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1* Statement o f The problem

'We d efin e  the laguerre polynom ials';(6) p*97, ( 5 .1 .6 ) ,  in  

z , w ith  z in  the complex plane; as fo llo w s:

( 1 . 1 )  l £ ( z ) s  Z  (n^k) C-z)kA l  z s x + iy s r e 1* )
h«o

where the general binom ial c o e f f ic ie n t  i s  defined  as

fo llo w s:

( n*°^ s(«*+l) U+2) * .  .  U6mi) / n l

Such a polynomial i s  ca lled  a laguerre polynomial o f order^  

and degree n*

To an a n a ly tic  fu n ction ; f (z )  we l e t  correspond the 

fo llo w in g  s e r ie s ,  which we s h a ll  c a l l  a Laguerre s e r ie s  o f 

order •C, or simply a general laguerre ser ie s*  ( (6)p*238, 

(9*1.2)  )
CO

(1*2) f ( z)«- ah La( z)Jil9v
where

(1 .3 )  a ^ ^ J ^ r U + l ) } ~ 1_ /  e"xx l£ (x )f (x )d x

. In  th is  in v e s t ig a t io n  the fo llow in g  parabola p lays an 

important ro le :
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2

1 1 .4 )  5 (4 .0 ) :  y2 =442 lx  + 42̂  )

where fo r  a g iven  parabola 4^  i s  constant an4 in  which ,we 

4 e fin e  ( (6 ) p .558; (1 .5 )  )

(1 .5 )  4^.= -  lim^sup( 2n^) ^ logja^ j

PEFINITION( 1 .1 )

By the symbol:

(1 .6 )  z € plb) (b  > o)

we s h a ll  mean th a t x  and y s a t is f y  the in eq u a lity :

(1 .7 )  y2 < 4b2(x -b 2)

DEFINITION ( 1 .2 )

By the symbol:

(1 .8 )  s e s(b) (b  ?o)

we s h a ll  mean th a t the r e a l an4 imaginary p arts o f  z ( i . e . x  

an4 y re sp e c t iv e ly )  s a t is f y  the in eq u a lity :

(1 .9 )  ly l < b x  < °°  )

2
R eplacing z by w in  (1 .2 )  we g et:

oo
(1 .10 ) f(w 2 ) = g(w) = f(  s ) ~  2 1  a^l£(w2)

n = o

P ollard  (5) considered the laguerre s e r ie s  (1 .1 0 ) fo r  

the case = 0 , so that
CO

C l . l l )  g ( w ) ^ -  5 T  a g i g ( « * )
n =■ o
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s

‘where
o©

'a® = V/~©”X L °(x )f( x)dx

He then proceeds to prove (5) the fo llow in g  theorem for  
the s e r ie s  (1*10)

THEOREM A

in  order that g(w) p ossess a laguerre se r ie s  (1*10) 

which converges to i t  fo r  w e s ( d ) ; d = d o > 0 (1 .5 ) p .2 i t

i s  necessary and s u f f ic ie n t  that g(w) he an a ly tic  and even 

in  th is  s tr ip  and that to every b, 0 < b < d ,  there corres­

ponds a p o s it iv e  number h( b) such that

( 1 . 12 ) g(w) * B(b)exp(u2/ 2” W (b 2-v 2 )^ ) ( w e s ( b )  )

I t  immediately occurs to  one to  t r y  to  gen e ra l iz e

theorem A as fo llo w s;

THEOREM A

In ord er .th a t g(w) p ossess a Laguerre se r ie s  (1 .10) o f  

order o£> {*C> -1) which converges to i t  fo r  w e s f d j  (cl^> 0) 

i t  i s  necessary and s u f f ic ie n t  that g(w) be a n a ly tic  and 

even ( z € p ( d « c )  ) and that to every b^ , ( O ^ r b ^ d ^  ) there  

correspond a p o s it iv e  number 3 {oL ,b )such  that condition

(1 .1 2 ) holds fo r  wes(bj \ .

For the general Laguerre s e r ie s  i t  i s  appropriate to  

use (1 .2 )  rather than ( 1 . 1 0 ) .  Accordingly we sh a ll  prove 

the fo llo w in g  theorem;
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THEOREM B

i n  o rde r  t h a t  f( z) possess  a laguerre  s e r i e s  o f  o rd e r  <?C 

{dC > -1) (1*2) which converges to i t  f o r  z e p l d ^ )  (3-^^ °) 

i t  i s  necessary  and s u f f i c i e n t  t h a t  £{ z ) he a n a l y t i c  

( z e p t d j  ) and t h a t  to  every b^ t O ^b^-cd^ ,  th e re  c o r r e s ­

pond a p o s i t i v e  number B( CL ,b) such t h a t ;

(1 .13) |f (  z)J £ B( ,h)exp( ]x l̂ h j - |(  r-x) )

( z e p ( V ) ;  r = ( x 2 +  yS)^ ) d . (1 .1 )  p . l .

The purpose o f th is  paper i s  to prove theorem 5 .  We 

w i l l  then show that theorems A and B are eq u iva len t.

in  part 2 , we prove some lemmas and g ive  d e f in it io n s  

which we w i l l  need to prove the n ecess ity  and su ff ic ie n c y  

o f Theorem E.

in  part 3 , we derive an in eq u a lity  which i s  funda­

mental for  the proof o f  the n ecess ity  of theorem B, and by 

means o f which the n e c e ss ity  o f theorem b i s  rea d ily  

obtained,

in  part 4 t we use the fundamental id e n tity  esta b lish ed  

in  part 3 to e s ta b lish  the n ecess ity  o f theorem B.

in  p a r t  5, we e s t a b l i s h  some lemmas which we w i l l  use 

to  prove the  s u f f i c ie n c y  o f  theorem B.

*  *■ —

Note; For the sake o f brevity  we use the symbol B(°C,b) 
fo r  B( °c,b^)
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5*

in  part 6 , we ob ta in  an in eq u a lity  on which the proof' 

o f  the su ff ic ie n c y  o f  theorem IS i s  based,

in  part 7 , we use the in eq u a lity  o f  part 6 to complete 

the proof o f  the su ff ic ie n c y  o f theorem TS.

And f in a l ly  in  part 8„ we prove that theorem H and 

theorem 1  are eq u iva len t.
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2 . lemmas and D e fin itio n s

in  th is  se c t io n  we l i s t  some d e f in it io n s  and prove 

lemmas which w i l l  he o f  use in  proving the n e c e ss ity  and 

su ff ic ie n c y  o f theorem b p .4 .

DEFINITION (2 .1 )

The symbol 

( 2 .1 )  k = $ 3

i s  to  mean: p rop osition  A im p lies p rop osition  B.

DEFINITION (2 .2 )

By the symbol 

( 2 .2 ) z /  p(b)

we s h a ll  mean that the r e a l and imaginary parts o f  z ( i . e .

x and y re sp ec tiv e ly )  s a t is f y  the fo llow in g  in e q u a lit ie s ,

(2 .3 )  |( r -x ) ;> b  ( x > - b 2)

DEFINITION (2 .3 )

By the symbol

( 2 .4 )  z € p*( b)

where b > o ,  we s h a ll  mean that z e p ( b )  ex c lu siv e  o f the 

non-negative r e a l a x is .

DEFINITION (2.4)  

expn( a) = na
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DEEIHITIOff (2 .5 )

By the symbol »

z e  "C ( b)

we mean that x  ancl y s a t is fy  the in eq u a lity

(2 .5 )  z £b

DEFINITION (2 .6 )

By the symbol

(2 .6 )  z e s

we mean th at the point z i s  an element o f the se t  o f  

p o in ts  S.

DEFINITION (2 .7)

By the symbol

(2 .7 )  S*(b)

we mean any closed  f in i t e  region  such that

(2 .8 )  z e 3 * ( b )  ■==> z e. p*(b)

(For the d e f in it io n  o f region and closed  region  see (3) 

p , 18 se c tio n  2)

I3BMMA ( 2 . 2 )

I t  can be shown from an asym ptotic formula o f perron. 

(6) p . 193 formula ( 8 . 2 2 . 3 ) .  th at the fo llow in g  lim it  

r e la t io n  holds uniform ly in  any f in i t e  closed  domain S in  

the complex z-plane~cut along the non-negative r e a l a x is:
—1 cc A.

(2 .10)  n r  lo g l^ t  z)/ —*  2R(-z)^ (n-»o©)
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and we s e le c t  that branch o f (z )^  fo r  which ( - z ) ^  i s  r e a l  

and p o s it iv e  when z<  0 . See Szego (6) p.197 formula 1 

( 8 . 2 3 . 3 ) .

LEMMA (2.2)

The fo llow in g  l im it  r e la t io n  holds uniform ly in  any 

f in i t e  closed  domain S in  the complex z-plane cut along  

the non-negative r e a l a x is:

(2 .11) xT% lo g j l^  ( z)j —  ̂ 2( ih r-x) )^ = r^ sin §6  (n-*°o) 

Proof:

(2.12)  - z  =r  exp( i(  0 -  tt) )

We want to use lemma (2.1)  so that we exclude z

from the non-negative re a l a x is . That i s  G i s  r e s tr ic te d  

to the range;

(2 .13 ) 0 < e < 2 ir 

From (2.12)

(2.14)  - z = r  exp( i(© -IT) )

(2.15)  (-z )^ = r^ ex p ( i(^G -|-7T) )

I f  z <.0 by ( 2.13) 0 =17 so that from (2.15)

(2.16)  ( ~ z ) ^ = r ^ > 0  ( z<0)

Thus by imposing conditions (2.13)  and (2.14)  the conditions  

o f  lemma (2.1) are s a t is f ie d .  Now from (2.15) we see that:

(2.17)  R ( - z ) ^ = r  cos(-§0 -  #TT)=r^ sini© >0 ( 0 < 6 < 2  7T)

By the formula from trigonometry:
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J[2.18) S in £ e=  ( & 1  -  cose) )*  

we ob ta in  from (2*17)

( 2«19) R(»s)^ = r^ s in |6  =( r ( l - c o s 8 ) /2  ) 8= (  iHr-x) )^

Applying (2®19) to  12*10) the lemma and formula (2 .11)  

fo llo w s :

LEMMA (2.5)

The n ecessa fy  and s u f f ic ie n t  con d ition -th at z p( h) 

i s  th at the r e a l and imaginary parts o f  z ( i . e .  x  a 

re sp ec tiv e ly )  s a t is f y  the in e q u a lit ie s :

( a) iH r-x) <  b2

Proof:

A) N ecessity : Let z e p ( b )  then by d ( l . l )  p . 2 ,  we

have;

O^ y2 <-4b2(x~b2) 

x2+ y2 x2 -f 4b2 x  +■ 4b^

O ^ x ^ y 2 -c (x-*-2b2) 2 

(x 2«f-y2 )^’< x̂ + 2b2

r-x) = £{ (x 2-+-y2 )^-x) -c b2 q . e .d .
ji 2

B) S u ffic ien cy : Assume: &{ (x2 -*-y2) “-x) = i(  r-x) ^ b 

Hence; 0 ^ ( x 2 + y 2)^< x + 2 b

x2 +  y2 ^ ( x + 2 b ) 2

y2^.4b2( x + b 2) ( z e p ( b )  ) b y d ( l . l )  p .2 .q®e.d.
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I M A  (2.4)

l e t  d ^  be defined  "by {1.5)  p . 2 ,  i f  d ^ y ’ 0; then 

fo r  every b ^ t ° - b / .  < ^ke s e r ie s  (1*2) p . l  converges 

a b so lu te ly  and uniform ly fo r  z 6 ^ ( b , / , )  and d iverges  

fo r  s 4 P( ) •

Proof: From (1 .5 )  p.2 and the d e f in it io n  o f  l im it

superior we have;

For any £ ^ 0 th e re  e x i s t s  an n e t independent o f  z t 

such, t h a t ;

(2n^)*“'Llo g |a ° c| - d ^ + S  ( n s n j

( 2ns ) -1 lo g ja ^ j  > -d^. -  e l»  = nk ; k = l 92 , . . . )

From which we have:

l o g | a £ j  < -2n ^ (d jL -  e )  ( n > n e )

log !a*  J > -Eri&ta^+e ) ( n - n k ; k = l , 2 , . . . )

Hence fo r  e  ;> 0 independent o f  z

(2.20)  ja ^ /^ ex p d o g ja ^ J ) < exp(-2n^(d e) ) ( n i n e )

(2.21)  ja^J =exp( lo g  |a -̂J) ? eaq?( -E n ^ d ^ -f e )  ) (n=nk; k =l ,2 , . . . )

For any p o in t  z ex c lu s iv e  o f  the non-negat ive  r e a l

a x i s  we o b t a i n  from (2.11)  p . 8 t h a t  g iven  an 6 I z) 

th e re  e x i s t  an n e such t h a t ;

n " ^ lo g |l£  (z)|  <• 2( &r-ae) ) !■ + £ (  z) ( n > n ^ )

n”^ log IL^ ( z) | > 2( i ( r - x )  ) ^ - e ( z )  ( n £ n e )

-From which we obtain:
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11
log |  l j (  z)\ < 2n&{( k  r -x )  ) 8 +  a)} ( n> )

log | lJ}(zH> 2n3~[( tHr-x) ) S -  §6(z)} ( n > n € )

I t  fo l low s  from the  above t h a t :
Jk

( 2.22) |l£( z)| = exp( logl I^( z ) J ) < exp( 2n&(( k  r -x)  ) s*f i£( z )} )

(n>  n 6 )

(2 .23)  l l£(  z)| > exp( 2n2{( k  r -x )  ) s - £ ( z ) } )  U ? n e ) 

where z i s  excluded from the  non-negat ive  r e a l  a x i s .

For any p o in t  z exc lu s ive  o f  the p o s i t i v e  r e a l  ax is  we 

o b ta in  from (2 .20)  and (2 .22)  t h a t  g iven  a n £ ( z ) >  0 there  

e x i s t s  an n e such t h a t :

( 2.24) J a*Ln( z)\ < expt -2n^{a*-l  k  r -x)  ) 2-£( z)} ) {n* n * )

( 2.25) | a j l ^ (  z ) \ y  exp( -2n^l dA-( k  r -x )  ) %6{ z)} )

( n — n^ j x —1,<5 , . . . )  

l e t  Tk.b* such t h a t  0< b . A ^ A d . .  l e t  z 6 p( b ) •H A ^ c\ ^
Consequently by lemma ( 2 . 3 ) :

h"
(2 .26)  ( i i r - x )  ) ~< b^<

S e le c t  the  p o s i t i v e  number a so t h a t :

(2 .27)  6 <  l t d *  - ’5 * ) .

mhan T> -i-( TT . -  ri . I ti w e h a v e r

= '&*-( 2< r-x)  ) s- k  a ^ - ^ )  -  6? C ? 0 ( z e p( b^) )

by v i r t u e  of  (2 .26)  and (2 .2 7 ) .

low l e t  z e S*{b ) .  Then z e p*( b^) by d e f i n i t i o n  (2 .7)  

p . 7, and hence z a p( b^) by d e f i n i t i o n  (2 .3 )  p . 6. Moreover 

we r e c a l l  from lemma (2 .2 )  t h a t  r e l a t i o n s  (2.22) and (2 .23)
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h.olcL uniformly f o r  a l l  z €  S*{ brt) . Hence the  number 6 (z) in  

I 2,22) and 12.23} w i l l  not depend on z provided only t h a t  z e 

S ^ b q ) .  i n  a d d i t io n  s ince  thenumber e i n  12.21) i s  independent 

o f  z ,  the number G( z) o f  (2.24) and (2.25) w i l l  be a l so ’ * 

provided t h a t  z 6 S^(b^).

Therefore we may apply (2.28) to  in e q u a l i t y  (2.24) so t h a t  

f o r  the choice of  £ in d ic a ted  by in e q u a l i t y  (2 .27) th e re  e x i s t s  

an n$ such t h a t ;

(2.29) | a j l j (  z)J < exp ( -cn2') ( n > n £; z £  S*( b^) )

The s e r i e s : CO
(2.30) ^Lexp(  “Cn's")n-o
converges f o r  c > 0 ,  s ince

(2.31) ex p ( -en a ) = l /exp(  cn2") < 4 i / c  n

Hence by (2.29) the  s e r i e s  (1 .2)  p . l  converges a b s o lu te ly  

and uniformly f o r  z e S*(bft) by comparison w ith  the s e r i e s  (2 .30) 

On the  otherhand suppose z ^  p( d ^ ) . Then by d e f i n i t i o n

(2 .2 )  p .  6:

(2.32) ( K r - x )  ) ^ > d * + 6

and by in e q u a l i t y  (2 .25) f o r  a given z such t h a t  z ^ p( d A) 

we have la* L^( z)l > 1 ( n= n^: 3c — 1 , 2 , . . . ) .

Hence s e r i e s  (1 .2)  p . l  d ive rges  f o r  z $ p ( d ft) .  This com­

p le t e s  the p roof  o f  lemma ( 2 . 4 ) .

TiFiiauM 2.5)

l e t  be da > 0, 3)> 0, where i s  g iven  by sta tement (1 .5)
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p . 2 .  Then the  s e r i e s  (1 .2)  p . l  converges ab s o lu te ly  and u n i ­

formly ( 0 i  x f :d ;  y - 0 ) .

P roof:  We have g iven  by (1) p . 219:

(2 .33)  |l£(x)l £ exp( bcJH n+4+1) /r(4+l)n n+1) ( x > 0 )

We use the  fo l low ing  formula from the theory  of  gamma fu n c­

t i o n s ,  see (7) p. 58 formula ( 2 ) .

(2 i34)  r(n+*4l)/r( n + l ) ~  (n+l)* = ( ( n-1) / n  )e<n*''* n*4 ( n —>«>) 

Hence in e q u a l i ty  (2 .33)  becomes:

(2 .35)  ll£(x)l£. K e x p l p J ^ ^ S e x p l - l E l ^ - . S ^  ( 0 4 x i 3 ) ; n )

From in e q u a l i t y  (2 .35) and in e q u a l i ty  (2 .20) p. 10

g iven  an«> 0 th e re  e x i s t s  an nft such t h a t :

(2 .36 )  | e £ l £ ( x ) l 5  E^n* exp(-2n^( d ^ e )  )

i  E-jndp ; / (  2na( d d-fi) )5 ( n > n f ; 0 4 x 4 3 ) ;p = 0 , l , . . . )  

S e le c t  the number p 7 2( l4G£) , then  from in e q u a l i t y  (2 .3 6 ) :

(2 .37 )  la® l£ (x ) l£  Z2/expn( tp -a )  ( a ? n € ; 0 6 x 4 3 ) )

Thus by comparison w i th  a convergent s e r i e s ,  the  s e r i e s  (1 .2)

p . l  converges a b s o lu te ly  and uniformly f o r  0 4 x 4  3); y = 0.

I£LMA( 2.6)

I f  d a > 0 ,  where d^ i s  de f ined  by s ta tem ent (1 .5)  p .2 ,  

then  s e r i e s  (1 .2 )  p . l  converges ab s o lu te ly  f o r  z & p( dA) 

and d iverges  f o r  z ^ p ( a * ) .

Proof:  l e t  z 6 p( d ^ ) . Then e i t h e r  z i s  on the non-
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negative ,  r e a l  a x i s ,  i n  which, case s e r i e s  ( 1 . 2 ) p . l  converges 

a b s o lu te ly  a t  t h i s  po in t  by lemma ( 2 . 5 ) ,  o r  e l s e  we .can take 

bg, 0<  so l a rg e  t h a t  z e S*( ba ) in  which case s e r i e s  ,

(1 .2 )  p . l  converges ab s o lu te ly  a t  t h i s  p o in t  a l s o ,  by lemma

( 2 . 4 ) . '  I f  z p(cLa ) the  lemma i s  merely a re s ta tem en t  of 

lemma ( 2 .4 ) .

DEFINITION 2.8)

The pa rab o la  p( da ) (1 .4 )  p -2 ,  where da  i s  def ined  by

(1 .5 )  p .  2 i s  c a l l e d  the parabo la  o f  convergence o f  the s e r i e s

(1 .2 )  p . l ,  provided d^> 0. I f  d ^ -  0, we have no pa rab o la .

JEmA[ 2.7)

I f  the  s e r i e s  I 1.2) p . l  converges a t  a p o in t  z^XQ+iyQ 

(y0 * 0) then  dg> 0, where da  i s  def ined  by (1 .5)  p .2  and the 

s e r i e s  (1 .2 )  converges ab s o lu te ly  f o r  z e p( d^) and f o r  - 1 ^ 4 .  

I-roof: I f  d A< 0 then da -( ( r Q-x0 ) /2  ) 2 < 0 .
■-T

By choosing € small  enough dd-( -|-(r0-x0 ) ) ~ +e <0 .

So t h a t  by (2 .25)  p .  11 th e re  e x i s t s  a sequence of  in te g e r s  

{n^} depending on zQ such t h a t ;

z)l > 1 (yo* 0 ; n=n^; k=0 , l , . . . )

Thus i f  d ^ O  s e r i e s  11.2) d ive rges  a t  z=?z0 . Hence dA> 0. 

Therefore  by lemma (2 .6)  the p ro p o s i t io n  fo l low s .

1EMUA( 2.8)

l e t  _d> 0. i f  f o r  every b such . that  0£  b<. d, the re
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e x i s t s  a p o s i t i v e  number B(c(,b) such t h a t
i.

(,2.38; )agj ^ B (d ,b )ex p l -2 n 2b)

then  d a^ d > 0 ,  where drt i s  de f ined  hy (1 .5 )  p .2 .  That i s ,  

the  p a rab o la ,  p(da ) (1 .4 )  p . l ,  i s  the parabo la  of  conver­

gence of  the  s e r i e s  (1 .2 )  p . l .

P roof :  By (2.38) and (2.22) p .  11 ( z excluded from the 

non-negat ive  r e a l  ax is  ) we have th a t  g iven  6 (z )>  0 th e re  i s  

an ru such t h a t :

(2 .39)  /a*  Ln{ z)| 6. B(*,b)exp( -2n3fb-( £( r -x)  ) “- 6 ( s )} )

( n ? n f )

I f  we have;

(2 .40)  d ? d a ,

then  s e l e c t  b and b0 such t h a t  0 < d ^  bQ< b 4 d .  Let us s e l e c t  

zQ so t h a t  z0 l i e s  on the  p(bQ) ,  (1 .4)  p .2 ,  i . e .  xq and yQ 

s a t i s f y  equa t ion  ( 1 . 4 ) .  Then by a p roof  s im i l a r  to t h a t  of 

lemma (2 .3 )  p . 9:

(2 .41)  dA< ( £{r0-x0 ) ) ” = bQ< b .

Then s e l e c t  the  number g( zQ) so small  t h a t  b-b0-£( zq ) 0. 

Consequently by i n e q u a l i t i e s  (2 .41) and (2.39) the s e r i e s

(1 .2 )  p . l  converges a t  the  p o in t  zQ (which i s  not  on the  r e a l  

ax is )  s ince  we can compare i t  with  the  s e r i e s  (2.30) p . 12. 3y 

lemma (2 .7 )  the  number d ^  0, where d ^  i s  g iven by (1 .5)  p .2 .  

On the  otherhand i f  d^< d, then  by in e q u a l i ty  (2.41) and 

d e f i n i t i o n  (2 .2)  p. 6, v/e g e t  t h a t  s0 $  p td * ) .  But s ince the 

number d d > 0 ,  by lemma (2 .4)  p .  10, s e r i e s  (1 .2)  d iverges  a t
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the  p o in t  zQ. Thus assumption (2.40) i s  f a l s e m This 

g iv e s  the  theorem.

s m i p i a s

We are  going to f i n d  the parabola of  convergence 

given  by d e f i n i t i o n  (2 .8 )  p. 14, of s e v e ra l  s p e c i a l  l aguer re  

s e r i e s ,  as the  parabola  of convergence i s  g iven  by (1 .4 )  p.

2, i t  i s  uniquely  determined by the number dg  as def ined  by

(1 .5 )  p .2 .

Lxample( 2.1)

l e t  us cons ider  the la g u e r re  development o f  the func t ion ;  

f ( z )  = exp(qz) (q r e a l )

By (1 .1)  and (1 .3 )  p .  1 we ob ta in :
co

{(nnA) n d*+1)} -1  5 Z  t  [ l “ q)x jx1+kdx

an~ {(nn ^ n a + 1 $ ~"1J e”Xx expl l n - h ) ( dx

Let us put ( l -q )x 3 y ,  then  f o r  q< 1:
CO

a r f  { ( n n V i a + 1 ) ]  _ 1 ^  ( n - k )  ( - 1 )^ 1  k i ) " ^ ( l - q ) " ’0'"^

By the  d e f i n i t i o n  of  the  gamma fu n c t io n ,  see (7) p. 55 

formula (1 ) :

a n= f ( nr > - w « i ) )  _ 1 Z l ( n - 3 l  l - 4 ) ' a ' k ' V i a + l c t l )
k» o
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s ince  r i< l+ k 4 l )= ia tk ) ( c i+ k 4 l ) . . .  lcU l)rC*+0 

{ 2,54) a£ = ( £ ! £ ) 1 ki 1 ”1( 1“q) • • IA+fc)

= ( 1 - q ) ”a ’ 1n i1E ;  ( - l ) k/ l  n-lt) Jlcli l - q ) k 
k*0

^ u - s r ^ O i - u - a j  r k
k.= o

-(  1-q) ~ot”1( l - l  1-q) **1 )n 

- [ l - q J ^ ' ^ l j V / d - q )  )n 

a.p  q / t l - q )  )n

By statement 11.5) p.2;

- l im  suplfin^) "^o4+l) l o g i l / l  1-q) )-n logi  q /U -q J  )} 

hence:

d *—♦ -&ns log( q / ( l - q )  )

From t h i s  we g e t ;

act~ 4 00 I <1 <
(2 .55)  d ^ O  t q - §*)

Cl 4^ * <X> I 1 >  <1 > t )

From th e  eq u a tio n  (2.54) and (1 .2 )  p . l  th e  Laguerre 

developm ent o f  exp( qs) i s :

( l - q f ^ Z l l - l A  q/C 1-q) ) ̂  lg( z) 
n-o

From equa t ion  (2.55) and lemma (2 .6 )  p. 13, we see
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t h a t  the  Laguerre development o f  exp(qz) converges f o r  a l l  

p o in ts  z i f  q < ir ,  d iv e rg e s  f o r  a l l  p o in ts  z., except pos­

s ib ly  y = 0 „ 0 , i f  q==s- and d ive rges  f o r  a l l  p o in ts  z

i f  q* k .  I f  q = t : CO

n s 0

Example(£ .2 )

fle a re  going  to  c a lc u la te  the  parabo la  o f  convergence 

g iven  by d e f i n i t i o n  12.8) p . 14, of the Laguerre develop­

ment o f  the  fo llo w in g  fu n c tio n ;

12.56) ( l / i l - t )  )Ct+1expl t z / l t - 1 )  )

The g e n e ra t in g  fu n c t io n  f o r  Laguerre polynomials i s  

found in  Bzego ( 6 ) p. 97 formula (5 .1 .9 )  and i s  as fo llow s
ce>

(2 .57 )  X V  V z )  = ( l - t ) “Ct“1exp( t z / l  t* l )  ) ( t  < 1)
n=o

By e q u a l i ty  (1 .3 )  p . l  f o r  fu n c tio n  (2 .56) we have;

By c a lc u la t io n s  s im i la r  to  those o f  example (2 .1) 

we g e t ;

H ( nn aJr { * +1)}~1( 1 _t )  J e “ s zAL^( z)exp( tz /( t<
CO o

{(nJ a)n<*.+l)5 ”1( i - f )  ”1 j e xP( z/l t - 1 ) ) z *  Ll( z)dz 
' o

Thus we see th a t  eq u a tio n  (2.57) i s  the  Laguerre
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development o f  fu n c t io n s  1 2 .5 6 ) . From sta tem en t l l . 5 )  p .

2 : d a = - l im  supi #n2 l o g l t (  )^ li
From which, we o I t  a in:

d a =<» l t<-/j . 3.^=0 ( t - 1 ) ,  - as I t > l ) .

From the above and lemma 12.6) p . 13, we see th a t  the  

p a rab o la  of convergence o f  s e r i e s  (2 .57) i s  i n f i n i t e  f o r  

t < l  i . e .  s e r ie s  (2 .57) converges through out the  whole 21-  

p lane whereas i t  d iv e rg es  everywhere f o r  t > l  and d iverges  

everywhere except p o ss ib ly  f o r  y = 0 ; x Z  0 i f  t = l ,  s ince  the 

p a rab o la  of convergence i s  the  non-negative  r e a l  a x is .  

Fxample( £ .5).

Wigert ( 6 ) p . 17 has c a lc u la te d  the F o u r ie r  coef­

f i c i e n t s  1 1.3) p . 1 f o r  <x- 0 o f  the  la g u e r re  development of 

th e  fu n c t io n :

f( x) =: x S ( s>  0 )

He o b ta in s :

We can now c a lc u la te  the  p arab o la  o f  convergence of 

th e  Laguerre development o f  the g iven  fu n c t io n .  By 

form ula ( 1 . 2 ) p . l  the  development i s :
C30

(2 .56) T j  - D nr (  S - D 0  I J z )
nTo 11

o n
an - l - 1 ) s( s - 1 ) . . . (  s - n + l ) /n i  -  ( - s )  ( - s+ 1 ) . . . (  - s - l+ n )  /n l
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so
I

^n+(-s-l)^ /^ / x  ex p n ( -s - 1 ) (a—  ̂co \ s - ^ 1 , 2 , . . . )

lay I 1 0 ) p . 4 £ formula ( 2 ) and paragraph 13 .12 ) .

( 2 n2) 1 log |a° j^v / ( 2 n®) ( logK -  ( s+1 )logn  )

( n—:*<x>)

The parabo la  of convergence of the  Laguerre develop­

ment of the  g iven  fu n c t io n  degenera tes  th e re fo re  to  the 

non-negative  r e a l  a x i s .  That i s ,  the  s e r i e s  (2 .58) 

d iv e rg es  everywhere except p o ss ib ly  on the  non-negative  

r e a l  a x is .  VJigert shows ( 6 ) p . 17-18 th a t  the  s e r i e s  

converges to  f  (x) th e r e .  Moreover, i t  i s  a b s o lu te ly  con­

v e rg en t ,

LtiWk ( 2.9)

The fo llow ing  in e q u a l i ty  holds in  the  complex z- 

p lane f o r  g en e ra l  Laguerre polynom ials .

(2 .42) /l£( 2)1 i  l£ { -  121 ) £ l£( -b) ( <*> -1 ;  iz| £ b )

Proof: R e c a ll in g  the d e f in i t i o n  of the g en e ra l

binom ial c o e f f i c i e n t ,  we have*.

(2 .43 )  ( no°)=  1  (n  = 0 , l , 2 , . . . )

(2 .44) ( n -h )^  (&+<*)( n+a-1) . .  . (cU h+ l)/(n -h )  I

From which we conclude th a t ;
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1 2 . 4 5 ) ( n ^ ) -  0  (d  ? - 1 ; h - 0 , 1 , 2 , . . . n ;  n= 0 , 1 , . . . )

From 11.1) p . 1 we conclude by v i r tu e  o f  in e q u a l i ty  (2 .45)

:= l £ l - l z |  ) f  ifcl-l)) i a >  - 1 ; i z t ^ b )

DEFINITION (2 .9 )

Through out t h i s  paper we w i l l  adhere to the  fo llow ing  

n o ta t io n a l  convention:

a) The symbol S s h a l l  in d ic a te  the  s e t  of p o in ts  S’

e x c lu s iv e  of the  boundary p o in ts  of s’, provided the  s e t  S’

h as .b een  d e f in ed  and converse ly  the symbol 13 s h a l l  in d ic a te  

the  s e t  o f  p o in ts  S in c lu s iv e  of the boundary p o in ts  o f  S, 

provided  the  s e t  S has been d e f in e d .

b) The symbol z G S s h a l l  mean z £ S' exc lus ive  o f  the

boundary p o in ts  o f  s' p rovided the  symbol z € F  has been de­

f in e d  and conversely  the  symbol z € s’ s h a l l  mean z 6  S i n ­

c lu s iv e  of th e  boundary of S provided the  symbol z 6  S has 

been d e f in e d .

c) I f  th e  symbol S in d ic a te s  a s e t  o f  p o in ts ,  th e n  the  
*

symbol S s h a l l  in d ic a te  the  s e t  o f p o in ts  S e x c lu s iv e  o f  the  

non-negative  r e a l  a x is .

JEMMA ( 2 . 1 0 )
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l e t  d ^ >  0 where d^ i s  def ined  by (1 .5 )  p . 2, then  f o r  

every b a > 0 < b rt < d^ th e  g en e ra l  Laguerre s e r i e s ;
CO
X— 6-

(2 .47) /  &n y z )
n=o

converges a b s o lu te ly  and uniform ly f o r  a l l  p o in ts  z such th a t  

(£ .48) 2  6  U ( t d ) = i s l l  b

P roo f; By the  p rev ious  lemma we havS;

(2 .49) |a “ 4 ( a ) | 6  a“ y - b a ) < | s l 4 b * )

From e q u a l i t y  (1 .5 )  p . 2 and the d e f i n i t i o n  of l im i t  s u p e r i ­

o r  we have; f o r  any € > 0  th e re  e x i s t s  an n^ t independent 

o f  z such th a t ;

a- - 1  a( 2 n s ) logl an |<  - d a - <? ( n > n e )

lo g ja ^ l  <. 2 nB( - d d ) { n > n f )

so t h a t
d d %■(£ .50 ) ]an {= expl lo g la n () < exp(- 2 ^ ( 4 ^ - £  ) ) ( n > n 6 )

By r e l a t i o n  (2 .11) p . 8 , g iven  an f  ( b d )> 0 , th e re  

e x i s t s  an n^ such th a t ;

^ X. X.
n’ ^ l o g j y - b ^  )1 < 2 ( & * d +T3A ) ) 2-  2 b* '+ f(T > d ')

(b ^ >  0 ; n> n^ )

log] L*( - b ^  )1 < 2 n*( b | + t  £ ( b A ) )
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(n> n £ )

From (2 .50) and (2 .51 )  we g e t  t h a t  g iven  an 

0 , th e re  e x i s t s  an n f  such th a t ;

(2 .52) )a* e x p l-2 n “{dA- h 5 - e ( b j } )  ( n > n £ )

From (2 .52) and (2 .4 9 ) ,  given 0 th e re  e x i s t s  an n^

such t h a t :

|a£ Ld U ) h  |a“  l A - V U  ) tlssU* ;n4ne)n **

Let us s e l e c t  th e  number S ( la^ ) <. then

a*  - b | - f H > „ ) = o > 0

so t h a t ;

a j  L^( z) ~ exp( - 2 n^) ( c > 0 ; a  > - 1 ; [z\ ^ b ^  ; n > n f  )

Hence s e r i e s  (2 .47 )  ana hence s e r i e s  (1 .2 )  p . l  converges 

a b s o lu te ly  and uniform ly  in  the  c i r c l e  CKb^) by comparison 

w ith  the  convergent s e r i e s  (2 .30 ) p . 12.

EEMMA (2 .11)

I f  the  Laguerre c o e f f i c i e n t ,  a^ i s  g iven  by (1 .3 )  p . l

then ;
Ck + 1  A A

(2 .59) aB = aji “ an+l

Proof; From Ssego ( 6 ) p . 98 formula ( 5 .1 .1 4 ) :

<3 - 1  - l r A Ck
(2 .60) 1^ ( x ) - x  { (n+cu*l) Ln(x )- (n + l)  !-n+:L( x ) j

R eproduced with perm ission of the copyright owner. Further reproduction prohibited without perm ission.



From (1 .3 )  p. 1: <30

an+1= { ( n*n4 lV l ct+2)] "1J©“3̂ + 1 3£f l (x ) f (x )4 x

By equation (2 .60) the above r e la t io n  becomes:
00

an+1~ { ( n+n+1) r ^ a+2i  Je“xx a l£ (x ) f (x )d x  -

00

( n+1)Je”xxa I^ +1( *) ^( x) dx ]

S ub stitu ting  fo r  the above in te g ra ls  as given by ( l . S ) p . l  

cU l  r/n+cWl\ v7 - l \ /
( 2 *61) an = { (  a  J r i d + 2 )t X

{ W u  ( " 4) n  (Ml) a*-( n+l)  ( " £ * )  r  (<U1> a*+1

We obtain  the fo llow ing  id e n t i t i e s  by d ir e c t  ca lcu la tion :

S u b stitu tin g  in  (2 .61) by means of the la s t  two id e n t i t i e s

„  • / 1 ck CKâ  = £p( CKH-1) ( d-fl)/P( <£+2)j (

Since by (7) p. 55 formula (2) we have (d. + 1 ) P  ( ct+1) =

r  1 A-+2 ) the lemma fo llo w s .

m m  (2.12)
I f  the fo llow ing se r ie s :
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d dc — a  a

12.62) / _  6 n V 2 )
tt=0

i

converges f o r  s € p( 1) ) , then
CP ao

(2 .63) a?  4 <z ' " Z I  an+ 1  V Z) l * « ] > 0 > * ) >

Proof; V<e d e f in e  the  sum o f  Laguerre polynomials*, 

d  t-S- a(2«64) s — /  Ljj-( z) . ( n -  0 , 1 , 2 , . . . )
n k=o

~ fl- d  Qt cn U 2- a ,  d  ol , ot d  w & d
L _ L l̂ z) = ao s0*+^. afc( b ^ - b ^ )  = >__ ( ak- a ]w l) sk-ansn

lX Ck A+lProm lemma (2 .11)  p . 25: a„ -i-a = a„ nn-x  n n - 1

Prom Szego ( 6 ) p . 98 form ula ( 5 .1 .1 3 ) :

S. . . < * + 1

k~o

a  a a  n j  
at  1 ^ . )  = F _

• k-o k=o

Employing i n e q u a l i t i e s  (2 .20) p .  10 and (2 .22) p .  11 hy the

same method used i n  o b ta in in g  (2 .24) p . 11, we have;

d  CUT

sn- H l L v ( z ) =  3̂  ( z )  so th a t
• k “ 0

J l  a  a ,  . . =̂3* c u i  <M*1 , . d  cU l (2 .65) I I  ak Lk(z )=  ^11 ak ( z)+an Ln ( z)

( an Ln ( z)| < exp{~2 n 2( d4 -{|< r~x)} ^ - 6 ( z) )} ( z £  p * ( b ^ )  )

Since we assume th a t  s e r i e s  (2 .62) converges f o r  z £ p ( l ) f t ) 

we conclude by lemma (2 .7 )  p . 14: & o(^0 .
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Hence f o r  a g iven  p o in t  z excluded, from the  non-negative 

r e a l  a x is  and which s a t i s f i e s  the  in e q u a l i ty  ( r-x) ) s<

ian  —* 0  ( n—> <3o; )

'A .
But by lemma (2 .3 ) p . 9 ( iH r-x )  ) 6 P l ^ ^ ) ,  so t h a t

"by d e f i n i t i o n  (2 .3 )  p . 6  the  above l im i t  r e l a t i o n  reads:

ian ^ +1l z ) l 0  (h->c»; z 6 P i * * )  )

Applying t h i s  to  i d e n t i t y  (2 .65) the  lemma fo llow s f o r  z 

r e s t r i c t e d  to  the  re g io n  z a p^( b ) .
CA

How f o r  z on the  non-negative  r e a l  a x i s ,  we get from 

r e l a t i o n  (2 .33 )  and (2 .34) p . 13:

Using in e q u a l i ty  (2 .20) p . 10 w ith  the  above in e q u a l i ty  

v/e g e t  t h a t  g iven  an € 7 0  independent o f  z th e re  i s  an n ^ 

such t h a t ;

I d A-Vl 1 , -W d + 1  ir
(2 .66 )  |an  ( x ) K  X e ŝ  n exp( -2 n 2 (d o l -6 j ) ( n > n ^ )

From c o n s id e ra t io n s  o f  the  power s e r i e s  expansion of 

exp( 2 n “( d <3l>- 6  ) ) we g e t  the in e q u a l i ty :

expl 2 n s( d ^  -  £ ) ) > (  2 n a( da - £ )  )P/ p i  ( p = 0 , l , 2 , . . . )

so th a t  from in e q u a l i ty  ( 2 . 6 6 ) we have;
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C onsidering  t h i s  f a c t  in  con junc tion  w ith  (2 .65) the lemma 

fo llo w s  f o r  a g iven  z on the x - a x i s .

COROLLARY (2 .12)

I f  d a  i s  g iven  by e q u a l i ty  (1 .5 ) p .  2, the  fo llow ing  

in e q u a l i ty  ho lds:

From lemma (2 .3 ) p . 9 the  c o ro l la ry  fo llo w s .

lEIIMA (2 .15)

l e t  the  p o in ts  z o f  the  s-p lan e  and the  p o in ts  w of the  

w-plane be made to  correspond by the tran sfo rm a tio n ;

Proof; From tra n s fo rm a tio n  (2 .68) we have;

y = 2 uv

now l e t  z 6  p (b ) .  Hence by lemma (2 .3 )  p . 9 we have;

( 2.67

( 2 . 6 8 ) s — w2= ( u - H i v ) 2

th e n

(2 .69 ) z £ p( b) 4 = w 6  s( b)

(2 .71 ) -|-( r  -  x) < b2
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and by means of the  tran sfo rm atio n  (2 .70] we have*.

(2 .72) t ( r - x )  = i{( (u 2  +  v 2 ) 2  } * +  (u 2  -  y2 )} = v2

so t h a t  hy the  tra n s fo rm a tio n  (2 .70) in e q u a l i ty  (2 .71) 

becomes: v2 < b 2  -o o lu ^ .< »

Hence by d e f i n i t i o n  11.2) p . . l  we conclude t h a t  w es(  b ) . 

Conversely, l e t  w £ s( b) . Then by d e f i n i t i o n  (1 .2 )  p. 1 

we o b ta in :  v2-£ b2  ~<x> £.u£ 0 0

and by means of the  tran s fo rm a tio n  (2 .70) we see from (2.72) 

t h a t  the  above in e q u a l i ty  becomes: 

ih-r -  x )<  b2  

Hence by lemma (2 .3 )  p . 9 , we get t h a t  z 6  p( b ) .

i-SIL'-A ( 2.14)

I f  f o r  h(w2 ) , an " a r b i t r a r y ’ fu n c t io n  o f  w, th e re  

e x i s t s  a p o s i t iv e  number J t s (  b) such th a t :

(2 .73) |h(w2)| < h( b) expfl u2 -v2) q ^ - k l ^ - v 2! s ( b2 -v 2 ) 2 }

( w 6 s( b) ; q .h ? ’ 0 ) 

then  th e re  e x i s t s  a p o s i t iv e  number B( b) such, t h a t :

o  {*> JL,

(2 .74) /h( v/2)l < h( b)exp£(u2 /q)~2<(u2 ) 2( b^-v^) 2 j

( w £ s( b) ; q ,h  > 0 )

(where the  p o s i t iv e  number ±s( b) may d i f f e r  from l in e  to  l in e )  

and converse ly .

P roof: l e t  us assume th a t  in e q u a l i ty  12.73) h o ld s .

Since the  fo llow ing  in e q u a l i ty  ho lds ;
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tE .76) exp(-v2 ) ^ l

we conclude from in e q u a l i ty  12.73) t h a t ;

12.77) Jh(y^)l< B( b)exp( u2cf 1 -k| ,u2 -v 2| ®i "b^-v )^  )

( w £ s( b) ; q ,k> 0 ) 

To a r r iv e  a t  our f i r s t  conc lusion  we need to  prove;

(2 .78) ju^-v^j s+b>|u2 -v 2 | y 2 ) ^> (u 2 ) 2  (w 6  s(b) ) 

vVe proceed as fo llo w s:

( |u 2 -v 2| a- ( v 2 ) a ) 2 V u2 -v 2  - 2  u 2 -v 2  s’(v 2 )^ -v 2

? U2 -V2-2 lu2 -v 2J 3( V2 ) ~ u 2-+2 (u2 -v 2j ^( v2) 2> u 2

That i s :  0 ,, x. p x  p
( I u2  -  v^l 2 -f (v  ) 2 ) > u

tt | 2  2 , 2 * i \  > 2\'kHence; |u  -  v | 8 +  iv  ) > (u  ) “

Remembering t h a t  w e s(b) im p lies  (v(< b the above in e q u a l i ty

e s ta b l i s h e s  r e l a t i o n  ( 2 . 7 8 ) .  From (2.78)

(2.79)  - I n 2  -  v2| - ( u V  +  b

From in e q u a l i ty  (2.77)  and, (2.79)  i t  fo llow s th a t ;

(2 .80) (h(w2 )l < B{ b )exp(u2q ^ -k t-f  u2 ) ~~b} ( b2 -v 2) 2 }

(w 6  s( b) ; q , k k 0 ,b> 0 )

-  B( b) exp[kb( b^-v2) ‘!JexpCu^q ^-kl u2) 2( b2 -v2 ) 2 }
g o

But s ince  v < b6  i f  w £ s( b) we can w r i te ;

(2 .81) exp( kb(b 2 -v 2 ) 2 exp( kb( b2) 2) = B( b) ( w * s ( b )  )
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so th a t  from r e l a t i o n  (2 .81 )  and (2.80) we conclude;

(2 .82 )  |h(w2 )j <B(b)exp( u2q 1 -k( u2) 2( b2 -v 2 ) 12 ) (w e  s( b ) ; q ,k
7  0 )

C onversely , we want to  prove, th a t  i f  in e q u a l i ty  (2 ,74) 

i s  t ru e  th e n  in e q u a l i ty  (2 .73) fo llow s.

The fo llo w in g  i n e q u a l i t i e s  hold;
*

(u 2 ) 8+b £ ( u2 ) 2 +(v2 ) (u 2 +v2 ) 8 7|u2 -v2| ^  (w e sCb) )

Hence;

(2 .82 )  - ( u 2 ) 2 ^ .h - |u 2 -v£J 8 ( w e s ( b )  )

Applying in e q u a l i ty  (2 .82) to  (2.74) we have;

(2 .83) (h(w2 )l < B (b )e x p |u 2q ■*+£( b - |u 2 -v 2 | a) ( b -v 2) 2J

( w £ s( l)) ;  q ,k  > 0 )

. . , , . 2  2  ^  . . 2  “ 1  , | 2  2 1 s', , 2  2 . .= B{b)exp( kb(b -v  ) ) exp( u q - k |u  -v  | ( b -v ) a )

I w e s( b) ; q ,k  70)

From i n e q u a l i t i e s  (2 .85) and (2 .81) we conclude;

|h (w 2 ){ 5 B( b) exp{u2 q~‘1'-:k: ju2 - v 2| 2( b2 -v 2 ) ( w € s( b) ;q ,k?0)

= B(b)exp(v2q ’*') exp( q ^(u 2 -v 2 ) - k |u 2 -v 2j 2( b2 -v 2)^  )

( w € s ( b) ; q ,k  ? 0 )

2 - 1  2 - 1  But; e x p l v q  ) < e x p ( b q  ) — B( b) ( w e s ( b ) ;  q>Q)

so t h a t  in e q u a l i ty  (2 .73) fo llo w s .
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The next lemma g iv es  an es tim a te  o f  th e  fo llow ing  

i n t e g r a l  which, w i l l  he e s s e n t i a l  in  proving the  n e c e s s i ty  

o f  theorem B.

LEI'MA. (2 ,15)

Given a number b, 0 - b < d  th e re  e x i s t s  a p o s i t iv e  number 

B(b) such th a t :

(2 .84 )  0 £ l (  z) =
OO

^/t"’3^2exp( ”4e2/ t )  ( l - e ”^) ^ x p f s x i  e^ -l) ”1+2 |z} / (  e a t-e  rft)}a t  
o

1
<B(b)exp( x-2 Ixl ^[b2- ^  r-x)} ¥ ) I s  e pi b ) ; c= itb + d )  )

proo f; P o l la rd  shows (5) p . 359-60 t h a t  g iven a number b 

0 — b e d  th e re  e x i s t s  a p o s i t iv e  number B( b) such th a t ;

(2 .85 )  0 £ l ( w 2 ) =

^ / t~ 3/ 2( l - e “^) "^ex p ^ li  ^ e x p [ - 2 ( u2 -v 2 ) ( e ^ - l )  1 +2 jwi2 / ( e ^ - e  '^ jd t  
o

£B(b)exp( u2-2 |u2( 2 (b 2 -v 2 ) 2 ) ( w e s(b) )

By lemma (2 .14) p . 28 w ith  q =1 , ic =2 we see th a t  

in e q u a l i ty  (2 .85) im plies ;

I(w2) -B(b)exp( u 2 -v2-2 iu* -v 2/ a( b2 -v 2 ) 3 ) ( w e s( b) )

Now by lemma (2 .13) and tra n s fo rm a tio n  ( 2 .6 8 ) ,(2 .7 0 )  p . 27 

and id e n t i t y  (2.72)  p . 28 th e  above in e q u a l i ty  g ives :

0 6 I( s) £ B( b) exp( x - 2 |x j s {b -tH r - x ) /  ) ( a e  p( b) )

This com pletes the  p roof o f  the lemma.
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LEMMA. (2 .16)

( Riemann-Sehwarz p r in c ip le  o f  r e f l e c t io n )

I f  two fu n c tio n s  f t  z) and f-jj z) a re  a n a ly t i c  in  reg ions 

R and Rp ,  separa ted  by a contour C,  and continuous on c ,  and 

f t z) ^ f ^ t z )  along 0 , then  the two fu n c t io n s  a re  a n a ly t i c  

co n t in u a t io n s  of each o th e r .

For the  p roo f see Titchmarsh (7) p. 155, s e c t io n  4 .51 .

LEMMA. (2 .17)
o O

Suppose the L; Z z) converges f o r  z pt d)
n=o

( d > 0 , - 1  *-<*) where the number d may depend on <2 J then

th e  s e r i e s  L i s  a n a ly t i c  f o r  z e p ( d ) .

P roof: Let zQ e  p*(d) ( see d e f in i t io n  (2.3)  p . 6  ) .

Then, th e re  e x i s t s  a number b-^d and a s e t  S*( b) such th a t

z0  € 5 *(b) and hence by d e f in i t io n  ( 2 . 8 ) p a r t  b) p . 2 1 , we

conclude t h a t  zQ € S * (b ) . Since s e r i e s  L converges in s id e  

th e  parabo la  p( d) th e re  i s  a p o in t zp no t on the  a x is  of 

r e a l s  a t  which s e r i e s  L converges. Consequently, we may 

use lemma ( 2 . 7 ) p . 14, so th a t  we have d * > 0  where d a  

i s  de fined  by s ta tem ent (1 .5 )  p . 2. Therefore by lemma

( 2 . 4 ) p . 1 0  we conclude th a t  d i-d* and the  s e r i e s  L con­

verges  a b so lu te ly  and uniform ly f o r  a l l  s «£ S*( b ) .

As a r e s u l t  of t h i s  and by a th iorem  on a uniform ly  con­

v erg en t s e r i e s  o f  a n a ly t i c  fu n c tio n s  ( see ( 3) p . 74
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theorem 3  ) th e  s e r i e s  i  i s  a n a ly t i c  in  l3*( b) and th e re fo re  

a lso  a n a ly t i c  in  S*(b). Thus th e  s e r i e s  L i s  a n a ly t i c  in  a 

neighborhood o f  every  p o in t  2  such t h a t  2  c p ^ ( d ) .

l e t  us d e f in e  the reg io n  R o f  lemma (2 .16) to  be the  

s e t  o f  a l l  p o in ts  z such t h a t  z € p(d) and y > 0 , th e  reg io n  

to  be th e  s e t  o f  a l l  p o in ts  s such th a t  2 e j l d )  and y 

0 , the  contour C to  be a l l  p o in ts  z 011 the  a x is  o f  r e a l s  

f o r  which x > -d th e  fu n c t io n  f ( z) to  be s e r ie s  1 f o r  z e  R 

and the  fu n c t io n  f^{ z) to  be the  s e r i e s  1  f o r  z e  R- .̂

On th e  p a r t  o f  contour 0 c o n s is t in g  o f  th e  non-negative  

r e a l  a x is  s e r i e s  L i s  uniform ly  convergent by lemma (2.5)  

p . 1 2  and hence i s  continuous, w hile  on the  neg a tiv e  p a r t  

s e r i e s  L i s  a n a ly t i c  by the  f i r s t  p a r t  o f t h i s  proof and 

hence i s  con tinuous.

Hence by lemma (2 ,16) the  s e r i e s  1 in  the  upper h a l f  

o f  the  p a rab o la  p(d)  i s  an a n a ly t i c  c o n t in u a t io n  o f  the  

s e r i e s  L in  th e  lower ha lf*  That i s ,  th e  s e r i e s  1 i s  

a n a ly t i c  throughout the  parabo la  p ( d ) . This completes 

th e  p ro o f.
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S. The n ec ess ity *  The Fundamental In e q u a l i ty

The aim o f  t h i s  s e c t io n  i s  to  show th a t ;

Given b , 0 5b ^ th e re  i s  a p o s i t iv e  number B( a  ,b) 

such t h a t :

where th e  symbol c (t i s  defined  ~ -|-( b & +da  ) and the 

number B( <X ,b) , C ^  may d i f f e r  from l in e  to  l i n e .

The f i r s t  s tep  in  the  long and te d io u s  d isco u rse  which 

fo l lo w s  i s  to  show t h a t :

There e x i s t s  p o s i t iv e  numbers C oi such th a t

(3 .1 )  0 £ I a ( z ) E

exp( - 4 c f / t )  exp /-£x /(  e ^ - 1 )) exp( %-cx t )  J^( i  |z Icsch^t) ^

0

£ B( d ,b )e x p (  x - 2 l x r s'(b

0
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°°  ol
*<i*f^  -------1 at ,

*/s> 4. 1 -M- - 4 + V ( 2 e  pl  4jJ  )J  t 3 / 8 ( 1 . e - t )  e -e  ^ l )
t(  z)

where f o r  b re v i ty  we w r i te  t(  z) f o r  the  symbol t(  |zf ) and 

th e  l a t t e r  d e s ig n a te s  the  s o lu t io n  o f the  equa tion :

( 3 . 3 ) |zi = e s t - e - 2t o r  t(  l z | ) » s in h  1  |z l / 2

l e t  u s  d e f in e ;
$

( 3 .4) I I  a) = 
t U )  4

e x p ( -4 c l / t )e x p f -2 x / (  e^ -ljjexpt jc* tjexpf2  jzl/( e** -e 2 ] \ fl±

1 8/ 8 u - . - * J / , | a
0

(3 .5 )  I a ( s) =
oo

t  3 ^ 2 e x p (- 4 c f / t )  ( 1 -e  exp{-2 x/(  e ^ - l j ^ e ^ / l  e"§ -e  s t )} d t

t(  z)
X

H ela tio n  ( 3 . 2 ) w i l l  th en  tak e  th e  form:

( 3 . 6)  I^ (z )  £C A I* (z )  + C j ^ ( z )  (z € P ( t ^ )  )

By d i r e c t  c a lc u la t io n  i t  can he v e r i f i e d  from the power 

s e r i e s  expansion o f  z) found in  ( 6 ) p . 14 formula (1 .7 1 .1 )  

t h a t ;

i "  *  Ja ( i s )  = i J ^ l i s j l

Hence from formula (3 .1 )  we see th a t  the i n t e g r a l  !<*( z) 

> 0  s ince  i t s  in teg ran d  i s  n o n -nega tive , in  what fo llow s 

in  t h i s  s e c t io n  i f  an in t e g r a l  i s  d ec la re d  to  he non­

n e g a tiv e  w ithou t proof i t  w i l l  he because the in teg rand  i s
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hon-negative .

From Szego ( 6 ) p. 15 formula (1 .71 .7 ) we can derive  the 

fo llow ing  r e la t io n s h ip :

(3.7)  | J<*( i s )  | < C* exp( |X( is )  j ) '  ( s 2: 2 )

where in  the above formula the symbol l ( i s )  i s  to  mean the  

imaginary p a r t  o f  ijs. The number 2 i s  s e le c te d  fo r  con­

v en ience . Also from Szego ( 6 ) p . 16 formula (1 .71 .10)

we obtain*.

(3.8)  | Jfltlisjl  < E o i S a  ( 0 £ s  62 )

I f  in  r e l a t i o n  (3 .8 )  we s e t  s = Iz I c sch |- t , the  r e s u l t

i s :

( 3 .9)  I i  |z j esch'i-t) j C^lzJ ( c seh tt)

( 0  ^ |z )csch|-t -0 2  )

Since by d e f in i t io n :

(3 .7)  cschat — 2/( e -e ) > 0  ( t  >0 )

R e la t io n  (5 . 9)  i s  v a l id  i f  z and t  a re  connected by 

the  r e l a t i o n :

(3 .11) ( z / < e 2 -e"”* ( t  > 0  )

From the  e s tim a te  (5.7)  we conclude:

I 3.12) I J a ( i  I z I csehg-t) j -h C a  exp( | z ! csch-|-t)

( ( z /csch-3-t h 2 ; t  > 0  )

That i s ,  r e l a t i o n  (3 .12) holds i f  z and t  a re  connected by t  

r e l a t i o n :
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( 3.13) ( t > 0  )

Since by d i f f e r e n t i a t i o n ,  we can e a s i ly  v e r i f y  t h a t  the

Thus r e l a t i o n  (3 .11) and hence r e l a t i o n  13.9 holds f o r  t  > 

t ( z ) .  S im ila r ly  r e l a t i o n  ( 3 . IE) ho lds f o r  a l l  0 <ct £.t( z ) . 

Wow l e t  us w ri te  f o r  l^ (z )  defined  by s ta tem ent (3 .1 )  p . 35.

(3 .15) 1^(2) =

Hence we can apply th e  ex tim ate  (3 .12) to  the  f i r s t  i n t e g r a l  

above and in e q u a l i ty  (3.9)  to  th e  second g e t t in g  in e q u a l i ty

(3.2)  p .  35 and hence (3.6)  p . 36 o b ta in in g  our f i r s t  ob­

j e c t i v e .

in  o rd e r  to  prove in e q u a l i ty  (3 .1 )  p. 35 we must s p l i t  

the  p ro o f  in to  s e v e ra l  d i f f e r e n t  ca ses .

CASS I

( - l <  cxiO )

Given a b ck, th e re  e x i s t s  a p o s i t iv e

number J3( oC,b) such th a t ;

th e  fu n c t io n  e ^ - e " ^  i s  a monotonic in c re a s in g  fu n c t io n  

o f  t  we g e t  from eq u a tio n  (3 .3 )  p . 36:

f  t( z)«°)
e x p f - 2 x/( e t -l))-exp( s-ot t )  J^( i | z |  csch|-t) g t

3/2 p , _+ cA CK
t  exp( 4crt/ t )  ( 1 -e  ) | z !  i  f l  ck  +1 )

(3 .16) 0 £ l a ( z ) i B (  CA,b)expfx-2 / x / ^  b^..|-( r _z ) * )j
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where th e  above in e q u a l i ty  ho lds  f o r  z e p ( b a ) and -l^ .c*  < 0 . 

P roof; I t  fo l lo w s  immediately t h a t :

(3 .17) 0 M  ( e ^ - e " a t ) / 8 e '^  ) “ 1 =e° k

exp( 2 ) z j / ( e s - e  ~ ) ) ( 0  £  t ; - l« x  £0 )

Going back to  r e l a t i o n  (2.60)  p.  23 d e f in e :

Ta ( z ) = I {  z) (b = b cx ;c = c ^  ; d = d a  )

(3 .18 )  P  t  fa  - $ t  v
( exp( - 2 x/(  e - 1 ) ) exp( 2 \ z \ / e ~  -e  ) )

t 3^ exp( 4 c f / t ) ( i - e  *)
0

Then by lemma (2 .15 )  p . 31, g iven  a p o s i t iv e  number b <*,

0  - b A * da  th e re  e x i s t s  a  p o s i t iv e  number B{ , b) such t h a t ;

(3 .19) 0  £Ta( z)^B( o t,b)exp( x - 2  ( x l ^ ^ - i K  r-x )}  8 )

( z e p ( b a ) ;  c A = l l b ^  - d a  ) )

By v i r tu e  of r e l a t i o n  (5 .5 )  p . 35, (3 .17) and (5 .19) we ge t 

t h a t  th e re  i s  a B( d  ,b) such th a t ;

(3 .20) O ^ l j  z) := I a ( z) ^  B( a ,b )e x p (  x-2 )x| 2 r -x ) j  2 )

( z e p ( b o t ) ;  - 1  k  a  £ 0 ) 

We now hope to  show ( s e e  (3 .4 )p .5 5  ) t h a t  th e re  i s  a 

B( <X ,b) such th a t :

(3 .21) Qk i a ( z) £B( a ,b ) e x p (  x-2 Ixl 's (b~-|-( r -x ) j  3 )
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where th e  above in e q u a l i ty  i s  v a l id  f o r  z £ p( b ex) and - 1

R e la t io n s  (3.20)  and (3 .21) ap p lied  to  (3.6)  p . 35 w i l l  

e s t a b l i s h  in e q u a l i ty  (3 .1 6 ) .

Given a b<*. such t h a t  0 ^=ba  d p ic k  Hoc such th a t  

-Cda . Then by in e q u a l i ty  (3 .19 )  th e re  e x i s t s  

a p o s i t iv e  number B(Hoc) such t h a t :

(3.22)  Ta ( z) ^B( a  ,H)exp( x-2 |x| ^ (H ^ - i /r -x } )  2 )

( z e  p (H qc ) )

Since 0 nexp( s’a t )  4=1 ( O ^ t ;  - l - c c x ^ O  )

We see from the e s t im a te  (3 .22) and (3.4)  p . 35 i f  we r e c a l l  

th e  form of I a{ a) as d e f in e d  by (3 .18) p .  38, t h a t

(3 .23 )  O ^ I ^ U ^ I a ) -  Ta (z) ^

j z | “ B (a ,H )ex p (  x - 2  j x i ® ^ - ^  r - x ) } “ ) ( z erpCFa ) ;-l<a£o)

=h( ck ,H) exp( x - 2  Ixl r-x)} a l o g  1 z | )

i s  a d ec reas in g  f u n c t io n  o f  t(  r -x )  as th e  f i r s t  d e r iv a t iv e  

w i l l  show. Since the  fu n c t io n  |-( r -x )  i s  non-negative the 

above ex p ress io n  th e re fo r e  has i t s  l a r g e s t  va lue  fo r  

■tfr-x) = 0 .  hence from (3^23) :

jl o,

1 . 2 -  O

= B (a ,H )e x p (  2  Ixl ^ (b ^ - 2 i  r - x ) } 2- ^ - ^  r - x ) } s - a l o g  !z| ) X

exp( x-g lx|^(bf-iH  r-x)} 2 ) (  z e p ( b a ) )
2 * I f _ _ 2  i

The funotlon  ( r-x) ) -( r-x ) )

R eproduced  with perm ission of the copyright owner. Further reproduction prohibited without perm ission.



40-

( 3.24) 0 £ I a ( z) ^  | z l " 0l‘Ta( 2 ) £
L

— 2  T5* 1 )
B( a  ,Ti) exp( x-2 lx| 2 (ba - i (  r-x)} 8 ) exp [2 |x j 2( b^TJ*) -* lo g  I zI} 

Since z ^ p t b ^ )  we have by d e f in i t io n  (1 .1 )  p. 2

y2 4 4 h (X(x  + h2a  ) so th a t :

lo g /z /  ^ 4 i(  | z | ) * £ 4 l (  x 2 +4b2 (x+b2 ) *  }* = 4 i ( x+2'd^ )*

Hence f o r  -1 -d a  ^ 0 ;

3.

( S . 25) exp( 2 lx| 2( -  cxiogl zl ) £

exp( 2 | x j 2 ( b a - ’& a ) “ cx4l(x+2h2cA ) 4  ) ^B( Ot,^)

As the  above exponent has a maximum w ith  r e s p e c t  to  x f o r  

z e p l t o o J t  b a  and - l ^ a  ^ 0 .

From i n e q u a l i t i e s  13.24) and (3.25) s ince  i s  a 

fu n c t io n  of b # ,  we g e t  t h a t  th e re  e x i s t s  a p o s i t iv e  number 

•B( OL ,b) such t h a t :

13.26) O ^ l ^ z ) ^  I z f ^ z )  ^

B ( a , b ) e x p (  x-2 Ix l  2 {b2 --g-( r-x )}  2 ) ( z € p( ba ) ; - l < a .  6. 0)

Hence in e q u a l i ty  (3 .21) p . 38 i s  e s ta b l i s h e d ,  and r e c a l l i n g  

t h a t  r e l a t io n s  (3.20)  and (3 .21) app lied  to  (3.6)  e s t a b l i s h

(3 .1 6 ) ,  we see t h a t  o b ta in in g  in e q u a l i ty  (5.26)  completes 

the  proof of case I .
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CASS I I

( s € p( ) ; |z( 6' r x( d  ) < 1 ; ot > 0  )

Given To. , 0 f: b < i  , th e re  e x i s t s  a p o s i t iv e  number(A 0» Qt
B( & , To) such t h a t :

Jk
(3.£7)  0 £ y z ) £ B ( o (  ,b)exp( x-£0 8 { h |  -£( r-x)} a )

( z 6  p( ’o ^  ) ; 5 2 } 6  r x( d  ) < 1 ; 01 > 0  )

P roof; F i r s t ,  we want to show th a t  f o r  the in t e g r a l
o
I^( z) def ined  Toy (3.5)  p . 35, th e re  e x i s t s  a p o s i t iv e  

number B( C( ,h) such th a t :

(3 .  £8 ) 0 f: I^C s) — B( d  ,h)

From (3.5)  p . 35 we have;

(3.£9)  06.1  ,(z) =
CO

exp( - 2 ( x -b2 ) / ( e ^ - l )  )exp( £b2 / ( e ^ - l )  )

t (  z)

1

3 / 2  • -i<
e x p ( 4 c ^ / t ) t  (1 -e  )

exp( -£( x - ’o ) / ( e  - 1 ) )exp( £b / ( e - 1 ) ) 
i  3/2“  ^  ~

a
irfc

£e
-o'te -e

d t

exp( 40^/^) ( 1 -e )

&t
£e

a t  _ 
e -e

d t

00

■+ \ -4q^ /t)exp (  -£x/( e -1) )
2 y^ _ - f c

t  ( 1 -e  )

2 e ^
2-t _-Vb 

e -e ~ •
d t
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We a re  going to  use the  fo llo w in g  i n e q u a l i t i e s  on the  

i n t e g r a l s  o f  r e l a t i o n s h i p  ( 3 . 2 9 ) .  By a c o n s id e ra t io n  o f  the  

pov/er s e r i e s  expansion of e~^ v/e g e t :

(3 .30 )  ( l - e " 15) ”1 ^ ! / !  t - t 2 / 2 i )  = t “1( l - i t ) - 1  1~  2 / t

( 0  £ t  ±1 )
■jj

By a c o n s id e ra t io n  o f  th e  power s e r i e s  expansion of e we 

g e t :

(3 .31 )  l / (  e^-1) <«hl/t I t f O  )

By d e f i n i t i o n  (1 .1 )  and in e q u a l i ty  (1.7)  p.E the
2

p r o p o s i t io n  z e  pi b cx ) im p lies  the  p ro p o s i t io n  - h a ^ x .

BTom the form o f  th e  fo l lo w in g  exp ress ions  i t  fo llow s th a t ;

(3 .3 2 )  0 4 (  2e 2 t /  l e ^ - e ”^ )  f L  ( 2 / ( l - e " t ) U C a

( 1  - t  <. oo . a. ? o )

(3 .33 )  0 £exp( -2 x / (e  -1) ) ^ C a  (1 — t  «■ > 0 ;- ‘bol^x)

( 3 . 3 4 ) 0  —1 /  ( 1 - e ”^ ) -C X ( l £ t  4 oo)

(3 .35) 0 ^ e x p ( - 4 c ^ / t ) 1 I 0 i t  4  oo )

By u s in g  in e q u a l i t i e s  (3.32)  (3.35). (3.34)  and (3 .55) 

on the  second i n t e g r a l  o f (3.29)  v/e f in d  th a t  i t  i s  l e s s  

than ;

( 3 . 3 6 )  B( a

<70

, h )  J ^ t T ^ d t  =  B ( o t , h j  ( z  €  $(  ) ; 0(  >  0)
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, We now want to  show th a t  the  f i r s t  i n t e g r a l  o f  r e l a t i o n  

(5.29) i s  l e s s  than  a p o s i t i v e  number Bl c* ,b) .  By in e q u a l i ty  

I 3.50) we have;

(3,37) 2e2 U/{  e 3 °-e 8 ) -  2/( 1-e t ) < 4 / t  ( 0 £ t 4 l)

i f  z € pC b^)  th en  by i n e q u a l i t y  (1 .7)  p . 2  we g e t  t h a t
g

x + b a  > 0  so t h a t ;

2
1 3 .58) exp( -2(x+ba ) / ( e  -1) ) 4=1 ( z ep( ba ) ; c t> 0 ; t  >0)

By use o f  i n e q u a l i t i e s  (5 .30) (3.38) (3 .51) and (3.37) 

the  f i r s t  i n t e g r a l  o f  (5.29) p. 41 i s  l e s s  than;

(3.39) B ( a ,b ) ^ t ”^//^exp( -4ejf / t)  ( 2 / t )  exp( 2tj^/ t)  ( 4 / t )a  d t

2 a - 1 1  r o 9= 2 B(a,b)^expt(  - 3 / 2 - oc-1  ) expf ( -4 c~ + 2 b ^ ) / t jd t

Since c^ = #( b +d a  ) , we have b ^ ^ C o t ^ d ^ .

2 2
Let a = ( 4 c c x -  2b ex ) > 0 . s - a / t .

Then the above i n t e g r a l  becomes;
Oo

0 6:B( a  ,b) expa(c’-+2- ( a  +1 ) ) J exps{ + ( o(+l) )e Sds

^  B( a , b )  n  «  + s / 2 )

So t h a t  t h e  f i r s t  i n t e g r a l  o f  ( 5 . 2 9 )  p .  4 1  i s  l e s s  t h a n  

B( 0 1 , b) f  ( CX + 3 / 2 ) .  T h i s  t o g e t h e r  w i t h  r e l a t i o n s  ( 3 . 5 6 )  p.
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£2 and (5.29) p. 41 e s t a b l i s h e s  (3.28) p. 41.
*

I f  the  i n t e g r a l  Ia ( z) i s  g iven by (3.4) p .  35 we nov/ 

hope to show th a t  th e re  e x i s t s  a p o s i t iv e  number ti{ct ,b) 

such t h a t :

13.39) 0 z ) £±i(cl,b) ( s €p( ba ) ; I s j i r ^ a )  ^ l ; o (  > 0)

max{exp( t / 2 ) 1 0  - 1  - t (z )}  = expl a  t( z } / 2 )

Hence from (3.4) p. 35:

(3 .40)  0 -  l a ( s) —

exp(« t ( Z) /2)  izi ■“ t  r 1 g p ,i.. .-.w t . J  < h / .i g. _ - C  j i h

0

. Consider the fu n c t io n :  

H
( 3.41) IzJ = e “ -e

t ? ^ “exp( 4 c J / t ) (  1 -e "11)

- ‘2*tBy s u b t r a c t in g  the power s e r i e s  expansion of  e from the 

poorer s e r i e s  expansion of  we v e r i f y  t h a t :

t r t  —-rt
(5 .42)  |z{ = e -e > t  ( t  20)

But by r e l a t i o n s h i p  (3 .3)  p .  35 we can w r i te  equa t ion  (3.42)

( 3.43) f z/^exp(*g-t( z)] -ex p ^ - r t l  z)]>t(  z)

From r e l a t i o n s  (3.43) and (3.40) we ge t :

(3 .44)  0 £ l a ( z ) ^
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| z |

exp / -2 (  x + h l b / e ^ l ) )  exp?25g/t  e ^ - l )  j exp / 2  l z )e “ aV (  l - e ^ ) }  dt
oi> 2  +■

exp( -  C*.t( z ) /2 )  |zja t  expt( 3 /2 + cx) exp( 4c<x/t) ( 1 -e” u)
~0

Moreover:

(3 .45)  e ^ =  l+ t+ t (  t / 2 l  + t 2 / 3 i  4 . . . )  H-t+tl  e t - l )

<£. l+ t4 t (  3-1) = l+ 3 t  I 0 £ t  £1 )

From which, we conclude t h a t :

(3 .45)  - l / ( e ^ - l )  -4 .- l /3 t  ( 0 <rt £1 )

In  a d d i t io n  we have;

(3.47) 0 £exp( cx ^t[  z) ) -  C ^  ( Jz j< l  )

-■H(3.48)  0 £ e  J ± 1  I t  >0)

(3.49) max( t ^ / O ^ t  ^ |z |  / z l ^

By u s in g  r e l a t i o n s  (3 .49)  (3.47) (3 .30)  p .  42 1 3.46) (3 .51)  

p. 42 and 13.48) on (5 .44)  we have:

*
(3.50) 0 6 1 ^  z)

C ( 2 e x p  f - 2 ( x 4 ' b 0, ) / 3 t ]  exp(  2 h f / t )  exp (  4  I z j  / t )  ^

j  j z / a  /z/ e x p t (  3 / 2 + a  ) exp (  4 c ^ / t )  t  
0
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NO

exp( - { 2 e ^  -  (2 /3)(x+'b<x ) -2( b^+20 zj ) } / t  )

B( (X rb) \  --------------------i-==.-T7TTp"Zir-pri------------------------------- d t

Define;

a = 4 c^  4- ( 2/3) ( x -+• b2 ) -2( b ^  -+■ 2j zO )

cp

-  40^ - 2 b |  -+• ( 2/3) ( x +  b ^  ) -40 zO 

2
I f  I z U  | b  ; th en  we have;

a

a > 4( C2 -b2 ) -4 ( 2/3) (x  +  b2 )
OS CA (A

S e le c t  the  p o s i t i v e  number r^( <X ) so t h a t  r  ( d  ) 4 

min( | -b^  , 1 ) .  Then remembering t h a t  the  p ro p o s i t io n

z £ p ( b ^ )  im pl ies  x 4- b ^  > 0 by d e f i n i t i o n  (1 .1)  p. 1
P  ^and in  a d d i t io n  or > b by r e l a t i o n  (2 .60)  p . 23 v;e getCa W

a > 4(c* -b 2̂  )> 0 ( 0zfi4 r ^ t f  ) )

So t h a t  by t r a n s fo rm a t io n  s ^ a / t  the above i n t e g r a l  

becomes f o r  b^ > 0.
CO

fB( ,b) j expa( -3 /2  -  os,) exps( -g- 4  a } e ds 

a/0 zO

B( a  ,b) r  ( OS. 4- 3/2) ( z £ p( b ) ;04 0 zO^ r-j_(^) < l  )

and alpha i s  g r e a t e r  than  zero.
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±jy in e q u a l i t y  (3 .50)  f o r  b <* =  0 ,  2 = 0  we o b ta in  1^(0) =-0, 

so t h a t :

(3 .51)  O ^ U )  £B( a . b )  ( z c p l ^ ' l i l z l ^ a )  l ; a * ) )

This e s t a b l i s h e s  p ro p o s i t i o n  (3.39) p. 44.

jjTom i n e q u a l i t i e s  (3 .28)  and (3.39) p .  43, we conclude 

from (3 .6 )  p .  35 t h a t  th e re  e x i s t s  a p o s i t i v e  number B( c(,b) 

such t h a t :

(3.52) 0 6 l a ( z) £ B ( a , b )  (z  e  p(ba ) ; |z/<ri(0l)  ^ l ; a > 0 )

lemma (2 .3 )  p . 9, the  f a c t  t h a t  z € p( b ) and o the r  

c o n s id e ra t io n s  im pl ies :

d2 > b2 . . ^ b 2 - t ( r - x ) > 0  so t h a t
OK Ck <JL

c L ^  ( b2̂  - t[  r -x )  )*> 0 

By means o f  th e  d e r i v a t i v e ,  i t  can be shown t h a t  the  express
. i

s io n  x-2 /x/ 2d0L has a minimum f o r  some value  of  x  in  the
g

range x > - b 0( . Hence th e re  e x i s t s  a p o s i t i v e  number B( d , b )  

such t h a t ;

(3 .53) B(CX ,b) ^  exp( x-2 fxl ^da  )

exp( x -  2 |x |^ { b 2d -  # ( r - x ) } 3 ) ( z e  p l b ^ )

By an adjustment o f  B( <X ,b) i n e q u a l i t i e s  (3 .52)  and

(3.53) g ive  (3.27)  p. 41 thus  completing the  p roof  of case
c* ■—

I I .
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CASE I I I

( | z |  > r G > 1 ;  a  > 0 )

Given b ^ ,  0 < d a  , the re  e x i s t s  a p o s i t iv e  number

ai.cC , To) such th a t :

(3 .54)  0 z) r^B( C*. ,b)exp( x-2 /xf 2( b{j_-££r-x]) 2 )

( z e  p(TDr t ) ; | a / 2 r o > l ; c X ? 0  )

Proof:  From the d e f i n i t i o n  of  t ( s )  given by (3 .3 )  p .

35:

|z /  =exp( t t ( z )  ) -exp( -&t( z) ) -£exp( | t { z )  ) ( t { z ) > 0 )

From which we conclude t h a t ;

0 <c21og/z| ^  t(  z) ( j z j z r o ? 1 )

(3 .55)  0 i y z )  =

21og lz | t ( z )
o -3=+ —" t

exp$-2x/( e -1) |  exp?2 | z | / (  e 8 -e  2 )?exp(tO(t)  ^

t 3^2exp(4c^ / t ) ( 1-e ^ ) | z /

_0 21og jzj_

I n  the  f i r s t  i n t e g r a l  o f  r e l a t i o n s h i p  (3.55) v/e use the  

f a c t  t h a t :

(3 .56)  expl <X|-t} 4: exp( c( log  |z/ ) — ( exp( log jsj) ) - / z  ( 01

( 0 ^-t ££ log  )zj )

As we have a lready  shown on p. 37 t h a t  the fu n c t io n  

e~ -  e 2 i s  a monotonic in c reas in g  fu n c t io n  of  t  we have:2t

i t  ii,
/ z /= e x p (  #t( z) ) -  exp( -tft( z) ) ^ e “ -  e ( t ( z ) 2 : t )
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Hence:

_ di
jz j  ir ( e 2 -e - H  -

) ( t ^ t ( z )  )

Using (3 .5 6 )o n  the  f i r s t  i n t e g r a l  of 13.55) and the  

above in e q u a l i t y  on the  second g ives  us;

(3.57) Q ± I a{ z ) ±

21og l zl

at -C L
)z |  izl

exp( ^ x / t e ^ - l )  )exp( 2 l z / / ( e ^ b-e  **) ) 

t 3^ 2exp(4c^  / t ) ( 1-e *)

1.,^.

exp( -2x/( e^-1) )exp( 2 1 z| / (  e" -e a ) )
:«-t

+ e
a t  -&t e -e

o( 

d t
t 3^2exp(4c^ / t ) (  1-e t )

21og |z|

I t  fo l lo w s  immediately t h a t :

( f = (  l / H - e 4 ] ) ^ 0 ,

( <k 0; t 2  2 log  |zj Z 2 lo g r 0 ) 

R e c a l l in g  the form o f  Ta ( z )  from (3.18) p . 38 and 

apply ing  (3 .19)  p .  38 to (3.57) we have;

(3 .58)  0 -^Ia ( z) — B{ cX ,b)I^(  z) ^

B(CX ,b )ex p (x -2 |x |  3{ b ^ - | r (  r - x ) j ^  )

( z e  p d ) ^ ) ;  1*1 7 * Q ? 1;  aC 7  0) 

Since in e q u a l i t y  (3 .28)  p .  41 was e s t a b l i s h e d  w ithout
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any r e s t r i c t i o n s  on z we can use i t  in  t h i s  case a l s o .  By 

use of  r e l a t i o n  (3.53) p. 47 we conclude t h a t  the re  e x i s t s  

a u o s i t i v e  number B( d. ,b) such t h a t :

o
(3 .59)  O i  I  ( z) < B( a  ,b)exp<

I n e q u a l i t i e s  (3 .58)  and 

g iv e s  i n e q u a l i ty  (3 .54)  p. 47 

o f  case I I I .

CASE IV

( <*> 0; rx( cx ) < OzO < r0 

Proof*. I n  t h i s  case;

_ <k -<* _o zfl < ( r^ cx ) ) -

exp( & at)  < C ^

So t h a t  hy r e l a t i o n  (3 .4 )  p.

(3 .60)

Using r e l a t i o n  (3 .19)  p .  38 

r e s u l t  as w e l l  as  i n e q u a l i t y  

g e t  the  proof  o f  case IV. Q,

Cases I ,  I I ,  I I I  and IV 

i n e q u a l i t y  (3 .1 )  p. 34. Thi

x-S5xOa{b^ “^ r “x)] s )

( z e  p( b ^ )  )

3.59) used on (3 .6)  p. 35 

thus  completing the  proof

( 0 4 r x( oC) ^ }zO < r 0 )

( O ^ t^ .  t( z) < t ( r Q) )

35 and (3.18) p. 38 we g e t :

oil (3 .60)  and applying t h i s

(3 .59) on (3 .6 )  p. 35 we 

E. D.

e s t a b l i s h e s  the  fundamental 

s completes the tasi:  o f  s e c t io n
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4. The N ecess i ty  o f  Theorem B: Conclusion

In  s e c t io n  3 we e s t a b l i s h e d  the fundamental in e q u a l i ty  

f o r  the  n e c e s s i t y  of  Theorem B given by (3 .1 )  p. 34. in  

t h i s  s e c t io n  we w i l l  use in e q u a l i ty  (3 .1)  to prove the  

n e c e s s i ty  o f  Theorem B.

We have g iven  t h a t  d ^ ^ O  and t h a t  the s e r i e s  (1 .2 )  p .  1 

converges f o r  z 6  p l d ^ )  to  the fu n c t io n  f( z) , t h a t  i s :

By lemma (2 .17)  p .  32 the  s e r i e s  on the  r i g h t  s ide  of  

e q u a l i t y  (4 .1 )  i s  a n a l y t i c  f o r  z e  p l d ^ )  and hence f( z) 

being  r e p re se n te d  by the  s e r i e s  i s  a lso  a n a l y t i c  f o r  z €

Thus we a l re ad y  have e s t a b l i s h e d  p a r t  o f  the n e c e s s i ty  

o f  Theorem B p. 4 ,  namely t h a t  f ( z )  be a n a l y t i c  f o r  g e  

Pi&c* ) •

We must now show t h a t  to  exery b ^  O i b ^ ^ d ^ ,  th e re  

corresponds a p o s i t i v e  number B(<X,b) such t h a t ;

oO

(4 .1 )
n»o

P(<3-<X )

(4 .2 )  | f l  z) | < B( o( sb)exp( | x -  Jx)2£ b ^ - t l  r -x )J  2)

( z <£ p( b ^  );  -1  -c Ol )

JL
where we d e f in e  the symbol r  — ( x^ * y^)^ .
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We r e c a l l  t h a t  from th e  d e f i n i t i o n  of  d cxgiven by (1.5y 

p.  2 we ob ta ined  in e q u a l i ty  (2.20) p .  10 and since in e q u a l i t y  

(2.20) holds f o r  a l l  but a f i n i t e  number o f  n ,  i t  fo l lows 

from t h i s  in e q u a l i ty  t h a t  we can f i n d  a p o s i t iv e  number 

m( c{, € ) such t h a t :

Let b ^ - ^ d ^  be given As in  r e l a t i o n  (3 .1)  p. 34 we 

de f ine :

converges.  We w i l l  prove t h i s  s ta tement as follows: From

(10) p. 42 formula (2) and s e c t io n  (3.12) we ob ta in  the  

formula:

(4 .3)  ja^-f <m( of., €  )exp( a n ^ - d ^ + e )  ) ( n )

(4 .4)  c^ _  i(  b ^  4 4 ^  ) > b ^

Then the  s e r i e s ;
GO

(4.5) A2(OC,b) =

(4.6)

Applying r e l a t i o n s  ( 4 . 3 ) ,  (4 .4 )  and (4 .6 )  to  (4 .5)  we

ob ta in :
o o

| A2( <X ,b)j £  Ca m̂ ( cC, e ) ^ _ n Lex^( 4na( -da  +ca  + e )  ) -

o O
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By hypo thes is  b a - f l -o t^ O .  so t h a t  we can p ick  €  so
Ai

small t h a t  b a -d<*.+2 € -<0. From the power s e r i e s  expansion 

of  n=-exp( logn) we conclude t h a t :

2.

logn-c ( 4.1 n ) 4 

Hence f o r  o<. >, 0 th e re  e x i s t s  a c >0 such t h a t :

■§• 'i' --
2n I d ^ - l ) ^  e )  -cx logn  >2n“( d ^  -hoc-2 €.) -  (41n)*

n*( 2 ^ 1  ela  - h a - 2 e )  -  (41)* ) > n*c )

Hence:
« .  c (  i .  A .

n exp( 2n2[da  -2 e j  ) =exp( 2ns( d rt - b ^  -2 e  ) -  otlogn )

X _j„ i  8 2
>exp( cn*) > (  l / 8 i ) ( cn*) = ( l / 8 i ) c  n

Hence the  s e r i e s  (4 .5 )  converges by comparison with  the
oO

: l / n ^  ’ forex .20. The s e r i e s  in  the c a s e c t < 0

o O

s e r i e s
n=o

converges by comparison w ith  the s e r i e s ;
OO

/  n| a , e x p (  2n®( b - d ^  +2 €  ) ) 
n=o

By d i r e c t  c a l O t t l a t i o n  we c a n  v e r i f y  t h a t  s e r i e s  (4 .1)  

c a n  b e  p u t  i n  t h e  fo r m :

f <2>= Y. a®exPl2<=Jn’ ) { ( n *”j)' L*(z)exp(-Sol'll'1) ^  n j j

By t h e  u s e  o f  C a u c h y ' s  i n e q u a l i t y  o n  t h e  a b o v e ;

f*

(4 .8)  j f (  s) |  ̂ £
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For proof o f  Cauchy’ s i n e q u a l i ty  see Hardy-Littlewood- 

Po lya ,  i n e q u a l i t i e s ,  p .  16 theorem 7.

By use o f  the  i n t e g r a l :
o O

exp( -a * ) =  (1 /2  TT1") f  e“ S t t " ^ //<ie “^ t  d t
o

2i n  which we l e t  s = 16c ^ n  we ob ta in ;

A .  A .
e x p ( - s 2) = exp(-4ccrn 2) and

OO

exp (-4 ectn 2) = (1 /2  7T3) J^exp( - 1 6 c ^  n t ) t “3/^ e  d t
o

where c ^  s  £( b +da  i ^ d a .
2 
O t

exp( -4e^n^) — ( 4 0 ^ /2 TT2) J  e"naq W e x p l - 4 c ^ / q )  dq

R e c a l l in g  from complex a lg eb ra  t h a t  f o r  the  poly-  

nomial P-Jz) we have |P n( z ) / 2 =  p (z')p ( z) we ge t  by
XL ^  ® XX

e q u a l i t y  (4 .5 )  a p p l ied  to  (4 .8 )  and f i n a l l y  making use o f  

the  formula g iven  by (6) p .  98 formula (5 .1 .1 5 ) :

Let 16cl, t  = q ,  thea :
oO

i . I - s / 2

(4 .9 )  j f ( z ) / 2 £2 _
oo

2
a i a ,*) Z l  | L̂  z ) j 21 / 2 i f ) J e " n t t  ^ exp( - 4 c |  / t ) d t
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CO

( 40^/27^)A2( a , h) | t “^ 2exp( - 4 0 ^  / t ) 

>
C  ”3/2 g

= £(o(,h)J  t  exp(-4ca  / t )

<50

5 5 -

2 //n+a\ )  - 1 -n1e d t

dt

oo
-2 <*t

= £ (  c ( , b )  r i  \  exp t  - 2 x A e  " 1} ) Jo K l / s / c s o ^ ! g ~  d t

t 3^ 2 e x p l  4 c % . / t )  ( l - e - t ) /z(  i**

B e f o r e  we p r o c e e d  w i t h  t h e  p r o o f  we w i l l  j u s t i f y  t h e  

t e r m  "by t e r m  i n t e g r a t i o n  o v e r  t h e  i n f i n i t e  i n t e r v a l  

0  — t  <  o o  i n  ( 4 . 9 )

Vie w a n t  t o  show  t h a t  f o r  a  f i x e d  z e p ( h < x )  t h e  s e r i e s :  

, 4 . 1 0 , t - 3 / 2 e * p (  - 4 C 2 / t , f  I #  J  8 / ( n  r ) )  ' ^ ' n t

= Z  t - 8 /8« p ( - 4 . v t ,  i S . ) j 8 ( ( a j  <x) } ‘ 1e' nt

i s  uniformly convergent in  the  f i n i t e  i n t e r v a l :

For z € p^Cbot) we g e t  "by u s ing  in e q u a l i ty  (2.22) p,

11 and (4 .6)  p .  52 on s e r i e s  (4 .10) and r e c a l l i n g  (5.55)

p. 42 we ge t  t h a t  t h i s  s e r i e s  i s  l e s s  than:

C O

Z - 3 / 2  g i.r x. _ot
t  exp( -4c / t )  exp( 4 n S  #( r-x) j- +€l z) )n e

n=o 3

-n t
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c O

\  -
« Z .  s in=o

-3 /2
exp( 4n

X • 
2 . )n-  oC

lD1 ^ t  £D2)

Then th e re  are  p o s i t i v e  numbers C ^and  k such the

above s e r i e s  i s  l e s s  than:
CO

c«  a

_c( -4n'-k
^  n e 

n=o
( n )

The above s e r i e s  converges by comparison w ith  (4 .7 )  p. 52 

This e s t a b l i s h e s  the uniform convergence of  (4 .10)  fo r  a 

g iven  z such t h a t  z e  p ^ b *  ) and fo r  a l l  t  such th a t :

D p ^ t

For x > 0 ;  y = 0 ,  from (2.25) p. 11 we ge t  t h a t  s e r i e s

(4 .10)  i s  l e s s  than:

V  -3 /2  -<* 2 «  - n t  
c^  /  n n e

As before  we th a n  prove th a t  s e r i e s  (4 .10)  i s  uniformly 

convergent f o r  x > 0 ,  y —0; D ^ ^ t  £Dg.

Hence s e r i e s  (4 .10) i s  uniformly convergent fo r :

0 £ t  hrhg and z e  p( b ^  ) .

Consequently we can i n t e g r a t e  t h i s  s e r i e s  term by term in  

t h i s  i n t e r v a l ,  s ince  the  f i r s t  s e r i e s  on the r i g h t  s ide of  

o f  (4 .9 )  i s  convergent being l e s s  than:

R eproduced with perm ission of the copyright owner. Further reproduction prohibited without perm ission.



57

and a l l  the  terms are  p o s i t i v e  and s ince we can i n t e g r a t e  i t  

term by term over  any f i n i t e  i n t e r v a l  0 < D ^ ^ t ^ :D g  

then  we are  j u s t i f i e d  in  i n t e g r a t i n g  s e r i e s  (4 .9)  term by

From s e r i e s  (4 .9)  then ,  we have:

Given be*, 0 £  b ̂  4  d ^  th e re  i x i s t s  a p o s i t i v e  number 

B( CX ,b) such t h a t

M  a  #1)J r ^  ^ i e  - z l ) ^ : -------^ t i J z jA S c h j t ). a t

J t  exo( 4 c | r / t ) ( 1 -e  i' ) | z / oCi cc 
0 "

( z €  p( b ) ; - 1 4 .  <X)

iMow apply ing  the fundamental in e q u a l i ty  ( 5 .1 )  p. 34 

to  ( 4 . IE) we ge t ;

I 4 .1 5 )  j f (  s) j 2 fi.blc( ,b)expl x -2  |x|  2£b^ - t i  r-x)J ~ )

( z e  Pi b g  ) ; - 1  -< at )

From which i t  f o l l o w s  th a t  g iv e n  b e t ,  O i b ^ ^ d ^  there  

e x i s t s  a p o s i t i v e  number ±s(OC,b) such t h a t :

I 4 . 1 4 ) I f  l z ) { <  B(Of, b ) exp( to:- jx| '2~{b^ - I t  r -x ) j  2 )

term over (0 ,°o )  "by a theorem in  Titchmarsh (8) p .  44

(4.12)
oo

( s e p l b ^ ) ;  -1 4 .0 . )
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Hence the  n e c e s s i ty  of  theorem B has been proved.
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5 . The S u f f i c i e n c y  o f  Theorem B: Lemmas

In  t h i s  s e c t io n  we propose to  prove some lemmas which 

w i l l  he needed to  prove the  s u f f i c i e n c y  of  theorem IS:

IW&k (5 .1)

We define-.

(5 .1 )  v/)S w j  t  f ( tw  ) ( l - t )  d t
o

( w = u  + iv ;  - l -c cx < . | -  )

Given the number d ^  0, l e t  f( z) be a n a ly t i c  f o r  z € 

p l d ^ )  and f o r  every b a  , 0 £ b ot ^  d a l e t  th e re  e x i s t  a pos­

i t i v e  number B( cx ,b) such t h a t :

( S € p( b ^  );  -1 ^  OC <c. 2 )

Then fo r  every b ^ ,  0 —b ^  d ^  th e re  e x i s t s  a p o s i t iv e  

number B(cX,b) such t h a t :

(  V / €  s ( b ^ ) ;  - l ^ o c < .  h  )

and §a (w) i s  a n a l y t i c  f o r  w €  s l d ^ ) .

r r o o f ;  In  the  i n t e g r a l  (5 .1 )  l e t  us mahe the  transform -

.1

(5 .£ )  | f (  z ) ) £ b (  CX ,b)exp( ibc- | x | r - x ) j  a ) 

(5 .3 )  | So(( w ) / ^ B ( 0 ( ,b)exp(  i u 2- ) u | ( b ^  -v V ~  )

•at ion t  =h^ .  Then formula (5.1)-  becomes:
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We make the  t rans fo rm at ion  z= w 2 on in e q u a l i ty  ( 5 . 2 ) .  

Then by lemma (2 .12)  p .  24 the p ro p o s i t io n  z <£ p(bcr) implies  

w £  s (b o c ) .  Hence by 12.46) p. 21 and (2.48) p. 22 in e q u a l i ty

(5 .2 )  becomes:

-*-2 <!s*
(5 .5 )  | f (w2)j £B( a  ,b)exp( M u 2-v 2 ) -  {u2-v2/ 2( b -v 2 ) )

( w € s ( b a ); -1 < Q )

Then by lemma 12.13) p. 27 w i th  q -  2 and k =1, we 

g e t  from in e q u a l i ty  ( 5 .5 ) :

(5 .6 )  | f (w2) j £B( oc ,b)exp( u2-{ u2) 2{ b^ -v2) 2 )

( w £  s (b  (j[) ; -1  <  oc )

I'low i t  fo l lows immediately from formula ( 5.4) t h a t :

( 6 *7 > / I — !

2Jw |^nax |f (  (hw^) ) ( J  h2/ ( l - h 2) ) dh |
Oih^l  O

Y/e want to  show t h a t  the  above i n t e g r a l  i s  bounded by 

a p o s i t i v e  number which depends only on oc . Let T be such 

t h a t  0 < c T < l .  Then we have the  fo l low ing  r e l a t i o n  f o r  the 

i n t e g r a l  i n  in e q u a l i ty  ( 5 .7 ) ;
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0 - X (
O'- +■§■

2/(  1-h2) ) dh= ( h / l l - h * )  ) dh

P 2By making the  t rans fo rm at ion  1-h* =rii on the  

second i n t e g r a l  the  above tv>fo i n t e g r a l s  "become:

T (1-T)

J "  ( h2/ ( l - h 2) + S I  (I~HS)/H2|  dH
r\ n  ^

61

max ( l / l  1-h2 ) )
« ■  +  2

T 2/ot+i
dh

max ( ( 1-H2 )0'"

(1-T)

> J
-2 06 

H dE
o £ M  + ( i - T ) i  0

We can v e r i f y  by i n t e g r a t i o n  t h a t  the  f i r s t  i n t e g r a l

e x i s t s  f o r  0 0 - 1  and the  second f o r  <X k. Hence the

i n t e g r a l  o f  in e q u a l i ty  (5 .7)  i s  bounded by a p o s i t i v e

fu n c t io n  o f  alpha f o r

How P o l la rd  shows th a t  i f  the  a n a l y t i c  fu n c t io n  G(w)

( see P o l l a r d  (5) p .  362-365, in  p a r t i c u l a r  i n e q u a l i ty

(3 .3 )  ) s a t i s f i e s  o rder  co n d i t io n  (5 .3 )  then  the  fu n c t io n ;

(5 .8 )  j I max | G( ( hw) ) |

a l s o  s a t i s f i e s  o rd e r  cond i t ion  ( 5 . 3 ) .

ITow s ince  f( z ) i s  an a n a ly t i c  fu n c t io n  of  z and z =
2 2 w i s  an a n a l y t i c  fu n c t io n  of w we have th a t  f(w ) i s  an

a n a l y t i c  f u n c t io n  o f  w, s ince the  f u n c t io n  of  an a n a ly t i c
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f u n c t io n  i s  a l s o  a n a l y t i c  ( see Titchmarsh (7) p .  65 s e c t io n

(2.12) ) .  Hence l e t  us s e l e c t  f o r  our a n a ly t i c  fu n c t io n
P 2

G(w) the  fu n c t io n  f(w ) so t h a t  i n  our case G(w) =  f(w ) .  

Then G{ hw) =  f  ( ( hw) ^ )

Hence "by ex p res s io n  (5 .8)  th e  fu n c t io n :

(5 .9 )  Iw I I  max f  ( ( hw)2 ) J

s a t i s f i e s  o rd e r  co n d i t io n  ( 5 . 3 ) .

We have proved t h a t  the  i n t e g r a l  in  in e q u a l i t y  (5 .7)

i s  hounded hy a p o s i t i v e  number which i s  a fu n c t io n  of

a lpha on ly .  Hence from (5 .7 )  th e  fu n c t io n  g (w) s a t i s f i e s  

o rd e r  c o n d i t io n  (5 .3 )  because f u n c t io n  (5 .9 )  s a t i s f i e s  

t h i s  o rd e r  c o n d i t io n .  This proves in e q u a l i t y  ( 5 . 3 ) .

7/e now hope to  prove t h a t  the  fu n c t io n  g (w) i s  an* 

a l y t i c  f o r  w €  s( d ) .

l e t  the  symbol p (b ,  1) r e p r e s e n t  the s e t  of a l l  p o in t s

z = x + i y  such t h a t  x and y s a t i s f y  the in e q u a l i ty :

A: y2 ^ 4 b 2( x  + b2 ) ;  x ^ D

l e t  the symbol “s i b , ! )  r e p r e s e n t  the  s e t  o f  a l l  p o in ts  

vr=.u + iv  such t h a t  u and v s a t i s f y  the cond i t ion :

B: v2 f~b2 ; u2 £ b2̂  +  D

Given a number d ^ / *  0, tahe  th e  number b ^  such t h a t  

O ^ b ^ ^ c L ^ ,  Then by the  maximum modulus theorem, ( see
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Titchmarsh (7) p .  165 s e c t io n  5.1 ) since by hypo thes is  f ( z) 

i s  a n a l y t i c  f o r  z £ pCb^ ,D), th e re  e x i s t s  a p o in t  zQ on the 

boundary of  p( bft ,D) such t h a t ;

C: | f ( 2 )! — | f ( z 0 )| ( z € p ( h a  ,D) )

By means of  i n e q u a l i t i e s  A i t  fo l low s th a t  i f  z £ 

th en  t z  € 51>) f ° r  Of t i l .  Hence from in e q u a l i ty  C

we conc lude:

Di | f  ( t  z )l — if t zQ) | ( z 6 p ( b A ,D); O i t i l  }
g

I f  we make the  t r a n s fo rm a t io n  z= w , then  by a proof a n a l ­

ogous to  t h a t  o f  the  n e c e s s i t y  of  lemma (2 .3 )  p. 9, to g e th e r  

w i th  i d e n t i e i e s  2.70 and (2.72) p. 27 and p.  28, and i n ­

e q u a l i t i e s  B we conclude t h a t  the p ro p o s i t io n  z f  p( b ,P) 

im pl ies  w€ "s(ba  ,D)  . hence from i n e q u a l i t y  D;

Es | f ( tw 2 )| f  | f ( t z ) |  ^ | f ( z 0 )j ( w 6  s ( b a ,P) )

and f o r  0 £ t  i  1.

From formula (5 .1 )  :

\  a  p -<* - 2
gA  w) = v/ j t  f l t w ^ H l - t )  d ta  j

r  ck - c u l - i
= w j  t  f  ( tvv ) (1 —t ) d t

0
1 f  oo 1

= w J  t *  f( tw2) Y L  ( n  +  [ a  ) t31 \  1 ]
o j^n-o\ h /  j

Yv'e may in t e g r a t e  the  above s e r i e s  term by term provided the

r e s u l t i n g  s e r i e s  converges,  see (7) p .  45. The r e s u l t i n g
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s e r i e s  i s :

w

CO *

n-o V t o
tw^)dt

By (10) p .  42 formula (2) and s e c t io n  (3.12) we have;

a  -£
( n + r 4 , ) =  ° < » )

so t h a t  the  above es t im a te  to g e th e r  w ith  in e q u a l i ty  E 

g iv e s  t h a t  the  above s e r i e s  i s  i n  abso lu te  value l e s s  

than;

co

E]£w I   n
nr o

•I
<* -+n p

t  f ( tw )d t

oo
x - f  r
-  n jf( z )| I t  d t

n-o J

( w € s( b ,D) )

The s e r i e s  c o n s t i t u t i n g  the r i g h t  s ide  of  the  above in ­

e q u a l i t y  i s  then  equal  to :  
oo

, ,  a  - * ■

nso

V “ d i  (
| f (zo)l L  n 2( a + n - l )~  - Z,w | f  ( z )l 2 -  n

u n s o  n^ o

Ck -3 /2

which converges f o r  f .  This not only j u s t i f i e s  the above 

term by term i n t e g r a t i o n  but shows t h a t  the s e r i e s  r e p r e s e n t ­

ing  g (w) i s  a b s o lu te ly  and uniformly convergent in  the 

c losed  reg ion  s( d ^  ,D) and hence by Zhopp (3) p. 73-74, the

fu n c t io n  g l w )  i s  a n a ly t i c  f o r  w i n  the simply connected 
o,

reg io n  s ( d a  ).

This completes the proof  o f  the lemma.
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m m  (5 .2 )

The fo l low ing  i n t e g r a l  r e l a t i o n s h i p  "between Laguerre 

polynomials o f  d i f f e r e n t  o rde r  i s  v a l i d :

co

f -u - t  ^e (u-x) l n(u)du.= e“X L
<% -**t-l

i z j r u - t )

( A > -1;  t  <1; X > 0 )

Proof*. From Szego (6) p .  97 formula (5 .1 .9 )  we have;
CO -A  -1

(5 .11)  E  L ^ u j s 11^  (1 -s )  exp( - u s / l l - s )  ) ( Isl *1)
n=o

From which we g e t :  
co

(5 f - u  -.12) J  e (u-x)
x
oo

oo

E  y * )
n-o

du

f  _u - t  -A  -1
J  e (u-x) (1 -s )  exp( - u s / ( l - s )  )du
x

By the  t r a n s f o r m a t i o n '  u - x - v  the  above i n t e g r a l  i s :
co

(5 .13)
f  -x -v  - t  -  a - i

J  e v ( 1-s) exp( - ( x s  s v ) / ( l - s )  )dv =

C O

- A - i  r  _v _t
(1 -s )  e ” exp( -x s / (  1-s)  ) J e v

=  (1 -s )

e “^exp( - x s / ( l - s )  ) J e ^ " “expt - s v / ( l - s )  )dv
0 oo

- o U i  ~ ^
e exp( - x s / ( l - s )  ) Jv  exp( - v / ( l - s )  )dv
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By the  t r a n s fo rm a t io n  T - v / ( l - s )  the  above i n t e g r a l  becomes.
co

“ ® - x  / -T - t  - t
(5 .14)  ( 1-s)  e expl - x s / ( l - s )  ) le (1 -s)  T ( l - s )d T

o
- co

( - a - t + i ) - i  _x f  ( - t + i ) - i
-  ( 1-s)  exp( - x s / ( l - s )  }e e “T dT

00 0 

- x V  <* 4 t “1) ( x ) s n r ( l - t )  ( t  < 1; ft> -1; x  > 0 )
n-o

by use o f  e q u a t io n  ( 5 .1 1 ) .

YJe deduce from eq u a t io n s  (5 .12)  (5 .15)  and (5.14) t h a t ;

0 6  n  C OC O

X

f  -u . t f  * n -  r. (A+t“D n(5 .15)  l e  (u-x) I  ( u ) s  du -  f ( l - t ) e  Z _ L n s
J  n=o n-on=o 1 n-o

( <* > -1 ;  1; X> 0; l s l < l  )

Before we can conclude the  p roof  we need to j u s t i f y  the  

s ta tem en t :

T  ° °  °® ?
f  „u . t r  a  y  [ -u - t « n

(5 .16)  J e  (u-x) /___ L ^ u j s  d u ^  le  (u-x) 1 (u ) s  dU
:r n-o n=o J  n

That i s ,  we must show t h a t  the  s e r i e s :
CO CO

-U “t  S ft „ \ T  _n - t  ft n
(5 .17)  e (u-x) I   I  ( u ) s  = e (u-x) L ( u ) s

n-o n n-o n

can be i n t e g r a t e d  w i th  r e s p e c t  to  u  term by term over the

i n t e r v a l :  x l u ^ o o .

We prove t h i s  as  fo l low s;
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We f i r s t  hope to show t h a t  the s e r i e s :
CO CO_

-U. - t
(6 .18)  e (u-x)

n-o n: o
T " .  | l £ u ) |  sn = 2 ^  e“U( u - x ) " t l l ll( u ) | s n

( a  > -1 ;  x >  0; t  * 1 )

i s  uniform ly convergent w i th  r e s p e c t  to  u i n  the i n t e r v a l  

x <• D ^ i  u ± Dg. hy e s t im a te s  (2 .33)  and (2 .34)  p. 13 we ob­

t a i n  from eq u a t io n  ( 5 .1 8 ) :  
co

. i ft. i n(5 .19) O f  e_U( u - x ) ”^ | L (u ) |  
n-o 

go

-  2 3  e ^ e ^ l u - x )  ( n  "** r  ( n - + 1 )  P(<A +  1)
■ n=o

CO

-  GJi 2 -  n<* ^  I ®1“ u - ^ 2  ^a  n-o

'n tt ) 1//%  1Where u -x ^ M  f o r  u f D g .  Since we have ( l / n  )

( n -*eo  ) then  by the  n t h  ro o t  t e s t  i t  fo l lows t h a t  the 

l a s t  s e r i e s  converges f o r  I s l^ l .

Thus f o r  a g iven  s such t h a t  |s l*- l ,  t ^ l ,  x £ Q ,

0l> -1  the  s e r i e s  (5 .18) converges uniformly f o r  u f  Dg

and hence the  s e r i e s  (5 .17)  does a l s o .  Therefore s e r i e s

(5 .17 )  can be in t e g r a t e d  w i th  r e s p e c t  to  u term by term 

over  the  i n t e r v a l  u f D g .

As i n  in e q u a l i ty  (5 .19)  we g e t  by (2 .55)and (2.34)  

p.  13 t h a t ;
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15 .2 0 ) 0 '

6 8

CO
w _  / -

- Z Z  /  e"Ut U-X) " t  | l£ (  u) \ sndu 
n"o 'L

CO r
f- C / j_  n* sn ( e (u-x)  ^ duJ

x
CD

x
which, by the  t r a n s fo rm a t io n  n - i s v  becomes:

oo

c Z T  ^  sne - f e  f e “ a 
** n-o ^

t  - t  , v dv
o

Ik-The l a s t  i n t e g r a l  becomes under the  t r an s fo rm a t io n  p = ■gr*.
co°e» t  /•

G  ̂ n̂  sne â Z  ( e'̂ exppl ( l -t)- l  )dp
a  n- o 'Jo

i - t  oi
~  U A e ~ 2  ̂ ^   n s 11 <>1; Jsl <  1; ok> - l ; x 2 0  )

a  n=o

As in  r e l a t i o n  15.19) the  l a t t e r  s e r i e s  converges.  There­

fo re  s e r i e s  (5 .20)  converges.

Uow since the  f i r s t  s e r i e s  o f  (5 .20)  converges and 

s e r i e s  (5.1V) can be i n t e g r a t e d  w ith  r e s p e c t  to  u ,  term by 

term over  the  i n t e r v a l  ( f o r  u ) 0£ x ^ D ^ -  U-£D£ by a

theorem in  Titchmarsh (7) p. 45 we may i n t e g r a t e  the  s e r i e s

(5.17) term by term over the i n t e r v a l  x - u ^ ^ * 3.

Having t h i s  m a t te r  out of  the way we cont inue with  the  

d e r i v a t i o n  o f  formula (5 .1 0 ) .

From e q u a l i t i e s  (5 .15)  and (5.16) we ge t ;
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(5 .21)  ___
n=o

x

6 9 '

<30
cu r

^  sn ( e U(u-x) _i: u) du -
n=o J

co
-x  V  <* + t - l  n 

f  ( l - t ) e  l__  I n (x )s
n=o

Equating  the c o e f f i c i e n t s  of  the  two power s e r i e s  in  s ,  

we g e t  formula ( 5 .1 0 ) .

IE11MA. (5 .5)
<k

The fo l low ing  i n t e g r a l  formula connecting L ^ x )  with

x) ho lds  f o r  <* ̂  -g-.4a'
CO

(5.22) ^ e ”u(u-x) i / ^ u j d u 2 T ( -<*-+•?)e ”x L^(x)

X  ( * >  h  x > 0  )

Proof:  I f  i n  formula (5 .10)  p .  65 we s e t  ck~ we

g e t ;
CO

-  ^  ̂  

e U(u-x) ^ I^ (u )du=  r  ( l - t ) e  x  (x)

x
( t  < 1; X> 0 j

In  the  above formula l e t  t - | - k  if then -+ if, and 

formula (5 .22)  fo l low s .

This proves the  lemma and completes the  work of  t h i s  

chap te r .
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6. The S u f f i c i e n c y 'o f  Theorem B: The Fundamental in e q u a l i ty  

LEMHM 6.1)

l e t  d?  0 and suppose f( z) i s  a n a ly t i c  f o r  z € p (d ) .  

Moreover, suppose f o r  every  b ^  , O i  d th e re  e x i s t s  

a p o s i t i v e  number B( 01 ,b) such t h a t ;

(6 .1)  ( f  ( z)| <• B(ct,b)exp( fee- |x |^{b^  -fe r -x ) ]  3 )

{ z 6 p t b ^  ) )

then:

( 6.2) 1 an| 6 B( ,b )exp (-E n^b^  ) ( - l < a <  i" )

P roof :  By e s t im a te  (£ .33)  p. 13 and in e q u a l i ty  (6 .1)

the  fo l low ing  i n t e g r a l  converges.  Hence we may w r i t e ;

oo
<1(6 .3 )  an =

/ n  -* a  \  1  -1 f  & - t  *
( n ) n a  +  l ) l  J t  e f ( t )  Ln( t ) d t
L J o o

JS'rom formula ( 5 . EE) p.  69 we have;
a o

S ' _g it’ - * - 2  _t  *
e l ^ s H s - t )  d s -  r  ( -  <*-f fee  ^ ( t )

I t  i s  t h i s  formula a long w ith  lemma (5 .1 )  which r e s t r i c t s  

the  p roo f  to the range - I *  * fe

S u b s t i t u t i n g  by means o f  e q u a l i t y  (6 .4 )  i n  (6 .3 )  we have*.
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co co x
( a  C -t * 
J  t  f{ t ) d t j  e Ln ((6 .4a)  J  t  f ( t ) d t j e  i j s ) ( s - t )  ds

an -  °
( n t a ) r « » + i r  ( -<»+?)

And by a r e v e r s a l  o f  the  order  o f  i n t e g r a t i o n  which we w i l l  

j u s t i f y  l a t e r  we o b ta in :

d
an r

oo p

( n^ ) r ( a + 1 ) r  (-a+#)l ^ e  Si | { s ) d s j t tt
-ci--;

f ( t ) ( s - t )  d t
o “  o

which by the t r a n s fo rm a t io n  t =  ps  becomes: 

oo 1

e l J  s ) s 2ds ^  p** f (p s ) (  l - p )  dp

(  n n a ) r  ( a +  D r  (-<*+&)

and by the  t ran s fo rm a t io n :  s =  q“

-  an

oo

-q* ft- C rL O -CX-I
Be " l £ ( q 2 )q2dq \ p** f( pq2) ( l -p )  dp

* oa n —

(  n t  ) f  {C* +  1 ) r  ( “ *  + ^

From Szego (6) p .  102 formula ( 5 .6 .1 )  we have the formula:
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i  n  2n+l -1
( 6.5) a 1^( a ) = ( ( -1)  2 nl ) Hgn4l( q) { q r e a l  )

Moreover we de f ine ;

r  ex p — & ,.■??
(6 .6 )  Qi J P f lP9. ) ( 1 “P) 4P ( 0. r e a l  )

o
so t h a t

CO

/*2 J exp(-q2)H ( q)g (q)dq 
2n+i a

<3L
(6 .7 )  a n =      ’S'n+T

( n J r  ( a - 4 l ) T  ( - a ^ ) ( i i ) n 2  n;

From formula (6 .6 )  we see t h a t  g<*( q) i s  an odd fu n c t io n  o f

q. Solving f o r  Hgn4l( q) i n  e q u a l i t y  (6 .5 )  we see t h a t

the  Hermite polynomial Bgn+1( q) i s  a l so  an odd fu n c t io n  of

q. Hence the  fu n c t io n  exp(-q2)Hgn+1( q)gd ( q) i s  an even

fu n c t io n  of  q so t h a t ;
„  o or

( 6.8) 2jexp( -q 2)Hgn+1l q)g^( q)dq= J e x p (  - q ^ ^ n r ! 5 ^  ^ d<a
O -  OO

According to  lemma (5 .1)  p.  59 the fu n c t io n  of  a com­

p lex  v a r i a b le  ga (w) where w= u •+ iv  s a t i s f i e s  H i l l e ’ s 

co n d i t io n  f o r  an a n a ly t i c  f u n c t io n  to possess  a convergent 

Kermetian s e r i e s  i . e .  cond i t ion  (5 .3 )  p .  59 ( see (2) p. 81

theorem 1 ) .  Hence we may w r i te ;
oo

(6 .9 )  g (w) = ( 2nnl7T 2) ” ~f H ( w)
a  n=0 11 n
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oo

2 n + l  a,  a

(6.10) (2 ( 2 n+l) Jtt2) ~f = [exp(-q2 )H ( q ) g ( q ) d q
2n*l I 2n*l 01

S u b s t i t u t i n g  by means o f  e q u a l i t y  (6.10) in  (6 .8)  ancl then

s u b s t i t u t i n g  t h i s  r e s u l t  i n  (6 .7)  we have;

2n+l i. n.
(2 ( 2n+l) I IT 2) 3f

/ c i -m J -  2n+l(6.11) an -   kln*X"
( n I T  ( a  + 1)T ( - a + i t K - D ^ S  n!

P i  eh any b^ < cL. Then s e l e c t  b^such t h a t  b^ < "B^d. 

Then by H i l i e ' s  a r t i c l e  (2) p. 90 we have t h a t  th e re  e x i s t s  

a p o s i t i v e  number B(G(. ,Td) such t h a t :
■i

(6.12) 0 f 2 n + l ^  B( a  -T>0l(4n + 3) 3 )

Apply in e q u a l i ty  (6 .12)  to  (6.11) we have;

2n+l i :i
a  (2 ( 2 n + l ) ! r r 2) SE( a  ,’5)exp( -^a ( 4n+3) * )

(6 .13)  a =
(  n t a ) r ( *  l ) r ( - a + ^ ( - l ) n/ U+1n!

We now want to  show t h a t  th e re  e x i s t s  a p o s i t iv e  number 

B( <X ,b) such t h a t :

2n+l x x _ i
B( a  ,7) ( 2 ( 2n+l) ! 7T w) sexp( -b ( 4n -t- 3) 3 )

(6 .14)       p-rT-ZI --------
(  n ^ a ) r ( <* + 1 ) r (-<A+ t ) ( - l ) n2 nl

1.

^  B( a  ,b)exp( -2b ^ n 2)
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We now want to  show t h a t  th e re  e x i s t s  a p o s i t i v e  number 

£( d  ,b) such t h a t :

2n*l •2 ,^ I'

(6 .14)
B( A 9Td) (2 I 2n+l) 177 ) expl 4n-*3) )
_ _ _ _ _  n  2'n+I
( n  ) r i * - H ) n - * + * > ( - 3 . )  2 nl

* B{ CK ,b)exp( -2n2h rt )

The fo l low ing  formulas  a re  w e l l  known; 

m  -*■ <*\ cl
(6.3.5) ^ n  n / r (< K « i - l ) ( n -■> oo )

For p roo f  see Zygmund (10) p. 42 formula ( 2) and s e c t io n

(3 .1 2 ) .

(6 .16)  n i ( 2 7 T )  n / e 11 ( n o o  )

This i s  a s p e c i a l  case of  S t i r l i n g s  formula.  For proof  of  

th e  g e n e ra l  r e a l  case see T itehmarsh (7) formula (4) p. 58. 

( 6.17) r  (n) =  ( n - l j  I

(6 .18)  T ( n ) =  ( n - l ) T  (n-1)

P roofs  of  these  formulas are  g iven  by Titehmarsh (7) p .  55 

formulas  (3) and (2) r e s p e c t i v e l y .  From formula (6 .1 6 ) :

(6 .19)  (2n-+  1)1 = (2n +  l ) ( 2 n ) l  = {( 2n +  1) /2n}2n( 2n) I

i  2n -  3/2 o
< £(2 77) (2n) e ( n->«> )

For f u tu r e  use on in e q u a l i t y  (6 .14) we c a lc u l a t e ;

( 6 . 2 0 )
v, 2n+l

( n  )  r  1“ ( -*+&) ( -1) 2 nl
-1  2n+l 

(2 ( 2n+l) ITT2)
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which by use of  r e l a t i o n s h i p s  (6 .15)  (6 .16) and (6 .19)  i s  

l e s s  than:

T „  i  2n -+ 3/2 2 i .
( (27T)J( 2n) e )

( 6. 21)    —
a  n  -o’ a. n -f-

n r ( - 0 1  +  | - ) 2  ( 2 TT)sn e

—  __
X n 2 U  r  ( -  a  +  i*)

Applying e q u a l i t y  (6 .21)  to  (6.20) we see t h a t  the  l e f t  s ide  

o f  ( 6.14) i n  ab so lu te  value i s  l e s s  than:

(6 .22)  B {<X ,T>)n exp( -T^t 4n -+ 3) 8 )

-  01 •+ i r  /~ A . A . T
= B(<* .'FJn '*exp|>- ’5^( ( 4n *+ 3 ) /4 n  ) 6( 4n) s J

- «  + £ 1
£  B(a ,¥ )n  • exp( «-2'F<akn 2)

z: B( a  ,Tj )exp£( -  logn •+■ 2n2( h*-^*)}exp( -Bb^n2)

But remembering t h a t  15^* b^

(6 .23)  expj\ 2n2( -T>̂ ) •+ ( -  d +  i?:) lognj E(A ,b) ( n)

(6 .24)  B(<* ,b) =  B(<* ,T))X(* ,b)

Apply (6.24) to  in e q u a l i t y  (6 .22)  g ives  ( 6 .1 4 ) .  The in e q u a l i ty

(6 .14)  ap p l ied  to  (6 .13) g ives:

(6 .25)  ( i  B( ,b) exp(-2b^n~) l - l * 0̂ # )

R eproduced with perm ission of the copyright owner. Further reproduction prohibited without perm ission.



76 '
i

Hence vie have proved the  lemma.

As an a f t e r  thought we j u s t i f y  the  change of  o rder  of 

i n t e g r a t i o n  c a r r i e d  out in  e q u a l i ty  (6.4a) p. 71 as fo l lows:  

l e t  us de f ine ;

a  ^  -  <k
* ( s , t )  S  t  f ( t ) e “s l n( s ) ( s - t )

( t i s i o o  ; 0 - t  -  «> )

F ( s , t )  =  0 ( 0 6 s < t ;  O t t - c »  )

Hence we may v/r i te  i n t e g r a l  (6 .4a) as fo l low s:
<*> OO

(*  &  _ g ~  2'
(6.26) J d t  J  t  f ( t ) e  l ^ ( s ) ( s - t )  ds

t
C D  C O

* ] ■
d t  J  F ( s , t ) d s  

o o

Since the  l i m i t s  o f  i n t e g r a t i o n  are  now cons tan t  we may c a l l  

upon a theorem in  Titehmarsh (7) s e c t io n  1.85 p. 63 and 

e s p e c i a l l y  p .  55. Therefore by the  above mentioned theorem 

in  (7) p .  55 we can j u s t i f y  the change o f  o rder  o f  i n t e g r a t i o n  

i n  r e l a t i o n  ( 6.4a) by proving t h a t  the i n t e g r a l  on the l e f t  

s ide  o f  e q u a l i t y  ( 6.26) i s  ab s o lu te ly  convergent.  We pro­

ceed to  prove t h i s ;
1.̂

Since s) i s  a polynomial o f  the n th  degree i t  i s  

dominated by Ks11 as  becomes i n f i n i t e  and n remains f ix e d ,  

so t h a t  f o r  a f ix e d  n:
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(6,27) - i s

Moreover, by r e l a t i o n  (6 .1 )  p. 70, we can take to , 0<Cb^<£ d 

and f i n d  a p o s i t i v e  number B(<X t to) such, t h a t :

(6 .28)  |f( t ) j  4 b( A ,b)exp( i r t - t  b ^  ) ( O ^ t < 0 ° )

From i n e q u a l i t i e s  (6 .27)  and (6.28)
oo  oo
C\ * \ C c §  - ^ “2" /_

(6 .29)  O f  \ | t  f ( t ) | d t  J  e “s I ^ s M s - t )  ds -
o x

CO CO

(X . 4  (  -  g-s -  d -  a
B(d ,to) \ t  ex p ( 'H - t  to^ ) d t  Je  ( s - t )  ds;au

(X
t

( CL< )

By th e  t r a n s fo rm a t io n  s - t=  2p the above i n t e g r a l  becomes:
OO CO

-d-4- 2 <x _|-t i. -t t - l
B(<X ,b)2 I t  e exp( i t - t - b ^  )d t  j e - p̂ dp

o
CO

“ (X •+ 2 d. 1
- b(& ,b)2 J t  e x p ( - t sb ^ ) I ( s )dt  (<* < £)

o

by the  d e f i n i t i o n  of  the  gamma fu n c t io n  ( see (7) p .  55 formula
i.

(1) ) .  The above g ives  us by the t r an s fo rm a t io n  q —t 2b :
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a>

- a  -f 3 / 2  - 2A - 2js(a ,td)2 r i -<̂ -+ h 'o n
r 2 a +  2 - 1  _

q e “^dq
J
o

-  B(a ,b) 

s i n c e :

I <* < £  )

CO

2 fit *+• 2-1  _ q
I e *dq= f  ( 2 «  + 2)

This e s tah l i sh .e s  the  abso lu te  convergence o f  the  i n t e g r a l

( 6 . 2 6 ) ,  and completes the p roof  o f  lemma ( 6 . 1 ) .
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7 . The S u f f ic ie n c y  _of Theorem B: C on clusion

i n  t h i s  s e c t io n  we hope to  complete;

THE SUFFICIENCY OF THEOREM B;

I f  f o r  -1<  4  and f o r  every b^  , O lb^<£ d ^  , the re  

e x i s t s  a p o s i t iv e  number B(& ,b) such t h a t ;

(7 .1 )  | f ( z ) ! <  B( ot ,b)exp{tx~ JxJ s( b2 -%•( r -x)  )TJ

I P l b ^ l  )

and

( 7.2) f( z) i s a n a l y t i c ( z e p ( d ft ) )

th en oo
(7 .3 ) f( z) =

V '  <* A
L -  ann=o

( z £ p( d ^  ) ;  -1< & )

To complete the  p roof  o f  the  above theorem we need two 

more lemmas. The lemmas and t h e i r  p roofs  fo l low .

LEMLiA. (7 .1)

l e t  the re  e x i s t  a number d> 0 (depending on alpha)

such t h a t  f( z )  i s  a n a l y t i c  f o r  z € p ( d ) , and such t h a t  f o r

- 1 <<X and f o r  every b ^  , 0 £  b < d th e re  e x i s t s  a p o s i t i v e

number B(A ,b) f o r  which;

(7 .4 )  J f ( s ) |  <  B( a  , b ) e x p { f c c r | x | ^ (  b 2  r - x )  ) ^ }
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where the  above in e q u a l i ty  holds f o r  z €  pi b^  ) and f o r  d  > -’1. 

Then f o r  -1  < d  , we have t h a t  d (Jl> 0 where d^  i s  def ined  by

(1 .5)  p .  £ and the  s e r i e s :
co
V" & <k

(7 .5 )  / _  a i  (z)
n= o

has the  parabo la  of  convergence p (d^  ) as  given by d e f i n i t i o n  

(£ .8 )  p .  14.

Proof:  In  case -1<&  < g- we use lemma (6 .1 )  p. 70 and 

ge t  t h a t  f o r  every b ^  , 0^ b^ < d, th e re  i s  a p o s i t iv e  

number B( OL , b) such t h a t :

(7 .5)  | anl ^  ,b )exp ( -£n2b ^  ) ( -1< d  < % )

Then by lemma (£ .8)  p .  14 the  parabo la  i s  the parabola  o f  

convergence o f  s e r i e s  (7 .5)  f o r  -1 < & <

We w i l l  prove the  theorem f o r  the  case 0 4 <k by math­

em at ica l  in d u c t io n .

F i r s t ,  the  theorem i s  t r u e  fo r  - l <  <31 £ 0 as we have 

j u s t  proved.

Now assuming t h a t  the theorem i s  t ru e  f o r  a s e r i e s  of 

a g iven o rd e r  alpha we hope to show t h a t  i t  i s  a lso  t ru e  

f o r  a s e r i e s  o f  o rd e r  oC -+ 1. This w i l l  complete the i n ­

d u c t io n  p roof .

Now l e t  d-j^ 0 be the g iven number of the hypothesis  

o f  the  lemma f o r  the  s e r i e s  of  o rder  & -K'1 and l e t  d^ 0
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be the  number f o r  the  s e r i e s  of  o rder  a lpha .  Define;

cTH mini a , d̂ _)

ITow i f  d . o r  dp s a t i s f i e s  the  condi t ions  imposed upon i t  by 

lemma (7 .1 )  f o r  a Laguerre s e r i e s  of a given o rd e r ,  then  so 

does cL f o r  the Laguerre s e r i e s  of  the same o rd e r .  Hence 

the  hypo thes is  o f  lemma (7 .1 )  a re  s a t i s f i e d  f o r  cT fo r  a s e r i e s  

o f  o rder  a lpha;  s in c e  we assume th a t  the lemma i s  t ru e  f o r  

a Laguerre s e r i e s  of  o rd e r  alpha we conclude t h a t  s e r i e s

(7 .5 )  converges in  a pa rabo la  p ( d ^ ) .

Hence th e re  e x i s t s  a p o in t  z0= x 0 - f  i y Q ( y0 0) such 

t h a t  s e r i e s  (7 .5 )  converges a t  zQ. But by lemma (2.12) p .

24 the  Laguerre s e r i e s

0 0  a  -+1 <k  4 1

must a l so  converge a t  zQ and moreover by lemma (2 .7)  p. 14 

must converge f o r  a l l  p o in t s  z such t h a t  z £ Pt&^.+p)*

This e s t a b l i s h e s  the  lemma.

LSMIiA (7 .1)

( The i d e n t i t y  theorem f o r  a n a ly t i c  f u n c t io n s  )

I f  two fu n c t io n s  a re  a n a ly t i c  in  a reg io n  E and i f  they 

co incide  in  a neighborhood o f  a p o in t  zQ o f  E or  along any pa th  

segment however small  t e rm in a t in g  in  z , o r  a lso  f o r  an i n ­

f i n i t e  number o f  d i s t i n c t  p o in ts  with the  l im i t  po in t  zq , 

then  the  two fu n c t io n s  a re  equal  everywhere in  R.
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For th e  p ro o f o f  th e  above theorem  see  Enopp (3 ) p . 87.

We now complete the  proof  of  the  s u f f i c i e n c y  of  theorem 

5 ,  s t a t e d  a t  the  beginning of  t h i s  chap te r .

r r o o f :  low by (7 .1 )  p .  79 we conclude t h a t  fo r  every

b ^  , 0 £ b^ A d ^  th e re  e x i s t s  a p o s i t i v e  number B(a ,b) 

such t h a t :

±
( 7 . 7 J | f (x ) |  B( #  ,b) exp( | x - | x |  2b fl ) ( 0 £ x )

X
<£B(d , b ) e ^  ( 0 £  x )

Now i f  f ( x) i s  i n t e g r a b l e  over (0,jD) f o r  a l l  B > 0  and 

s a t i s f i e s  the  in e q u a l i t y

sue
(7 .8 )  J f  ( x}| <C. Ae ( x > 0  )

th e n  by a- theorem of  Caton and H i l l e  (1) p .  227 the s e r i e s

(7 .5 )  p .  80 i .  e .  s e r i e s  (1 .2 )  p .  1 i s  Abel summable to 

f ( x) f o r  almost a l l  s ,  in c lu d in g  the  p o in t s  o f  c o n t in u i ty .

Since by hypo thes is  f( s) i s  a n a l y t i c  f o r  z t  p ( b ^ )  

f (x )  i s  continuous and bounded and hence in te g ra b le  on 

(0,1)).  Moreover by i n e q u a l i t y  (7 .7 )  the  fu n c t io n  f  ( x) 

s a t i s f i e s  i n e q u a l i t y  (7 .8 )  and consequently  f ( x) s a t i s f i e s  

the  co n d i t io n s  of  Caton and H i l l e  fo r  Abel summability of 

i t s  Laguerre s e r i e s  o f  o rder  a lpha to  f (x )  a t  the p o in t s  of  

c o n t in u i ty  o f  f ( x ) ,  namely everywhere, on the  non-negative 

r e a l  a x i s  a t  l e a s t .
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We conclude then  t h a t  s e r i e s  (7 .5)  p .  80 i s  Ahel summable 

to  f( z ) a t  a l l  p o in t s  on the p o s i t i v e  r e a l  a x i s .  Since the 

number d ^  by the  s u f f i c ie n c y  hypo thes is  (7 .1)  and (7 .2 )  p.

79 s a t i s f i e s  the  cond i t ions  imposed on d in  lemma (7 .1)  we 

conclude by lemma (7 .1)  t h a t  the  s e r i e s  (7 .5)  has the parabola 

o f  convergence p ( d a ) f o r  -1 <  #  . Since the Cauchy sum always 

equa ls  the Abel sum ( Abel summabil ity i s  reg u la r )  equa t ion

(7 .3 )  p .  79 holds on the  non-negat ive  r e a l  a x i s .

We now hope to  show t h a t  equ a t io n  (7 .3)  holds  f o r  2  £ 

p * ( d ^ ) .  This w i l l  prove the s u f f i c i e n c y  of  theorem B.

l e t  2 q £ Ta- e 0 so l a r Se -fclla‘fc so e  )*
Let us s e l e c t  the  f i n i t e  c losed  reg io n  S*(b ) o f  lemma (2.4) 

p .  10 so as to  co n ta in  the  p o in t  zQ and an i n t e r i o r  p o in t  

o f  the  s e t  ^ ( b ^  ) mentioned in  lemma (2 .10)  p. 21 and given 

by s ta tem ent  (2 .48) p .  .22.

Let us des ig n a te  by the symbol Hib^ ) ,  the s e t  o f  a l l  

p o in t s  c o n s i s t in g  of  the  p o in t s  o f  S lb ^  ) and c’( b ^ ) ex­

c lu s iv e  of  the  boundary p o in t s .  The s e t  R tb^  ) i s  a reg ion .

By lemma (2 .4)  p .  10 the  s e r i e s  (7 .5)  converges ab so lu te ly  

and uniformly in'3*{ b ^ ) . Moreover a l l  the polynomials 1 ( s) 

are  a n a l y t i c  in  S * ( b ^ ) .  Then by Znopp (3) p. 74 theorem 3 

the  s e r i e s  (7 .5 )  p. 80 r e p r e s e n t s  a fu n c t io n  a n a l y t i c  in  

S ^ b *  }.

How d^ > 0,  where in  t h i s  case we mean the  number def ined  

by s ta tem ent  (1 .5 )  p. 2 by v i r t u e  of  lemma (7 .1)  p 79. Then .
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by lemma (2.10) p .  21, the s e r i e s  (7 .5)  converges a b so lu te ly

and. uniformly in  C{ b^ ) and consequently by v i r tu e  o f  linopp

(3) p. 74 theorem 5, s e r i e s  (7 .5)  r e p r e s e n t s  an a n a ly t i c  

fu n c t io n  in  C(bA ) .

The s e r i e s  (7 .5)  i s  a n a ly t i c  a t  each po in t  of S *(bc( ) 

and Cfb^ ) hence i t  i s  a n a ly t i c  a t  each p o in t  o f  E (b^  ) .  

Therefore s e r i e s  (7 .5)  p .  80 r e p r e s e n t s  an a n a ly t i c  fu n c t io n  

in  R( b ^  ) ,

How we j u s t  proved above t h a t  equa t ion  (7 .3)  p .  79 i s  

t r u e  a long the non-negat ive  r e a l  ax is  and hence i t  i s  t ru e  

along an arc  in  reg ion  R (b cl ) , namely a long the i n t e r v a l  o f  

the  non-negat ive  r e a l  a x i s  f o r  which x * » b ^ .

Therefore by the i d e n t i t y  theorem , lemma (7.2) p .  79 

the  f u n c t io n ,  f( z) and the s e r i e s

must be i d e n t i c a l  a t  each po in t  o f  R( b ^  ) and in  p a r t i c u l a r  

a t  zQ. Rut zQ i s  an a r b i t r a r y  p o in t  f o r  the  s e t  of  a l l  p o in ts  

z such t h a t  z €  p * (d ^  ) .

This completes the  proof o f  the su f f i c ie n c y  of theorem 

B and hence the proof  o f  theorem B i s  f i n i s h e d .
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8 . The E q u iv a len ce  o f  Theorems A and B

The purpose o f  t h i s  f i n a l  chapter  i s  to  show t h a t  theorems 

A and B are  e q u iv a le n t .  That i s ,  theorem A implies  theorem B 

and theorem B im pl ies  theorem A. These theorems are s t a t e d  

on page 3, hut f o r  the  convenience of the read e r  we w i l l  r e ­

s t a t e  them here .

THEOREM A

In  o rd e r  t h a t  g(w) possess  a lag u er re  s e r i e s  of  o rde r  

a lpha  f o r  01 > -1  such t h a t :

00 A <k
(8 .1 )  f l  z ) -  f( w2 )rr g(w) = YZ. an Ln^w2)

n=o

( w € s (d ^  ) ; d^>  0)

where
CO

n +  <*\  - i f  <k <* %
n ){"{(*+1)1 J  e x  l ^ (x )d x

o

i t  i s  necessary  and s u f f i c i e n t  t h a t

{8.3} g( w) he a n a ly t i c  and even { w £ s( d^  ) )

and t h a t  to  every h ^  , 0^  ha < d^ there  correspond a p o s i t i v e  

number s>{<X „b) such t h a t :

(8 .4 )  ls(v/)J B( <A ,b)exp( t u 2- lv |  .(.b2-v 2 )‘2 )

(8 .2 ) in —
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where the  above in e q u a l i t y  holds  f o r  w €= s( b ).

THEOREM 3

In  o rder  t h a t  f( z) p ossess  a Laguerre s e r i e s  o f  order 

a lpha  f o r  (X > -1  such t h a t :

(8 .5 )  £( z ) -  "21 an Ln(z)
n-o

where

a
( 8 . 6 )  an —

CO

C n 0 )^" ^ e " Xxrt I ^ f x i f f x i d x

( z 6 p (d A ); d ^ >  0 ) 

i t  i s  necessary  and s u f f i c i e n t  t h a t ;

(8 .7 )  f( z) be a n a l y t i c  I z £ p( d^  ) )

and t h a t  to  every b^  , 0 6 b^ < d ^  , th e re  correspond a p o s i t iv e  

number B( (X ,b) such t h a t :

^  i.
(8 .8)  jf( z)( 6 B( <X ,b)exp( iix- Ixl 2( - t (  r -x )  " )

( z £ p( b^  ) )

We now hope to  prove t h a t  theorems A and B are eq u iv a len t .
g

Proof;  From (8 .1 )  the eq u a t io n  f ( s )  — f {w ) im plies  t h a t  

the  t r a n s fo rm a t io n  between the z and w-planes i s :

(8 .9 )  z =: w2

from which we o b ta in :

(6 .10)  x = u 2- v 2 ; y — 2uv
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The equa t ions  (8 .9)  and (8 .10)  a re  e q u iv a le n t .  Hence "by 

lemma (2 .13)  p. 27 we have :

z € p( d ^  ) ^  v/ 6 s( cL * )

z 6 plfcg ) ^  W € s l b j ,  )

By i d e n t i t y  (2.72) p .  28 we have:

(8 .12)  f( r -x )  — v2

A: We f i r s t  want t o  show t h a t  cond i t ions  (8 .3 )  and (8.7)

a re  eq u iv a le n t .  I f  g(w) i s  an a n a l y t i c  fu n c t io n  o f  w f o r  w €
r ,  p

s ( d g  ) then  s ince  f(wd )= g(w) the  fu n c t io n  f ( v r )  i s  an
x

a n a l y t i c  f u n c t io n  o f  w f o r  w 6 s ( d ^ ) .  And since  w ~ z 2

i s  an a n a l y t i c  fu n c t io n  o f  z except a t  the o r i g i n ,  ( f o r  i n -
h ■ ts tance  z 8= ( ( z-k) •+• k ) can he expanded in to  a power

s e r i e s  convergent f o r  |s-k} < /k| , i . e .  convergent in  a

c i r c l e  w i th  r ad iu s  (hi about the  p o in t  k) and s in c e  an

a n a l y t i c  fu n c t io n  o f  an a n a ly t i c  f u n c t io n  i s  a n a l y t i c ,  the
p  2- O

fu n c t io n  f(w )— f( ( z 2) ) i s  a n a ly t i c  f u n c t io n  of  s

f o r  z £ ) by p r o p o s i t io n  (8 .11)  except p o ss ib ly  a t

z = Q. How since g(w) i s  an even fu n c t io n  an dana ly t ic  a t  the

o r i g i n  i .  e .  f o r  w = 0 i t  can be expanded in to  a power

s e r i e s  and hence we have:

R eproduced with perm ission of the copyright owner. Further reproduction prohibited without perm ission.



88'
O

and "by the  t ran s fo rm a t io n  w — z the  above 1)6001063:
C D

i (  z) =  H  a2n zn
n=o

Therefore f ( z )  i s  a n a ly t i c  a t  the  o r i g i n  in  the z-plane i .  e .  

a t  the  p o in t  z = .0.

On the  o th e r  hand i f  the fu n c t io n  f t z )  i s  a n a ly t i c  f o r  

z € Pi&Qj ) s ince  the  t ran s fo rm a t io n  (8 .9 )  i s  an a n a ly t i c  

fu n c t io n  of  w the fu n c t io n ,  g(w) where g(w) - f ( w  ) — 

f( z) i s  a lso  a n a ly t i c  a t  the corresponding po in ts  in  the  

w-plane, since the  a n a ly t i c  fu n c t io n  of  an a n a ly t i c  fu n c t io n  

i s  l ikew ise  a n a ly t i c .  Therefore ,  by p ro p o s i t io n  (8.11) the  

fu n c t io n  g(w) —f(w2) i s  a n a ly t i c  and even f o r  w G 

s (d  a  ) .

B: Y/e now want to  show t h a t  cond i t ions  (8 .4)  and (8 .8 )

are  e q u iv a le n t .

By lemma (2.14) p. 28 we have from in e q u a l i ty  (8 .4)  t h a t  

f o r  every b a  , O ^ b ^ ^  d^  , th e re  e x i s t s  a p o s i t iv e  number 

B( ,b) such t h a t :

(8 .13) Of(w2 ) 0= 0g(w)0 <

B( 0( ,b)exp( *£>■( u -v2 )-0u2-v 2Q 2( b^ -v 2 ) 2 ) ( w £ s( b

By r e l a t i o n s  (8.10) (8.11) and (8.12) the  above in e q u a l i ty  

, becomes:
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( 8.14) 0 f  ( z ) 0 < B( d  , D) enp( -|oc-0 xO -&  r-x)} 2 )

( z e p( ) )

Since the above s te p s  a re  rev e rsab le  we can go backward from 

r e l a t i o n  (8 .8 )  to  ( 8 . 4 ) .  This completes the  proof o f  p a r t  3 ,

C: We now wont to  show t h a t  equa t ions  (8 .1 )  and (8.5)

are  e q u iv a le n t .

By e q u a l i t y  (8 .2 )  and (8 .6 )  and p ro p o s i t io n  (8 .11)  we
2see t h a t  by the t r an s fo rm a t io n  z -  w equa t ion  (8 .1 )  be­

comes equa t ion  (8 .5 )  and v ice  v e rsa .

By p ro p o s i t io n s  A, B, and C o f  t h i s  chap ter  we conclude 

t h a t  t h a t  theorems A and B a re  e q u iv a le n t .T h is  te rm in a te s  

the  work o f  t h i s  c h a p te r .

v
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