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GIBBS?'PHENOMENON IN THE DOUBLE FOURIER’S SERIES

Introduction. In the convergence of the Fourier’s
series of a discontinuous function, the peculiar fact that
bears his name was noted by J.W.Gibbsl in connection with
a simple function of a single variable. Since then it has
been studied by several men, M.BOcher? and others, in con-
nection with more general functions. There is now avail-
able complete information concerning very general functions
of a single variable, (see Carslaw, "Introduction to the
Theory of Fourier’s Series and Integrals", chapter IX) but
apparently the question has not been studied for functioms
of two variables and the double series. In this paper I
propose to extend the work to include certain functions of
two variables.

In the single variable case the discussion was based
on the behavior of the Fourier’s expansion of a particular
function, f(x), where ¥ =47, (o< X<777 ) = A< x<0)
and £(0)= 0. The first extension I will make will be to
consider the product of this function and the function y =
constant. That will be followed by the discussion of the
product f£(x)g(y), of two functions, each of which is like

1 Nature, Vol.59,p.606 (1899).
2 Introduction to the Theory of Fourier’s Series,
Ann.Math.,Prlnceton, Ser.2,Vol.7,1906. g

Al
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the function f(x). This product has discontinuities along
the axes. The final extension to special functions will be
the consideration of a function having two lines of dis-
continuities not both of which are parallel to the axes,
the function being represented by sections of plane sﬁr-
faces parallel to the xy-plane.

With the discussions of these specigl functions as a
basis, I shall tﬁen proceed to the consideration of & more
general function of two variables. The conditions on this

function meke it one of a large class of functioms.
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Part I
SPECIAL FUNCTIONS

l. Let us begin our study of the Gibbs’ phenomena
with a simple generalization of the problem in the single
variable case to the double series case where the function
hes a finite jump along one axis, by taking the product of
two simple functions of the single variables x and i' We
define the functions f(x) and fy(y) in the region R,

IR = (—rsxsm ~rsy<r) as follows:

Fog = $m  (o<x<m), F@& =4 (~7r<x < 0)

()  Fe) = (M = £ = O
fty)=d1 (-mrsys )

The double Fourier’s series development of the product
f(x)f,(y) is given by the product of the expansions of
each. Now f,(x) is an even function, hence must have a
cosine development, and being constant, that developmenf
reduces to the constant term. Thus we find that the dis-
cussion reduces to the disoussion of the single variable
expansion of f(x), which Carslaw, in his book "Intro-
duction to the Theory of Fourier’s Series and Integrals",
has completely discussed.

To continue our study, we will now consider s case
with the discontinuities along the two axes. We will take
the product of the two functions f(x) and g(y) defined on
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R as follows:
f(x) defined as in (A).
() gly) = 477 (0<y<i)
gl-m) = geop= gl = ©

As the Fourier’s developments,

gly)=-w (7T <y <o)

(1) feg) = ,:é;zﬁf/ Sen(2em+) x (-7 s x <77)
(2) 9¢y) = > 52 Swv(2nr)y (-mr< y <)
n=o

have been completely discussed at points of discontinuity
by Cerslaw, we shall use these as a basis upon which to
proceed to the double series éase by proving the following
theorem. In the following discussion we shall use &, (X,y)
a5 the sum from i=0 to ; and j=0 to n of the term of the
Fourier’s expansion of the function under consideration.
Also we shallp use L = -5”‘%"—’-40’5‘ = ,26//-——-) and
,o&-.--f'f—%gi’-“a/z = 4#34/-~ which were evaluated by BOcherl.
Theorem I. -

Hypothesiss: : ,
1. The function f(x) and g(y) are defined on R as in
(B) above and extended beyond R by the principle
of periodicity.
Conclusions: '
L. The surface z~ o;,(x,y) approaches as near as we
please to the surface z= #ygy throughout the
interior of R, except in the neighborhood of the

. lines x=0 and y=0, a8 m and n become infinite in.

1 Bcher, Loc. Cit. p. 129.

Y
.
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any manner.
2. Along the boundary of R, except in the neighbor-
hood of (*m,0) , (0+7) , and (*7m+n) , and along
the axes, except in the neighborhood of (0,0) ,
as m and n become infinite in any manner, the.
surface approaches the vertical plane section
from the xy-plane to the height £TT("77‘*P.) if the
approach is from a region where f(x)g( y > 0, and
to-£7 (£7+9) if from a region where f(x)g( ys < 0.
3. At (0,0) , (9zm) , (*m0) , and (27;*71) , as m
and n become infinite in any manner, the surface
epproaches the vertical line segment from the xy-
plane ‘to the height (t”*ﬁ , if the approach is
from a region where f(x > 0 and - (£7m+p )R
if from a region where f%xgg(y < 0. .

Proof: The double Fourier’s series development of
the product f(x)g(y) is given by the product of the ex-
pansions (1) and (2). When we form this product of the

first m and the first n terms we have:

) 8-/
(xy) = Z Z,g“_, 2;H 51n(22+z}x~5m(23+/}y

o v
1/ n"/

(xy) = ,%,2;,21*/ Zf 5m(22+l)x.5m@‘7+l)y .

x ry Qi h/ ' ‘
= 4/0/ 2'*2;7 Cos(Re+l)x COS‘(ZJ f/)pdq%
(3) . (9,;;7 ()(,y) = [ S:;:’/;::”"( / j/ﬂ,?né 0//3, 'X, y)J

we find that sufficient conditions for the point (x,y) to

be a maximum point for fixed values of m and n are thats

3%dkY. 3 G (X
(4) X 'Eﬁfml 29‘=

o lry) 3oy (vy) 7"
(.5) = GXLJ. ayzﬁ [—S%.%—y_l_ﬂ]
() 31?;5_ < O
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From the expression for oy, (Y¥Y/ we have,

() 8%y = Swidmx /a"’v S dng. oy

ax Sir X S
DG%an - _Smiay 17 Sondima
/81 'Sy T Sy Jo 3‘//7# %,
(5 drq, - 2m Cos & ¥ Sinx = Smdmk Cosx y..S‘m«?n,G 7
~ X S 2Xx A .S'm,o' 7
(10) alo,,;;n = RnCosny Sy —Sui2ny Cosy /de
oy Stn 2y o Sz O
(1) B%pn - IM2mxy | Sinliny
ox 3y S x SV Y .

Setting (7) and (8) each equal to zero, we find, since

7
/-51/7&2‘ JE > 0 (o<1 < )

Sint
that the values
X = 7 2T 3T X
14 zm ) ’(m Ixm / 1,2 77 /7
(12) 7 2 3T 27T ___
S A Y A Y B Y ‘27!

]
are the positive roots, and that %——%’ is zero for any

peir of these. The second and third conditions for

3%on 9’cm
maxima then combine to require Sya¥ < 0,4 and "gy::” < 0

’

8ubstituting the values X =$ and y=H1n (9) and
(10) we find that when i and j are each odd integers,
Oan(X,y) will be & maximum, and that the one nearest
the origin is (;Em;;?",;q). We will fix our attention on this

maximum, where we have
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Tan
03 o (- f —‘i’uc/o(/v-—‘zmﬁ—

S/hq Jﬂ»]ﬁ a‘,;g
, o szmor e é_‘zzr_»{a@
= O/ JSine "é{/ Sing ﬂ

By the first law of the means for 1ntegrals, we have

mnﬁml}q g‘”"" J&Md,{/_ﬁ(zﬂq&%

where J< </ and o< 49; </.

If we letq= %andlg =z n,ve have

_ el a% /...i)cz__ /_5_/111@/
{/4‘) mn(mh?n - _5‘,75244‘ j/”AE o v

6% _g.ﬁ_ /
- St
- Jm-;‘um .5//7—2%?7!' f Lz ‘/tj '
T
The value of [[ -‘Z't—’LZLq/f]z does not change with
W‘ 1
m and n. The value of Q:Lé’—z-‘q/é is

77- ' ' r
Syl _ /"‘imz‘ v /"’ Suer?
Z —7:-~4/Z‘ = 5 “'-‘“z QZL . oy 42-

£T + /3.

The other two factors are each greater than unity, and

approach unity a8 m and n increase indefinitely. Hence

(t5] "i{m 7 201’2'1/ (/ 77-7‘(91/

# »eo

By a little consideration, we can easily see that
the surface is symmetrical in each of the three axes,
and that our results in the first quadrant of the xy-

plene can be carried to the other three quadrants.
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If £(x)g(y) is extended beyond the region R by f(x) =
£(X£77 ) and gf/ =g(#+m) we find that the product f(x)g(y)
and the é.pproximating surface are symmetrical to the
planes x =*£7 and y = 1’5‘77‘. From symmetry to the plane
x =47,we find that the situa.tion at (770) is the same
as that at (0,0) if we interpret the portion (X<, y>0)
of the xy-plane as corresponding to.the first quadrant,
the region (x<77;y<0) as corresponding to the second,etc.
In an entirely similar manner we can establish the rex:
mainder of conclusion 3.

To determine the behavior of the surface along the
x and y-axes between the various points we have slready
considered, let us take a section parallel to the x-axis
through the maximum point (‘ ,w),tha.t is, the section
cut by plane y = ;775 The equa.tion of the curve of inter-

section with the surface is

(16) ==, (%%, /M /WMMO;G.

Sihd Sz

If we make the transformation Zma = u, and an = V, we have

(17)  Gr(nZ5) = /.?m.Slql(/zm “/anm Vin dr
:/’”ﬂi Sk y, [ L Sl oy

S %m  “ b Sth Yen ¥V
and applying the first law of the mean

a Amx T
{l ~) Ay /n _I' ~— 6’% Q %” / _‘é‘d—‘-’(,’/ll / ‘MJV/

BI'ZE é lgﬂ zmx‘g "r.g'my
~— = 5, ‘(
(18  alzg) = Sn€y, ShkE b K o Fpar,
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where (0<6 </) and (0<é=<]/), As m and n increase, it

is evident that for ( 0<X<T)

(19, ;f‘.’-.’Z (,4,, = o, +9) = £ (£7+A),

and that for (@2>%>-T) ~
41, mﬂ(xM”/ o(x,+0) = & (4 ).

yiihans

(20)

In an entirely analogous manner we can complete the

establishment of conclusion (2). Conclusion (1) has
been established in any complete treatment of the con-
vergenge of the double Fourierss series at points of con-
tinuity of the functions represented.

2. In turning our attention to the consideration of
another special function, where the discontinuity lies
along a line or lines through the origin not all of which
may be parallel to the axes, we find a much more compli-
cated problem. We will begin our study of this case by
considering the following lemmas.

Lemma A. If A(X)is a positive non-decreasing
function of x, A>o a.nd 6‘>0' the integral

7= /—ﬁ—ﬁl—"’ */ Mdydk

tends to zero when m and n tend to infinity in any
manner.

This is lemma & in E.C.Titchmarsh’'s paper, "The

Double Fourier Seiriee of a Discontinuous Function."! and

. e M P M G R Cm AP MR G R S N S G S S GRS DGR D R D G AD G AD AR GRS GD S ORGP EP G G P P R TS R SN G S N

1 proc. Royal Soc. of London, Vol, 106, (1924) pp. 299.
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lemma B, following, is lemma 6 of the same paper.

Lemma B. If R is the region between two curves

Yy = A,(x), and y = ), where ax’< AW < Ay s bXx(p>9),

which intersect at (0/0) and at (4,B) and g(x,y)

is & positive non-increasing function of either.

variable for fixed values of the other satisfying
g(xy) ~ glxly) —g(xy) + gtxjy)z 0 (x>x,y>yY),

é,% //2 I %%% St ol = 9100) Zirry /5,am B f

ifm and n become infinite in such a manner that
the limit on the right exists.

then

Lemms C. 1If a,q, and § are any positive constants,
and the point (x,y) satisfies (-£6s ys4§6 ) and /x/
leas than the smaller of the products{%s and £4.9,
the integral - -GS

,&a{%’g}f Sutnia-y ., Lt mt nle) ), [ Suakteld=y
I= Z/ S &6 46 .Snt(w'-r/ i / ..Sng{p*}ﬂdp & S/ﬂf(dﬂ}d'(

tends to the value 7r‘ as m and n become infinite 1n
any mannerx.

Proof: By use of lemma. B, we ha.ve

} -5
-7 Sin by
(4 I "// E727) F/ jfzz(;; Yk +4 / Ty 1, bs 469

In the first integral of L, let g-y =2v, and «-r= 24, and in

the second @+y=—Rv, &+x = ~2U, Then
45y £(51y) Hase]

£(8-y
(22) I = / Supnvy, [ damygy + | Smtrav)  -20Eddu
24, &vy £4la, 6%
1@,&‘: £@:54)
/ d“ / Md v / _ill%llﬁg_du.
j/a,é‘ﬂ) 4(d 8%

::_Z“,'f'_z,_ +/, f'_]f:.

Inl [ end I, letmu=o and #v= Therr
1142, 4 7,

£nfs-y 4m( 6~¥)
/ —Suf g 2%

(23 I = claef
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£r1(5+Y) ffnﬁzo’viz'
L= Yl 2 #74 o
&) L o/ e Chimtsw T
- = J/”éd ST da('
(22 4 é e ﬁ-{m{%&‘ -
and in J;, let mu=x, and nv=-g togel
” 4'”7@15"*7
¢) I, = [ 2 g SmA
¢ = =2 alx.
) Lx =k A ﬁgm(e,anj =

Now @,dxXx, 42825 wand 8ry are all positive quantities

for all values of x and y under consideration, hence in
of 1ntegrotren
4

y and /., each upper limit,is positive and increas-
ing with m or n and the two non-zero lower limits are

negative approaching negative infinity with -m or -n,then
Loty S S -
b — /7, I = 2
(27) Fiiiged /Z,*Za,/ = 2[ ———éa’/:‘/ MmN 77"

£
Also since /[ ”]‘%@dp/< M, for all values of n and y

Ly . /4'/’4’95‘17 &m/ﬁlé"’fé_,,-’o( /
(28) 55T +I) = Lom 52004 py -/ S 107
Zivob/ ’Z; '14-‘/ _ N brr>e Ytar ) =4 4k m(a.5-) =4

s M/_/_o”*ig,’—"ﬁ‘q’o( —[j%—-’(’—"ﬁ’da’/ = 0,

Hence the integral I tends to the value 77°as m and n
increase indefinitely in any manner.

Lemma D. If @ and & are positive constants such

that (05 8<47) and (4855 6<438) and (0sas s4£7w),

the integrg.}’ s
Sz o323/
1 = [ ot s getea e

tends to zero as h and k increase indefinitely in
any manner,

Proof: We may write the integral [/ as

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
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’

A _ s ®© S Los (!
(29) I = 4 z [ __oLAL_e;nggt 2P

" sng w.S'mth‘w(tﬂA}
/. % [ SmbL L) oy e

=7 -A..

Now in the integral, ., 1let bt Then

S Csmp [T Sindt

and in the interval 44§ <£< <0 we have

3 46 _ &
/b/r/ z I6] ke /6] > 2,

and by a well known formula 1, we have
[/
(31) I, = 4 _\f%rﬁ_.{o).d,e = 0.

Applying the second law of the mean to I, we get
L L [P Smbi [ '
_Z;_ = ‘,54’ g éd‘ S g Cos(z‘,a//,)a//sc/t) (6:?«.\9)

and pexforming the inner integration,

L [Vt Gt cos(ErRh 1
(33 L, = 7s [,, Fa [ Rk A(EtH)/ Kk /,r . 42

L [®_dt - _
.-’&Io'é/’ W[COS/z‘-/r}f,’ cos(t~k)§] SnbT

% 4 F - ¢ rk)8[Smb
B
= Iy *+1,

1 B,0.Peirce,"A short table of integrals." (Second
 Revised) No. 485. Also, Bieren de Haan,"Nouvelles
Tables D’Integrals Definies’. Table 151 No. 8
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Applying the second law of the mean to Jj, we get

[33) L = W) / [cos(t+k)§ - cosé,‘hf))‘]jmbidt (ah < [, <=0)

e

= / - Cos fibrs)t vh] | - Cosi(b-g)t-ks}
2 Eahlabth) 2(56+8) Ly 2(6-8) /a4

Cos J(br DErk B % a5 Sib-Y)t-k 334
+ 2(b+ §) 4, 20b-F) / f

Since /b2 5/24§ and /b2 [/> 4§ given €>gthere exists
an 4, and a 4 such that when /I>fl and k>h,

C"U /f/ "Zia/;{a/;fi}/ 5 [ = 6"_;';%/0;‘#} <:{(.

it ak < k-1, we will write
(35) I 26/ L { cos(E-) ;- coslé~t)8 ] Sin b

k
+ 55 / Tty [costd)} - coste4)5] Simbt

-4 4 2—?’?%‘ § cos(t—k) § ~ cos(t-I)83 Sinbt

-0
r2s [, ey § Costet) |- cos (=H)5]Sinbt
2 Ip +I, v, + Iy,
Applying the second law of the mean to .Z;,we have

(3¢) Iy smms / ;;[ cos(t-h)} - Cas(t~h) 5] Swr btt, (@hs | k)

[ CosJ(btBlt-p8} . _Los f(6-8)E #£57]
2677’4/7 2{67‘- >) 2(6-F)
~ Cos§(b+ 81 ~4 §F - Cos§(b-8)t +k&¢ £
2(8 +8) 2(b-6) ak
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P

and there exists an 4, and a 4, such that when h >#2

and k >4z,
/ -] 2
[37} /-Z:;'/ = 28mak l 5/ < s ah <
agplying it
And to s, we have

/ [ Cos(t-) § - Cos (t-k) §} St /2| (keirs f,<=0)

o~
N

138‘} J 2.6{/;”#17‘

with an /7, and a 4 such that, when A>4 and f>k we

have \
< / NP
(39 11 = zsgmr ! 51 = g < %€
But, |
‘
= L [ S8 LA St Sirb i o E
(9 I, = 3 Zﬂ E0LEA St (50 1) 5 Swk oty

and since .5m:‘(6-);')€-4)/t/t-#/ is a bounded monotonic function
in #-r<? <k, we may apply the second law ofi the mean to

get, |
(4) I, = Aféii/ E g5 ) Sinbt | (W fich),

8~h [ Sk f(2b6-5~8)+(5rN3_ St flant Et&)b—(&*}:}l:}/ &
25k 2b- 8- § - 2b*E+ ], o

1

There exists an 4, and a k, such that when h)/y, and /> ky
@y 1L = Slr /,zb J—f/ +5/r/ zorerf | < F €

By arguments similar to those for .Z; we can show that

43 Z = 16/‘,/.Smf{'b‘»*)‘){#/}&mbi‘a/f (k < fu<irsm)

and find an hy and a &, suchithat when 4>h-and k) ks
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(v)) 1L,] = 5 /2b ~&-7, 5/;/%73';“/

Thus, if 4, is the largest of /4, ---4, and k., of k-#k and
A >he and /r>/r4,, we have

@8 |I] < I+ [ L)t L HL [ = € vberdevberbe =
and we have established our propositions when gk s 4-IT,
When @4 >4-77, we can easily alter the above arguments to
complete the proof, since one or more of the integrals
_ L., Z,, Iy will disappear from the consideration in

part or completely.

3« With these lemmas at our disposal, we are now
ready to define our special function and begin a re-
duction of the integrals obtained in the summing of the
Tourier’s series expansion of the function.

Let the region A= (~-msx<m-rsy<m) be divided into
"two parts A and [, by the line x=ay(a»d),For lines cutting
the other quadrants a simple transformation serves to re-
duce it tp this case. Let /7, signify the part of X con-
taining the second quadrant and define Fa;yj as follows:

Fe&y = 472 on /P,’
(] Fey =47~ onlr,
Fxy) = along x = ay and on the boundary of R.

Since the Fourier’s expansion is not disturbed by a
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simple translation of the axes, we may imply the be-
hevior of the series at all points of discontinuity of
our function, from the behavior at the origin. In the
remaindexr of this paper we wihll use h=2m# and l=2n] in
order to simplify notation, and ,.(xy)= og,(%y/ shall
have the obvious meaning. The behavior at the origin
we will express in the form of a theorem.
Theorem II
Hypotheses:
1. F(x,y) is deflned on R as in (C).
2¢e X = ey (exa) is any line.
Conclusions
There is a manner for (x,y) to approach the origin
from W along ¥=ey such that 5,(Xy] is a maximum,
approaching the value fw(ém+pA), a.nd from A, along r=ey
such that S,,,,(r{l) is a minimum approaching the value
-¢m(£m+a), as h and k increase indefinitely in any
manner.
Proof: Let & be a constant such that o< & sf7and
os 963 {7 and let (x,y) be so situated that-f6 <y<{Sand
4a§< X¥<{aS, By the usual method for summing the double

series we have

LT F.Smfh[o(-& St k(E~Y
(45 34 (%Y) ‘4”“4 4 Snt(xx) Swrgigy 'O Ew

Now substitute the value of /g and then by use of

ard,
lemmas A and B,the Riemann-Lebesgue theorem, given €>o,
there is an 4, and a 4 such that when A>4and 4 >4, we

have
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oy
J/ﬂ{t/ﬁ ¥/ Srerfto(2=X)
“tl Juln) = 25y Y Lgasy 27 W

REry 2a8rx
-t )72 St b=y £
% Loy z@-y}/p ety T

where /£ )< & €. 1Let p-y=2v, et-x=2u and 2ab = ay-x,then

—.38<b<£6" and

a(veh) (Vib)
(49 Spelty = é’/ —ﬁk-/ Mb—“dadv f// / by
“f/i/ﬁl/q '5’1/7“4(,:&(1/

+//sz(f/ Sl _/ Mdafdy.
But if we let -u=

- o as_ . .,
() [ Stk / by, ey,

(]

Thus, we have
a(v+b)

‘ §
(19 Sury) =4 J R [ S
) alVtb)
= {Zéﬁzﬂé ~S U ofy oy
_ -8 a(Vf b)
f[ ‘i%/fﬁ/o —B O ofudy .

In the first integral let fw = (V+b)4 , and in the second
let v=-v/ and Au = «(v¥%)tThen

/ $ &
500 - {/w/" Sl BE e oy
-4 / / _Qla[V_‘QLl'q’t dv
= f[ .j)gky/o ..S'm[Vfb)éz:-J}ﬂ/lﬁb)l’"dt qv..

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



18

& Gt
Syriv. Sinbt Loyt ., ,
(50) i.x/"uvj-‘[ v [ HEEE e Ay,

Let Av=@, and we get

(51) S e/

/ ﬁa..t_gLnga,/M/s,

r?é
4 _.erézz.‘./ 5//7#";«%/2‘,%(/4, oy

5/: Cas(t

e

By lemma D, there is an A, and a 4, such that when
h >4,, and k >4, we have /[,/<4¢€ and by the formula

used in (30) Lemma D, if a# 2 £,
kK
(52) 4 ff”_[ LT o

kb
'577‘[ L

But J,(%y) will be a maximum when [, is & maximum and

"

-
-~

a minimum when J,, is a minimum. The roots of

oA '
(59 S3r = 4hw —-i;('lz"@— = g Simkb =0,

are b=+ 2"7/»?,(?'=42“*), 4nd a little investigation shows
thet 4= 74 is the maximum nearest the origin and &=~/
the minimum nearest the origin. Since X=ey, we have

b= = 4(y~%) in R, whence y = 2ai/k(a~c) , X=2eall /jp(a-¢),and
(54) 1, = 2”‘[ Uy = 4 W4T rP),
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or we have b=-T/ = £(y~%) in 7 ,whence y =-2aw/k(a-e),
X = =Reqn/k(a~c) , and

O L o= { W’/—Tfi;?d Z

[55) 4 /TR A = ~$mwl£m+g).

Or if a4 < k, 7Fhe formule grves
a7ty
&Y I = 1‘77‘[,-‘&%@4’&‘ = 2"’[ 20

’

The roots of

¥/n -
s7) 2R = gawm Smal - 5 Smabk %

are O=* 27 rx(3~)and b = Tak 1is the maximum nearest
the origin and b=-7/y the minimum. Since X=ey, we have

b=7g4= 4(y-4), in K, whenc® x = 2em/4/a-e) , y=27j};(9-c), 80d
60 L= 47 [ Umage = fritmen),
or we have b=y = f(y-4), in F, whence = -2e7/;(q=<),
Y = 27pla-c) , and ” |
69 I, = £7) Shdqn = ~47(t7rpe).

Thus we see there is a manner of‘approa.ch to the
origin from F, for (x,y) such that,
(60) bty = gmltmrg) + £ .
And if hy is the larger of 4 and 4, and 4 of 4 and 4
we have /5/< € when 4>4, and 4 >4, Similarly, there is

& manner of approach from #%,such that

ct) S,y = -$7(¢r+p) + &,
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where /£]< € when h>h, and ko>kye

4. If our f?.nction has two lines of discontinuity,
our further interest will be only at the intersections
of these lines, since all other points of discontinuity
have their neighboring points of discontinuity along
single lines and thus fall under tﬁeorem II. We will
make the origin the point of intersection of the lines
of discontinuity.

Let the region R=(-m<x2 1T, T<y<m] be divided
into four parts &,/%,%, R, by the lines =gy and X=dzy
(a, ?az), The direction of increasing y will be called
positive on these lines and /, used to designate the
portion of /¥ between these positive directions, 7z, /3,
and f; follow in order as we proceed around the origin
in a counter-clockwise direction. We define F(x,y) on
the region A’ a8 follows: ' |

F(xy) = 47> on %, and /3.

(D) Fixy = -z on 7, and 7¢
Flxy = o along Y¥=a4y, x=ay and the boundary of r,
Theorem III.

Hypotheses:
1. F(x,y) is defined on ® as in (D) above.

2. 6 18 a positive constant in o< & <msuch that
(-r < @26 <8 <),

3. The point (x,y) satisfies-4s<y<f{sand [/x/ less
than the smaller of £/a/§ arma £/a/Ss.
4o Atvry)= av+4(ay-x) and 2,(vxy)s @v+4£ (ay-x).
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Conclusion :
The sum k/KJU tends to the same limit as

-fo? *z‘/ _Ja_k__/l,(vx,y; 2SSl gy dy

+* / —_L’Zﬂ/zl{l{‘y-yi‘&mdudy

0
Ll¥Xy)
+ £ /t 2pghv [T Srg 1 & opy dly
/ rd. fthU iz(v x y) Crrr 74 ,.. 1 ;
2 Surt h(x-4) L
‘(64/ " (x,y} < i /Fpo} b Q»ngm »dxa,'cy,,—;[[r‘#ﬂ/w%%_v e L
V"

L
Proofz The double Fourier’s series expansion for
the function ¥(x,y,) is given by
O
(62) Fby) = 2ZMZ°q § ayp5in2x sing'y + by Sin2x €oSfy
+ Gy cosixSimfy + dyycosixcopsy},
and when the coefficients are evaluated,and the series

summed from i = O to m and j = O to n by the usual method,

= ;— Syt h(xy) Sintklf=y)
an et 1 8 -{”' / ML M4 ),Hg(q ~x} J/”f(ﬁ.y) [ J

Let Ay signify that portion of &~ in the two rectangles
(04y<6,¥4/6$ X 4/a/85) and (-6s y 0, /als<x <[afs),
We see that lies entirely within » and we have,

2 Siek h(oy) Sk kel e Skl
(64) 5 %k (xy) < ;7 4 / Flei0) = UL ;2;;) K7 »dxa}ey,,—;[["#ﬂ} gy MM 29y P
e

By the use of lemma A, lemma B, and the Riemann-Lebesgue
'theorem, we can show that the second integral in (64) is
as small as we please when h and k are made sufficiently
large (compare with 6 in Titchmarsh’s paper).l

D GE ST SN T G G B D R A D G G S WP SvS SeS PV MR G e G R GE R G ST SR D S . SB EE BR ES D NS CS I S P RS R NP TR m ep S G e OB

! Toe. Cit. p. 308
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In the first integral, say,[, of (64), insert the

values of P(x,y) and we have;

- S St by [ Sipt bt~
69 L, = & o SEGEY 4y Simg(t ) dxdp

@B 5 thlots)
’ 5/ Sf (@ }’/ / 5//1{(0(1} o e

/4,/6‘
2 [ ESmthlEy /
#, gLt s S o 7%
y / " Suthlew (" SpthEn) oo,

Sk (B-y) Lays Sl —x
The sum of the third and fourth integrals in (65) ap-

proaches -¢77* by virtue of lemma C, and if in the second

integral we transform -a=e and -g=@3 , we may write

- a@r -
Cél Sulry) = g7+ £ / JMJM:‘(P‘)’/ oo _5.3. z/ﬂaﬁ_“/(ldt“’:x_j') axqE
& a0
Srafhk(ty) Sy h (A +x,
“5), i, Yot e E

where £ is a function of x and y, but /£/ can be made
uniformly as small as we please in Ay by taking h and k

sufficiently large. By applying lemma B again we have,
§ i
(¢7) = gwtag [ 2 Surs ble(=x).
()= # *‘i/ f{p—y} "2/" £ —x) A cja

5.5//; i Smﬁﬁ[a{ﬂ'!
+H1 Foaty Gl o) At

Now if in the first integral we let V=Y and e~x = 2Y,

and in the second we let g+y =-2¢V and X+x=-2u, we have
F05-y) (%
(68 Su(%y) = g +{4 ’_Sza_é;L/ ’ ””_éfalzy_d,,d,,

, 2ty 5y
ty, A (V,~%-Y)
Saky :
*2 4y /WA T LL S
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But the integrals,

(€7 4(&)' V' atyyy “ dudv,

§ 5 A(y-xy)
(70) 4(5*”—’”—,,/’—"f B LU i dy

2, (v, %)

each tend to zero as (x,y) approaches (0,0) and h and k
become infinite in any manner. This follows, since we
can choose (x,y) near enough to (0,0) that A,(vxy),2.(v¥Y)
A(Vi%Y) and A«(V-¥-Y)each has the sign of the correspond-
ing 4, or q, throughout the interval under consideration
for v, thus the integrals may be transformed to satisfy
the condition of lemma A. Thus

. p a(vey)
() Salsy) = yrred [ ST sy dv

s AL0hxy)
i Sumky ks
i), 4 S bl ofydly

3 zl(V“}'ﬂ
+%Zy ’&%&L/ TSt gy

o

5 A
-f{y éz%_/cL[

where /£,/ can be made as small as we please, as h and k

Y, 47)
‘ﬂﬂ[‘ﬂdudv +L,

become infinite in any manner, and our theorem is estab-

lished.

5. To study the convergence of the integrals in
(71) we are interested in the maximum and minimum points

on the surface z= -3, (xy) near the origin, and the

behavior of these points and of 5, (4y) as h and k in-
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crease indefinitely. We find it moxre convenient to study
s related function, defined from equation (66) as .5;:(3',)')=
,;k(r‘y/-f, The maxima and minim.a. of (X 9) and _5;;‘ (.\',y}'
may not occur for the same values of (x,y). To each
point on the surface Z = ;;:(x,y} there corrésponds a point
on the surface Z =.5;lk(xy) and these points can be made to
remain as close together as we please by taking h and k
sufficiently large, since £ converges uniformly to zero
as h and k increase. Thus any points on 2 = " U’; y)
showing a Gibb$) phenomenon wil;iwaelzcoa,::lﬁ;;g{eﬂg&e for
2=.5;k(x,y}, A set of sufficient conditions that a point
be a maximum or a minimum point are given in (4) and (5).
Deriving ..%:(x,y) with respect to x, holding y fixed, we

have
Y-

25" _ 1 [ .Sms Sk bf=y)
(72)~5—§f = 54 "%M, sl 5//12(6:-&]"'“”’/3

Sin b hlet+x)
f/ .5/!13(/3+y} / [ Stng @ +y) qudp
But observing that,

(73) St (x-4) ;] o= - 2 (f SintbE -y f
a X Sr1f4(%-X) T ax Smb-x) 1)
and that,

' 4 - 2 S Smihlary
(4) ax { 5/n£(j:g{ B {Sznf(wx) f

we may perform the inner integration to get,
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7 M R _\I_af_//'_l/..iaa.a 2=%)
(%) - fo/ -Yw;r'g—y/ Jlﬂflfz;iﬁ‘x, “

) Swifblagy
5’[ J/nj/-} Sing (48 -y “F
~2 [ Dntk(8nl _Sinthlasw

§ [ Sirg (ffv)z Siwtasary
s

& Sinbefpry) Sizthl/ B+ o
o Swk(Gry Smrflagrx)
which, if we remember that /A=Z2mt/ and 4=2nt/,reduces to

71'

(76} B /{ —Iﬂh I:Qitﬂﬂ‘p HHJ‘&I’II’II—%IZ:M

C‘-’ ~- Co‘y)[Cos QP ~CcosX)

_QEL'E&L’QLV/ Wmﬁ_@][ﬂ&pmﬂﬂ (nt(a,gfnrzz f, 4

[C'osﬁ -cdsy//co.:q. ~c03X)

-¢ /6 Mﬂﬁ‘_ﬂmm/mm_mﬂl__(ﬂqp ~igiX) ~Costing g -rx)]
fosg ~cosy( cosap ~cosk)
- LCos(tn 117fiy) ~ Casttiza s myl[ Cas (a7 x) ~Coxtie s+ )
(Coa(.?~6'¢up[ Cos 48 é—'-cosx) }'dﬂ'
By a similar process we find that the expression

T —g-:;bz@’) is equally as complex, and that the second
derivatives are much more complicated. The determin-
ation of the zeros of —%%r-(-‘-’lz) and _é;ga};QQY/ for any
finite value of h and k,involves the evaluation of
certain integrals by some satisfactory method of approx-
imation. Because of that fact we will not attempt to

definitely locate the maximum or minimum points.

6. The form: of these derivatives, and the values
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(12), in the former problem suggest that probably the
maximum and minimum point vary with /4 and /4. Yow if.
the ratio 4/ varies, to teke x= § and y= § may lead us
to be considering e point that approaches (0,0) in such
a way as to eross one or more of the lines of discontin-
uity, and in order to prevent this, we will require (x,y)
to move along a line x=ey by letting y=’~,§‘(’, We will need
the following lemmas in discussing the behavior of S,(vy)
as (x,y) approaches the origin in the manner specified
above.

Lemma E. If a and § are any positive constants, is

positive, either fixed or approaching zero, and
a8 h and k become 1nf1n1te, the integrel

I = .S/IM’V[ W-S-m-‘—‘duq’v,

U 5
(a) a.pproaﬁhes the value £ 77-/°° o (5
when b62-~4 <
(b) approaches the value £ ;7/ S/¢7, ”_// :
when b4< -df —pﬁf/ﬂ’ £ "m’“’p

Proof: Part (a). Choose &, such that 7> 6 >0 and
let Av=z and hu=(o+b)t. Then

(m =) e ﬁ”/*mm o 9

4’6’ o

Tt&,
/ _:-Slﬂ(g Jﬂ@i&ﬁﬁd,‘dﬁ = .[ ‘('[;, f-z_; v
/4 o !

By use of the second law of the the mean for integrals,

we have
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hs 5
k 3, ’
(.73) Z; = —-—77-4 2o

5 % 4%5m(0flydo/d4(: ) (@l T <=0),

ks
% b i ECoslman]-cospriateja,

and applying the second law of the mean again,

¢y Ls: aﬁ(d*S)@’#&fb)4‘4{5th oslprtiank ~ Sinsbosary)i ] dp,

where F*4 < }; < A'Q‘ c..¢-By integrating,

50) . = -4 Cos(p+Gtbanlt) . _Cos(B~Brb k)
6ol 2 ak(ars)(drs1b) { 2(1 + akfk) 2( 1~ @hk)

. Cas(p+ @75 1) 47 A
 La + Casfp-prbl)
2(1+ %) 201~ ) 4‘&

Given >0, choose an /,and a /i such that, when />4,

end A’)lﬁ/

< ——-——————k =2 2
(%/) /L[ s a/’/dfs}ﬁ-f&fb)/Qb/(( i ¥ e =1 ,

I

s 4
4 /a(d+54)(d+6;f'b)[q/y‘.—l)l £ _'3(:-"‘

We may rewrite Z; in the form
0 o'+
- 25 (o _ S S (prk)
(82) zy = [ﬁ//r of 4 e S °(c/,a.

If oz 78, by the use of the second law of the mean,

)

(89 Iy=~4 [, % / St Sirfprb)e da  (ds f s ehs)

iy L (=g tbd) D7 (oTF) (3 + ) 5
4//% 2(of~1) 20 +1) :’7 e .

There exists an €>p such that /log(/« ¢)f < €/54 ,and if we
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choose A, and Ak, suchuthat 4/ > /ae when A>h, and &>k,

we have

(g4) L]

IN

! fé/fr mc/ﬁir)/ K ’é/;/ ey |
4 £ oo 71+ ey ZY, ]

In

IA

% {1 logl=lagli-4)] + [tog] - leg(1 +J3)If = &+ = %,

If &< 77-4& we have that SmG/a 1s a positive, mono-
tonic decreasing function in the interval osg < d*§

and if we apply the second law of the mean,

(85) Zs 4: ol Sg [/55’”/1“""5)"‘ dp (o/s;:’ig’*d)

Smnmd [T . C bq’&c/,
a Z%“‘[wm*)]d "

£
&

)

1

If hy, end k, are chosen so that 4/ > 3% when A>h; and

k >ky, we have

(%6 IL/ C 2y <2 /4]

2/ @4k ==/ "'/4’

N

2k
S 75 < 3‘6\

Now the integral /‘,”‘fﬁj—\;—”iid,r has the value £77, when m
is positive and the value zero when m=0. In Z, we have

Bgrb 2 c/%b)o and
455',
§) I, = 7 Slap,

But there is a /r,, such that for 4> #y,
(g‘.;) /-[; -4 7’/ -—‘-—ée/p/ < £¢,
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Thus if 4s is the largest of the numbers /1,,/71, and
f; and A is the largest of the numbers 4,4 ,k, and 4y,

we have, when /A >#4sand £ > ks

(57) /[-;zré""%fiéz/ﬂ/ < terberke =€,

whence ,
(90 Lt l = fﬂfﬂg‘éﬂ’ﬂ.

Part (b). When 6<-4,we have

5 a{v+.b
() I = J/ Ssrkv /o /frji___g ey

v

/% alV+b4)
- Ssrr AV
= 4/“ v /o J———-—-—’Z/"“a’adv

% 5,4y [TV
+ /él/r /‘//7 Z _ﬁéé‘dqq/y - _l, [

and from the results of part (a) we have
ooJ_ N

Gz)  Lirdy = {7/‘4 _ngéjﬁ,

In Z, let /rv—/9 and /Au=/+6). Then

&z A y / Slﬂé/ 'S.""’_CE_."_?L“ A< a3
._//b/_S‘m,B/ S ﬁ*quq’o{a’e = I
16/
By an argument/ ’-”—”15/ J“”f(*'éj“deea;a = I'+Z" we
ke :
see that JLrr L" = O, |
And since or6 € 0 in &s 3 s~H we have, as h and k

become infinite so that 4#/¢ becomes infinite,

’ , i <4 :
(24) Lirn' = —gvrd/ S8 .

’
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Thus
o /8. ¢
(%) Linl = &7 S8 o -{774 SLp,

Lemma F. If @ and & are any positive constants,
d is positive, eithexr constant or approaching zero
and #4 o as h and k increase indefinitely, then
the integral

= [, Sk [T Sttty o

approaches the value

(a) f”z*f”/odigzz"/é when 6>d,
(b) ﬁ‘”’éw’zﬁé’zd‘" ,_7,-[“.{_5‘_%_2,_2‘4& when & 3b>-q,
(c) £m=- ﬂ‘[/y%’lz;/t +£ ”ﬁ—éﬁ-@é when -d > b,
Proof:

s (v //r)
%) I =/[, k) S by dly

o

. 7 alvib)
- /a' Surkey ,[ﬂ *é’kzg, b oy + | Stk igz:zgdqdy
GV (] 1 4

~T4 a/w&l(—j :
—/0/' ‘_S:,T;ZL",[ MC/Z{Q’V = _Z-, 'f.l: *-[;
And now let kv=p and Au =(Bt4lx in I, and Ar=-gend

hu=~(pib)a 11 L5 . Then

i

o
zg -ﬂgﬁé LSt ket Gos o dlccts

7 g e
27 |, sabsgoips s £,
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where
(78) F = -,zj é/}y .ﬂaba_&.i,m'q/o(dﬁ
ik
q
= —2/ JL'L&!/ S’"ﬁ;osq‘ﬁdlod«

Now Sing/p is a positive, monotonic decreasing function
of #in o<pg <7, and if &/>7, by writing
(77) f‘-—2/ Swzpt [ __S_zap_@.s—ﬁdpgé(

J/Hbo(édjlﬂﬂalfdﬁdpaé( f?‘f
oty > ~ |
We may apply the second law of the mean to & to get

(r00) £ = -204/ 5"”5‘*/ Cosot g of @ alk (o< £ s )

= _2/ __Ia_be{_[J, Q'l‘_"] ‘aé( = .2///” 5(”&9}5{22 ":o(aé(.

//r
Given € >0, there exist an A, and a k, such that when A>#4,

end k>4 , we have

- w0 - |
(10/) /5/54[%%% :2/”4[4%/‘ ak < 46

And applying the second law of the mean to £, ,we get
o A
(102) £, = -2 [4 Sipbet / S,Hﬁcoso{pa’/:a’o( (< £ <d)

ot o, b
4/{ S [___42((; )zzs d,{ . d/% St fc;:%)glrz e

Then |

/E'Z/é ﬁ‘%///’/ o((o(~[)/ W‘/[/‘_ o((&ﬁ-l)
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IA

=109 557 ]

Uk
7 29(1~bpp)] + FI 1og( 1+ k)],

(103 JE] [ *7/ 09°(+,_l/7/

A

and there exist an 4, and a A, such that when A>/4,and & >4k,
(roa) /&2 < £ 6

If g s 7w we need, for £, to use only the arguments for
E, above, then in either case, if A; is the larger of
the numbers 4, and /4, and k is the larger of A and Ay

(105) [F/ < £ € |

when A >#s end 4 >43; . Then

- LwnllrL) = 2[4%754de0/5
(106) = 7% "’igé‘,/ﬁ when b2 df
fo) = W'p/é-/{g,'lﬁ 4o when d >6>-d
609 = Féd“%gdﬁ‘ when-d 2 b
TFor the values of £ we go back to Lemma E and find
(109) Lund, = fﬁ/off_@dp ren bz —of
o . s ”/ j”z‘éa’ﬁ 47 ,M'/i/’,%’é’c@ when 4 < -d,

Then by adding the values of .Z,',_Z‘z and /[, we get, when

co>b>d,
(111)  Luwm T

U]

’ 4 [
7/ Smwmpe S
. S
gt b [T o

\

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



33

and when 4 > 6 = -4,

/b7
(12) Lirrrl = ;rz—/ _.,Ec/p 7-7:-/ :E‘gfc/

)

and finally when - d> b >~ oo,
(n3)  Lim I = 277 St g g [sine ,r/‘_’mg
ol ,e a b @ P FEae
o
47? é _pg@;//, 147 TRL i,

Lemma G. If § is a positive constant, if ¢ and b
are bounded, if ¢ >0 is any fixed number, and/c/>g
and if b is independent of k, then

I /[g M/c(p+iﬁla2{ A da
tends to zero as k increases indefinitely.

Proof:
o cle+b)
(4. I = [, —Ej_aflé/o SIS et 3
- Smp ..f/nd ___,é? —-"-’?—"iaéed
{& / a#w/,e £ Loy I
= / +I
But,
(ns) L, = 427 [; -——’-'—7-5 o/,

and if we apply the second law of the mean, we have

~ o he .
(r1e) 2, = 3% 4'55”%,-4@ _Zké.[cosp] (k85T <e0).
Whence, given € >0, there is a k, such that for A >k
(117) 14 ¢ zigl2l = < £ €

and 4dpplying the second law of the mean to .Z;,we have
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L ["Sna /L S1n« dx A kf(ﬁf6<ﬁ<”),
(118) L, ="C o aiaee) %(pth /

f
__/_’_7_/-_"_ L
¢, aty [cost], 7o

If 6 %0 we have o
&, £
) 5] s 12 ), Sy | < jaej | teg (e 21

2l les s ),

IA

A

and there exists a /A; such that when 4>k, , we have
Bl < %€,
If 6£=0,we have

(20) [5/ < B[, L) < )2 r-4]7)

X s

and there exists a A&, such that when ) > ks , we have
(L) < 5 €

Wnence, if k is greater than the largest of /r,)I{'2 and 4;,

J
we have

[} =[] +]L] < $6 +5¢€ =€

7. We are now ready to evealuate the sum _S',,,r( v,y)

in some particular cases, and will use the symbol S5@@0)
in the four following .theorems to indicate the limit of
Sy (X,9) a8 (x,y) approaches the origin in the pre-

scribed manner, as h and k become infinite.
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Theorem IV,
Hypothese
1. The hypotheses of theorem III are satisfied.
Qe Q, >cax > 0
3. The ratio #/4# becomes infinite as hiand k in-
oregse indefinitely.
Conclusions:
There is at least one manner for (x,y) to approach.:
from each of the regions # #. /3 and Ry to the
origin such that the corresponding point on the
approximating surface z = 5,(Xy) approaches a point
at least £7~ units below the value -47%approached
by F(x,y) as (x,y) approaches the origin along or
near the y-axis.
Proof: Tet the point (x,y) move toward the origin
along the line X= ey, so that y= 244, that is, let (x,y)
be the point (2e4). , 2d/4), By substituting this point

for (x,y) in 5 (x,y) as given by theorem III, we have
aVd(q, %
(121) M{kl %)= -friet S/”é/ iﬂﬁé‘dudv

5 Gv- d/‘?"d’//,f
+£ e 5’(’/'{"’/ ’ :Slﬂﬁb(d”dy

. 65 :é ﬂzV'f'Q'[qz—e)’.‘f
% v / ——ﬂ—@-a’aq’v

v (@Y
4/ Lokt St g v

= -gv + L, +Z, +l3 + Ly
Now to make (x,y) approach the origin from R, if
a, < 24, let 4 ><>q,or if a, >24, ,let 24, >c >,
In either case to apply Lemmas & and T, we let &= (@~
in 7, to find that O0<b<d, let b =-dla~g4,in I, to
find that "c/<b<o let b= d(ca-fﬂ,@ in [z, whence —d< <0,
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and let b=-dlg,-€)fa, in I, where 0<b<d. We then have
hl.“%f‘

Sz
(132) S(g0) = -Z 7™ ,¢4f7rd/ -'Fﬁ’dp 47 *%’fdp

. o .
"‘?/& ”/W_s'/ﬂgdp _;”_4 "‘;’:-aq’p

d(e-aj/e-z
~% 77/ L2 _/,,/“‘fmgdﬁ

d/QI“e//é

= A7 s f

o
7 =L oy

dle-a,)y,
Let 4 = Fﬁq,fq,)/(z;,-/z} , and <= %@/pa,f@}, and we find

277
R

Z

The approach from /45 can be inferred from that in 7.
by the principle of symmetry to the z-axis, and similar-
ly that from A; from the approach in 77, which we will
now establish. If 4,>e>0 the point remains in 72 and
we have 0<b<d, b=dfa oy inl, - <bs—dla-df <0
in-&, O<b= d{qfcy,gz <d j_n_z;, and —-d < b:—-q’/q,-ej/éz <0’/'n];/
and may apply lemma E and F to get,

s Az, ~Cly,
(124) S000) =4 7= » év/c'fa.zﬂédp #%_ir/ _4_7[9’43

00
+4 77 ), S A -4/$r/ sgg 2
@<
-4 ”—4‘” ”Eﬂ’ —-Z7 > \Jsé/ﬂg?/ﬁ.
125) S0 = _‘/ 72 4/41 '% .
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If we let = 7%’:‘3‘7’__‘/ and eQ}—?——'_{;,we find

(126) 5@Q0) = 47 +j7/'4 é_‘/gédﬂ = TS

Or if ~ww<e <o, the point remains in 7; and we have
o < b= Jla~ely < oo inJz,, —co< b=~dlg-clfy, <~ in I,
o <b =g~y <oo inL and-w<b=-d(@Ya,<-d inl,
giving, when we apply lemma E and T,

: e sw,
(/122 S@I) = “7?772';4//‘+/’77‘ﬁ£.’47§6//,- o -""gﬂ’,e

Ay ©

7 -,
4 ;;—/ g{’;'/ﬂéc/ﬁ S7* _/7;/ _leﬁ;/ﬁ,.
P o2 J/f]p */77/ (e

.S’/r_/ﬁ
c?’/‘?,, /4
= -—'//;;7‘z ./_2/ 77 é(’?ﬁq;a'
dfq}*ey/ﬁl < ' a,
777 =4
And if 4 >2q, we may let - ZL%24%) and €= 5-za, ,t0 get
7 — A= )

(029 S = S7ef 7 s = g g7 s

We can show an effect of greater magnitude by letting the

point (x,y) move along ¥=gy as follows. If 4 <2,let

24, >e> a,,to find —d< b=~ < 0 inZ,, 0<b=-cfa-gL<d

in/f, —7<6=9(@-¢)f <0 in I and o0< b= ~A G~ g, <

in Z,, and by lemmas E and F, |

(129) 5@’0) = ~47 7‘/77‘/ J//ngza _,/”_/‘dc aj/b(y’% A
4+/,%7ré, —”—’»gc?’ -4 ”/4 :’l’f—g@d

/e-,)/q
£ /d s
77’0 ﬂé __///],./

g 6//3,
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130) S@0) = ~4 7477 Surs
( ) ()) Zz Tz J/ "}/l, = d/.?.
Let g, -¢ and /= a’_Z; and we find

(131) __5(0,0) = —;Fz—;rff-_ég dp +2/’77;4~L;g£d/3

= ~ 47 4wl

Or if a, > 24, , let 24, > €>2a, to £ind ~o/< b= G- <9
InZj -d< bemcllargify < o, indy; —o< b=lacley <~ in T;
and <4 =-qgfa,-c)f, <=o in I, and by lemmas E and F,

7/

we have,
A~ Jé:,

]

(732) 5((9,()) -Z7r> -;-577/ sim?z/,a +57r/
d{t’-a;)/(,-z'

P4T ) ol e air) iy,

d o> .
_%// 7/‘4 5lf;7ﬁdlg —4//7/‘/4 Q%ﬂdp

=4 , d (- ),
e N Y/ P G
r -1 d{a,-ﬂjé-, TG’ dﬁ +£7/Z Jg@#

Let 4=m end e=g4, and we find

, N Y (A%,
(133)  Sg8) <~4rr~2m) o +£7/ e
e,
= -g7i—dp rET [ =7ldp,

and we know, since (@, AN , that
G-y, .
o< Eap s o
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Since the value approached by F(x,y) is -#7* we have

demonstrated our theorem.
Theorem V

Hypothesess
1. P(x,y) is defined on ® as in (D).
e Y 7%7, >0
S« The ratios# ~o as h and k become infinite.

Conclusions : ,
There is at least one manner for (x,y) to approach
from each of the regions #,#, />, and A, to the
origin such that the corresponding point on the
approximating surface z = S, (ry) approaches a point
at least £7 2 units below the wvalue —z 7= approached
by F(x,y) as (x,¥) approaches the origin along or
near the x-axis.

The proof of this theorem follows along the lines
of the proofs of Theorems III and IV by an interchange
of x and y throughout.

Theorem VI.

Hypotheses:
1. The hypotheses of Theorem III are satisfied.
Re g, >0 >a,=-d3
3. The ratios/4 becomes infinite as h and k become
infinite.

Conclusions: :

1. There are two manners for (x,y) to approach the
origin from 4, and two from &, such that the
corresponding point on the surface z=3,(xy) ap~>
poaches 472+ 47, , thus demonstrating a Gibbs’
phenomenon of at least #4749 magnitude.

2. There are two manners for (x,y) to approach the
origin from 72 and two from Fy such that the
corresponding point on the surface z=.5,My/app-
roaches & point above 4 7*+~£ 72, showing a Gibbs?
phenomenon of more than 4772 magnitude.

3
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Proof: Let the point (x,y) move toward the origin
along the line x= gy, 80 that y='2(//4». By substituting in
the expression for .3,.(ry) as given by theorem III when q

is replaced by —d;y we find

. . S q,v+a’/q-_/A,
(134 :f’;/,‘% ’jd = - 7/"%24/ *lly’éfy J’Z/’“dadv
(o]

5 qv-dfa-<f -
+4 L nykl'[ 7 J/ﬂ/ll{ Judv
S Surkv a_,v-»c/{ﬂ_,fc% '
+£ L, = [ Suptid opoe Ay

S ¥ - ast |
Sphv
+4 —7—[ =G e Ay

=AW 7, 2T, £, * 2,

We may infer from symmetry the z-axis that the be-
havior in A5 is the same as that in 4, thus to make the
point (x,y) approach from #, is sufficient. We must re-
quire that 4>< >-4;, and to use lemmas E and F, when
a,>e>a, We have inZ,, o< b=dti¢fq < &; inl,,

—f< b= "d/ql—fj/q, <0; and inl_',j d(b :d/@ff//q_}(w;‘fé:ndt
/
in,, —eo< b= ~d(%7Ys <-d-.'. Then Aaclly
(135) 560 = ~4 7 HET ) Sl rh7) Sy
-0 : z o .
+é7/‘[/ 5..;3294/,- e f-;/éf"z -’_-—agll(’j,” Az

e . el
+ 47 beyrepey & W Y, Sl

/4"/@"7/@ '
2oz _ 4
4577 —2/77'0,@-% é{Z/’Z‘éa//-"‘

'
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Let @/= Z(295+4) gnd c- —2:%_ and we find

ay 4, ) Zadsr 4,
(13¢) S(80) =~ fr = £ f SLE e
B 2P L eX
Or when O< es-a; We have in/,, o/<b =d(4,~¢)fs <% in
Z,z, = W< b= oflg-g)ly <~ ; inlj, o< b= f/fa3+c)/43<d;
and in I% ‘d(bzr-‘i’/ﬁ;fcy/@ 4< 0. Then

‘ z, 4 =
(137) 5{0,0} = =G irF rrrgr ) ‘%C’E 4 A /<
Vol
- /gr/‘/ géé./.’!é}//g TN _zﬂ_ﬁ'
‘//J" //4_1-
+{7f/ _Zfé’;//,’ f‘?(yfjfz’é”//”
- i~ %

- é”z’f/ré’/%f% ?_;Mq//g.

Let o= 7(23+ %), r4) and <= 0,?_;/,?4, rea,),and we find

| o
(138) S@O = frrir) Tfds = frrIT k.

If €>2a  we find that (x,y) is in %, if d>gand B¢
if 4<p. Since we have symmetry to the z-axis the be-
havior will be the same, and as it is a little simpler,
we will used>0. In I, (/34), we have -—co< b=dla g4 <~d;
in L, d<b=~dla-<)g < <o ; inZ;, &< b= A r gy < =o;
end inZ,, ~ = <b=~d(@G+¢)fq. <« —o; and 5y substi-

tuting from lemma E and ¥, we get
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V39 SO = -4 77 sgm=—4m

72
0 Tl F el
/ i/ / ¥4
ar /e -/
4 AT % G ”Z J'éfZé’ s
4/¢’~f2,y/5 (Ce 2
-— Z Z , /2
- 77 -1/7/‘4 ¢/”—aa/ﬁ' —‘(//T‘/ J{{;_?é!q/

To -make _5(00) & maximum for this approach, we must
make d and e the solution near <=7 and =3z of the

equations
¢40) [et'-q,) Sl %, 1) + E&=a)Sraaf %) =0,

¢vl) R Sirra ~ Srr Al —1) ~SI7 (S ) = Oy
obtained from 2§02 - 28000 _ o, Since this solution

in general, will require some method of approximate sol-

ution we will use o~/ and e-=.74 to obtain some measure of

the value. Then |
71r& ~>%,)
(7)) S(op) = 47 rsr e —-5’7;-4 B2 s,

and since /# F9/7; > // we have

7+ %) .

o < -4 ggjg‘//’ < /2,
Thus one part of our conclusion is established.
If €=<-2q,, (xy) is in7; when d>o0 and we have
inZ, (134, /< b=dla~c)y ~ co; inl, , -ao < b= -dla Sy <d;
inZ,, —eo <b= d@a ey <-/; and inZ;, o< b= -qfqr ey, <=

Then substituting from lemmas E and T,
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(/43) S@0) = ~F 7 rfrr? ,;,;;;/ ,_/Zf"qxp f/,,(// :ﬁo/f?ﬂc/

T~ s Y
L7 x
7 / ) ’—ﬁd r§7- 4. ’7 SULo

0/5 /i : pA o
tprl EGE A g7, A e

iz, ~€lf, -l .
= -/ V- / \S/ﬂ/ﬂé’ a/ —£ 7/'/ J_gg;ﬂé’ 6/,6_
C/ .

P) .S/qoj 05(047

From = o0 we get the same equations as (140)

and (141) above, but for a maximum require the solution

near =7 and e==34,, At these values we have

* 2,
(139) S00) = Frivtp -t " ey,

and we have our two manners of approach.

Theorem VII.

Hypothesess:
l. P(x,y) is defined on R as in (D).
2 iy, >O amd % 7y, -_-'-/l(; < QO

3« The ratio44 »o ag h and k increase indefinitely.

Conclusionss

1. There are two manners for (x,y) to approach the
origin from # and two from #» such that the cor-
respondlng point on the surfacez=3 (yy) approaches
~G T I ET e,

R+ There are two manners for (x,y) to approach the
origin from 4, and two from & such that the cor-
responding point on the surfacez - Suly/ approaches

a point below ‘/ﬂ'z_f/rﬁ
The proof of this theorem follows that of theorem

IIT and theorem ¥’ by an.intercha.nge of x and y through-

out.
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Theorem VIII.

Hypothe gess

1, The hypotheses of thebrem III are satisfied.

2. The point (x,y) approaches the origin along the
line x=ey so that y = zd/4.

3. The ratio//4 = ¢ approaches a finite positive
constant ¢, as h and k increase indefinitely.

he Blp) =t detai-a)lt~3) ard Oif) = £ cd {12} +2€f.
Conclusionss:

As h and k increase indefinitely, the sum 5;,,{3‘3‘{%4}

approaches the limit

a2 ((@spaceledt . j1ract )R ! Cosla-eledt L2
47 "{ v /‘9//-4,# At '[ < 2L /W//M-rzf??’t oSt
/ 4 S 7
#R ) et [ HALLLZOUE 7t g,

when that limit exists.

Proof: Substituting the values of x and y in the

expression (71) from theorem III, we have

S @, vrdlg~clk
2 z
5) Gl FL3) = 4> z‘[% Sn1ke Z 21222 dy

5 av-ala,~Sf
+4 [, Sk [ SULLU o e fy

5, v AV + A 7~

~/_% [ 4 o “, 4”6111

s a v~}
-4 [ Sk *
24/{’ .%’:é jé%fl.‘.([//(q’y fé;

= frE il "y rlyt L, +£.

In/, 6 let 4= d(4~¢)/4, ,and make the transformation z=4v
and « =/u«, Then

'?5 v 4’c/ﬂ)"b/j
CCRRAR VI A
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and ’by lemma G the second integral of I, tends to zero.

In the other integral, let o= cZ(F+4,), to get,
(42 = £ 4w%’é{‘32¢§c{m 7 g+ 5
-’
=t ) Sue [T Suadofethl ot
r g Sl [l i 12
= -4/ 45%’2[ Silep=to) oy e
#4| gt | Csurtelpsbl ot o 1 £,
In £ let 5= 4v and &= /4, Then

, 6 <1 ~5,)
54 ;%,-'*‘Zé,/o SR e f g3

00 . G,c(0-48) . 27
= 7 ~2f S S/179C
i TE L 2,,/:/?[ —& A
By lemma G the second integral of Z, tends to zero. In

U

s I,

{
AN
;
)
>

the first let or=c/p-5), to get,
4 =/
P S 7)77 4 Srerlef@-b) 14
(Y7 £z = f{ g [ ) z Azdp

[, ) 7,
/£ Swg [ Suricfz b £y .
+i£ g 4 z atap + <4
Then by adding, we have

o0 ’ ql
],'f_l; = i‘[ 5,27@/ .S}thégfé/;ﬁﬂtc(ﬁ~é}‘/z4ﬁ
Q

|
/77,
“ Jo

4 ,
- S, 4 —_
é 220 Swlfpbd of s +E5 1

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



oo i a,
(150) LA = % [ Sws [7 Snlegleshet g,

<
4 ,
-/a _5'//7/3[ 5//7?6'/[}-&,}4/## + £ ,‘E‘V

4 ) 7,
- S/n78 [ Sl ~b,
e [ Sinbepb) s o515

But [ —MLIUTIL s < £y 20 Le*  (Bievens de Haan)l,
Thus we have,

(151) LI = [ RELLL foh (111)
<, /s
_Z =2 %{(ﬁ:&i/fdﬂ #5157

Similerly if 4 = “/#.-&)l, , we have

Z
(/52) _]j'f_é:: “,[ %‘L/ﬂy/ff‘;‘;‘. 2

1
E\
g\\

| 2 LBl s 1450l

If we let £ = £ 14 24 £ +£ , We have

Vs
__z_g _ / [ /7 - .
(49 SulBHY = e [ TS Staclet) =Sl 8 1
&7
fx ot /re)n < b.cl Z
" [ Bt - [ el 4 2,
By replacing the values of 4 and &, and transforming

with 2= g« in the first integral, =&« in the second

1 TLoc. Cit. Table 151, No. 7.
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and G5 = vd, in the third, we get

2eq 2 ’ el e

/
S/ Ve / f:)
7‘24 h__,‘f o/ ~S1zf .zvzﬁ Cos@WE »y

_ [ cosfa-e)del [ Zcaq )2
/o s o9 / /-zfcaz) L+ £

Given >0, there exist an 4, and a 4 such that when

4>4 , and le >4, /6/<e, (theorem III and lemma G) and
our theorem is established. |

It is interesting to note that when we fix the
point (x,y) at the origin by meking o/-othe results of
theorem VIII are the same as those obtained by E.C.
Titchmarsh 1. However the evaluation of the limit when
J7p requires some method of approximate integration for
each particular set of values for ,# ,+, e, and &
as it has been shown by Titchmarsh, C.M.Noore %, and
others that the series does not converge but dépends
upon the value of <, , we will not attempt the evaluation

in this paper.

G B S O T SPGB P ED D E S WO WP G WO O WD NS G G S G G ST WD SE) G N PED W G G WD D G G D N CH M ID G PU D S GO GD GD SO OH SPGB Gn M o

1 Loc. Cit. Theorem III
2%0n the Summability of the Double Fourier’s Series

of & Discontinuous Function; Math. Annalen, Vol.
74 (1913) pp. 555-572. Here it is shown that for

summability €, the result depends on the ratio /4,
hence we may deduce the fact for convergence,
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Part IT GENERAL FUNCTIONS

1. We have studied the behavior of the double
Fourier?’s series development of several functions relative
to the existence of a Gibbs? phenomenon at various points
of discontinuity. By use of these results we are now able
to proceed to the discussion of any general function
having a convergent double Fourier!s series expdnaion.

Definition E. Let the region K= (7sx<77, -TT<y<2 7)
contain a network, W, of curves defined as follows : (a)
each curve has a definite tangent everywhere; (b) any line
parallel to either axis cuts the network in anly a finite
number of pointss (c¢) there are only a finite number of
points where two -curves intersect, and none where more
then two intersect. Let ¢Hfry/be a summable function on »
such that in the interior of each cell formed by the net-
work,‘W,,ﬁV&x}is continuous and of bounded variation in
the sense used by Titchmarsh® and has a finite jump as

(x,y) crosses any ourve of the network.

The conditions on gixy)are sufficient to give a
Fourier?’s series forﬁﬁxy which is uniformly convergent in
the interior of any of the cells, hence at any point of
continuity of ﬂf,}y the surface z= §,(xy/ approaches the

—---I-LOCQ Cit0 P 301
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y
surface Z= P(xy as near as we please as h and k increase
in any menner. At any point (x,y) on the network,W, at
which all the neighboring pointe of continuity lie along
a single curve of the network, we take a section parallel
to either axis and consider the resulting function of a
single variable, say Prvy), We mey take the more convenient
asec:t'iorf:‘”j'bc;rf virtue of theorem II, and the work of Bdcherl

and others, we know that in the Gibbs! phenomena the mag-

nitude is not dependent on the function but on the mag-

nitude of the jump. Thus the curve ocut from the approx-
imating surface z=_3,(ry) by the plane y =y, will approach
the curve z= @(*M, y=y .as near as we please at all points
in the neighborhood of (¥,y), except @f(¥vy). When (x,y)
approaches(X ) as x increases, the approximating curve

rises to the height
(165) 2= Ppy)- { Fumay)- Pnay)f e,

and then drops to
use 2= P00y 2 L Fray) ~Plig Y}y

as (x,y) passes through é’,/y,/ and then back to the

original curve,

.2' Fox_‘ the coneideration of points of our network

G M WD N GE B ST CE G S G WD D K ST PV TS B G W D ED SP G AP G iR G G GO G G T WS WO B SR Gn WY 6T N S G5 GE DO GO GP BT GN W a8

1 Loce. Cite. §9, Do 123
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where the neighboring points of discontinuity of H(xy)

lie along two curves intersecting at the point, we need

first, a lemma.

Jemma He Of x and y are coordinates in a Cartesian
system, rectangular or oblique, if R is the region
(7sxsm, -rey <7 ), if £(x) and g(y) are the
functions defined in (B), if B(ng§ is any function
continuous in x and y on R except along x = 0 and
y = 0, if B(x,y) has a finite jump along the axes,

and if
Bixo = 2 B(x0) +B0:9), B(Gy = £fBpgy) +B3y)3

Bloo) = #{B(rgr » B(r0-0) »B(~g+0) *B(-OXN)f and

A = B0 - BEoro) ~Bpo-0) + Br,0)
there exist three continuous functions y, d
G/y) Buch that G (%y), ) an

Birxy) = PNy) + Gy R + P IYr + A FD9 572

\ Proof: Let
(157) O) = B(x+0) —Blx-0) (~77< X< 0) ard (0<X < IT),
610 = £{ o9 + oo,
and
(/fkj 7Ly) = 5/"0,)7 -5~0y) (‘77'5)’<0} 77 (O<x <77)
/
Plo) = £ ¢ 769 » Pr-0},
Then
//54/ 6{"0}"‘ 6{‘0} = Béolfo) -B/ﬂ);a) 'B(—o/f-aj +_B/.a.o}
= @r*0) -Plo) = A,
Define
80) FUxy) = Biny - oo gy
Then -

(16) (%9 - Plx-0) = B(xr)-B(x-0) - 813) S P~ w0l
=0
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1162  Pixr0) - Pn0) = % §Blx+0)-Bls-0)f ~f &Y §plro)- w10}
=0, '

(/63 P9y -Ploy) = Bray) -Blay - §erd -or9)f #iyy

=0,
(164)  F40y) - Py = {{Blray) -Bloy)f-+{60))- 100} v
= 0.

From these, we have,

(165 Pl(g20) = P(200) = P(2p 2p),
and
(169 @(9+9) - &(00) = £{Blegr)-Blic-0) »B(-0+0) - Blg-9)7
<4 /000 +0r9pf g?(m) - P(-9i/A
= 0
Hence (X y) is continuous in x and y on R.

But A% = A8 + AFy/ 7 ~ wher H(x) is
continmious on (-7 <x s 7)) and M = £f 80+ 6(-0)JF
since ,{4/,9 = 8- 0N fylr —4f o) +o(9)f 18 easily
seen to be continuous at x = O where #():0 and we can
make A = A()+%§960) + £(-9)f, Similarly we have
Py = Gty) + A96)4- , where G(y) is continuous on
(7<y <) and Glo)= £ § @9 + F(-0)F

Thus ,
(167 Blxy) = Flxy) + fHx) + ATty f E G+ AglYry /4

= sy + SR+ HOIY o+ A ROIYWiT,
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where S"(‘}ﬂ = Pl *H9aY4 1is continuous.

3. There are only a finite number of points on the
network, W, of Definition E at which two curves of the
network interseét, hence only a finite number where the
tangents to the intersecting curves are respectively
parallel to the x and the y-axis. To study the behavior
of the Fourier’s development at these points we make re-

peated application’ of the following theorem..

Theorem IX

Hypotheses:

1. (g.,b) ie any point of discontinuity of the func-
tion &4y fefined in (E) near which all other
pointe of discontinuity of Féy lie along two
curves intersecting at (a,b) and having tangents
parallel to the x and y-axes respectively.

2. When tl:xe axes are translated so that (a,b) becomes
the origin, &H&y becomes Pu/y.

Se I?(yy, & A () and g7 are defined in lemma

4 354(%Y¥) 1is the sum fromi = 0 tom,j = O ton
of the terms of the double Fourier’s expansion
of @lxiy). . :

Conclusions
The approximating surface = = 5,&/y/as m and n increase
indefinitely in any manner, has a meximum (minimum)
I()o:mt approaching the point
8) Plrorp) + A[7E »L5/72 + 6@ rHYIA/ T
asXx’~> o0 and y~> 0.
(b) Pl0-0)-4§marailfr= « £6(0) -HOF rlr
asXx’>+p and y/-»-p,
(c) #Co-0) +457pm *R% /i - £ 6000+ HEIT Sy
- a8 x~>-po and y/- -0,

() gr-00) -4 Frmrp2i/mre -
e.s x’—>)-0 andf;)fziiof ¢#0)= 003 pfr
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Proof:s If we confine our attention to a small

neighborhood of the origin, we can epply lemma H to get,

(167 PIxY) = Giyy)+ 60970y + A gy Yr + A 79 tyy/r=

Hence the sum.§ (+/y) is made up of contributions from
four different functions. Since ¥v/y’) is continuous in
the neighborhood of the origin, its contribution to the
éum converges as closely as we please to its value at
(0,0), regardless of the manner of approach of (x,y) to
(0,0) as m and n increase indefinitely in eny manner.
f(x) and g(y) are bounded, and H(x) and G(y) are con-
timuous, hence the variation in the contiibutions of the
products Gey) 74f//~  and A4 g}/ to the sum caused
by replacing H(xX) by H(0) and G(y) by G(0) can be made
as small as we please by keeping (x,y) near enough to the
origin. The contribution of 6w 1% to the sum will be
a meximum when A’ ;%,, and converges to a value G/ in
excess of the value G/ 19 /7~ , and of AY 9iy)/ir & max-
imum when y’- 53—’5 ,and converges to & valueﬁk)j,%—in excess
-of the value #0)79/- a8 m and n increase indefinitely in
any manner. By theorem I, the contribution of 4 f&Jqyl /7>
to the sum will be a maximum when Xx'= ;,E and y':. %nj
(same values as above) and converges to a value A(72 r2 Y

in excess of the value A’ﬁ@g@,‘as m and n increase in-
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definitely in any manner. Adding all these contributions

together we find that 3, (EL;/}%_} tends to

(168)  Plrgro) + A7 *B Yz * FG(0) + H(O)ip o .

The other parts of the conclusion follow from similar
considerations.

It is interesting to note that under certain con-
ditions on the values approaéhéd by by as (x,y) ap-
proaches a point of discontinuity, the Gibbs’ phenomenon
mey disapbear for the approach from one region, but not
from all at once. This will be the case in the first
quadrant when the function has the origin as a point of
discontinuity if,

[169) Amp + Ap*» T6I0)e » TP = 0

or substituting values and collecting,
(70) (77 48) rra10) ~(m+) oo 0) ~(mt6) K59 (A FY =
From this we find that in choosing the function we may
take arbitrarily the values to approach from three quad-
rantes and find the value in the other to make the phe-
nomenon disappear. from the first quadrant.

4., There now remains at most a finite set of points
in R to be considered. All these points are points of
intersection on the network, W, at whlch at least one of

the two tangents is oblique to the axes. Since we have
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information concerning the corresponding special function
only in the case where the ratio4/4 approaches zero or
infinity as h and k increase, and that not conclusive as
to magnitudes, we will not attempt to state our results
as a theorem. If («, 8 ) is any one of these points,
translate the origin to that to get, '

(7)) 2y = s? (2, yp) = PEY).

Now let x'= )’ and x'= 4.y’ (4 >@), be the equations of
the tangents to the curves at the origin. If we consider
a sufficiently small neighborhood of the origin, N, when
we make the transformstion,

X" = x'=a.y'  gnd y"= ay-x’

to get

DY+, y'l Xy - "
(172) ¢/X,y/ = @( “g-a 4‘.’2’) = Fxyy)

We can apply lemma H to &#/x/ yY/ and we have,
(123) Fitsy) = XYV COI Yo+ HEI91yY g + 4 Fl 72y

However this is not in g form to expand as a Fourier’s
series, but by reversing the last transformation, noting
that the product 7(¥-ay/olzy’-x’) is the function FA@/yY
defined-in (D), and replacing Yi‘ayay-x) by ¢(xy’ we get,

(74) Pty )"/ YY) * G (ay'~x) Fix"-a.y Yo +
# Hr=ay) otay~x)) - + A FEY)T?

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



56

in terms of the original axes. In this, ¢/t y) is con-
tinuous in x’and y’in the neighborhood N, and Glay-+)r*™Ly)
and A%Y)glay'x) each have a single line of discontin-
uity.

Since the function ¥(Xy)/ is ocontinuous, its con~
tribution to the sum,—5,(¥y/, fromi = 0 tom, j = 0 to
n, (#=2n], h=27¢/ ) of the terms of the expansion of the
function ¢/x’,y) converges to the value ¥(0) regardless
of the manner in which (x,y) approaches the origin and
h and k become infinite. Also since the functions Fx“%y)
and g(4y~x') are bounded and ~/X'~%y'Jand G(gy-x') are
continuous, we can make N smsll enough that the variation
caused by replacing 4/x’~=y’) by H(0) and Giay'—x) by G (0)
is as small as we please. The neighborhood N is divided
into four parts by the tangents, and we will use Nj to
designate that portion that lies entirely in the first
quadrant, or that includes the positive y-axis if the
tangents are in different quadrants, and by ¥,/ A, the
portions as they appear in order on a counter clockwise
circuit of the origin.

To complete the discussion, we must consider several
distinct cases. We will begin by requiring @ >#,>0 for
the first éase, and let /A4 »>was h and k become infinite.

Tor maximum effect (greatest difference between function
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and limit of sum) from the contributions of #lo)grgyix)/rr
and G rix-z.y’) to the sum as (xﬁy') approaches the origin
from Ny, the line x’'= ey’(th'eorem'.iII) must be the same
for both functions, and such that the point (x}y) makes
both a maximum. This happens when, |

(175)  X'= 20q7/j4(@-€) = ~2E€GT/} (1~

from which

176) e - 2, G2 ‘. 4‘6‘?_277‘ ’ z.(a,+a;)7l‘,
(176) G+ g ~eay ’/ Y k()

_ With these values, we find that the contribution of
GO)I7x2y}, %o the sum is6/p/r in excess of the value ap-
proached by the function, and of 4 9@y~xfiris /@pg/ 7
in excess. Substituting these values in (122) theorem
IV, we find that the contribution due to 4 /Zy//7* ap-
proaches the value - f ., »7%- -/ A, whereas the function
approaches A4, hence the excess is-£/4, If we use
the symbol ¢ for the value approached by #4)/ as(xyy)
approaches (0,0) from region N,, ¢, from Nz, ¢f; from
N3z, and gﬁ,, from N4, we have, when we add these excesses
together, that the sum S(ryy)tends to the value
(177) & *e4iccy r470)3 - £ 4

| =B D~ Fingr £~ rd ~As
Similarly for approach from N, we find e = 0 = x’
and y'= 27/4 giving, |
(176) P+ EH) =GPy +0 = F2 * (P2 =91 Ve
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And from Ni, &= a—,:?f- ;) X' 77 k(g -a) ‘and }’ A’[q,-qz) d

giving,
W79 Py + § ~HO) -c@Qfr)r LA

= ;+fpdjam bl P i+ ]

And from N4, € = 0 = x’ and y ‘= 27/, giving,
( 50 Py * (GO~ pr+ 0 = #y + FHy~32T Pl

For a second case when a4,>q¢, >0, let /4 >o0as h and
k increase indefinitely, and from theorems II and V, we
find the same results as when /4% = e if we make e= £(414%)
withx’= *22’; %) and y/'=+ ,,/-‘%_-ql)in N; and N3, and €= qa,y_
x= 2%, in ¥, and Na. The verification of this is
simplified if we observe that in our special function
E(x,y) the value approached by the sum of the series
depended on the value of the function near the y-axis as
4 >9° and near the x-axis as#,»0, These are both /77 in
these cases.

1f @ >0>4,=-a, we have a third case when/}->&.For
maximum effect fxrom A/ (qy/-vJ/7 and GP ri <y Yo 88 (x3y)
approaches the origin from N,, we find e = 0 = x’ and yt 31

and the excess is,

(18)) L Gi0) #H O3/ = (B~ D)2/

Also AFtx]y’) gives a contribution to the sum ,g,r(x}yﬁ orfA
(see (135) theorem VI) which is the value of the func-
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tion approaches from N,, that is, as (x,;y) approaches
the origin from N, ,the sum ., (x)y) tends to the value
(162) @, * (& ~#)p/r
By similar methods, we find as (x)y) approaches from
Nz, the sum 5, /x/y) tends to
(183) @1+ f Q) -l +54

S B fhB A v P P Ped
from N3, tends to. |
(154) Py {60 -H0) A = P+ 5~87
and from Na, tends to the value
(185) P, + FGo)-#ro)f pfyr +£ A

= Gy A (G- Py PPt B =T

By the use of theorems II and VII, when /44> o as

s (D=7
4(3ez, =) !

77 4
and )’/z't /-,'/i'—‘z%_(,,) in Ny and Nz,or €=a, y’' = o, and

h and k become infinite, if we let e=£/# -], X

x= tam in Nz and Na, we get by approach from N,,
(156) B+ JHO ro@f -5 4

= @ * LB Bios Lttt
from Nz,
(187 Gt (WD -c(D)}ppr = Sr [b-B]0sT
from N3,

(188) P * &~0)~C( Ffr~44

= bAoA £ f - gy

s\@ :
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end from Na,

(199) @, 1560 -1 (O}opy = P+ kI o/,

as the values approached by the sum.

Conclusion. With these results we will close our
present investigation. We have shown the existence of
a. Gibbs? phenomenon in the convergence of the double
Fourier’s series as a geheral rule. In the case where
the point under consideration is a point of discontinuity
on & 8ingle curve of discontinuities of the function, we
have shown that the phenomenon always exists, and that
its magnitude is the same as for the plane curve cut from
the surface by any convenient section. 1In the case where
the point under consideration is on two curves of discon-
tinuities having tangents at the point which are parallel
to the x- and y-axes, we have shown the existence of the
phenomenon and that its magnitude differs from that at
other points, exceeding it for some approaches.

At points on two curves of discontinuities where the
tangents are not both parallel to an axis, it has been
found that the series does not converge, but depends on
the value approached bys/4, end we have found the same to
be true concerning the Gibbs? phenomena. We’have found
that there is an effect but have not found an accurate

measure of its magnitude.
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