x), 9 (x) and

e i < c— -

;Q(ﬂn\q'&ﬂ;ﬁ‘)\,h‘ﬂ'r;‘od,,, +\1 7T, 9,, =0,

§ 3 %=t M 3 % M -8 o
(15.4) g=n E\ r:oz‘,;tz; =1 v=\ G""“ il Gir d"“ f'K H-‘TP J°.‘*:o‘
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W3 | k!
5::§::£L \&4K<§;g'+ EE:,£-1;b9‘5101= O,
2=y X3 1 s =\
b S a .
2 B KT Tt 4T T = 0
=\ =~
Sy A
where J

% stands for =<==. .
£ i DT,

The above four equations form a complete system of which
every solution is an absolute invariant and conversely every
invariant depending upon'Lbé, L{%’ LQ&, Hhé‘and NQ& »is a so-
lution of (13.4). We can readily show that these four equations

LS o) _ Q
are independent by considering some ncn-identically vanishing

four by four determinant of its matrix of ccefficients., For, we

see. M2l in this matrix the determinant of the coefficients of

T O G T .
J“ s dw, dio and Joy is
5T, 2T, 4T,, 12T,
T,, O 0 4T, 4
!
To,  Too &Tye O
Tw O 0 4T, o

éotwatifwe set Up=di, for all 1 and j, end Gg=0, 14, GCu=
=6, =0G,,=0 and G,=1 , we find at once that the value of this
determinant is 144,

Since the equations of (17.4) are independent the number
of 21l independent sbsolute invariants is 17=4=13 (&41-4).

We thus heve the following result for nz 4,

Theorem 17.2. If a syvstem of four linear homogeneous

differential . equations of the second order
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| d e _
%t %:—\‘ “"&‘%;*Z’M‘”&‘&&“o’

8:\

be transformed by means of

\%;:zﬂq&-¥ g;%“kﬁﬁq% : 75::'%(}),

‘then the number of all functionally indevendent relative inva-

ALTHY

4 s (]

riants inveolving the arguments L.. , LL ., M _ M.. and M!’
) () K

is 14 (4" 1ad+ 1),

Applying Theorem 10.1 we find in an exactly analogous
fashion a corresponding result for n=3, where instead of 14
X . . *
relative invariants we now have 7 (3+l=4+4l)., For the case

\0 iy
n=2 the number of relative invariants is £ (J+1=-4+1).

V]

cf, Wilczynski, loc., cit., pp. 110-113,
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