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1. Staetément of The Froblem

"We define the Laguerre polynomials,(6) Pe97, (5.1e6), in

z, with z in the complex plane, as folloﬁsg
ol .o ’ 4 .

(3.1} I, z) & ]?__(E:]g (,-z)k/kl (X>=1; z:xd-iysreie)
. . . . a0 . - - - - . .

; n+
where the general binomial coefficient ( n“) is defined as
follows; - |
(n;"() 5(“1) (°L"'2) oeef{oln) /n;

Such a polynomial is called a Laguerre polynomial of orderes
and degree n. ‘

To an analjtic function, £(z) we let correspond the
following series, which we shall call a Laguerre series of
ordere(, or simply a gemeral Laguerre seriess ( (6)p.238,

(9e1e2) )
(1.2) 2( z?~ ngo &5 Il Z?
where

(1e3) a‘z“l:{(n:")r(oc&l)}”l f; o x I;(x)‘}f(x)dx

_In this investigation the following perabola plays an
important role:
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2
(1le4) Plax): 3% =4a% (x+a7, )
where for a given parabbla d, is constent end in which..we

define ( (6) De358; (1e3) )
(1e5) d.= - lim supl Zn%)-llogla:,

DEFINITION(1l.1)

By the symbol:
(1.6) z € plb) (b> o)
we shall meean that x and y satisfy the inequelity:
(1.7)  y°< ab®(x=p?)

DEFINITION (1,2)
By the symbol:
(1.8) z € s(hb) (b>c)
we shall mesn that the real end imeginary parts of z (i.e.x
and y respectively) satisfy the inequality:
(lL.9) 1yl &« b (=m0 < x <0 )

Replacing z by wz in (1l.2) we get:

(- =4
(1.10) 2(w") =g(w) =£(z)~ 2_ &1(w)
n=0 .

Pollerd (5) considered the Laguerre series (1.,10) for
the case « = O, so that

(1e11) glw)~ goaglﬁ( w?) _
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w 'Y
° = fe-x L;(x)f(x)dx
o .

He then proceeds to prove (5) the following theorem for
the series (1l.10)

THEQOREM A

In order that g(w) possess a Laguerre series (1.,10)
which converges to it for we s(d);daz= d°> 0 (l.5) p.2 it
is necessary and sufficient that g(w) be analytic and even
in this strip and that to every b, 0<b<d, there corres-
ponds a positive number 5(b) such that
(1 12) glw) £ Bt‘fb)exp(uz/Z-!vl(bz- 2)%) (wes(b) )

I‘b immediately occurs to one to try to genersalize

theorem A as follows:

THEOREM A
In ordér,that g(w) possess a Laguerre series (1.10) of
- order o (;<_> -1) which converges to it for wes(d,) (dy > 0)

it is necessary and sufficient that g(w) be analytic and
even (zep(d«<) ) and that to every b;, (0£b <d, ) there
correspond a positive numbder B(<L ,b)such that condition
(1.12) holds for we s(bQ.

For the generasl Laguerre ‘series it is eppropriate to

use (le.2) rather then (1.16). Accordingly we shall prove
the following theorem:
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- THEOREM B

In order that £(z) possess a Laguerre series of order L
(€ > =1) (1l.2) which converges to it for ze€p(d,) (& _ > 0)
it is necessary and sufficient that £{z) be ahalytic
(z ep(d) )and that to every by, 04b, 44, , there corres-
pond & positive number B(Qd ,b) such that:
(1.15) [2(z)] £ B( < ,b)exp( 3z~ F(-br-x) ¥ )

| (zep(b,d; ré(xa-\\'ya)% ) d. (i.l)‘p.la

The purpose of this paper is to prove theorem B. We
will then show that theorems Z and B are equivalent, |

In part 2, we prove some lemmes and give definitions
which we will need to prove the necessity and sufficiency
of Theorem B.

In pert 3, we derive an inequelity which is funda-
mental for the proof of the necessity of theorem B, and by
means of which the neceésity of theorem B is readily
obtained, |

In part 4, we use the funfamentel identity esteblished
in part 3 to esteblish the necessity of theorem B.

In part 5, we establish some lemmas which we will use

to prove the sufficiency of theorem T,

Note:; For the sake of brevity we use the symbol B( £ ,b)
for B( «£,b )
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In part 6, we obtain an inequality on which the proof
of the sufficiency of theorem ¥ is based.

In part 7, we use the inequality of pert 6 fto complete
the proof of the sufficiency of theorem E.

And finally in part 8, we prove ‘chat theorem X and

theorem B are equivalent,
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Q, Iemmas end befinitions

In this section we list some definitions and prove
lemmes which will be of use in proving the necessity and

sufficiency of theorem B p.de

DEFINITION (2.1)

The symbol
(2e1) ADB

is to mean; ZProposition A implies proposition B.

DEFINITION (2.2)

By the symbol
(2¢2) 3z £ D(D)
we shall meen that the real and imeginary parts of z (i.e.
x and y respectively) satisfy the following inequealitiss,
(2.3) #r=x)>D (x> =bR)

DEFINITION (2.3)

By the symbol -
(2.4) z € p*(b)
where b >0, we shall mean that z e€p(b) exclusive of the
non-negative real axis.

'

DEFINITION {(2.4)
a

expu(e) = n
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DEFINITION (2.5)

By the symbol _ b
z €T (b)
we mean that x and y satisfy the inequality
(245) z2<b

DEFINITION (2.6)
By the symbol |
(206) Z2 €S8

we mean that the point z is an element of the set of

points S.

DEFINITION (2.7)

By the symbol
(2.7) *(b)
we mean any closed finite region such that
({28) z €T¥(b) = 2z e p¥(1b)

{For the definition of region and closed region see (3)
D, 18 section 2)

IEMMA (2.2)

¢ can be éhown from an asymptotic formula of Perron,
(6) po 193 formula (8e22.3), that the fcllowing limit
reletion holds uniformly infany finite c¢losed domain S in

the complex z~plane~ cut along the non-negative real axis:

(2410) n 2 logII.:( z)| — 2R(-z)% (B —> oo)
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8
and we select that branch of (z)% for which (-z)% is real
and positive when zL 0, See Szégo (6) pel97 formula
(802343) |

IEMMA (2.2)

The following limit relation holds uniformly in any
finite closed domain S in the complex z-plane cut along
the non-negative real axis:

(2411) 1n~% log|L¥ (z)) — 2( ¥ r=x) 1= r¥sinte (n>e)

Proof: | ‘ ’
(2.12) -z =7 exp( (0 «T7) )

We want %o use lemme (2.,1) so that we exclude =z

from the non-negative real axis, That is © is restricted
to the range:

(2.13) 0<0<«2T

From (2.12)

(2414) -z=T exp( 4(6 =T) )

(2.15)  (~z)¥=rfexp( 1(36 ~3T) )

If 2 <0 by (2.13) © =T so that from (2415)

(2.16) (»0F=2¥50  (x0) |

Thus by imposing conditions (2,13) and (2.14) the conditioms
of lemme {2,1) are satisfied, Now from (2.15) we see that:
(2.17) R(=z)¥=r cos(do - %Tr)zr% sin%6 >0 (0 <6 <2 M)

By the formula from tfigonometry:
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(2018) sinto= ( %1 - cose) )%
we obtain from (2.17) |

i 3 . a
(2¢19) R(=2)?=1%sin0 =( r(l~cos0)/2 )%=( % r=x) )*
ADPlying (2.19) %0 {2.10) the lemma and formula (2.11)

follows:

IEMMA (2.3)

The necessary end sufficient condition-that z p(b)
is that the real and imeginary paris of z (1.6. X a.m}é
respectively) satisfy the inequalities:
(a) ¥ Tex) £ b°

Proof:

A) Necessity: Iet z ep(b) then by d(l.l) p.2, we
have; |

0 éyz < 4b2( x~b2)
x‘?'-f- ;9’2 < x2¥4b2 x +4b%
04x2+3° « (x+2b8)2
(x2+ y2) ¥ < x +2b2
Hr-x) =% (xz-i-yz)%-x) <b®  g.e.de
B) Sufficiency: Assume: %( (ic2+y2)%-x) =% r=x) < bz
Hence: 0<(xP+y°)¥sx+2Db -

2 +3° < (x+2b)2

7%2 40%(x+b2)  (z2eD(D) ) Dby &(1el) Pe2.qecods
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10
- LEMMA (Re4)

Iet 4, be defined by (l.5) pele If &, > O, then
for every b, 0<b, < &, the series (1l.2) p.l converges
absolutely end uniformly for z € T*(b ) and diverges
for 8 ¢ DAy ).

Proof; From (1l.5) p.2 and the definition of limit

superior we have;

¥or any € > O there exists an ne , independent of z,
such that:
(zn%)"lloglaé‘l L - +€ (nzn¢)
(Zn%)“lloglan"*l> “dy-€ (n=n; k=1,2,..4)
From which we have:
loglaf| < -2n¥(d 4 - €) (nzng)
loglel | » —en¥(a, + € ) (n=ny; E21,2,400)
Hence for € > 0 indepehden'b of z
(2.20) ]an""]-—-ezp(loglaﬁ‘])<em(-2n%(d&-e) ) (nzn )
(2.21) (a2 =exp(log(ag]) > exp(-2n¥(d, +€) ) (n=m; k=1,2,..)
¥or any point z exclusive of the non-negative real
axis we obtain from (2.11) p.8 that given en €(z) 70,
there exist an ne such that
n"%logllﬁ‘(z)l<2( Hr-x) )T+ €(2) (nzn¢)
n'%log!Ln‘(z)l>2( Hr-x) )T -c(2) (nzZng)

-From which we obtain: - -
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11
+ %6( z)} (n2n,)

3€( 2} (nzn)

. logl L:( z)l < 2n%“{( # rex) )
log| Lg( z)\ > 2n§'{( Hr-x) )*
It follows from the above that:

(2.22) JLa(z)l= etp(loglln(z )1 ) < expl2n®{( ¥ z-x) )+%‘6(Z)})‘

e mw

_ (nzn, )
(2.28) |Ta(z)> exp(2n%{( Hr-x) )7 - £(z)}) (nzn
where z is excluded from the non-negative real axis.

For any point z exclusive of the positive real axils we
ovbtain from (2.20) and {2.28) that given an € (z)> O there
exists an ng such that:

(2.24) la“Lﬁ(z)l { expl —Bna{d -{ 3 r-x) )3-6(2)} (nz n.)
(2.25) lad 1 20\ 7 expl -2n~{d ~( Hr-x) )5rE(2)})
(n:nk; K=1,8,400)

Let F“,bq be such that 04 b, 4'5 L4, . Iet z € p(b,).
Conseguently by lemma (2.3):
(2.26) ( #{r=-x) )%4 b, & Dy

Seleet the positive number & so that:
(2.27) € & #d, =B, ).
Then since Db <& 5Dy, - da )44, we have:
(2.28) d,-( ¥ r-x) ) -672(5«-(1‘1) - Hrex) )7-e

= B,~ Hr-x) )2-‘1-1&-'54)-97070 (z € plb,) )

by virtue of (2.26) and (2.27).

Now let z e 5% ba)' Then z € p*(b,) by definition (2.7)
p.7, and hence z & p(b,) by definition (243) DPe6. Horeover

we recall from lemma {£.2) thet relations (2.228) and (2.23)

- — -
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N 12
hold uniformly for all z € S*(b,). Hence the number €(z) in

(2,22) and (2.83) will not depend on z provided only that z €
§*(bq). In addition sinée thenumber 6 in (2.21) is independent
of z, the number g z) of (2.24) end (2.25) will be also ~
provided that z e S™(b,j.

Therefore we may epply (2.28) to inequality (2.24) so that
for the choice of ¢ indiceted by inequelity (2.27) there exists

an n, such that:
(2.29) [efIf(z) < exp(-cn®) (nzng ze §%(b,) )
The series:
[ <]
ER
- 2
(2.30) ;Z:)exp( en?)
converges for ¢» 0, since
= s )
(Re31l) exp({-cn™)= l/exp(cnﬁ)< 4:/c n2
Hence by (2.29) the series (1l.2) p.l converges absolutely
and uniformly for z ¢ §*(ba) by comparison with the series (2.30)
On the otherhend suppose z § D(d,). Then by definition
(2.2) Pe 6:

Wi

(2.32) ( 3{r-x) )°2 4,6 +€

[-
and by irequality (2,25) for a given z such that z ¢ B(d,)
we have lag Lg(z)\ >1 (n=n: k=1,2,...).

Hence series (l.2) p.l diverges for z ¢ E(da). This com-

pletes the procf of lemme (2.4).

IE?-p,’Q ( 2. 5)

Iet be da> 0, DZ 0, where 4, is given by stetement (1.5)
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13
P.2. Then the series (l.2) p.l converges absolutely and uni-
formly (0<x<d; y=0). |
Proof: We have given by (1) p.219:
(2.33) |TA(xN4 exp( Fx)M(n+a+l) A (A+1) (nel) (x2 0)
We use the following formula from the theory of gemma func-
tions, see (7) p. 58 formula (2).
(2:34) F(n+a+l)/l"(n+l)~(n+l)a‘= { {n-1)/n )dndfv ® (n—>e)
Hence inequality (2£.33) becomes:
(2.35) ng(xlé. X e:ép( 3x)if¢ X exp(%“‘)nd= Klnd {04 x<D;n)
From inequelity (2.35) and inequality (2.20) p. 10
given an¢? O there exists an n, such that:
(2.36) laf Iy(x) € xn® exp —2n¥(a 4€) )
< Kln“pz/( Zn%(d.d-e) )p (nzn.; 0 €x4D;p=0,1,...)
Select the number p>» 2{14d), then from ineguality (2.36):
(2.37) 182 Io(x)| £ Kp/expn(¥p-a) (nzn, ; 04 x4D)

Thus by comparison with a convergent series, the series (1.2)

p.l converges absolutely and uniformly for 0£x%D; y=0.

IELZIA( 246)

If 4,>0, where d, is defined by statement (1.5) p.2,
then series (l.2) p.l converges absolutely for z € P‘da)
and diverges for z g Dldg).

Proof: TIet z € p(d,). Then either z is on the non-
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negetive reeal axis, in which case geries (1.2);5.1 converges
a,bsolu’cely' at this point by len@a (2.5), or else we can take
bas 0<bg<dy so large that z € TH( by) in which case series . ..
(1.2) p.l converges absolutely at this point also, by lemma

(2.4)e. If z ¢ 'f( d,) the lemma is merely & restetement of
lemma (2.4).

DEFINITION(Z2.8)

The parabole p(&,) (1.4) p.R, where 4y is defined by

{1.5) p. 2 is called the parabola of convergence of the series

(1.2) p.l, provided 44> O. 1I1f 44% 0, we have no parabola.

IBLMDA(R.7)

If the series {1.2) 2.1 converges at a point zFXy+1iy,
(yo% O) then d,> O, where dg is defined by (1l.5) p.2 and the
series (l.2) converges absolutely for z € p(d4) and for -1<4a,

il

troof: If d44<0 then d4g-( (ro-xo)/i% )2<0'

el
~

By choosing ¢ small enough d4-( #(Tg-%x,) )~ +€ <0.
So that by (2.25) p.ll there exists a sequence of integers
{nk} depending on zg such that:
e Lzt >1 (75%0; n=ny; k=0,1,...)
Thus if dq% 0 series (1.2) diverges at z=zy. Hence dgz> O.

Therefore by lemma (2.6) the proposition follows.

LEMIIA( 2. 8)

Iet 4» 0. 1f for every b such that 04 b<L d, there

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



15

exists a positive number B{d,b} such that
(2.38) jad) < B(a,b)expl ~2n%v)
then a2 &> 0, where &y is defined by (1.5) p.2. That is,
the parabola, p(d,) (1.4) p.l, is the parabola of conver-
gence of the series (1l.2) p.l. ‘ |

rroof: By (£.38) end (2.22) p. 11 ( z excluded from the
non-negative real asxis ) we have that given €(z)> O there is
Ian ne such that:
(2.39) lag‘ I;(z)lﬁ B(a , b) exp( ~2n®{b-( H r-x) )%-G(z)})

(nZn,)

If we have:
(2.40) ara, ,
then select b and by such that 04§,< b,{L b<d. Iet us select
éo so that z, lies on the p(bo), (lfé) DP.2, 1.€. x, and y,
satisfy equetion (l.4). Then by a proof similar to that of

lemma k2.5)'p.9:

(2.41) 1g< 1 B -x5) )= by< b,
Then select the number ¢lz,) so small that b-bo-E(zo)7 0.
Conseguently by inegualities (2.41) and (2.39) the series

{1.2) p.l converges at the point z, (which is not on the real.

o
axis) since we can compare it with the series {2.30) p.l2. By
lemma (2.7) the number dy”> O, where d, is given by (1l.5) p.2.
On the otherhand if daf d, then by inequality (Z2.41) and

definition (2.8) p. 6, we get that zy ¢ Dldy). 3Bubt since the

number d,> 0, by lemma (2.4) é. 10, series (1l.2) diverges at
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the point z,. Thus assumption (2.40) is false, This

gives the theoren.

EXAVPLES

We aré ggin;g to £ind the parabola of convergence
given by definition {2.8) Pe 14, of several special Laguerre
series. A4S the.parabola of convergence is given by (l.4) p.
2, it is uniguely determined by the number d, &s defined by
(1e5) ».2.

hxample(2.1)

Let us consider the Laguerre development of the function:
f(z)= explqz) (g real)

By (l.1) and (l.3) p. 1 we obtain;
o]

e {( ),..““_l)} Z( _l)k(m-a (k) -ljexi)( _( l-q)x)xd+kdx
o
a“;l:'{ n.)l‘(&-&l)}’ ge"x expl qx){i (ﬁf& -x;k/k;} ix

Let us put (1l-q)x=y, then for g4 1:

-1 n+a -d-k -lf ~y. Atk
n{ r‘\u+1)} Z:O( )( 1) Uc) H1-q) e vy Ty
By the definition of the gamma function, see (7) p. 55

-

formula (1)

o2 ("4 e tas1} -lz(ﬁt;) T R e

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



i7 -

since M(Ad+k+l)s (ot+k)(d+k+l)... (A1) A+t
cd-k-1 1
(2.50) 3= (%54 ;{n*“}x -0 50t H2-0) T o) o as

=~ l-q)"d' niz (=1) /(n-lc) Lkl l--'q)k
K=o

= (l-q)’d'li(@(-( 1-q) )7E
Zi0 .

-Cl- - n
(1-q) "% 2~ 1-"1 )

2 (1-q) "% 21 g/ 1) O
a%s &1—;;)'“'1( ¢/(1-q) )"
By statement ({1.5) p.2: | )
a,z -limnsup(‘?n%)']{(oul)log\l/{ 1-q) )-nlogt q/(1-g) )}
hence:
A, -%:'-m%log( a/t1~a) )
¥rom this we get:

Gy *t®  la43)
(2458) dy=0 CER

dg="@ (1>g2>3%)

rrom the equation (2.54) and (l.2) p.l the leguerre

development of exp(qgz) is:

-d-1<" ‘ o _a
{1-q) 4 Z(-l)n\_ g/{1=g) ) Ipuiz)
. =0

from equation {2.55) and lemma (2.6) p. 13, we see
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‘éhat the ILaguerre development of exp(qz) converges for all
points z if g <%, diverges for all points z, except pos=-

sibly y=0, x2 0, if g=% and diverges for all points z

wji=
.e

if q>r %, 1If g=
(¥ =3

Fi ) (ym i z) 2%

n=90

Exemple(£.2)

iie are going to calculate the parabols of convergence
given by definition (2.8) p. 14, of the Laguerre develop-
ment of the following function:

d”_‘exp( tz/( t-1) )

(2.56) ( 1/t1-%) )
The generating function for laguerre polynomials is
found in szego (6) p. 97 formula (5.1.9) and 1s as follows;
o
(2.57) Ztn Li\'z)'—‘-\’l-t)"u'lexp( tz/(t=1) ) (t < 1)
n=o
By equality (1l.3) p.l f:or function {2.56) we hafe:

2= {(n;“)r( o\+1)} "L 1-1) 'd'lj;‘zz‘bi( z)exp( tz/(t-1) )dz
oo O .

-1 - | "
={(n§“}r(a+l)} { 1-1%) lgexp( z/(t-1) ) 2 L {z)dz

By calculetions similar to those of examgle (2.1)

we get:

& = {(n;a}r(ml)}"l{(n;“)r(aul)}( 1-(1-t) )Pzt

Thus we see that eguation (2.57) is the ILeguerre
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development of functions (2.56). From statement (1l.5) p.
2: dq~ -limnsup(%n%logltl)

rrom which we obtain:

A L@ itel)e 44=0 (t=1)e dg=-® {(t2>1).

From the above end lemma (2.6) p. 13, we see that the
parabola of convergence of series (2.57) is infinite for
t+<1 i.e, series (2.57) converges through out the whole gz-
plane whereas it diverges everywhere for t> 1 and diverges
everywhere except possibly for y=0; x2 0 if t=1, since the
parebola of convergence is the non-negative real axis.

hxemple{ £.3)

Wigert (6) p. 17 has calculeated the Fourier coef-
ficients (l:b) pe 1 for &A= 0 of the ILaguerre development of
the function:

£(x)=x" (s> 0)
He obtains:
an= (-1 (s-1)(5)

e can now calculate the parabole of convergence of

the lLaguerre development of the given function. By

formule (1l.2) p.l the development is:

(2.56) nZ;_( -0 (s-11(5) ()

o n
8n = (=1) s{s-1l)...(s-n+l)/nl= (-s)(-s+l)...(~s~14n)/n!
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(n+@s-l}

)/\/ X expn( ~s-1) (b— 2 ; sF1,2,...)
n :

by {10) p. 48 formula (2) and paragraph (3.12).
(En%)-llog}agp«/ (2n%)=l(logx - (s+l)logn )
(n—eo)

The parebola of convergence of the Laguerre develop-
ment of the given function degenerates therefore to the
non-negative real axis. Thet is, the series (Z2.58)
diverges everywhere except possibly on the non-negative
real axis. Uigert shows (6) p. 17-18 tnaet the series
converges to f(x) there, Lioreover, it is absolutely con-

vergent.

LinilIA ( 2 ° 9)

The following inequality holds in the complex z-
plene for general Laguerre polynomials. .
(2.42) [In(z) ¢ I;(-IZI ) flg( -D) (d> -1; izl £D)

Proof: Recalling the definition of the general

binomial cecefficient, we have:
n+o

(£.43) ("3)=1 (n=0,1,2,...)
n+ay _ .

From which we conclude that:

-
-
-
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(2045) (?li?;)z 0 (a > "1; K-‘:O,l'z,oo.n; n= O’l,eoo)

From {1l.1l) p. 1 we conclude by virtue of inequality (2.45)

d
(2.26) lil 2l =] 7 (2 (-2 kel =§(§f’f et )5k
‘ =0 220
a d
= Ll=t21) % Ly(=b) (a2 =1; izt &)

' DEFINITION (2.9)

Through out this paper we will adhere to the following
notational convention:

a) The symbol S shall indicate the get of points §
exclusive of the boundary points of §, provided the set §

" has.been defined and éonversely the symbol § shall indicate
the set of points S inclusive of the boundary points of S,
_ providedAthe set © has been defined.

'b) The symbol z € S shall mean z €S exclusive of the
boundary pdints of § provided the symbol z € S hes been de-
fined and conversely the symbol z € S shell meen z € S in-
clusive of the boundary of S provided the symbol z € S has
been defined.

¢) If the symbol S indicetes a set of points, then the
symbol S* shail indicate the set of points S exclusive of the

non-negative real axis,

IEMIA (2.10)
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g2
Iet 4,7 O where 4, is defined by (1.5) p.2, then for

every b ; 0<b, <& &, the general Leguerre series;

oo
é
(2.47) ) &S 1)
n=o0

converges absolutely and uniformly for all points z such that

(2.48) z€ B(by)= 1@l&d
Proof: By the previous lemma we have:;
a _d a _d
4 -
(2.49) la 'Ln(zv)l- &, Iyl-b,) (121D ,)

From equality (1.5) p.2 and the definition of limit superi-
or we have: Zfor any € > O there exists ean n, , independent

of z such thst:

%=1 d e .
(2n®) loglapi< -4y - ‘ (n2n, )
d %
logila,| < 2n (=4, +€ ) (nzn )
so tha¥b
d 6%y £ e z c S
(2.50) lanl_. expl oglan[) exp(-gn"(d  -€ ) ) (nane)

By relation (2.11) p.8, given en €(b, }> 0, there

exists an né such that;

-5 a 1 N % % ,
n “logliy(=b  N< 20 Hby+by) )72 8y + €(b )
(bo\> O; n?ne)

d F %
log|T(=b N < 20°( bG+EE(b, ) )

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



23
A a s 7.
(2451} |L,(~b, )l = exp(log|L( -bq 1) <exp(2n®{d, -z€(by) )
(n2n, )
FProm (2.50) and {2.51) we get that given an £(bOl D2

0, there exists an n, such that;
2) 18 (b )\ < expl-zna ~bi-6(b)})  (nza, )
(2.52) }an Ly( =bg )t & expt - n"{a ~by~€(b, } ny n,

From (2.52) and (2.49), given E‘(bd)> 0 there exists an n,
such that:
\af;\1 Li(z)lf \ag Lg( “ba)\ < exp( -Zn%{dd-bi--é(bd.) ) '(1zlébo‘;nf;ne)
Iet us select the number € (b )< daubii, then -
Gy -bi - E(bd )= e¢>0
so that:

aﬁ Lg(z)f: exp(-zn%) ((¢>20; &>=-1;izlsb_; n2n.)

q »
Hence series (2.47) and hence series (1l.2) p.l converges
abeolutely and uniformly in the ecircle C(bd) by comparison

with the convergent series (2.30}) pe. 12,

IEMMA (2.11)

‘ e\
If the Leguerre coefficient, a, is given by (1.3) p.l

then:

. a+l_ a d
{2.59) 8 = 8, ~ agy

Proof: From Szego (6) p. 98 formula (5.l.14):

d - - a A
(2.60) I, l(x)= X l{(n+a+l) Ln(x)-(m-l) I‘n+1(x)}
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s

From (1.3) p. 1: = @

' : h Ry 1 4+l
aolt;l: {{m'g*l)r(a-l-a)} l_ﬂa }on«- In (x)f(x)dx
. 0

By equation (2.60) the above relation becomes:

[vo)
ac::l: {(m-i-c-l) [—(d+2)} -1{( n-c-tx.bl)fe'qu I_g( x) £( x).dx -

(n+l) e-x‘{d Ld

) n-i-l( x) £ x)dx}

Substituting for the above integrals as given by (l.5)p.l
o4l n+odl -1
(2.61) &, = {( n )r(a+2)} ><

{eas 1) () r(a41) - (ne2) (n;}f’) [ (G+1) a2+l

wWe obtain the Ffollowing identities by direct calculation:

{(n“":"’l)} ‘l<n:1a) = (d+1)/(d +n+l)

-l 1l
n+d+l>} n+ ) = (1+l)/( n+l)

substituting in (2.61) by means of the last two identities:
dnt-l o

= (o)l d+1)/r(a+z)}(an -8 ,,)

Since by (7) p. 55 formula (&) we have (A +1)[ (A +1l) =

[T (9+2) the lemma follows,

LELIA (2.18)

‘If the following series: _
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d _d
(R.62) jz: an L,(z)
| A n=0
converges for z € p(D_ ), then
i a:
N d A+t |
(2.63) / a% I.n(z)=Z 21 L (z) ( z€&pd ) )

Pfddf; VWie define the sum of Ieguerre polynonmials:

n
(2064:) kZ: Lk( Z) T ( n= O’l’g,gua)

N a & d
i & (z)= ds‘é‘*’% a,l Sk‘sk-l)“ E (ak-aﬂ*l)sk 8,5,

o a4+l

From lemnma (2..11) Pe 23: 8p.178, " an-l

From Szego (6) p. 98 formula (5.1.13):

-

n o+l
a_ -
Sn" kaLk(z)— L, (=z) so that

«

o g a n-l a4l s+l A O+l
(2.68) 7oy Tyl2)= 2 8, Ly (zley L, ()
.. k<o =0

Employing inequelities (2.20) p. 1C and (2.22) p. 1l by the
same method used in obtaining (£.24) p. 11, we have:

d a4+l L
lay I, (2)] 4 exp{-zn® (dd~{g(r-z)} 7_&( 1) )y tze pMb )
Since we assume that series (£.62) converges for z € p(bq)

we conclude by lemme (2,7) D. 14: >0,

o
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Hence for a given point z excluded from the non-negative
L
real axis end which satisfies the inequality ( # r-x) )®<
b Q:

o dwl

lo, Ty (=l — 0 (n—voo; b &icly . )

But by lemma (2.3) p. 9 | H r-x) )%«5&.—9?. ¢ p(ba), so that
by .definition (2.3) p. 6 the above limit relation reads:
d _ad+l E *
lay I, (20 (n=oo; 2 €D, ) )

Applying this to identity (2.65) the lemma follows for z

restricted to the region z & (b, ).

Now for z on the non-negative real axis, we get from

relation (2.33) and (2.34) p. 13:
a+l ;
L, (x)] £ ke TR E 41

Using inequality (2.20) p. 10 with the above inequelity
we get that given en € 7 0 independent of z there is an n .

such that:

a da+l ix A+l % .
(2.66) !an I, (}_))4 X e n exp( =2n (d.d -€j ) (nz ne )
From considerations of the power series expansion cof

expl 2n§.(dd -€) ) we get the inequality:

04

; Y
expl 2n’(d, ~€) )7 ( 2n%(qy -€) )¥/p: ( =0,1,2,...)

so that from inequality (2.66) we have:
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‘ G+l i
l&i Ln"P (x)ié X eg‘é‘x nou-l pi/l an(d.oL -é‘) );p

= K egéx pi( 2(d, -€) )-pexpn( ~%prd+l)— O (n—00;Dp72(A42) )

Considering this fact in conjunction with (2.65) the lemma

follows for a given z on the x-axis,

COROLLARY (2.12)

£ da is given by equality (1.5) p. 2, the following
inequality holds:
(2.67) ddé G el (d, Z 0)
' Troof: By relation (2.63) and lemma (2.6) p. 13:
z€ plad, )= 2z € &, 1)

From lemma (2.3) pe. 9 the corollery follows.

IELDIA (R.13)

Iet the points z of the z-plane and the points w of the

w-plane be made to correspoﬁd by the trensformation:

(R.68) z:wzz (u+iv)2

then
- =
(2.69) 2 £ 0({D) e w € s(D)
Proof: From transformation (2.68; we have:
2 2
(2.70) X=u =
¥y = &uv
Now let z € p(b). Hence by lemma (2.3) p. 9 we have;
2

(2.71) Hr - x)<D
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and by means of the trensformetion (2.70) we have:
(2.72) Br-x= 3 (0 4 vE)E T4 (B - vB)k= R
so thet by the transformation (2.70) inequality (2.71)
becomes: 72 £ bP ~oLu L @

Hence by definition (1.2) p. 1 we conclude that w €s(b).

Conversely, let w € s(b). Then by definition (1l.2) p. 1
we obtain: v‘?'é bz - L0
and by means of the trensformation (2.70) we see from (2.72)
that the above ineguality becomes:

3r = 1)L bR

Hence by lemme (£2.3) p.9, we get that z € p(b).

LEILIA (Rel4)

1f for h(we) , an "arbitrary” function of w, tnere

exists & positive number 5(b) such that:

R 4 N
(2.73) |niw@)l < 5 ) exp{| u"-vz)q'l-kluz-vzl ol bz-vz) =t
{w & s{b); g,k2>0)

then there exists a positive number B(b) such that:

;.' o s A
(2.72) Iln(w®)] < 8(v)exp{(v’/q)~k(u?) % v"-v") "]
(w € s(b); ¢,E>0)
(where the positive number s(b) may differ from line to line)

and conversely.
Proof: Let us assume thet ineguelity (2.73) holds,

since tne following inecguality holds:

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



297
> e 2 L
L2e76) exp(-v7) & 1

we conclude from ineguality (2.73) thatb:

B ¥

(2.’7’7). ]h(Wz)RB(b)exp( uzq'li-kl ,uz-v‘?'] (b -v 1% )

wjr

( we s{(b); ¢,ky 0)

To arrive at our first conclusion we need to prove:

2 e L -
(2.78) | 2=vBl Eep2pulav? B v2) Ty (uB)®

N‘-‘

(w € s{b) )

We proceed as follows:

o ¥, 8.5 2 % kX
(JuB-v®] a(v5)7 ) Bz oBav® -2 ufavd F(vB) R

J». .3_-.. [»] [>] < I»l ,1 .:‘—‘5 o
> uBov® o2 1uB-v8) F(vP) Br® = vfz [0E v F BV B WF
Phat is: ‘ oL -

(Ju® - v Z+ (v9)% )>u
%*
Hence: |u2 -V l T4 (v )i) (u =

Remenmbering that we s(b) implies (vi 4 b the above ineguality

establishes relation (2.78)., From (2.78)

2

L 3
(2479) - o - vgl “L -(u2)4+ b

From inequality (2.77) and (2.79) it follows that:

(2.80) In( wz)l 4 B(b)exp(uzq-l-}; -(ug)%-b](bz-vz)

o=

)
(we s(b); ¢,220,b20)
A EX
= B(b) exp{xb(b -v ‘}excp{u a -k(u) (b“a a) }

But since v < be if w € s{b) we can write:

it

(2.8l) expl kb(b -V )'2 }<& expl kb(_bz)%)zB( D) (w € s({b) )
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so that from relation (2.81) and (2.80) we conclude:
- o & i .
(2.82) |h(w2)| < B( b)exp( uzq l-k(u. )z(b‘%-v‘?)‘2 ) (weg()b);q,k
' 7

Conversely, we want to prove, that if inequality (2.74)
is true then inequality (2.73) follows.

The Tfollowing inequalities hold:

5 L L 1 1 ’
(05 %0 2 (0¥ Fe(v3) T 2 (wBav®) T 2Bv® T (w e s(b) )
Hence:
En _ i
(2.82) -(uz)zf-b-luz-vz] ® (w € s(Db) )

Applying inequality (2.82) to (2.74) we have:

- L 9 N
(2.85) [n(w?) | < B(b) expfula +k( b-|uf=v?] %) (b 4%}
( w €s{(b); q,k >0)
& -1 & X
- B(b)expl kb(b5=v%)* )exp( uiq —-k|uB~vZ|F(v°-v%)¥ )
( w € s{b); ¢,k 70)

From inequelities (2.83) and {2.8l) we conclude:
2 - i X
[h(w )| = B(b)exp{uzq 1-l€iu2-v2l “( hz-vz)z;Z (w es(b);q,k?0)

- - | o) & R
= B( b) exp( viq exp( q b 0BavB) k) uBev?] B0 ) T )
( w e s(b); ¢,k 20)

Buts exp(vgq ) <exp(b q l) =B(b) ( w es(b); g>0)

so that inequality (2.73) follows.
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The next lemma gives an estimate of the following
integral which will be essentizl in proving the necessity

of theorem B.

MMA (2,15)

Given a number b, 0 =b «d there exists a positive number
B(b) such that:
(2.84) 0<T(z)=

o0

- -t -1 - Ly %
ft B/Zexp(-écz/t)(l-e ) .exp{-:%x(et-l) l+2)zl/(e“t-e t)}dt
5 .

2 1 ]
<B(b)exp( x-21xl®foP-Hr-x)} T ) (z eplb); c=h(b4d) )
Proof; Pollard shows (5) p. 359~60 that given a number B
0<£bc¢d there exists & positive number B(Db) such that:

(2.85) O <i(w°)=

ao__ - -4c% o -1 3t out
ﬁ 5/2( ;-e't) lexp T exp{-z(ud-vz)(et-l) -lvleiZ/(e2 - }d‘t
o

2 2% .2 8 .
<B(b)exp( & -2 (b -v )" ) ( w € s(b))

wj=

By lemma (2.14) p. 28 with q =1, k =2 we see that

ineguality (2.85) implies:

Wi

< “ 2 2 :1_
I(wé) £B( b) exp( wé-v"=2 lu -v ""(bz-vz) ) ( w es(b) )
Now by lemma (2.13) and transformation (£.68),(2.70) p. 27

and identity (2.72) p.28 the above inequality gives:

0<I(z) £B(b)expl x-2ixI*{b -(r-x)}¥ ) ( z €n(b) )

This completes the proof of the lemms.
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LEMHA (2,16)

( Riemann-Schwaerz princeiple of reflection)

If two functions f£(z) and fl(z) are analytic in regions
R and Ry, separated by a contour C, and continuous on C, and
£{ 2) ;—.fl(Z) along ¢, then the two functions are analytic
continuetions of each other.

For the proof see Titchmarsh (7) p. 155, section 4.51.

LEMMA (8.17)

O
Suppose the L ; a; I;:(z) converges for z € p(d)

( @>0, -1 <) where the number d mey depend on A , then
the series I is analytic for z € p(d).

Proof: Iet z, € p™(d) { see definition (2.3) p. 6 ).
Then, there exists a number b <d and a set S*(b) such that
%z, € S¥(Db) and hence by definition (2.8) pert b) p. 21, we
conclude that z, € S¥(b). Since series I converges inside
the parabola p(d) there is a point z7 not on the exis of
reals at which series L converges. Conéea_uently, we mey
use lemms (2.7) p. 14, so that we have 4 4, >0 where d o
is defined by stetement (1.35) p.2. Therefore by lemma
({2+4) e 10 we conclude thet & £d4 &and the serieg L con-
verges absolutely and uniformly for all z € S¥{ D).

As & result of this and by & thiorem on a uwniformly con-

vergent series of analytic functions ( see (3) p. 74
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theorem 3 ) the series I is enalytic in TF(b) and therefore
also analytic in S*(b). Thus the series L is analytic in a
neighborhood of every point z such thet z € p~(d).

Let us define the region R of lemma (2.16) to be the
set of all points z such that z € p(d) and y »0, the region
R] to be the set of all points z such thet z € p(d) and y <
d, the contour C to be all points z on the axis of regls
for which x> -d the funecticon £(z) to be series L for z € R
and the funection fl(z) to be the series L for z € Ry.

On the part of contour C consisting of the non-negative
real axis series L is uniformly convergent by lemma (2.55
p. 12 and hence is continuous, while on the negative part
series L is anslytic by the first part of this proof and
hence is continuous. '

Hence by lemmea (2.16) the series L in the upper half
of the parabola p(d) is an analytic continuation of the
series L in the lower half. That is, the series 1L is
analytic throughout the parabols p(d). This completes

the proof.
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3. The Hecessity: The Fundemental Inequality

The aim of this section is to show that:

given b g, O 2b 4 ¢ d, there is a positive number B(a ,D)
such thsat:
(8.1) 0=I,(z)=

o

f expl ~4cf/b) expf-2x/(e®~1)} exp(Bat) I4(1 Izlesentt) 44
-] -
(o +1) t5/2( 1-e7 %) z(** 1 *

. 8 . i
£B( &, b)exp( x-21xl¥( by - Hr-x) )7 ) (z € Dlby);-1<a)
where the symbol ¢ ¢ 1is defined cy = 5{ba+dq ) and the
number B( a,b), C, may differ from line to line.

The first step in the long and tediocus discourse which
follows is to show that:

There exists positive numbers Ca such that
= o)
t( Z} Q-_-b J.a

.( - ‘%A/t)m{-gxﬂe “l)} exp(} at)expfefai /(e ~e " f,
[ 3

s %167t (ol
0
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o0
‘ g (o}
4G exp(~4c?/t)exp{-2x/(et-llf aeét B )
' At o (2 € plhy)
tz/z(l-e“t) (eét—e ~ B
t( z)

where for brevity we write t(z) for the symbol %(lzf) and

the letter designates the solution of the eguation:

(3.3) lzl==e=t-e°§t or t(lzl):=sinh-llzl/2

Wi

Let us define:

S
(3.4) I (z)=
t( z) @

vgfexp(~4c§/t)exp{-2x/(et~l}}exg(%1xt)exp{2lzl/(e%t-e-%t{}dt
ts/z(l-e_t)lzlq
Q
(5.5) 1,02 = |
p{¥~3/zexp(-4c§/t)(l-e"t}exp{-2x/(et-lﬁ{ée%t/(e%t-e-%t)}fit
5 )
Relation (3.2) will then take the form:
(5.6) 1t z) 20, I (2] + 0,8 (2) (z €plbg) )

By direct celculation it cen be verified from the power
series expansion of qi(z) found in (6) p. 14 formula (1.71.1)
thet:

"% (1s) = Lo (18]
i {x(ls)= ol 18)

Eence from formula (3.1l) we see that the integral I4{ z)

>0 since its integrand is non-negetive., In what follows

in this section if an integrel is declared to be non-

negative without proof it will be beceuce the integrand 1is -
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non-negative.

From Szego (6) p. 15 formula (1.71.7) we can derive the
following relstionship:
(3.7) [d (i) <Oy exp( lL(is)] )’ ( s=2)
where in the above formula the symbol I(is) is to mean the
imaginary part of is. The number 2 is selected for con-
venience. Also from Szego (6) p. 16 formule (1.71.10)
we obtain: ‘
o

(3.8) dglis)l <Tys ( O<s €2 )

if in relation (3.8) we set s =lz]cschit, the result
is:
4 a i A
(3.9) lqi(ilzlcschgt)lé.cd}zl ( cschist)
( 0 4iz)esehdt <2 )

Since by definition:

=

: v oE -
(3.7) cschzt=2/(e” -e )}>0 { £>0)

V|

b

Relation (3.9) is valid if z end t are connected by

the relation:

e

(3.11) {zl<e%t-e-2t ( £>0 )
From the estimate (3.7) we conclude:
(3.12) Jdalilzlcsendt)| < C 4expl [zleschit)
(lzlesehit 22; £ >0 )
Thet is, relation (3.12) holds if z and t are connected by the

relation:
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1. __;_L_
(3.13) lz]?.egt-e =t ( t>0)

Since by differentiation, we can easily verify that the

the function eff-e =’ is & monotonic inereesing function

of t+ we get from equation {3.3) p. 36

. 3 -t
(3.14) izl=exp{ %t(z) )~exp( -3t(z) ) <e” -e (t(z)<t)

Thus reletion (3.11) and hence relation (3.9 holds for t >
t{z). Similarly reletion (3.12) holds for all O<t £t(z).
Now let us write for Ia(z) defined by statement (3.1l) p. 35.
(3.15) .Ia(z):

tz) t -‘
exXp {-2;/(8 -l)}ex;i%:oﬁ t)Jd(1i1z] cschzt) g%

S &
j-‘:j tg/‘exp( 4c§/t)(l-e"t) 1z | ia (o +1)
0

#@
Hence we cen apply the extimate (3.,12) to the first integral

.above and inequality (3.9) to the second getting ineguality
(3.8) p. 35 and hence (3.,6) p. 36 obtaining our first ob-
jeetive,

In corder to prove inequality (3.1l) p. 35 we must split

the proof into several different cases.

~CASE I
( =1< %0 )
Given a by, O=by <d ,, there exists a positive

number B( «,b) such that:

- (3.16) 0 £I,(z)=<B{ &,b)exp{x-2)x/%( bf_% reg)? )
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where the above inequality holds for zep(bg) and =lca < 0.

Proof: It follows immediately that:

3 -3t it -
(3.17) 02( (e =6"2")/2e%% )" %21 =e® <
3 bt
exp( 2!2]/(e’3t-e Y ) (0< t;-1cra20)
Going back to relation (2.60) p. 23 define:
'fa(z)?:."f(z) (bzbm;c=c¢;d'=da)
T (z)= |
(3.18) = i &b
jexpt -2x/(et-l) exp( 2lz]/e” -e " ) ) gt
3/2 o
t / exp( 403/1:)(1-8 t)

Then by lemma (2.15) p.31, given a positive number b o,

0 £b, <4y there exists a positive number B{ & ,b) such that;

- 2 %
(3.19) 0<T,(2z)<B( &, byexpl x-2ixl={pf-4r-x)}* )

(2 eplbal); ca=sbg-dg) )
By virtue of relation (3.5) p. 35, (3.17) and (3.19) we get
that there is a B{d ,b) such that:

- ) 1 ) *
(3.,20) O‘:Ia(z)s Iq(z) < B( a,b)exp'( p P lxlz{bi-{é( r-x)} = )
( 2z eplbal); =L4aA=0)
We now hope to show (see (3.4)p.35 ) that there is a

B{ a,b) such that:

i * 1 kR
(3.21) (g« I 2) £B( a,b)expl x-2Ix] 3{’05-%5( I‘-X)} =)
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where the above ineguality is valid for z €p(b g end -1
L & 40,
Reletions (3.20) and (3.81) applied t0 (3.6) p.35 will
establish inequality (3.16).
Given & ba such that 0%by <d 4, pick D such that
0£D 4 404 44 4. Then by inequelity (53.19) there exists

a positive number B(D ) such that:

w}

)
( 2 €p(bq) )
Since O cexp(%at) <1 (0%t; -l £0 )

(3.22) T (z)4B(a,b)exp( x-2Ixl %’(Bi-%—{r-x})

We see from the estimate (3.22) and (3.4) p. 35 if we recall
the form of T,(z) as defined by (5.18) p. 38, that

-a %-fﬁ " ¥ .
[z| ~ B(a ,b)exp( x-2lx| {q--f(r-x)} ) (z€p(TDy);-1<a%0)

~al ~ Rlavnl O l"v'l zj'ﬁz_%-{ ™ -v-\l %_ Y 1lAe ir-l \

=B( & ,B)exn( 2 Ixl® { .ﬂrX)} {*52 Hr-2)}¥ -alogizl )X

X
exa x-elxl%{bz-%‘(r-x)}a ) (2 €pibg) )

The funotion | bd-%( r-x) ) -( 'Ei-%(r—x) )%
The funotion ( bd-%( rex) ) =( 'Ed-%(r—x) )

is & decreasing function of 3| r~x) as the first derivetive
will show. Since the function #{r-x) is non-negative the
above expression therefoxre has its largest value for

itre-x) =0, Hence from (3.23)
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(3.24) 04I(z)% Izl™ " T ()%

i

-2 5 L
Bl ,B)exp( x-2 Ix| {ba-%( r-x)} )exp {2 1] 2( 0 y=Dg) -o\log}zl}
Since z € p(b u) we have by definition (l.l) p. &

2 2 .
y 44ba(x + b g ) so thet:

L

£ 2
& —4l(xHED )

+4b3(x405) )

3 g;x'rl
. éll 3

loglz| £41( 1z1)% 4£4i( x
<0;

Hence for ‘-l' LA

Y

(3.25) exp( 2ix|*(by~b )= rloglzl ) £
.%. i
expl 2lx|*(boy-Fq)- adl(x+20%, )% ) 2B( Q,D)

As the above exponent has a maximum with respect to x for ‘
Z2 eplba), bx <P o and 14 20,

From inequalities ( 3.24) and (3.25) since b4 is a
function of b i, we get that there exists a positive number

Bl & ,b) such that:

* -
(3.26) 0214(2)% J2]7 T,(2) &

. 1 |
B{ & ,b)exp( x-2Ixl* {bi—%—( r-x)} %) {z€D(byl;-14<A £0)

Hence inequality {( 3.21) p. 38 is established, and recalling
that reletions (3.20) and (3.21) applied to (3.8) establish
(3.16), we see that obtaining inequality (3.26) completes

the proof of case I,
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(z€ p(bd);lzu’rl{dﬂl;a >0)

Given by ,()ﬁ'bd‘< d, , there exists & positive number

B{d ,b) such that:

% 5
(3.27) 0%£1,(z)%B(c ,bexp( x-20xb={0% -F(r-x)}° )

(2 €nlbg); halér(a)41;9470)

Proof:; PFirst, we want to show thet for the integral
o
IOJZ) defined by (3.5) p. 35, there exists a positive

number B(d ,b) such that:

o]
( 3.28) Oéld(z)ﬁB(d,b) (z€p(by);ax20)

Trom (3.5) p. 35 we heve:

o
(3.29) 041 (z)~7
co o S ~ . -
exp(_-2(x-b°)/(e’-1) Jexp( 2v°/(e'-1) )| ze it
YIS Bt -t
exp(4¢/t)t (l-e ) e” -e
t{ z) - =
- ) 1ot
1 o 7t
Lgexp( -2(x-b‘)/(et-l) ) exp( 2b2/(et-l) )1 =2e at
£ - 3/ 2 -3 o -
exp{4cc/t)t (l-e ) Leg -€ “tl
O -4
oo o
t *
+ qf// exp{ -&x/({e ~1) )[ pedt a4
3 - 3t %
t (1l-e t) Lea -e =
1
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We are going to use the following inequalities on the
integrals of relationship (3.29)}. B8y a consideration of the

. ~%
power series expansion of e we get:

=% -1 ; - - -1 .. =1
( 3.20) (l-e ) 41/(*0-1:‘3/2:):’0 l(l—%*b) Ly %) = 2/%

{ 0t £1 )
By a consideration of the power series expansion of et we
get:
(3.31) 1/(e®-1)<1/% ( 20 )

By definition (1l.1l) and inegualiby (1l.7) p.2 the
2
proposition z € p{bg) implies the proposition -byg<x.

¥rom the form of the following expressions it follows that:

& -5 o - A
(3.32) 0O<«( 2e3t/ (et P 2/(1-e"%) )40 o

( 14t <oyt >0 |

%
(3.33) O<exp( -2x/le -1) )< C o (1%t <oo;a>0;-b5<x)
(B.34) 0%1/(l-e" )X ((14% < 00)
(3.35) O<exp(-4c5/t)< 1 { 0%t < o0)

By using inegualities (3.32) (3.33) (3.34) and (3.35)
on the second integral of (3.29) we f£ind that it is less
than:

o
(3.36) B(A,b)J T at B{ o, D] (2 € Plbg); X > 0)
1

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



43
{ We now want to show that the first integral of relation
(3.29) is less than a positive number B( &,b). By inequality
(5.50) we have:

o

3, it -8t -t
(B.37) 2e° /(e =e J=2/(1l-e ) <4/t (C <t £1)
If z € p{ by ) then by inequelity (1l.7) p.2 we get that
X + b°g > 0 so that:

2 t
(3.38) exp{ -2(x+h,)/le -1) | £1 (z €p{by);aA>0;% 20)

By use of inegualities (3.30) (3.38) (3.31) and (3.37)

the first integral of (3.29) p. 41 is less then;

L |
(5.39) B(a,b)gt's/ Zoxpl ~acE /) 2/%) expl 285 /%) ( 4/8)% b

2a-1 1 |
2 B(a,b)’gexpt(-z/z-d-l yexp{( -ac2+2b%) /t}at

il

Since cyu=albg+d ), We have b lcegédgo.,

let a=(4cqg- szo()>0' end s=a/t.

Then the above integral becomes:
[¢,0]

-

0 £3( & ,b)expe( =z-(a +1) )ESeXPs( -5+ (a41) e as
£ Bl @,b) T(a+ 3/2)

So thet the first integral of (5.29) p. 41 is less than

Bld,b)F{a+ 3/2). This together with relations (3.36) uv.
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42 and (3.29) p. 41 establishes (3.23) p. 4l.
i1f the integral Ix(z) is given oy (3.4) p. 35 we now
hope to show that there exists a positive number sB{(aA ,b)

such that:
~
{3.39) 0£1(z) £B(X,b) (z €l bg); Izl 4T () £150 > 0)

max{e}:p(a t/2)10 £ <4( z)} =expl A tlz)/2)
dHence from (3.4) p. 35:

&

{3.40) Oéla(z}":
t{z) ) =t -;'é’t
- - - (o (o /i a25 .
exp( & t{ z)/2) |z - ‘S’ expl Q“X/(e 1) elU{if«f/\e e ﬁ&f
/2 exp( 4c5/t)(1-e7")

. Consider the function:

-5t
(3.41) fz] =e” -e
By subtracting the power series expansion of e'gt from the

. . ot . \
power series expansion of e we verify thet:

Bt it |
(5.42) |z|=e” -e >t ( t20)
But by reletionship (3.3) v. 35 we can write eguation (3.4Z2)

(5.45) |zl=exn{it(2)) ~exnf-iti 2)f >4( 2)

From relaticns (3.43) and (3.40) we get:

X
(B.44) 04T (z)<
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||
exp {-2( x+b§)_/et-l)} expfzbﬁ/( et-l)g expfz iz) e'gt/( 1-e"t)} at
- 2 s
exp( - O8( 2) /2) 121%™ expt( 3/2+ &) expl 4og/t) (1-e™F)
0

foreover:

%
(3.45) A /2% + t?'/z: 4eea)  let4t(e -1)
<4 l+tat(3-1) = 143% (04t <1 )

From which we conclude thet:

(3.46) -1/(et-1) £=-1/3% ( 0<%t £1)

In addition we have;

(3.47) O <exp(azt(z) )£C, ( Jzl<1l )
(5.48) O0<e ®'41 (t20)

(3.49) max( t X0 <t <)z ): 121
By using relations (3.49) (3.47) (3.30) p. 42 ;5.’46) (3.31)

D. 42 and (3.48) on (3.44) we have:

*
(3.50) 0 ij.q( Z)
1z
Ca 2exyp {-2(:{+b§)/2’>t} expl 2b§/‘b)exp( 4!21/1:) at

)zl

|z| - expt{ 3/8+ a ) expl 40'3/’0) t
0
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i 2)
exp( {22 - (2/3)(x4b7 ) -2 o8 20200} /% )

B( o , D) ST E/T ¥ &) a%

Define:

= 4020(+(2/5)(x+b )= 2(b2+2obo )

oo

- o ) 2
= 4c, -Bby + (2/3){x + ba)-4020

If §z§< 3b  : then we have:

g
(1'
a74(c' Za)+(4/5(x+b2)

Select the positive number rl( A ) so that rl( o)L
m:.n(--‘oa ,1). Then remembering thet the proposition
z € p(bq) implies x+b2a7 O by definition (1.1) p. 1

P

; P2
and in eddition ci> ba by relaticn (2.60) .23 we get

P
a > 4(c, -b%5)> 0 (hzh< r(c) )
So that by transformetion == a/t the above integral
becomes for b, > O,

<O

B( & ,b) j expa( ~3/2 ~dkjexps(s+aAje vds
a/0 zd
Bla ,bil (&~ 3/Z) ( zfp(bd);040204 ry(a)<1 )

and elpha is greuter than zero.

S
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By inequality (%.50) for b o =0, z=0 we obtain I,(0)=0,
go that:

(3.51) - O_éafa‘(z) <B( o,b) (z € plbg)s lalery( Q) 1;0470)

This establishes proposition (3.39) p. 44.
rrom inequalities (3.28) and (3.39) p. 43, we conclude
from (3.6) p. 35 that there exists a positive number 5( ,b)

such that:

(3.52) O éIa( z) <B(a,b) (z € pl ba) s [zl<ri(a) € 1;a7 0)

Lemma (2.3) p.9, the fact that z € p{b ) and other

considerations implies:

2 2 2 _a.

do( > b c(7bc1 -5{r-x)>0 so that
dy > (b8, -Bz-x) 17> 0
&7 a " °

By means of the derivative, it can be shown that the expres-
i
sion x-2 [x[®dg  has a minimum for some velue of x in the

range X‘y-b%x . Hence there exists a positive number B( A,b)

such that:

(5.55) B(QAA,b) < exp(x=2Jxl Faq )
2 e
exp( x - ZlXI%{bd- Hr-x)} * ) ( z€ p(bg)
By an adjustment of B(a ,b) inegualities (3.52) and

(3.53) give (3.87) p. 41 thus completing the proof of case

iT. -
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CASE IIT
(lzlZzr,>1;a >0)
Given by, O =b, < &, , there exists a positive number
B(o( ,b) such that:
(3.54) 0<£1 (z)<B(cA,b)exp( x-2 Ix{%( bi—%&-;ﬂ)% )
((z2€pibg);lzlzT, > A 70 )
Proof: From the definition of t(z) given by (3.3) Dp.
35: |
Izl =exp( Ft(z) )-exp( -3t(z) ) Lexp( &H(z) ) (t(2)=0)
From which we conclude that;

0 <2log [z] < t( 2) | ( 12/ Zr071 )

(3.55) Oé;d_(z)::

Zlog |zl (2)
t 2 -5t ”
expi-2x/(e -1)} expff%lzmeﬂ-e “)} expl 59 t) at
+ 5/2 2 _t - X
4 exp(zlcd /t)(1-e ") |z]

RgEret]
In the first integral of relationship (3.55) we use the

fact that:

a
(3.56) expl ALt) £exp( o log izl ) = (exp(log iz ) =)zl &
({ 0%t <21logiz| )
As we have already shown on p. 37 that the function

L 1
gt -3t .
e” - e " 'is a monotonic increasing function of t we have;

' % -3
|zl = exp( %t(z) ) - exp( -ut(z) 1Ze™0 & (4(z) 2 1)
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Hence:

-d L. it A
]z) < { e%t - =t ) ( t<45(2) )

using (3.56)on the first integral of (3.55) and the

above ineguelity on the second gives us:

(3.57) 041 (z)<

2log| zl
-t
oA, =% exp(_-2x/(e"=1) )exp( zlzl[(e%tw ) ) at
Jz | 1zi ETE . =y
7 Texp(4cy, /t)(1me )
0
t( z) .
£ 5t =%t &t
exp{ =-2x/(e"-1) Jexp( 2]z]/ie” -e ") )|+ e at
+ -t 3t -3t
tz/zexp(éci /t)(1l-e ) e” -e
&logizi

It follows immediately thet:

oag, 3t @ -t o
( e"‘t/(e%‘b- S at) )= ( l/(l-e ) )40a
(&> 0; tz2 logliz| Z2logry )
Recalling the form of T,(z) from (3.18) p.38 and

epplying (3.19) De. 38 t0 (3.57) we have:
x*
(3.58) 0%1,(z) £8( ,b)T(z) £

L ' t %
B(A ,b)expl x-2 x| 2{70%( -5 r-:c)} )
({ z2€ plbgl; lzl>ro7l;o(70)
Since ineguality (3.28) p. 41 was esteblished without
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any restrictions on z we can use it in this case also. By
use of reletion (3.53) p. 47 we conclude that there exists

e positive number B(d ,b) such that:

o Lo 2 L
(5.59) 0<I(2)€ B(c ,b)exp x-2hxh *{o, -Hr-x}* )
( 2 €p(b,) ]
Inequalities (3.58) and (3.59) used on (3.6} p. 35
gives inequality (3.54) p. 47 thus completing tne proof

of case I1I.

CASE IV
(32 0; v () <pzh<xg )

Proof: In this case:

- -G
iz < ( r{x} ) = C ( C&r (&) <fa)<Lr, )
pr(d%;‘t)éca ( Oétit(z)<t(ro) )

So that by reletion (3.4 p. 35 and {Z.18) p. 38 we get:

*
L4 oy & LA 4T A
(OoDO) O—Id(")"'Id(“)

Using relation (3.19) p. 38 on (3,60) and applying this
result as well as inequelity (3.5%9) on (3.6) p. 35 we

get the proof of case IV. Q. E. D.

Cases I, II, III and IV establishes the fundamental
inequality (3.1) p. 34. This completes the task of section

Doe

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



5]
4. The Necessity of Theorem B: Coneclusion

In section 3 we established the fundamental inequality
for the necessity of Theorem B given by (3.1l) p. 34. 1In
this section we will use inequality (3.1l) to prove the
necessity of Theorem B.

We have given that 4 o 70 and that the series (l.2) p. 1

converges for z € p(d o) to the function £(z), that is:
>0

(4.1) f(z_)=2_a§1§(z) (z € pld &) ;8 &« 70)

n=0

By lemme (2.1'}) pPe. 32 the series on the right side of
equality (4.1l) is eanalytic for z € p(d o) and hence f(z)
being represented by tne series is also analytic _for zZ €
pldg ).

Thus we already have established part of the necessity
of Theorem B p. 4, namely that £(z) be analytic fér g €
Pldy)e

We must now show that to exery b4, 0<b  «d ,, there
corresponds & positive number B{ < ,b) such that:

. Leo kR
(4.2)  [2(2)] < B( oA, D)exp( x- %17 fooc -3 r=x)} %)
( 2 €p(bgl; -1L<A)

i
where we define the symbol rE(xz + yz)&.

-

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



| - 52

We recall that from the definition of d ggiven by (1.5)

p. £ we obtained ineguality (2.20) p. 10 and since inequality
(2.£0) holds for all but a finite number of n, it follows

from this ineguality that we can find a positive number

m( A, €) such that:
(4.3) Jal<ml o, €)exp( 2nf(-Ay+€) ) (n)

Let by <d be given As in reletion (3.1) p. 34 we

define:

(4.4) ch (bd+dd)>bq

Then the series:

O
2 _ 2 5 *“)
(4.5) A"(Q,Db) ——; ’a;l“ exp(4c n )(n n

converges. we will prove this statement as follows: From

{10) p. 42 formula {(2) end section {3.12) we obtain the

formula:

(406) Cl ;d)'}.“nd/r(q*l) (n—)oo;ot.:{:-l,-ﬁ,...)

Applying relations (4.3), (4.4) and (4.6) to (4.5) we

obtein:
(o o]

& £ g X % =
|A(0<,b)l__0am(o£.€)§ n'exp( 4n°(-dy +Cq t €} )
Nn=0

o0
<« 5
(447) Cc(mz( o, G)Z n expl 2n*(bgq~d 412 €) )
n=0

—
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By hypothesis bg-0 <0, sc that we can pick € so
small that b 4-do +2 € <0. From the power series expansion

of n=exp(logn) we conclude that:

,p!p

logn«(4in)

Hence for o« = Q there exists a ¢ >0 such that:

i
ted

=

2n°(d x-br2 €) ~atlogn »>2n (g =Dx-2€) = (4!n)

W,

lrs

A e i L
n%( 2n(dy -by -2 €) - (41)* )>nec (n2nge )

Hence:

- 5 5
n~ exp(2n®{dy ~bg -2 €} ) =exp( &n®*(dy -by -2 €)- ctlogn )

> expl cnj‘;) >{(1/8:)( cn_lj;)éz { Il./8'.)c8n2

Hence the series {4.5) converges by comperison with the
o

series: z 1/n® °© fora Z0, The series in the case A <0
=0

converges by comparison with the series;
O

Z n'c'exp( 2n~‘3‘-( bg-dg +2€) )
n=o

By direct calolation we can verify that series (4.1)

can be put in the form:

co
L , & L
X %»;{ni-cx'z o« Lk "')gz
£(z)= n=zo anexp(Bcan_) < n) Ln(“)eXP( ~2cyn ){(n n |

By the use of Cauchy's inegquality on the above:

(4.8) |2a)]® &
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z B4l exp.( teqn®) n*“) z lL“( z){ expl ~4c,u”) {(n;“)}-l}

n=

Tor proof of Csuchy's inequality see Hardy-Littlewood-
Polya, Inequalities, p. 16 theorem 7.

By use of the integral:
= t
Z 5 =-ST =3/8 -
exp( =s%) =(1/21T%) fe t O/ée ‘?t at
0 .

in which we let s = 160’%(11 we obtain:

% 1
exp(=-8®) = expl( —4can'3) and
0
exp( -4can_) =(1/2 7T ) fexp( —leczq nt)‘b"s/gefzt at
)
where Co =B Dy+dg 1< g e
Let lécy, v =aq, thj’m:

Lo A - ..5/2
exp( -4cin§) =(4c /2 Tr%) je a4, exp( -40‘2{ /a) dq

Recalling from complex algebra that for the poly-
. , 2 -
nomial pn(z) we have !pn(z)l = pn(z)pn( z) we get by
equality (4.5) applied to (4.8) and finally making use of
the formula given by(6) p. 98 formula (5.1.15):

(2.9) }f(z)lz <

2 . Z N+ -1 i .t _0/2 o
A (O&,b)nzoiLz( ( }} (4¢, /e Trb( exp{ ~4c /t)at
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(4c /zn%')az(q,b)?,"r/ exp( ~4cZ, /t)z ‘L ()] ® {(nm)}—le'n-at
—b(c(,b)‘( exp (-4e> /%) Z L (.a) L“( {( )}-le’nt at

t T A
=8( of,b) [{ ot 41) exp( -2x/(e’=1) )Jd(iszcsoh%‘c)e at

2 ¥ ¢
tz/ exp(éc /t)(le ) lzfi

Before we proceed with the proof we will justify the
. term by term integration over the infinite interval
0%t < o0 in {4.9)

we want to show that for & fixed z € p(b ) the series:

0o
~3/2 2 0 n sa ) -1 -nt
(4.20) / exp( -4, /t)ZlL“(z)i { )} e

_Z t"z zexp( -4cq/t) @z)' {(n * ot }- e-nt

is uniformly convergent in the finite interval:

¥or z € p"(bg ) we get by using inequelity (=2.22) D».
11 and (4.6) p. 52 on series (4,10) and recalling (3.35)

p. 42 we get that this series is less than:

o
-3/2 S 3, L o -n%
(4.11) C, % exp(-éc&/t)exp(én {o( r-x)} +€lz) Jn e
n=0
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= ,
2 -2/2 L. 1 -
Cu Dy - exp( 4n” [{%—( I‘-x)}%-ne;\)l/é +e(z)_—])n *
n=o

(D, £t £D2)

1

Then there are positive numbers C, and k such the

above series is less than:
oo

i
< _a =4nck
Cy n e (n)
=0

The eabove series converges by comparison with (4.7) p. 52
This establishes the uniform counvergence of {4.,10) for a
given z such that z € p™(by ) and for ell ¥ such that:

For xZ>0; y=0, from (2.25) »p. 11 we get that series

{4,10) is less than:

“3/2 _4 o -Bt
Cc( g Dl n n e

As before we than prove that series (4.10) is uniformly
convergent for x 20, y =0; Dl <% éDa.

Hence series {4.10) is unifornly convergenﬁ for;

0«4y £% ..4_-1)2 end z € Plbg)e
consequently we can integrete this series term by term in
this interval. since the first series on the Tight side of

of (4.9) is convergent being less then:
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(o)

- X i - E
n~  exp{ &n®(-cy + { F{(Tr-x) )" +€{3z) )
h=o

and all the terms are positive and since we cen integrate it
term by term over any finite interval 04Dy £t £Dp
then we are justified in integrating series (4.9) term by
term over (0,o0) by & theorem in Titchmarsh (8) p. 44.
From series (4.§) then, we have:
Given b, 0%b_ 48  there ixists & positive numbef

| B{ & ,b) such that
(2.12) |z B o<

1

ot o/t T « s
B( & ,b) eipg/gax/‘e -1) Je  Julilzlcsehit) o4
t exp|4cd /t)(l-e_t)lzl“i“
0 sVEYA :

{ 2€plbgl; -1«L &)

now applying the fundamental inequality (3.1) p. 34

to (4.12) we get:
'2

(4.13) ’f‘\z) < s{, B)expl x-zlxlz{bza-?g(r-xz} )

(2 €nlbyl; -lLa)
rrom which it follows thet given bg, 0%by £ d o there
exists a positive number B( ,b] such that:

i ',-L- 2 1. ';'],“
{4.14) lsz)l<B(<x,b}esz( iiﬂi-le“{bo(-:é'( r-r:)}“ )

( zep{bq); -l LA )

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Hence the necessity of theorem B has been proved.
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5. The Sufficiency of Lheorem B: Lemmas
In this section we propose to prove some lemmas which

will be needed to prove the sufficiency of theorem B:

IEMA (5.1)

We define:
1 - =%
(5.1) ggw= w\it £{tWE) (1-t) at
( w=u + iv; ~l<x < ¥ )
Given the number d, > O, let f£(z) be analytic for z €
Dld ) and for every by, 0%bg <d o let there exist & pos-

itive number B(a ,b) such that:

‘ 502 4 T
(8.2) |£(2)] £B((,b)exp( - |xI*{o -H t-x)f * )
(5.2) |£(z)]4£B(o(,b)exp( ¥x-x)¥{og-Hr-x)f * 1S X7 )
Then for every bg, O0%b_ L4y there exists a positive
number B( & ,b) such thet:

4 s 2 %
(5.3) |gd )| < Bl o, b)exp( éuz-lul(b: -v )7 )

(w e s(bo(); “lex < %)

and ga( w) is analytic for w € s(dy ).
Frcof; In the integrel (5.1) let us make the transform-

ation t :hz. Then formule (5,1)- beccnes:
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2K +1

1
- =5

1
‘ 2
(5.4) gy wl= 2w {h 2 ()" )(1-b%) dh
@ 0
We meke the transformation z=w° on inequality {5.2}.

Then by lemme (2.12) p. 24 the proposition z € p(bg) implies
w € s(bg). Hence by (£.46) p. 21 and (2.48) p. 22 inequality

(5.2) becomes:

i 2
(5.5) If(wz)] £ B( d ,b)exp 3 uB-v®)- uz-vzfz(b a-—vz)% )

(weslbgl; -1 L)

Then by lemma (2,13) p. 27 with ¢=2 and Kk =1, we

get from ineguality (5.5):

2

(5.6) |£( w®) | £B( a,b)expl uz-(uz)g( b.a -v®)

=)

(wes(by); -1 <a)

How it follows immediately from formula (5.4) that:

(5.7)  |ew| & |
2w fmex |2( (hw?) )i},§( h®/(1-h%) ; +2dhl
oth<l ’

tie went to show that the above integral is bounded by
a positive number which depends only on ¢, Iet T be such
that 0«<T<«1l. Then we have the following relation for the

integral in inegquality (5.7):
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| f . A +E P g 5. OHE
0 )( nB/(1-n2) ) an=| § S| n%/1-p®) ) an
s} : o T

By making the transformation 1-h® =H® on the
second integrel the above two integrals become:

i . m?
j( n®/( 1-12) ) a4 jg (1~H3)/H2§oé.}l
[} o

o K% 2ot
< max |( 1/(1-b%) ) éh ah

i
(1-7)°
: -2
4+ max ( | 1..,5‘3')0‘ ) j H aE
o4 H<@-T)i o

We can verify by integration that the first integral

exists for X > -1 and the second for & < %. Hence the
integral cf inequality (5.7) is bounded by a positive

function of alpha for -1 X L%,

Now Pollard shows thet if the analytic function G(w)

( see Pollard (5) p. 562-56.’5, in particular inequality

(3.3) ) satisfies order condition (5.3) then the function:

(5.8) Jwl max |G{ (hw) )|

oths|
also satisfies order condition (5.3).

Yow since £{z) is an eznalytic function of z and
2

analytic function of w, since the function of an anealytic

-
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%unction is also analytic ( see Titchmersh (7) p. 65 section
(2.,12) }. Hence let us select for our analytic function
G(w) the function f(wz) so that in our case G(w)::f(wz).
Then G hw)= £{ (hw)® )
| Hence by expression (5.8) the function:
(5.9) fw] {m&x £( (hw)2 )}

0Zh#4(
satisfies order condition (5.3).

We have proved that the integral in ineguelity (5.7)
is bounded by a positive number which is a function of
alpha only. Hence from (5.7) the function g (w) satisfies
order condition (5.3) because function (5.9) satisfies
this order condition. This proves inequality (5.3).

We now nope to prove that the function g (w) is anz
alytic for w € s{d ).

Iet the symbol p(b, D) represent the set of &ll points

Z=X + iy such that x end y satisfy the inequality:

4 72 £4b%(x + b°); x<D
Iet the symbol §{b,D) represent the set of all points

w=u + iv such that u and v setisfy the condition:

B: 22 p2, w? 215 # D

Given a number d, 70, tekxe tne number b o such thet

0<b 44 i Then by the maximum modulus theorem, ( see

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



-

63
Titchmarsh (7) p. 165 section 5,1 ) since by hypothesis £(z)
is analytic for z € 'i)'(ba ,D), there exists a point Z, on the
boundary of D by ,D) such that:
C: HEN N EN] ( z€3B(b, D))
By means of inequalities 4 it follows that if z € 'b'(b«,:o)
then tz € D(D 4 »D) for 0£%<41, Hence from inequelity C

we conclude:

D: SR TATEIN {E IO} ( z€& Db, ,D}; O£t%1 )
If we make the transformation z= wz, then by a proof anal-
ogous to that of the necessity of lemma (2.3) p. 9, together
with identieies 2.70 and (2.72) p. 27 and p. R, and in-
equalities B we conclude that the proposition z € i’(bd D)
implies w € Es'(b‘l ,D). 4Hence from ineqguelity D:
E: le(enB) ¢ Jeita)l £ fez)] 0 (wé (b, D) )
and for 0<£t<1.

From formule (5.1):

-4 =%

[0 §
glw)=w ‘J{ t £ ‘cwz)(l—t) at
a 0

& -A43-1
t  £(twe)(1l-t) at

it
E3i

O\ OG-

y 0O

a -5 '
£ f(th)Z(n+(a ~’)tn at ( <1 )

=w
n=o n

Ve may integrate the above series term by term provided the

resulting series converges, see (7) p. 45, The resulting
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gseriesg is:

oo
WZ: (n-l— ;awi‘;-) )

1

A 4+n
4 £( twe) dt

n=o Q

By (10) p. 42 formula (2) and section (3.12) we have:

- QA -%
(n-;.faa 2’)-—- ofn )

so thet the above estimate together with inequality E

gives that the above series is in absolute value less

than;
M) l © 4
- R ~% A <+n o Z (o WE v a+n
sz n jt £(twe)dt) = xw n 1f(z0)1§t at
n=0 : n=<o
° o

( W& (b, ,D) )

The series constitubing the right side of the above in-
equality is then equal %o:

f a-% -1, S o -3/2
2w |2 zo)l L~ n (G +n-1) "% X.w [ zo)l Zp:o n
which converges for ® 4 5. This not only justifies the above
term by term integration but shows that the series represent=
ing gm( w) is absolutely and uniformly convergent in the
closed region 'é'(da ,D) and hence by ZXnopp (3) p. 73-74, the
function gd( w) is analytic for w in the simply connected
region s da ) e

This completes the proof of the lemma.
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IEMMA (5.2)

The Tollowing integral relationship between Laguerre

polynomials of different order is velid:

F- )
-0 -t @ _ X A t=1
(5.10) je {u-x) :L.n(u)du- e. Ln {z) (1=%)
x

(&2 =1; £41; x20 )

Proof:; From Szego (6) p. 97 formula (5.1.9) we have:
oo

(5.11) Y Ly(w)s® = (1-s)

n=0

-0 =] ’
exp( -us/(l-g) ) (Ist <1)

From which we get:

oo
. .
-1 -%
(5.12) e (u-x) Z L({(u)silu ==
. n=0 n .
x
oo

e (u-x) (l-8) exp( =-us/{1l-s) )du
X

By the transformation u-x=v the above integral is:
co

-X=V =% - -1
(5.13) - e v {(1l-s) exp( ~(xs <+ sv)/(1l-s) Jdv =

o

co
-0 -1 — -

{ 1-s) e Fexp( ~xs/( 1-8) )fe Yy tex;p( ~-sv/{1-8) )dv

0
A1 —t |
= (1l-s) e “exp{ -xs/{l-s) ) v ‘exp( ~v/{l-g}) )dv
o
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8y the transformation T= v/(l-s) the above integral becomes.

o
Y+ S - -t -t
(5.14) (L-g) e xexp( ~xs/{ 1-8) )F T(1-s) T (l-s)d4T
0
, -
(=0 -t4l) -1 | - _p (=tsl)-1
={1l-g) exp( -xs/(1l-s) e e T &
)
i (A 4+t-1)
ze La (x)s™r (1~%) (t<1;a> -1; x20 )

nzo
by use of eguation (5.11).

We deduce from equations (5.12) (5.13) and (5.14) that:
co

Py <o
i a S (Aat-1)
(5.15) fe Hu-x) 7T Z I (uw)s?lau= I (1-%)e XZL . s
% n=o n : n=o

(G2 =1: $<1; x20; Isi4l)

Before we can conclude the proof we need to Justify the

statement:
b oo s @
-t n -u -t @ n
(5.16) e (u-x — (u)s du = e (u-x) I (u)s au
b =0 0z 0 n
That is, we must s'rov. that the series:
@
T u -t a n
(5.17) (u-x) L (u)s (u-x) L (u)s
n=o n

can be integrated with respect to u term by term over the

interval: x4u<oo,

We prove this as follows;
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we first hope To show that the series:

o o)
(5.18) e (u-x) Z_ lI.n(u)]sn = Z e u-x) an(u)\sIl
| n=o n=o

(&2 ~1; xZ0; t<1)
is uniformly convergent with respect to u in the interval
X4¢DjsusDy. By estimates (2.33) and (2.3%4) p. 13 we ob-

tain from eguation (5.18):
o .

S -u -t % yel
(5.12) 0 £ é‘:"‘ e (u=-x) lbn(u)\s

(e}

oo
U o, 2 -
fZ e Sneéua(u-x) 1;[‘(n-i-cx-tv-l)/l"(lfl--i-l)r"("\"i'l)

A
£ CaIiZ n st ( D;£u4Dy )
n=o

ihere u-x <1l for D% u%Dg. Since we have (l/na )l/n-vl
( n—*o00 ) then by thé nth root test it follows that the
last series converges for |Isi4l.

Thus for a given s such that |sl¢l, t<1, xZO0,
@) -1 the series (5.18) converges uniformly for D% uéDg
and hence the series (5.17) does also. Therefore series
{(5.17) can ve integrated with respect toc u term by term
over the interval D= uZD,.

As in inequality (5.19) we get by (2.33)and (2.34)
P. 13 that:
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o
-t] @
(5.20) 0F Z: fe'u(u—x) t\Ln(u)\sndu
nso ¥ :
o

w 1
-0 -
< ¢ Z n“snfe d (u=-x) tdu
@ =0

4 X
which by the transformetion u-x=v becomes:

oo o0
C Z nqsneé'xfe“vtdv
& 770 J

The last integral becomes under the transformation p= 5v:

o0
= 1 1ot
c Z nq she g fe'pepr( {1-%)~-1 )dp
@ To
0
g 1-t =Z a
=g e (1-t) 2_n 8% ($41;08l 41347-15%20 )
n=o

As in relation (5.19) the latier series converges. There-
fore series {5.20}) converges,

Now since the first series of (5.20) converges and
series (5.17) can be integrated with respect to u, term by
term over the interval ( for u ) 0% X4Dq % usD; by a
theorem in Titchmarsh (7] p. 45 we may integrate the series
(5.17) term by term over the intervel x%u<d?,

Having this matter out of the way we eontinue with the
derivation of formula (5.10).

From equaelities (5.15) and (5.16) we get:
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@ _
- L d&
(6.21) Z s Je u‘(11-:{) v I,{u)du =
%

- A 4+t5-1
r(l—t)exz L * (x)sn

n=o o
BEquating the coefficients of the two power series in s,

we get formula (5.10}).

IEMMA (5.3)

a
) The following integra_l formula connecting Ln( x) with

]’_:1( x) holds ford<ix,
@

-il -d-;rj ;LE- - -3 1)
(5.22) e u-x) L(u)du=s [ (-d<+3)e Ln(x)
x . |
(A2 3, x20)
Proof:; If in formula (5.10) p. 65 we set &A= % we
get:
oo

; KN
5 _% b~z

e Nu-x)" I, (u)du= F(1-t)e ™ L (=)

( $<41; x20 }
In the above formula let A= t-~5< % then & + &, and
formula (5.22) follows.

This proves the lemma and conpletes the work of this

chagpter.
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6., The Sufficiency of Theorem B: The Fundamentel Inequality

TEMMA( 6.1)

Let 47 0 and suppose £(z) is analytic for z € p(d).
Moreover, suppose for every bg, 0£ b, < 4 there exists

& positive number B( & ,b) such that:

(6.1) (2(z) < B(a,blexp( -1zl F(o% -3 z-x] 7 )

( z€ p(by) )
then:

(6.2) |egl% B(& ,0)exp(-20%b ) (-1¢@< %)

Broof:; By estimate (2.33) p. 13 and inequality (6.1)
the following integral converges. Hence we may writes
(o -]
a n -+« -1 ¢ =t o
(663) a = ( " >l‘(a.+1) t e 2(%) Ln(t)dt

e}
rrom formula (5.22) p. 69 we have:

D
' x Y, Q-2 - a
- 2 - 2
e Ln(s)(s-t) dis= [ (-G <+ 5)e L (1)
%

It is this formule slong with lemma (5.1) which restricts

the proof to the range ~1< ¢ < %,

Substituting by means of equality (6.4) in (6.3) we have:

-
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a -% : -3

Bed t f(’c)dt L (s)(s-‘t) ds

n+°‘ r(a+1r(-a+ )

3
i

And by & reversal of the order of integration wnich we will

justify leter we obtain:

@ co
R G ~d-%
= [(n;“)l“(ou-l)r (-m%)] Se SLZ( s)dsytdf(t)( s-t) at
' o} ~ 0

which by the transformation += ps  becomes:

o) , 1 ‘
-s 3 3 a -d-z
e L;l(s)s“ds v £lps)(1l-p) dp
0 o = o
n-4dA ’ 4 1
(229 @+ Ul (-a+ 3
and by the transformetion: s= q2
D . 1 s
- a$, _d\_-_..«
o} Lo a 2 =
Jze I,;( qd)qqu j p F{pg~} 1-p} dap
& .
an= - Tene -
("% F o+ Ll (“a+ 5)

From Szego (6) p. 102 formulae (5.6.1) we heve the formula:
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3 o - n fn+l -1 ’
(68 am(a™) = | (=1)"2 nl ) Hgpuita) ( q real )
Moreover we define;
1
(43 2 - -%
(6.6) gd(q)= a }r £(ra”)(1l-p) dp { g real )
. 0
80 that
co
2
- o a
2 f exp( -q )Hzml( q)bd( q)dq
a o
(6.7) an = Y ' o 2D+l
( n )F(O\-i-l)r(-a#%}(él) 2 n?

From formula (6.6) we see that g4{q) is an 0dd function of
d. Solving for Han-tl( g) in equality (6.5) we see that
the Hermite polynomial Ho,.1(q) is also an odd function of
g. Hence the function exp(-qa)vﬁzn,,l( Q)ga( q) is an even
function of g so that:

P, 0

(6.8) Zfexzp( ~a®)Hgy 1 qlg, (al dq?ﬂxm -qz)HZn*lgm( aldq

o -~ o0
According to lemma (5.1) p. 59 the function of a com-

plex variable ga( w) where w=u - iv satisfies Hille's
condition for an analytic function to possess a convergent
Hermetian series i.,e. condition (5.3) pe. 59 ( see (2) p. 81

theorem 1 ). Hence we may write:
oo

1
(6.9) g (w)= (28T &) ~F o
- &y ;}_ n ) ann(w)

}=

W,
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2n+l & o
(6.10) (2 (Bn+l)im™)"f = {exp(-¢ )H (alg (al)dq
2n+l en+l a
~éo

o}&-‘

Substituting by means of equality (6.10) in (6.8) and then

substituting this result in (6.7) we have:

2n+l Loa
N (2 (2n+1) 1T *) =2
- &nel
(6.11) 8y = o+ o ] " en+l
( 0 )F(&+1)F(-a+;§~)(~l) g ni

Pick any by ¢ 4. Then select ’Sa_su.ch that b, £ "Bdul.
Phen by Hille's article (&) p. 9C we heve that there exists

& positive number B(A ,D) such thet:

Wi

(6.12) 0fopn41d € Bla ,D)expl -'Bd( 4n + 3)2 )

Apply inequality (6.12) 40 (6.11) we have:

Zn+l oL X
o (& (2n+l) 17T %) *B( o ,B)exp( :60&( 4n+3) = )
(6.153) an= —oweT

n-+ao X
( )F(0\+l)l‘(-0\+%)(-l) 2 n!
Ve now want to show that there exists a positive number
3 A ,b) such that:

2n+i Lok - L
Bla ,B)(2 (2n+1) 17T *) "exp( —bq( 4n + 3)7 )
(6.14)

2n 4+ L
(n;a)F(O\-i-l)r(-O\-%-l‘:'?)(-l)nZ‘ n!

< B( & , b)exp( —quné&)

-
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~ We now want to show that there exists a positive number .
B(4 ,b) such that:

2n+l 1% -3
B(d ,b) (2 (2n4l) 1T7T7) exp( =D (4n+3)" )
(6.14) '

n en+l
(n;a)l‘(o&+l)r’(-0\+%)(-l) 2 n!

L
% B( & ,b)exp(-2n"b )

The .following formulas are well‘known:
A n~+a& -}
(6,15} ( n )N n /I (a<1) ( nveo )

For proof see Zygmund (10) p. 42 formula (2) and section

(3.12).

{ad

: in 4%
(6.16) nire (277)°n a/en ( n-» o0 )

This is a special case of Stirlings formula., #or proof of
the general real case see Titchmarsh (7) formule (4) p. 58.
(6.17) M (n)= (n-1j!

(6.18) M{n) = (a-1) (n-1)

Proofs of these formulas are given by Titchmarsh (7) p. 55
formulas (3) and (&) respectively. From formule {6.16):
(6.19) (2n -+' Y= (gn+ 1)(2n) = (( 2n <+ l)/Zn}Zn( 2n)l

L 2n - 3/2 _
Lg(2) % 2n) /e?‘n ( n—rco )

¥or future use on inequality (6.14) we calculate:

2n+l |-=1 2n+l a1
(6.20) {(n;aj T (a+l) [ (-3 ( -1) %2 n‘.} (2 ( 2n+l) dTT) *
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Wi

n + o ne & -1
= ( _ )r(a-.l)r‘(-aﬁ)z‘ ntl TR (ena4+1))
which by use of relationships (6.15) (6.16) and (6.19) is

less than: ‘ d
N 1 en + 3/2 _ 1
Z,0T 5( (21T)%(2n) e”e )?
(6.21) =
1 1
a n -~z in-+ 7 _
n [ (-0+%2 (2M)% e 2

it
Kln 27 (-a 4+ %)

Applying equality (6.21) to (6.20) we see that the left side

of (6.14) in absolute value is less than:

-0+ 3 3
(6.22) B(A ,B)n ‘exp( =DByl4n + 3)° )
-0 3 5, 4
= B(a ,b)n ~exp(-"5a( (4n -+ 5)/411 ) " (4n) }
-+ 3 L
< B(a ,B)n -exp( -2'54n2)

= B(a& ,b) exp{( -6+%)logn + Znﬁ( bd-"ﬁa)} exp( -Bbd‘n

1
2

)

But remembering that ‘Ed> b;

&
(6.23) exp[ 2n;3( b =D, ) + {-d+ %:)logn]f (A ,D) ( n)
(6.24) B(¢& ,b)= B(* ,FIK(& ,b)

. Apply (6.24) to ineguality (6.22) gives (6.14). The inequality
(6.14) applied to (6.13) gives:

(6.28) léo;\-‘.B(a ,b) expl -2bd\n%) (-1< &k & &)
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Hence we have proved the lemma.

As an after thought we justify the change of order of
integration carried out in equality (6.42) p. 71 as follows:

Iet us define:

QA - o —q-%
Ms,t)= 1t £(t)e Ln(s)(s-‘b)

( t4s%e@; 0532 )
F(s,t)= O ( 0¢s<t; 05ttoo )

Hence we may write integral (6.4a) as follows:

oo &0
a - a -d'%-
(6.26) at Jt f£(t)e Ln(s)(s-t) ds
o} t

@ @
= fdt fF( s,t)ds
© o

Since the limits of integration are now constant we may call
upon a theorem in Titchmarsh (7) section 1.85 p. 63 and
especially p. 55. Therefore by the ébove mentioned theorem
in (7) p. 55 we can justify the change of order of integration
in relation (6.4a) by proving that the integral on the left
side of equality (6.26) is absolutely convergent. Te pro=-
ceed to prove this:

Since ;i(s) is & polynomial of the nth degree it is
dominated by ks® as becomes infinite and n remains fixed,

so that for a fixed n:
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-58
(6.27) e - Ln(s)\«f c ({ t2 s« )
Moreover, by relation (6.1) p. 70, we can take bq, Oéba\< a
and find a positive number B(A ,b) such that:
5
(6.28) £ 6)| £ B(& ,b)expl 5t~ b, ) . 04t<00)

From inegqualities (6.287) and (6.28)

oo ’ co
o S -d-% Z
(6.29) 0 < -ﬂt f(t)\dt fe's I.Z(s)(s-t) ds -
o} 1

O : (o6
a L -58 ~-a -%
B(ch ,b) \ t explEt-t by )4t e (s-t) ds
0 t
(ad %)

By the transformation s-t= 2p ‘the above integrel becomes:

(2 2] (= o]
-+ % (& it Lk —p =0t -1
Bd ,b)2 t e exp(:a*b-t"ba)dt e *p dp
Q 0
o
-+ % a i _
= (& ,b)2 j’c exp(~t"b ) (~a+3)at (d & %
0

by the definition of the geamma function { see (7) p. 55 formula

{l) ). The above gives us by the transformation q:‘b?b :
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2d+ 2-1 g _
qQ e dg= [ (24 4+ 2)

(o]

This establishes the absolute convergence of the integral

{6.26), and completes the proof of lemma (6.1).
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7. The Sufficiency of Theorem B: Conclusion

In this section we hope to complete:

THE SUFFICIENCY OF THECREM B:

1f for -1£4a end for every b 0£b,<4 d there

Q’ 4’

exists a positive number B(4& ,b) such that:

i 1
(7.1) |f(z) < Bla ,b)exp{%x-lxl B b° -3 rex) )E}

( z€ p(b, ) )
and
(7.2) f(z) is analytic ( z € p(da) )
then oo
{7.3) f(z):ZaQI;(z) ( zEp(dd\);-l<0( )

n=o

To complete the proof of the above theorem we need two

more lemmas, The lemmas and their proofs follew.

IELDA (7.1)

Let there exist a number 42 O (depending on alpha)
such thet £(z) is analytic for z € p(d), and such that for
~1< & and for every by , 0% bo\“ d there exists a positive

number B(A ,b) for which:

(7.4)  l2z) < (@, b)exp{Ex=Jx1% bi rex) ) F]
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where the above inequality holds for z € p(b, ) and for d2 -1.
Then for -1< & , we have that da> O where 4, is defined by
(1.5) p. 2 and the series:

(7.5) Z Ln(Z)
1= 0

has the parabola of convergence p(dq ) as given by definition
{2.8) p. 14.

Proof: In case -1<& < % we use lemma {6.1) p. 70 and
get that for every b, , 04 b, £ 4, there is a positive

number B(& ,b) such that:

(7.6) ]a ,4 B( 4 n)exp(-zn;_ ) { =144 £ %)

d

Then by lemma (2.8) p. 14& the parabola is the parabola of
convergence of series (7.5) for -1 & AL 3,

We will pi*ove the theorem for the case 04 & by meth-
ematical induction,

Pirst, the theorem is true for -1< &£ 0 as we have
just proved.

Now assuming that the theorem is true for a series of
a given order alpha we hope to show that it is slso true
for a series of orderd ~ 1. Thisg will complete the in-
duction proof.

How let d7” O be the given number of $he hypothesis

of the lemma Ffor the serieg of order & -+ 1 and let a2 O
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be the number for the series of order alpha. Define;
= nmin(d , d4q)
Now if & or 4, satisfies the conditions imposed upon it by
lemma (7.1l) for a Laguerre series of a given order, then so
does @ for the Laguerre series of the same order, Hence
the hypothesis of lemma (7.l) are satisfied for @ for a series
of order alpha: Since we assume that the lemma is true for
a Laguerre series of order ealpha we ccnclude that series
(7.5) converges in a parabols pUld).
Hence there exists a point z = x,—+ iyo (¥o '# Q) such
that series (7.5) converges at z,. But by lemme (2.12) p.
24 +the Iaguerre series
P a +1 A+l
Z;; ay, L, (z)
must elso converge at z, and moreover by lemma (2.7) D. 14
must converge for all points z such that z € (4

du+l)‘
Phis establishes the lemma.

TELMIE (7.1)

( The identity theorem for analytic functions )

If two functions are analytic in a region R and if they
coincide in & neighborhood of a point Zg of R or along any path
segment however smell terminating in Zgy, OT also for an in-

finite number of distinct points with the limit point Zo e

then tne two functions are egual everywhere in R,
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For the proof of the above theorem see Enopp (3) p.87.

Yie now complete tne proof of the sufficiency of theorem

B, stated at the beginning of this chagpter.

rroof: TNow by (7.1) b. 79 we conclude that for every

by s O&bg 4 a o there exists a positive number B(d ,Db)
such that:
(7.7)  |e=l & Ba ,b)e:{p(%x-lxlrz‘ba ) ( 0&x )

<B(d ,b)e™" ~( 0%x)
Now if £(x) is integrable over (C,D) for all D20 and
satisfies the inequality

ax '
(7.8) [£ix)] L ae ( x20)

then by & theorem of (Caton and Hille (1) p. 227 the series
{7.5) pe 80 i. e, serieé (l.2) po 1 is Abel summable to
f(x) for almost all x, including the points of continuity.
Since by hypothesis f(z) is enalytic for z € p(ba‘)
f(x) is continuous and bounded and hence integrable on
(0,D). Moreover by inequality (7.7) the'function £(x)
satisfies inequality (7.8) and consecuently f(x) setisfies
the conditions of Caton and Hille for Abel summebility of
its Laguerre series of order alpha to f(x) at the points of
continuity of f(x), nemely everywhere, on the non-negative

reel axig at least.
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We conclude then that series (7.5) p. 80 is Abel summabie
to f(z) at all points on the positive real exis. Since the
number d4 by the sufficiency hypothesis (7.1) and (7.2) ».
79 satisfies the conditions imposed on 4 in lemma (7.1) we
conclude by lemma (7.l) that the series (7.5) has the parabola
of convergence p{dgy | fof -14 &X', Since the Cauchy sum always
equals the Abel sum ( Abel summability is regular) eguation
(7.3) pe 79 holds on the non-negative real axis.,

We now hope 1o show thet egquation (7.3) holds for z €
p*(da). This will prove the sufficiency of thecorem E.

Iet zy € p*(dd). Take ba> O so large thet z_ € p"‘(b“).
Iet us select the finite closed region -S*(bo&) of lemme (2.4)

p. 10 so as to contain the point z, and an interior point

o)
of the set 'E)'(ba ) mentioned in lemma (2.10) p. 21 and given
by statement (2.48) p. 22.

Let us designete by the symbol R(bgy ), the set of all
ﬁoin‘bs consisting of the points of S(bgy ) and T(by ) e=-
clusive of the boundary points. The set R(bd) is a region.

By lemme (2.4) p. 10 the series (7.5) converges absolutely
and uniformly in T¥(b q )+ DMoreover all the polynomials L:( z)
are analytic in 'S*(bd ). Then by Znopp (3) p. 74 theorem 3
the series (7.5) pe. 80 represents a function analytic in
S*¥(by ). |

Wow 44 7 O, where in this case we meen the number defined

by stetement (1.5) p. 2 by virtue of lemme (7.1l) p 79. Then .
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by lemma (2.10) p. 21, the series (7.5) converges absolutely
end uniformly in C{b, ) and consequently by virtue of xnopp
(3) p. 74 theorem 3, series (7.5) represents an analytic
function in C(b, ).

The series (7.5) is analytic at each point of S*(Db )
and C(bd ) hence it is analytic at each point of Rrbq)}
Therefore series (7.5) p. 80 represents an analytic function
in R(b g4 ).

Now we just proved above that equetion (7.3) b. 79 is
true along the non-negetive real axis and hence it is true
elong an arc in region R(Db4), namely along the interveal of
the non-negative real axis for which x4by.

Therefore by the identity theorem , lemma (7.2) p. 79
the function, £(z) and the series

a a
2 a, L,(z)
must be identical at each point of R(bd ) and in particular
at 2. But z, is en arbitrary point for the set of all points
z such that z € p*(dd\).

This completes the proof of the sufficiency of theorem

B and hence the proof of theorem B is finished.
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8. The Equivalence of Theorems X and B

The purpose of this £inal chapter is to show that theorems
Z end B are equivalent. That is, theorem X implies theorem B
and theorem B implies theorem A. These theorems are stated

on page 3, but for the convenience of the reader we will re-

state them here.

THEOREM &
In oxder that g(w) possess a laguerre series of order

alpha for &2 -1 such that:

o>}
(8.1) flz)= Hw)=gw= ) _ a I.n(wz)

n=zo

( weé s(ay ); dd\> 0)
where

, 1. 7. . .
a n+a -1 -x A d

(8.2) ap= (n )r(d-l-l) e "x TL(x)ax
: )
it is necessary and sufficient that
{8,3) g(w) be analytic and even { we s(c‘.{x ) )

and that to every bot , 0% ba4 do( there correspond a positive

number B(d ,b) such that:

(8.4) |t wl £ B(d , b)expl %ﬂz-lvl ibi-\vz)%— )
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where the sbove inequality holds for w € S(bd )

THEOREK B

In order that £(z) possess a Laguerre series of order

alpha for X2 -1 such that:

o2

a a
(8.5) 22)= ) e Ly(z)
n<o
where
oo
a a -1 x ad &

(8.6) ap= {(n: )r(d-}l) fe T L (x)£(x)dx

Q .

( 2€ pldg); 842 0)
it is necessary and sufficient that:
(8.7) f( z) be analytic ( z€ p(da) )
and that to every bd , 0% ba < dq , bthere correspond & positive

number B( A& ,b) such that:

(6.8) |f(zf % 5 a4 ,blexp( 3x-lxl®(v5 -Hr-x)° )

(z€pbyg) )

Wy

%e now hope to prove that theorems X and B are eguivalent.
Proof: From (8.1l) the equation f(z)"—:f(wz) implies that
the transformetion between the z end w-planes is:
(8.9) 7= we
from which we obtain:

(8.10) x=u-v?; y=2uv _
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The equations (8.9) and {8.10) are equivalent. Hence by

lemma (2.13) p. 27 we have :

&=
z€ pdy )y € s(dg )
(8011};'_
zep(ba)g w € s(by)

By identity (2.72) p. 28 we have:
(8.12) Hr-x)= v

A: We first went to show that conditions (8.3) and (8.7)
are equivalent. 1f g(w) is an analytic function of w for w €
s(dq) then since Plwe)= gl w) the function £( wzj is an
enelybic function of w for wE€ s(dy). And since W= 2%
is an analytic function of1z except at the origin, (for in-
steance z%z.'( (z-k) + k )“é~ can be expanded into a power
series convergent for lz-k} < k|, i. e. convergent in a

\ circle with radius |kl about the point k) and since an
analytic function of an analytic function is analytic, the
function f(wz): £( (Z%)g ) is analytic function of =z
for 2z € p(da) by proposition (8.11l) except possibly at
z=0. How since g(w) is an even function andanalytic at the
origin i, e. for w=0 it can be expended into a power

series and hence we have:
e »)

£(vE)= g(m)= ) soq Wol
=0
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[»]
end by the transformation W=z the above becones:
@

f(z)= z 85y z2

n=o

Therefore £(z) is analytic at the origin in the z-plane i. e.
at the point z=0.

On the other hand if the function £(z) is analytic for
z € p{d 4 ) since the transformetion (8.9) is an analytic
function of w the function, glw) where  glw) =:€(w2) =
I({z) is also analytic at the corresponding points in the
w-plane, since the analytic functién of an anelytic function
is likewise analytic. Therefore, by proposition (8.11l) the
funetion glw)= f(wz) is analytic and even for w €&

s(da).

B: vYie now want to show that conditions (8.4) and (8.8)
are equivalent,

By lemme (2.14) p. 28 we have from inequality (8.4) that
for every b, , 04b4g< 84 ,» there exists a positive number

B4 ,b) such that:
(8.13)  E(w"))= Jg(w)d &

B( A ,b)exp( %(uz-vz)-oug-vzoé( B v2)® ) ( wé&s(bl,)
By relations (8.10) (8.1;) and {8.12) the above inequality

. becones:
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i i
(8.14) {£(z)) < B(4 ,Db)expl '”éx-Oer{bz -%-(_r-x)}z )
( 2 € play) )

Since the above steps are reversable we can go backward from

relation (8.8) to (8.4). This completes the proof of part B.

C: We now went to show that equations (8.1) eand (8.5)
are eguivalent,

By equality (8.2) end (8.6) and proposition (8.11l) we
see thet by the transformation Z= wo equation (8.1) be-
comes equation (8.5) and vice versa,

By propositions A, B, and C of this chapter we conclude
that that theorems A and B are equivalent.This terminates

the work of this chapter.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



9. Bibliography

(1) W. B. Caton and ¥, Hille, Laguerre polynomials and Laplace
integrals. Duke Mathematical Journal, Vol. 12 (1945) pp.
217-242,

(2) E., #ille, Conmtributions to the theory of Hermitian series,
II. The representation problem, Transactions of the

American Mathematical Society, Vol. 47 (1940), pp. 80-94,

y S

(3) X. Xnopp, The theory of Functions, Dover. Vol. I, 1945.

(4) 0. Perron, Uber das verhalten einer susgearteten hyper-
geometriscnen Reihe bei unbegrenztem Vachstum eines
Pareneters., Journal fur die Reine und Angewendte

Xathematik (Crelle), Vol. 151 (1l921), pp. 63-78.

(5) He Pollerd, Representation of an analytic function by a
Leguerre series. Annals of Mathematics, Vol 48 (series )

(1947) p». 358-365.

(6) G. Szego, Orthogonel FPolynomials. American Mathematical

Society Colloguium Publications. Vol. XXITI 1939.

{(7) E. C. Titchmarsh, The Theory of Functioms. Oxford (1932)

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



oT

(8) G, Watson, A Treatise on the Theory of Bessel Functions.

Cambridge. ©Second edition, 1944.

(9) S. Wigert, Contributions a la theorie des polynomes
d'Abel-Laguerre. Arkiv for Matematik, Astronoms Och

Fysik, Band 15, (1921) No. Z25.

(10) A. Zygmund, Trigonometical series, Warsaw {1935).

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



