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GIBBS9PHENOMENON IN THE DOUBLE FOURIER'S SERIES

I n t r o d u c t i o n .  I n  th e  c o n v r rg e n c e  o f  t h e  F o u r i e r ' s  

s e r i e s  o f  a  d i s c o n t i n u o u s  f u n c t i o n ,  t h e  p e c u l i a r  f a c t  t h a t  

"bears h i s  name was n o te d  b y  J .W .G ib b s*  i n  c o n n e c t i o n  w i t h  

a  s im p le  f u n c t i o n  o f  a  s i n g l e  v a r i a b l e .  S in c e  th e n  i t  h a s  

b e e n  s t u d i e d  by  s e v e r a l  men, M.BcSbher2 and o t h e r s ,  i n  con ­

n e c t i o n  w i t h  more g e n e r a l  f u n c t i o n s .  T h ere  i s  now a v a i l ­

a b le  c o m p le te  i n f o r m a t i o n  c o n c e r n in g  v e r y  g e n e r a l  f u n c t i o n s  

o f  a  s i n g l e  v a r i a b l e ,  ( s e e  O a rs la w ,  “I n t r o d u c t i o n  t o  th e  

T h eo ry  o f  F o u r i e r ' s  S e r i e s  and  I n t e g r a l s " ,  c h a p t e r  IX) b u t  

a p p a r e n t l y  t h e  q u e s t i o n  h a s  n o t  b e e n  s t u d i e d  f o r  f u n c t i o n s  

o f  two v a r i a b l e s  and  th e  d o u b le  s e r i e s .  I n  t h i s  p a p e r  I  

p ro p o s e  t o  e x te n d  th e  w ork  t o  i n c l u d e  c e r t a i n  f u n c t i o n s  o f  

two v a r i a b l e s .

I n  t h e  s i n g l e  v a r i a b l e  caBe th e  d i s c u s s i o n  was b a s e d  

on th e  b e h a v i o r  o f  th e  F o u r i e r ' s  e x p a n s io n  o f  a  p a r t i c u l a r  

f u n c t i o n ,  f ( x ) ,  w here  f(x) = k 77', ( o <  x<-Tr}> ffe) = -£j^(-7r<k-<o) 

and  f ( 0 ) =  0 .  The f i r s t  e x t e n s i o n  I  w i l l  make w i l l  be t o  

c o n s i d e r  t h e  p r o d u c t  o f  t h i s  f u n c t i o n  and t h e  f u n c t i o n  y  = 

c o n s t a n t .  T h a t  w i l l  be f o l lo w e d  by  th e  d i s c u s s i o n  o f  th e  

p r o d u c t  f ( x ) g ( y ) ,  o f  two f u n c t i o n s ,  e a c h  of w h ic h  i s  l i k e

1 N a t u r e , V o l . 5 9 , p . 606 (1 8 9 9 ) .
2  I n t r o d u c t i o n  t o  th e  T h eo ry  o f  F o u r i e r ' s  S e r i e s ,

A n n .M a th . , P r i n c e t o n ,  S e r . 2 , V o l . 7 ,1 9 0 6 .
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t h e  f u n c t i o n  f ( x ) .  T h is  p r o d u c t  h a s  d i s c o n t i n u i t i e s  a lo n g  

t h e  a x e s .  The f i n a l  e x t e n s i o n  t o  s p e c i a l  f u n c t i o n s  w i l l  he 

t h e  c o n s i d e r a t i o n  o f  a  f u n c t i o n  h a v in g  two l i n e s  o f  d i s ­

c o n t i n u i t i e s  n o t  h o t h  o f  w h ich  a r e  p a r a l l e l  t o  t h e  a x e s ,  

t h e  f u n c t i o n  h e in g  r e p r e s e n t e d  b y  s e c t i o n s  o f  p l a n e  s u r -

I f a c e s  p a r a l l e l  t o  t h e  x y - p l a n e .

j W ith  th e  d i s c u s s i o n s  o f  t h e s e  s p e c i a l  f u n c t i o n s  a s  a
t
I b a s i s ,  I  s h a l l  t h e n  p r o c e e d  t o  t h e  c o n s i d e r a t i o n  o f  a  more
i
j g e n e r a l  f u n c t i o n  o f  two v a r i a b l e s .  The c o n d i t i o n s  on t h i s

! f u n c t i o n  make i t  one o f  a  l a r g e  claBs o f  f u n c t i o n s .
i}
iI
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P a r t  I  

SPECIAL FUNCTIONS

1 .  L e t  u s  "begin o u r  s t u d y  o f  t h e  Gibbs* phenomena 

w i t h  a  s im p le  g e n e r a l i z a t i o n  o f  th e  p ro b le m  i n  th e  s i n g l e  

v a r i a b l e  c a s e  t o  th e  d o u b le  s e r i e s  c a s e  w here  t h e  f u n c t i o n  

h a s  a  f i n i t e  jump a lo n g  one a x i s ,  by  t a k i n g  th e  p r o d u c t  o f  

two s im p le  f u n c t i o n s  o f  th e  s i n g l e  v a r i a b l e s  x  and £ .  We 

d e f i n e  th e  f u n c t i o n s  f ( x )  and f i ( y )  i n  t h e  r e g i o n  R, 

f t  s.(-7r^yci7Tt "tn)f<Jr) aB f o l l o w s :

f(*J -  k v  . ( o o c <tt)  j fQO * o)
(A) * ( 0 )  & f (7 r )  *  o

ft (y) - J- (~ 7r  * y  z 7r)

The d o u b le  F o u r i e r ’ s s e r i e s  d e v e lo p m e n t  o f  th e  p r o d u c t  

f ( x ) f i ( y )  1 b g iv e n  by  t h e  p r o d u c t  o f  t h e  e x p a n s io n s  o f

e a c h .  Now f j . ( x )  i s  an  ev en  f u n c t i o n ,  h e n ce  m u st  h ave  a

c o s i n e  d e v e lo p m e n t ,  and  b e in g  c o n s t a n t ,  t h a t  d e v e lo p m e n t  

r e d u c e s  t o  t h e  c o n s t a n t  t e r m .  Thus we f i n d  t h a t  t h e  d i s ­

c u s s i o n  r e d u c e s  t o  th e  d i s c u s s i o n  o f  th e  s i n g l e  v a r i a b l e

e x p a n s io n  o f  f ( x ) ,  w h ic h  C a r s la w ,  i n  h i s  book  " I n t r o ­

d u c t i o n  t o  th e  T heo ry  o f  F o u r i e r ’ s S e r i e s  and  I n t e g r a l s " ,  

h a s  c o m p le t e ly  d i s o u s s e d .

To c o n t in u e  o u r  s t u d y ,  we w i l l  now c o n s i d e r  a  c a s e  

w i t h  t h e  d i s c o n t i n u i t i e s  a lo n g  th e  two a x e s .  We w i l l  t a k e  

t h e  p r o d u c t  o f  t h e  two f u n c t i o n s  f ( x )  and  g (y )  d e f i n e d  on
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R a s  f o l l o w s :

f ( x )  d e f i n e d  a s  i n  (A ).

(B) 7 ( y )  -  £  77- ( o <  y < r r ) j  <?(y) = ■  ~£w  ^ ~ 7 r  

• g  c- tt)  »  q c  ° )p ~  y  ( t r )  -  °

As th e  F o u r i e r ' s  d e v e lo p m e n ts ,
oo

(1 )  f tx)  =  2 T  ^ 7 7  Sin(2.™+/)x ^77-5 V47TJ

(2 )  ^ y ;  = 2 L  i ^ T /  S / r 7  ( A n H ) y  (~TT^ y  <,n)

h av e  h e e n  c o m p le te ly  d i s c u s s e d  a t  p o i n t s  o f  d i s c o n t i n u i t y

hy  C a rs la w ,  we s h a l l  u s e  t h e s e  a s  a  h a s i s  upon  w h ic h  to

p r o c e e d  t o  th e  d o u b le  s e r i e s  c a s e  by  p r o v in g  th e  f o l lo w in g

th e o re m .  I n  th e  f o l l o w i n g  d i s c u s s i o n  we s h a l l  u s e  (Xjy)
♦

a s  t h e  sum fro m  i= 0  t o  m and j= 0  ’t o  n  o f  t h e  te rm  o f  th e  

F o u r i e r ' s  e x p a n s io n  o f  t h e  f u n c t i o n  u n d e r  c o n s i d e r a t i o n .

A lso  we s h a l l  u s e  /°> -  -  J£T -  * 2 & / /  and

w h ic h  w ere  e v a l u a t e d  by  B S c h e r1 .

Theorem I .

H y p o t h e s i s :
1 .  The f u n c t i o n  f ( x )  and g (y )  a r e  d e f i n e d  on R a s  i n  

(B) above  and  e x te n d e d  beyond  R b y  th e  p r i n c i p l e  
o f  p e r i o d i c i t y .

C o n c lu s io n s :
y .  The s u r f a c e s .  a p p ro a c h e s  a s  n e a r  a s  we

p l e a s e  t o  th e  s u r f a c e  z  = 7?*y?(y) th r o u g h o u t  t h e
i n t e r i o r  o f  R, e x c e p t  i n  th e  n e ig h b o rh o o d  o f  th e
l i n e s  x=0 and  y= 0 , a s  m and n become i n f i n i t e  i n       —  —

1 B S oher ,  L o c .  C i t .  p .  1 29 .
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any  m an n e r .
2 .  A long  th e  "boundary o f  R, e x c e p t  i n  th e  n e ig h b o r ­

ho od  o f  (*7r} 0 ) , ( ° ,±7r) t and  , and  a lo n g
th e  a x e s ,  e x c e p t  i n  t h e  n e ig h b o rh o o d  o f  { 0 , 0 ) , 
a s  m and  n become i n f i n i t e  i n  any  m an n e r ,  t h e .  
s u r f a c e  a p p ro a c h e s  th e  v e r t i c a l  p l a n e  s e c t i o n  
f ro m  th e  x y - p l a n e  t o  th e  h e i g h t  i f  th e
a p p ro a c h  i s  f ro m  a  r e g i o n  w here  f ( x ) g ( y )  > 0 .  and  
%o-t7T {jrnt/o,) i f  f rom  a  r e g i o n  w here  f ( x ) g ( y )  < 0 .

3 .  A t ( 0 ,0 )  , ( 0 , * tt) , (-rry0 )  , and  (*77j*77) ,  a s  m 
and  n  become i n f i n i t e  i n  any  m an n e r ,  t h e  s u r f a c e  
a p p ro a c h e s  th e  v e r t i c a l  l i n e  segm en t f ro m  th e  x y -  
p l a n e  t o  th e  h e i g h t  )A , i f  t h e  a p p ro a c h  i s
f ro m  a  r e g i o n  w here  f ( x ) g ( y )  > 0 and  )*■
i f  f ro m  a  r e g i o n  w here  fTx)g(y)  < 0 .

P r o o f s  The d o u b le  F o u r i e r ’ s s e r i e s  d e v e lo p m e n t  o f  

t h e  p r o d u c t  f ( x ) g ( y )  i s  g iv e n  b y  th e  p r o d u c t  o f  th e  ex­

p a n s i o n s  ( l )  and  ( 2 ) .  When we fo rm  t h i s  p r o d u c t  o f  th e  

f i r s t  m and th e  f i r s t  n  te rm s  we h a v es

I f  we c o n s i d e r  th e  a p p r o x im a t io n  s u r f a c e  ~z =• 

we f i n d  t h a t  s u f f i c i e n t  c o n d i t i o n s  f o r  th e  p o i n t  ( x ,y )  to  

b e  a  maximum p o i n t  f o r  f i x e d  v a l u e s  o f  m and n  a r e  t h a t s

{’*0 J*o *

=  j  f f C o s ( 2 f M ) p  c/o(cj9

(»■ <v> -

(&

0°)
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From th e  e x p r e s s i o n  f o r  0 ^ n(^ y j  we h a v e ,

^ $nti = S f n 2 m X  S m  2n n  
m  **

m ) = J >'*£ a x  f x S'/n2m o< ^
(0i Zy 3 /ny  Jo f ^ t

y
1QI d l oz„ „ Xrrt QbsZ m X Sm x -S//iJ?mX C asxf  S trt Zn/3 ^
‘ 9>rA )0 s w p  r 1

(ID) ~ 2nC os2nyS tn y  - J t r r l n y  C o sy  f  .
1 ^  'S /n  * y
/./II 1^£* S / n Z m x  m 3 )  n  J L n  V

J Zx *y ~ S / n x  'S'"1y

S e t t i n g  (7) and  (8) e a c h  e q u a l  t o  z e r o ,  we f i n d ,  s i n c e

 d t  >  O ( 0 < T  < T T )

t h a t  t h e  v a l u e s

y  =  ^  n r  J  7T ____ ,̂ 7^
"" Z m  * A m  * A n \  ' ~ ~~J£  m  '

w 77- XHL S ir  .7 -V
)} -  2 n  1 y i n  '  -e/7 7 V / 7  '

a r e  th e  p o s i t i v e  r o o t s ,  and t h a t  i s  z e ro  f o r  any

p a i r  o f  t h e s e .  The seco n d  and t h i r d  c o n d i t i o n s  f o r  

maxima t h e n  combine t o  r e q u i r e  <  Of and <  ^
771 j 'TT

S u b s t i t u t i n g  t h e  v a l u e s  Af = and  Y ^ a Ti *n  and

(10) we f i n d  t h a t  when i  and j  a r e  e a c h  odd i n t e g e r s ,

t f )  w i l l  be  a  maximum, and  t h a t  th e  one n e a r e s t  
77™ 77™

t h e  o r i g i n  i s  iyrn >XJj) • w i l l  f i x  o u r  a t t e n t i o n  on t h i s  

maximum, w here  we have
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- C %  ■

By t h e  f i r s t  law  o f  t h e  means f o r  i n t e g r a l s ,  we have

w here  0 <  $  < /  and  0 <  &  < / .

I f  we l e t  =• and^? = ^ y w e  h ave

/  . ^  /JT X ]  s  - f f f i  ,4 - j S- f  J m J L d v

^  r  f^ s /n  "ir 2 ^
= .S w - g #  ^  i  T - ^ J  '

The v a lu e  o f  d o e s  n o t  change  w i t h

and  n .  The v a lu e  o f  i s

j T s & r t  = / V * *  - P P -* * *

m

/o tr ^  /a

= £ 7 T  +-/** .

The o t h e r  two f a c t o r s  a r e  e a c h  g r e a t e r  t h a n  u n i t y ,  and  

a p p ro a c h  u n i t y  a s  m and  n  i n c r e a s e  i n d e f i n i t e l y .  Hence

u s )  £< %  = ( i * -  +

By a  l i t t l e  c o n s i d e r a t i o n ,  we can  e a s i l y  se e  t h a t  

th e  s u r f a c e  i s  s y m m e t r ic a l  i n  e a c h  o f  t h e  t h r e e  a x e s ,  

and  t h a t  o u r  r e s u l t s  i n  t h e  f i r s t  q u a d r a n t  o f  th e  x y -

p l a n e  can  "be c a r r i e d  t o  t h e  o t h e r  t h r e e  q u a d r a n t s .
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I f  f ( x ) g ( y )  i s  e x te n d e d  beyond  th e  r e g i o n  R by  f ( x )  =

£ (XdrTT ) and  qtyt -ftyJtir)  we f i n d  t h a t  th e  p r o d u c t  f ( x ) g ( y )  

and th e  a p p r o x im a t in g  s u r f a c e  a r e  s y m m e tr ic a l  t o  th e  

p l a n e s  x  =-^77" and y  Prom sym m etry t o  th e  p la n e

x  -^ T r) we f i n d  t h a t  th e  s i t u a t i o n  a t  (,7Tf O) i s  t h e  same

a s  t h a t  a t  { 0 ,0 )  i f  we i n t e r p r e t  th e  p o r t i o n  (X<7T/ y x o )

o f  t h e  x y - p l a n e  a s  c o r r e s p o n d in g  t o . t h e  f i r s t  q u a d r a n t ,  

th e  r e g i o n  (x< 7 Tf y t o )  a s  c o r r e s p o n d i n g  t o  th e  s e c o n d y e tc .  

I n  an  e n t i r e l y  s i m i l a r  m anner we can  e s t a b l i s h  t h e  re;-,? 

m a in d e r  o f  c o n c l u s i o n  3 .

To d e te r m in e  th e  b e h a v i o r  o f  th e  s u r f a c e  a lo n g  th e  

x  and y - a x e s  b e tw ee n  th e  v a r i o u s  p o i n t s  we have  a l r e a d y  

c o n s i d e r e d ,  l e t  u s  t a k e  a  s e c t i o n  p a r a l l e l  t o  th e  x - a x i s  

t h r o u g h  th e  maximum p o i n t  {ju n 'fy , t h a t  i s ,  t h e  s e c t i o n  

c u t  b y  p l a n e  y  The e q u a t i o n  o f  th e  c u rv e  o f  i n t e r ­

s e c t i o n  w i t h  th e  s u r f a c e  i s

I f  we make th e  t r a n s f o r m a t i o n  /tmct •= ^ a n d  we have

O V  *

- %*r. f  r,Sm.y..c(Y
Jo Sin %/n J0 JZih %h V *

and  a p p ly i n g  th e  f i r s t  law  o f  th e  mean
a j C a ?  /Xnvc  -7T

o n  <*(*£)

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



w here  {0-<6t </ ) and  { 0 < &2.<l)% As m and n i n c r e a s e ,  i t  

i s  e v i d e n t  t h a t  f o r  ( 0<X'<7T)

(11} < % „(*,£) -  G-iXt+O) = / /7~ ^ 77Vve?Ah ~rvo '

and  t h a t  f o r  [ o> x >-tt)

(2°) it&o <%,n(x,j3i]  -  0“(x,+o)- - jT r te m f ,) '

I n  an  e n t i r e l y  a n a lo g o u s  m anner we can  c o m p le te  th e

e s t a b l i s h m e n t  o f  c o n c l u s i o n  ( 2 ) .  C o n c lu s io n  ( l )  h a s  

b e e n  e s t a b l i s h e d  i n  any  c o m p le te  t r e a t m e n t  o f  th e  con­

v e rg e n c e  o f  th e  d o u b le  F o u r i e r > s  s e r i e s  a t  p o i n t s  o f  con­

t i n u i t y  o f  t h e  f u n c t i o n s  r e p r e s e n t e d .

2 .  I n  t u r n i n g  o u r  a t t e n t i o n  t o  th §  c o n s i d e r a t i o n  o f  

a n o t h e r  s p e c i a l  f u n c t i o n ,  w here  th e  d i s c o n t i n u i t y  l i e s  

a lo n g  a  l i n e  o r  l i n e s  th ro u g h  th e  o r i g i n  n o t  a l l  o f  w h ich

may b e  p a r a l l e l  t o  t h e  a x e s ,  we f i n d  a  much more c o m p l i ­

c a t e d  p ro b le m .  We w i l l  b e g in  o u r  s t u d y  o f  t h i s  c a s e  by 

c o n s i d e r i n g  th e  f o l l o w i n g  lem m as.

Lemma A. I f  i s  a  p o s i t i v e  n o n - d e c r e a s i n g  
f u n c t i o n  o f  A >o; and  8  > oj t h e  i n t e g r a l

J  = f *  cfy dx
t e n d s  t o  z e r o  when m and  n  t e n d  t o  i n f i n i t y  i n  any
m an n e r .

T h is  i s  lem m ao( i n  E . C . T i t c h m a r s h ' s  p a p e r ,  "The 

D ouble  F o u r i e r  S e r i e s  o f  a  D i s c o n t in u o u s  F u n c t i o n . " 1 and

1 P r o c .  R o y a l  S o c .  o f  London, V o l. 106, (1924) pp. 2 99 .
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lemma B, f o l lo w in g ,  i s  lemma S o f  th e  same p a p e r .

Lemma B. I f  R i s  th e  r e g i o n  h e tw e e n  two c u r v e s  
y  = X,cx), and  y  = ZX*), w here  axp& <■ 
w h ic h  i n t e r s e c t  a t  ( 0 ,0 )  and  a t  (/fyE )  and g ( x ,y )  
i s  a  p o s i t i v e  n o n - i n c r e a s i n g  f u n c t i o n  o f  e i t h e r  
v a r i a b l e  f o r  f i x e d  v a l u e s  o f  th e  o t h e r  s a t i s f y i n g  

g(Xj y) -  y l* ly )  - 9 ^  y'J + 9 (x',y' ) 2  o  (x  >x\ y>y'),

9H A  d^ P  *

i f  m and n become i n f i n i t e  i n  s u c h  a  m anner t h a t  
t h e  l i m i t  on th e  r i g h t  e x i s t s .

Lemma C. I f  a., <%./ and S a r e  any  p o s i t i v e  c o n s t a n t s ,  
and  t h e  p o i n t  ( x ,y )  s a t i s f i e s  2 * 4 : 6  ) and  /*/
l e a s  t h a n  th e  s m a l l e r  o f  th e  p r o d u c t s  «S‘; and  
t h e  i n t e g r a l  f  s  ^

t e n d s  t o  th e  v a lu e  zr*  a s  m and n  become i n f i n i t e  i n  
an y  m an n e r .

P r o o f s  By u s e  o f  lemma B; we have

I n  th e  f i r s t  i n t e g r a l  o f  I f l e t  p - y  =zvf and  o f - r p  au , and  i n

t h e  se co n d  f? ~*-y ~ ~^v/ * * *  = - z u . ,  Then
A(s-y) Atos-xj A(s*yj f iC«St*l

c m  I  = /  f  J

r~iy r4fei£*~X r&y fk&t.S't'X)
-  /  - iS s o * ^ /  S ittmu cfti J  SiHMY- d v  j  - Sia.miLcfU'

°  '-tfaxSt/O a V tjfaS-X)

~ -T, i-I f  .

In  Xt / Xi /  and  ; l e t  mu -  <* and  t i v  -  (3, i~hen 
An(s-y) A m fa5-x)

tei) I, = /  - s ^ -W  -sSsL^ ,
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A  n(&+y) ,  *

fry  J * & ,S t* )'

izs) I4 = ~f0 ■%£<//>J  r%**°<,1 4 O (3 t-jmfaS-*)
and  i n . / } ,  l e t  m M s o ^ a n d  n v - - p  + 0  yef ,

A  fry A fn b tS -V
uc) I . = /  s ^ d /3 s&zj*.

3 Jo f l  ' - t n ^ s t q  *
How a , 6 * x ,  cta.6+Xj and  ^ * y , a r e  a l l  p o s i t i v e  q u a n t i t i e s

f o r  a l l  v a l u e s  o f  x  and  y  u n d e r  c o n s i d e r a t i o n ,  h e n c e  i n
of wfcgrotto*

J t j  and  T x e a c h  u p p e r  l i m i t s  i s  p o s i t i v e  and i n c r e a s ­

in g  w i t h  m o r  n  and  th e  two n o n - z e r o  lo w e r  l i m i t s  a r e  

n e g a t i v e  a p p ro a c h in g  n e g a t i v e  i n f i n i t y  w i t h  -m o r  - n , t h e n

M  z Z K + S J  -  * C * j * c « . £  =  77~ \

A lso  s i n c e  / f ^ ^ s ^ c f p l< M  f o r  a l l  v a l u e s  o f  n  and y  
* , '  Atufas-*) A n tfa su i

(X6) h ' Z - I J + I J  * A f i X f / /
n-cfob! 3 y / -tf»(ax6W  m  m(aA-x)

g H i £ £ £ p 4 t  - £  * g * c n i  = O.

Hence t h e  i n t e g r a l  I  t e n d s  t o  t h e  v a l u e  7r2 a s  m and  n

i n c r e a s e  i n d e f i n i t e l y  i n  an y  m an n e r .

Lemma D. I f  q and  $  a r e  p o s i t i v e  c o n s t a n t s  s u c h
t h a t  { O i S i ^ j r )  and { - I S *  and  { o s  a S
t h e  i n t e g r a l  ^

J  » f ah5 //rb t /  ^ baeJgS U eM efp  e ft

t e n d s  t o  z e r o  a s  h  and  k i n c r e a s e  i n d e f i n i t e l y  i n  
a n y  m an n e r .

P r o o f s  We may w r i t e  th e  i n t e g r a l  T  a s
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(291, J  ^ / ”  C e sfiff t ')  e f t 4 /3
JkS r  'o  *

-  f  Smfi (  S m bt Coi(t(3/k) ^
'kS (* 'ih ‘ P

= Z  - I , .

Now i n  th e  i n t e g r a l ,  JTtJ l e t  />*»<*, Then

m  -r, = f J ^ f C  'Sm °< Cô ’,f /ilJ  * «  * (* '

and  i n  th e  i n t e r v a l  }cS */?< °o, we have

/  j >. P  s  »  - £ ■  >  p.
!  bk I '  lb!Is lb! " *  '

and  h y  a  w e l l  known fo r m u la  i ; w cr h a v e

A p p ly in g  th e  se c o n d  law  o f  t h e  mean t o  we g e t  

jT = k s  f^  ,rrf  Ces ( £f3/k)olpcjt}

and p e r f o r m in g  t h e  i n n e r  i n t e g r a t i o n ,

r  - JL Q>jCt$ 0 t_  _
(32) J z k s  7  L 2(t-kJ /k  *(t+kj/k  JH6

-- ^ C T ^ r b ^ t - m ,  -  c M i t - k ) s ] s m b t  

+  £ (  J " —g L . [ C e i ( t * * ) ! ; -  C e > i ( t t * j S ] s i n b t

.........................

1 B .O .P e i r c e ,  "A s h o r t  t a b l e  o f  i n t e g r a l s * ' 1 (Second 
R e v is e d )  No. 4 8 5 . A lso , ,  B i e r e n  de H a a n ," N o u v e l le s  
T a b le s  D » I n t e g r a l s  D e f i n i e s "  T a b le  151 No. 8
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A p p ly in g  t h e  se c o n d  law  o f  t h e  mean t o  -7^,we g e t

1*3) I a = Y t e f c M ) / j c o *(i+k) s - co5(i +kf t l 5 m b i d t  laf* * k <m°)

ir Ce>J f ( b f S ) t  +k6] j  *  C o s f C b - t H - k S l  J  
I 2  ( b - h S )  ljh Z t b - 6)  l«h

H M llM d ili G s s i t b - m - k K f - -  i 
M b f f j  4 +  z a - g )  L  > •

S in c e  /  b ±  s f  and  Jb£  ?,/£■ g iv e n  6 >0yt h e r e  e x i s t s  

a n  h, and a  kf su c h  t h a t  when h>ht) and U>kl}
& 4)  / £ !  ~  JZSah(Qht-Jt)!  T ~ t  *  6 xah (a ftlk )

Q f t  £  k - T T  we w i l l  w r i t e  
r  4- tt

(3 5 ) 2 ,  -  X s I  J $ k ) { c o s C t - b ) t ,  - c e s ( t ~ b ) S l  S , « b t

t C os£ ~ k) t  ~ ^ C t r - k ) S ) S m H t

f Ce3(*-*}t,~ ««(*-*)*} Smbt

f & l Z - T m d  e e s ( t - 5 ) S } 3 i h t > l

-  I s  -kTt \  "** J-'g •

A p p ly in g  th e  se c o n d  law  o f  t h e  mean t o  we h ave

(3C) /  7  c.ta(ir-k) I -  c&3(t-*) sj Sm btjb, (oh s £  <J-n)
fth

 /  r  . r ^ f t b - m  n z i
" ZSjrah I 2(6 i- r,) Z(b-t,)

GzsHb+St-bSl Cas f  (b-5)t -hkS( 7 *»
z r t n - s )  2. ( b - s )  Ja *  ’
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and t h e r e  e x i s t s  an  and a  /f^ s u c h  t h a t  when h  >hz.

and k  >/rx. ,

M  W  * u h z ' - r i  * < * f
apphmq tt

A nd^to  jLa  ; we have

m j  T t  = J jf i^ J ^ J C o iW l- C o H t- k iV s m b tc if ^  (k m *

w i t h  an  h5 and a  kz  su c h  t h a t ,  when h>h3 and /r>kJfv e 

h av e

(39) 1-2} /  -  ~z6(k*ir)r I S ! ~ rr6*(ktir) <  ^

B u t ;

M  I t = f j f *  S m t l S t  W t - Q S m b t J t ,

and  s i n c e  i s  a  hounded m o n o to n ic  f u n c t i o n

i n k - T r z t ^ k ,  we may a p p ly  th e  se co n d  law  oft th e  mean t o  

g e t ,

f4l) _ £ =  ± & & j J s ,n i l ! ; r r j l t - k ) S m b t c / t  ,

xSlx L 2 b  -  8 ~ f\ 2 b  + 6  + t, '

T here  e x i s t s  a n  hq and  a  Ay su c h  t h a t  when h r fy  and /r> A'y

M  I1* ! = j f r  I i f - s -  a !  + 7 * 1  a i l s h 1 “ *  e

By a rg u m e n ts  s i m i l a r  t o  t h o s e  f o r  Xc we c an  show t h a t
f

($3J a ’j ^ f  * S M £ ( S + b ) ( i - l c ) $ lh b te f t l ( k i t ^ n + i r j

and find an and a A-4- sucht.ihat v/hen fj >hy and k >
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(4 4 ) / X J  ^ f k l z b ' s - f ,  I ^  e '

T hus, i f  i s  t h e  l a r g e s t  o f  h, —  hy and /r4 o f  and 

ft >h«. and  /r > kb) we have

(t4) m  s. /IJ + /Id*/IJ*II,ltlIsl * = (,
and  we h ave  e s t a b l i s h e d  o u r  p r o p o s i t i o n s  when cthi. k-TT, 

When a h > k -77, we can  e a s i l y  a l t e r  th e  above  a rg u m e n ts  t o  

c o m p le te  th e  p r o o f ,  s i n c e  one o r  more o f  th e  i n t e g r a l s  

Ih- fX& wi l l  d i s a p p e a r  from  th e  c o n s i d e r a t i o n  i n  

p a r t  o r  c o m p le t e ly .

3 .  W ith  t h e s e  lemmas a t  o u r  d i s p o s a l ,  we a r e  now 

r e a d y  t o  d e f i n e  o u r  s p e c i a l  f u n c t i o n  and b e g in  a  r e ­

d u c t i o n  o f  t h e  i n t e g r a l s  o b t a i n e d  i n  th e  summing o f  t h e  

F o u r i e r ' s  s e r i e s  e x p a n s io n  o f  th e  f u n c t i o n .

L e t  th e  r e g i o n  7p= (-7r£x^Tr>-iri.y<'n) be  d i v id e d  i n t o  

two p a r t s  7̂  and  7i\ b y  th e  l i n e  X = ay fa>a),T? o r  l i n e s  c u t t i n g  

th e  o t h e r  q u a d ra n tB  a  s im p le  t r a n s f o r m a t i o n  s e r v e s  t o  r e ­

duce  i t  tj> t h i s  c a s e .  L e t  7?! s i g n i f y  th e  p a r t  o f  7? con­

t a i n i n g  th e  se c o n d  q u a d r a n t  an d  d e f i n e  aB f o l l o w s :

(Cl F M  -  ttz' o n  7 ^ ,

F(xfy)=- O along x - ay and on the boundary of R. 
Since the Fourier's expansion is not disturbed by a
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s im p le  t r a n s l a t i o n  o f  th e  a x e s ,  we may im p ly  th e  b e ­

h a v i o r  o f  th e  s e r i e s  a t  a l l  p o i n t s  o f  d i s c o n t i n u i t y  o f  

o u r  f u n c t i o n ,  f ro m  th e  b e h a v i o r  a t  t h e  o r i g i n .  In  th e

o r d e r  t o  s i m p l i f y  n o t a t i o n ,  and  Shklxy) = y) s h a l l

h av e  th e  o b v io u s  m e a n in g .  The b e h a v i o r  a t  th e  o r i g i n  

we w i l l  e x p r e s s  i n  th e  fo rm  o f  a  th e o re m .

Theorem  I I

H y p o th e s e s :
1 .  ]? (x ,y )  i s  d e f i n e d  on H a s  i n  (C ) .
2 . x  a  ey (e^aj i s  any  l i n e .

C o n c lu s io n :
T h ere  i s  a  m anner f o r  ( x ,y )  t o  a p p ro a c h  th e  o r i g i n  
f ro m  W, a lo n g  x - e y  s u c h  t h a t  y ) i s  a  maximum,
a p p ro a c h in g  th e  v a lu e  £w(&TTtfl), and f ro m /p , .a lo n g  i ~ey 
s u c h  t h a t  i s  a  minimum a p p ro a c h in g  th e  v a lu e

7r + f l ) t a s  h  and k  i n c r e a s e  i n d e f i n i t e l y  i n  any  
m a n n e r .

P r o o f :  L e t  & be  a  o o n s t a n t  su c h  t h a t  o<  S s / ^ a n d

OsaS'S't'Tr, and  l e t  ( x ,y )  be so  s i t u a t e d  t h a t - i 6 < y<  £ 6 and 

By t h e  u s u a l  m ethod  f o r  summing th e  d o u b le  

s e r i e s  we have

How s u b s t i t u t e  th e  v a lu e  o f  and t h e n  b y  u s e  o f
and

lemmas A and  I ^ t h e  R iem ann-L ebesgue  th e o re m , g iv e n  f > d ,  

t h e r e  i s  an  h, and  a  k, su c h  t h a t  when / r j ^ a n d  h  >hX)we

r e m a in d e r  o f  t h i s  p a p e r  we w i l l  u s e  i n

S w ih f a - k ) S m £ k ((3 -y) 
Sm £((3-y)

hav e
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da "iixYi Ĵ-f Jmiii&dil -Strr̂ fy-yj ^da
m  i(f>-y) J ^ s-y  1 C*-*) *p

Sty ,2a6fX

i(p -y )  U  t ( « - v  d  ^  '

w here  I E  I < •£ € . L e t  p - y  = z v y c t-x  ~2u  and  Jiao  •=■ th e n

6  < b  < £  & , and

m  4 * w » $

'* 4 : / V *  I £ * f * *  - f f i t e + j * .

B u t i f  we l e t  -u . z.

<**> £ ' * * £ * • ' « ■  -  

T hus, we h av e

(49) Sik(\y ) = i  I s ^ ^ l  -*S“ ZtUL s/U. dv

/  . r £?( Vt b)
- ^ ^ - d u d v

. s~& c . r<x(Vtb)
- £ j  >*& /& -] du ctv .

I n  th e  f i r s t  i n t e g r a l  l e t  Jiu  = (V i-b) i: , and  i n  th e  se c o n d  

l e t  V =-v' and  h u  = -<V-^£Then

sm ( w j -- t f & p ' d v

- J  d t  d v

= J f o a — n(v n) t  - d ,n /jt _ b it^ i  ^
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. f -  . I f S 'S/r}Xy. f q h 5 \y\b~t CejVt ». ,
(SO) S j x y J  - -  J0 ~ v j c t

L e t  k v * (dJ and  we g e t
s k S  s*fti

(S!) Sh k (ty j  =  £  d t d p

= C * S m t L / p ^ p m / ^ t

-  X, + Tz .
By lemma Df t h e r e  i s  an  and a  k z su c h  t h a t  when 

h  > b 2 t and  k > ^ w e  have  / I a/ < £ €  and  h y  th e  fo rm u la  

u s e d  i n  (30) Lemma D, i f  a h

(S-2) I ,  = f y r  fo h d f
k b

J

B u t w i l l  he  a  maximum when J ,  i s  a  maximum and

a  minimum when ■/,, i s  a  minimum. The r o o t s  o f

(SJ) = 4 * r  s ^ 6 _  = g s i n k b  .  o ,

a r e  b ~ ~  t (l' ~ / , 2 —J f And a  l i t t l e  i n v e s t i g a t i o n  shows 

t h a t  b -  i s  t h e  maximum n e a r e s t  th e  o r i g i n  a n d ^ - ' V ^  

th e  minimum n e a r e s t  t h e  o r i g i n .  S in c e  X~ey, we have  

b -  i ( y ~  # )  i n  ft,, whenoe y  -  2<nr/k(«-c) J X -je trr /k fa -c ) ,bxi&

(b'4) I, - £ Trf0 77''SĴ  dk -= &v(£rr t-pj,

r * b  c - £ 7r J ^  m
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o r  we h av e  b  ~ -Tr/% - £ (y ~ % )  I n  7FZ , whence y  =.-zcnr/i((Q-*)t 

x  = -zc.QTr//t (a  - g) } and

(SS) -T, - £  ^  -  —f 7T T T  i- ft).

Or i f  ct h < k , th e  fo r m u/a g/ves,
a u ^ahh

(si) I )  = i  - r r f  = i * £

The r o o t s  o f

rs t )  g £  = M  S ' " * * * *  °>

a r e  b =  * 27tfah,l  -C*/z>'~)and b - r f a h  i s  t h e  maximum n e a r e s t  

t h e  o r i g i n  and  b ^ " 7r/cf/j t h e  minimum. S in c e  X -? y ,  we have

h  = nfof, - £ (y  -% ) f i n  ffn  whencS x  = ^n/h(q~e) /  y^h/fy(u~e)t and

M  T , = i T r f f - s j a s s ^  =

o r  we h av e  b  -  -vfih  -  £ ( y  -Jfa), *n  whence X = 

y  ~ ^ V b ta -c j , and

(5?) I ,  = = - f i r  (£*-?(=>)•

Thus we s e e  t h e r e  i s  a  m anner o f  a p p ro a c h  t o  th e  

o r i g i n  f ro m  f o r  ( x ,y )  su c h  t h a t ,

(60) \ ( * , y )  =  i r r  ( f r r  + f i )  -t~ F, .

And i f  h3 i s  t h e  l a r g e r  o f  h, and  hz and  k3 o f  /r, and  fu 

we h a v e / j ^ / ^ f  when h ? and /( S i m i l a r l y ,  t h e r e  i s  

a  m anner o f  a p p ro a c h  f ro m  f i ^ s u c h  t h a t  

(CiJ SH (x,y) =  - £  *r(£  t r - t p )  + s x ,
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w here  ! exJ< £ when h > h 3 s n d  k > A>.

4 .  I f  o u r  f u n c t i o n  h a s  two l i n e s  o f  d i s c o n t i n u i t y ,  

o u r  f u r t h e r  i n t e r e s t  w i l l  he o n ly  a t  th e  i n t e r s e c t i o n s  

o f  t h e s e  l i n e s ,  s i n c e  a l l  o t h e r  p o i n t s  o f  d i s c o n t i n u i t y  

have  t h e i r  n e ig h b o r i n g  p o i n t s  o f  d i s c o n t i n u i t y  a lo n g  

s i n g l e  l i n e s  and  t h u s  f a l l  u n d e r  th e o re m  I I .  We w i l l  

make t h e  o r i g i n  t h e  p o i n t  o f  i n t e r s e c t i o n  o f  t h e  l i n e s  

o f  d i s c o n t i n u i t y .

L e t  th e  r e g i o n  TTj -I f* y  i  77J foe d i v i d e d

i n t o  f o u r  p a r t s  f t  f a  f a b y  t h e  l i n e s  andV=<fey

(*■1 1) .  The d i r e c t i o n  o f  i n c r e a s i n g  y  w i l l  be c a l l e d

p o s i t i v e  on t h e s e  l i n e s  and  7f, u s e d  t o  d e s i g n a t e  th e  

p o r t i o n  o f  f?  b e tw e e n  t h e s e  p o s i t i v e  d i r e c t i o n s ,  7 ? i.fa t

and f o l l o w  i n  o r d e r  a s  we p r o c e e d  a ro u n d  t h e  o r i g i n

i n  a  c o u n te r - c l o c k w is e  d i r e c t i o n .  We d e f i n e  3?(x ,y) on 

th e  r e g i o n  7? a s  f o l l o w s :

F (* ,y) - on R, and

(D ) F(x,y) = -$ ir x on an d  7?,

F (*,y) r  o  a lo n g  y=^>y and  th e  b o u n d a ry  o f  TP,

Theorem  I I I .

H y p o th e s e s :
1 . F ( x , y )  i s  d e f i n e d  on f t  a s  i n  (D) a b o v e .
2 .  6 i s  a  p o s i t i v e  c o n s t a n t  i n  o  < <5 - rz rsu ch  t h a t

( -rr  <?3. 6 < ct, 8 < 7T).
3 .  The p o i n t  ( x ,y )  s a t i s f  i e s -£ £ < y < £ $ a n d  /  x /  l e s s  

t h a n  t h e  s m a l l e r  o f  £/<*/ & ancf £  /<?,/6.
4 .  2 / w ;  = cr,v + £(c?ty -x) and  - <r*.v + 4i fa y -x ) .
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C o n c lu s io n  s
The siim t e n d s  t o  t h e  same l i m i t  a s

d u d v

-  t £  JU  J y

when h  and  k  i n c r e a s e  so  t h a t  l i m i t  e x i s t s .

P r o o f s  The d o u b le  F o u r i e r * s  s e r i e s  e x p a n s io n  f o r  

t h e  f u n c t i o n  3 ? ( x ,y , ) i s  g iv e n  b y
OO OQ

(62) F k tf) -  Z  J  f  ory  s i n  2>  s t t i j  y  +■ b ty  S //7 l'x  C O Sjy

+■ C f j 'c o s ix s /n jy  -t- cfty  c o s  2 k c o p j y  J , 

and  when th e  c o e f f i c i e n t s  a r e  e v a l u a t e d , a n d  th e  s e r i e s  

summed from  i  = 0  t o  m and j  = 0  t o  n  by  th e  u s u a l  m e th od , 

we have

< "> ^ p -

L e t  fry s i g n i f y  t h a t  p o r t i o n  o f  7? i n  t h e  two r e c t a n g l e s  

( o * y < 6 j  A / r f  *  X i  Jn,16 )  and  6  s. y  s o , -M(6 <x MJ6 )< 

We s e e  t h a t  7^ l i e s  e n t i r e l y  w i t h i n  7? and  we hav e ,

(64) s ik  (V )  - t y f H M

By th e  u s e  o f  lemma A, lemma B, and th e  R iem ann-L ebesgue  

th e o re m , we c a n  show t h a t  t h e  se co n d  i n t e g r a l  i n  (64) i s  

a s  s m a l l  a s  we p l e a s e  when h  and  k  a r e  made s u f f i c i e n t l y  

l a r g e  (com pare w i t h  6  i n  T i t c h m a r s h ' s  p a p e r ) . l  

1 L oc . C i t .  p .  308
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I n  t h e  f i r s t  i n t e g r a l ,  s a y y-/^ o f  ( 6 4 ) ,  i n s e r t ,  th e  

v a l u e s  o f  !F (x ,y) and  we have;

r  -  J. f  S h(oi -x) c/o< 4/3(65) I , - a  Jo 3m£((3~yJ ^  3,n$(*( -x) '

* l s  's *»% ((?')/) t^ p  S/*£(<x~x) ^

_ £  ( 6£ m & rt(L 2 l f ^ ,IS .^ eatM stitL

+ t

+ £ j  6 J^ntrk(P-t) f IOtl6 S/njrtifa-x} e/^cjp. 
* *o Em £fo-v) Jutr JS/H£/n/-y ~Jo S w j r ( p - y )  J ^  JS S /n iC o t - X  

The sum o f  th e  t h i r d  and  f o u r t h  i n t e g r a l s  i n  (65) a p ­

p r o a c h e s  -/TT* "by v i r t u e  o f  lemma C, and  i f  i n  th e  seco n d  

i n t e g r a l  we t r a n s f  orm -«*<v and  -p  -^p y we may w r i t e

(* *) shk (*/) * t-£  f  [ a,p_S(rrih(°<-y) e/ci (jp
4 / j  s /* * (« - * )  r

+ M f SStg6kfP+V [ * ‘p  £*$ti(*+x] # U c//3+-E

w here  £  i s  a  f u n c t i o n  o f  x  and  y ,  h u t  jE /  can  he  made 

u n i f o r m l y  aB s m a l l  a s  we p l e a s e  i n  Tx̂  h y  t a k i n g  h  and  k  

s u f f i c i e n t l y  l a r g e .  By a p p ly i n g  lemma B a g a i n  we h a v e ,

Bow i f  i n  t h e  f i r s t  i n t e g r a l  we l e t  p - y s z y  and  <y-x -  xnx} 

and i n  t h e  se c o n d  we l e t  p + y  = -XV and °<+x~-2u} we h a v e

« 9  w - -* * ■ • + ^ * r yî c 7 v } ^ ^ d a itv

+ £  f^ ^ S tn J c -Y -J  x*(v> ~K~y) -SkzJitL^ ejucjy + F  .
£4y y Wr*ry) Q
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B u t th e  i n t e g r a l s i

(69) f  S d v'J:(6-y v 'x*(v,wl u

OO) / *  d vJ£(S+y) v ■/X,(vr*J-yj 4
e a c h  t e n d  to  z e r o  a s  ( x ,y )  a p p ro a c h e s  ( 0 , 0 ) and h  and  k  

"become i n f i n i t e  i n  an y  m an n e r .  T h is  f o l l o w s ,  s i n c e  we 

can  cho ose  ( x ,y )  n e a r  enough  t o  ( 0 , 0 ) t h a t  

*i(Vr*>~y) and  e a c h  h a s  th e  s i g n  o f  th e  c o r r e s p o n d ­

i n g  cr, o r  ^ t h r o u g h o u t  th e  i n t e r v a l  u n d e r  c o n s i d e r a t i o n  

f o r  v ,  t h u s  th e  i n t e g r a l s  may he  t r a n s f o r m e d  t o  s a t i s f y  

th e  c o n d i t i o n  o f  lemma A. Thus

O f)  - ^ U d u d v

-  i f .  S-^ J* i ±  ( W  Ki - £ i n f m j u4 v  
l y  v Jo u

JtnYirv f  -t-Ez >

w here  /£ j,/  c a n  he  made a s  s m a l l  a s  we p l e a s e ,  a s  h  and k  

become i n f i n i t e  i n  any  m an ner ,  and  o u r  th e o re m  i s  e s t a b ­

l i s h e d .

5 .  To s tu d y  th e  c o n v e rg e n c e  o f  t h e  i n t e g r a l s  i n  

(71) we a r e  i n t e r e s t e d  i n  th e  maximum and minimum p o i n t s
i

on t h e  s u r f a c e  z *  -(x ,y )  n e a r  t h e  o r i g i n ,  and  th e  

b e h a v i o r  o f  t h e s e  p o i n t s  and  o f  S ^ l t y }  a s  h  and k  i n -
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c r e a s e  i n d e f i n i t e l y .  7/e f i n d  i t  more c o n v e n ie n t  t o  s t u d y  

a  r e l a t e d  f u n c t i o n ,  d e f i n e d  f ro m  e q u a t i o n  (6 6 ) a s  

The maxima and  m inim a o f  and

may n o t  o c c u r  f o r  t h e  same v a l u e s  o f  ( x , y ) .  To e a c h  

p o i n t  on th e  s u r f a c e  Z -  t h e r e  c o r r e s p o n d s  a  p o i n t

on th e  s u r f a c e  Z  « and  t h e s e  p o i n t s  can  he made to

re m a in  a s  c l o s e  t o g e t h e r  a s  we p l e a s e  h y  t a k i n g  h  and  k  

s u f f i c i e n t l y  l a r g e ,  s i n c e  E  c o n v e rg e s  u n i f o r m l y  t o  z e r o  

a s  h  and  k  i n c r e a s e .  Thus an y  p o i n t s  on
have £) cerr-ey&crti/vnp fse/trf

Bhowing a  GihhiA phenomenon w i l l  a l s o ^  show/fthe same f o r  

Z~J^k(x ,y), A s e t  o f  s u f f i c i e n t  c o n d i t i o n s  t h a t  a  p o i n t  

he  a  maximum o r  a  minimum p o i n t  a r e  g iv e n  i n  (4) and ( 5 ) .  

D e r iv i n g  w i t h  r e s p e c t  t o  x ,  h o l d i n g  y  f i x e d ,  we

h av e

w  4 #  * > < p

*  i  I  C m  * *  •

B u t o b s e r v in g  t h a t ,

t y 3 ) J t  f  S m k k fa -iO  > _  _  _a_ f  .S th jh f e -X) >
' C S /P tf jfo -y )  > ~ £<* < 1)

and t h a t ;

A , . ]  -J L . f  S m if if r tx )  I  s  g .  r J m M / h t & t

we may p e r f o r m  th e  i n n e r  i n t e g r a t i o n  t o  g e t ,
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(?S) dS/r/t- = A  f  -'Sm iH & X l J j& khi& iZzXl o f ,3
dx S 'o J " 7 tr? -y j S m iC a ^ -x )  <

£
- A  f  Sm&iclfL-g). '£m tkl£L& 2l c > ~ 

* Jo J h n ife -j) >Sm£ (<?,£-*) ' r
$

~ k  f  J .'n fk {fiyL  -£m £h& .(a*l
Jo ^i/ij;(p+y) Sitlt(q*pf$

f  S /fik *■({*+>). ^ jrrk fyjS.P+x}
•» '5w£(p+y) -Stn£fa,p+x) (  }

w h ic h ,  i f  we rem ember t h a t  fy-2™ +l and. k = -?n*7 ,reduces  to

t  5 * 1  ,  ( i l G u t n p  -t™ i)-C os(n H fi  - /v y j ] [ & 3 ( h a ,p - tw y - C e s 'm i^ p  - t v j
U t? ) ^  ~0Jo t  ( f * s  (3 - c * > s y ) C C o s q xp  - c o s x )

- EGtSftrTpt- tmy} -Cby/mt/sfnv^[cxs(n^tnEX) -Cbs(nHa.p+Mlh.
(Cos£3 — oasy) {  coscTifi ~c,osX) J^P

- 4
CGafa'? -ntftd-CasftoHa-myijL Gssfap-fffiX) -Qtsfcuhp ~nx)J

{f * (C o s(3  ~  c o j y J (  C os <3,fi - c ,O S X )

(Cosfl^c!t!sy)C cos Q,fi 4 ^ f a  f t  >
By a  s i m i l a r  p r o c e s s  we f in d ,  t h a t  th e  e x p r e s s i o n

f o r  * 3 t& )  i s  e q u a l l y  aB co m plex , and. t h a t  th e  second.3 y
d e r i v a t i v e s  a r e  much more c o m p l i c a t e d .  The d e te r m i n ­

a t i o n  o f  th e  z e r o s  o f  and  f o r  anya y ay
f i n i t e  v a lu e  o f  h  and k , i n v o l v e s  t h e  e v a l u a t i o n  o f  

c e r t a i n  i n t e g r a l s  b y  some s a t i s f a c t o r y  m ethod  o f  a p p ro x ­

i m a t i o n .  B e ca u se  o f  t h a t  f a c t  we w i l l  n o t  a t t e m p t  to  

d e f i n i t e l y  l o c a t e  t h e  maximum o r  minimum p o i n t s .

6 . The fo rm a  o f  t h e s e  d e r i v a t i v e s ,  and  th e  v a l u e s
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(1 2 ) ,  i n  th e  f o r m e r  p ro b le m  s u g g e s t  t h a t  p r o b a b l y  th e  

maximum and  minimum p o i n t  v a r y  w i t h  !/h and t/h  . ITow if. 

t h e  r a t i o  v a r i e s ,  t o  t a k e  ^  and y= ^  may l e a d  u s  

t o  be c o n s i d e r i n g  a  p o i n t  t h a t  a p p ro a c h e s  ( 0 ,0 )  i n  such  

a  way a s  t o  ta ro ss  one o r  more o f  th e  l i n e s  o f  d i s c o n t i n ­

u i t y ,  and  i n  o r d e r  t o  p r e v e n t  t h i s ,  we w i l l  r e q u i r e  ( x ,y )  

to  move a lo n g  a  l i n e  x=c»y b y  l e t t i n g  V/e w i l l  need

th e  f o l l o w i n g  lemmas i n  d i s c u s s i n g  th e  b e h a v i o r  o f  

a s  ( x ,y )  a p p ro a c h e s  th e  o r i g i n  i n  th e  m anner s p e c i f i e d  

a b o v e .

Leipia E .  I f  a and  8  a r e  an y  p o s i t i v e  c o n s t a n t s ,  i s
p o s i t i v e ,  e i t h e r  f i x e d  o r  a p p ro a o h in g  z e r o ,  and
a s  h  and k  become i n f i n i t e ,  t h e  i n t e g r a l

s  =  £
(a )  a p p ro a c h e s  th e  v a lu e  £

when , j b/ .
(b) a p p ro a c h e s  t h e  v a lu e

P r o o f s  P a r t  ( a ) .  Choose 8, su c h  t h a t  £ir>  S, > q  and 

l e t  kv~(3 and h u -(p + -b )u . Then

n i)  x  -- ^

'*tQPkt««>tp = r, *r> *r3 .
By u s e  o f  th e  se co n d  law  o f  t h e  th e  mean f o r  i n t e g r a l s ,  

we have
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(> e; 7 1  = -  o k  h tSi - 2 ^  , (« % i t < -s>,

a, f  '
~ ~ ah Jfyf ~$$+h) % Ccs£( p ^ "c a j ^ + b)t}dp}

and. a p p ly i n g  th e  second, law  o f  th e  mean a g a i n ,

(W  J ‘ ° aK ^ i,W n ,tb ) l /J 's '"pcos< p''m l '

w here  s£ £  < k  E..id'',Sy i n t e g r a t i n g ,

M  Z  ~ - T T j t ,   /  Cos(ppp+ b4tf/lr) Cos((3-& 7b<?A/A-)
#h(&6,)(d+&tb) t z ( t  +• a/r/A) A i t  -  <?hM)

"f~ ~ +. C&sf o- pTl t )  1 7 £
* ( t * - U  M t - f i )  ' 4 * •

G iven  £>ot ch o o se  an  h t and. a  /r, su c h  t h a t ,  when h > h t

and. k  > k ,f

(ft) / I J  =f ah(dt-Z)fa£,tb)l Ghki-1 + ay*-! I

■<____ . A — I _________ 4._________ / f
h 1 o(d^8,)(cfi- 6, i-b)Cah/k ~l)l 5 J "

We may r e w r i t e  i n  t h e  fo rm

m  S - - - Q

I f  "by th e  u s e  o f  th e  second, law  o f  th e  mean,

Z j  S ~°*L -V fcS>/7/® 'S,py{/s +*>)°f d{3 fs sd t£ ,)

T here  e x i s t s  an  fj >o su c h  t h a t  / to?( /*  e j j  < e / s d  ,  and  i f  we
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cho ose  hK and. k*_ such**that b/k > tfa e ,, when h>h2 and. k  >k t̂ 

we h av e

(Sij) II, J -  +̂ if%  ^(0'-') I

< % (  /  to9/ -  /°yG -£x)l *■ [b<?l- to?d fJfrJli * £■ * £  = J” €,

I f  <?f< 7r-£ ,w e  h ave  t h a t  S tn f i /p  i s  a  p o s i t i v e ,  mono­

t o n i c  d e c r e a s i n g  f u n c t i o n  i n  th e  i n t e r v a l  o $  (3 s c/t-s, 

and  i f  we a p p ly  t h e  se co n d  law  o f  th e  mean,

(ss) x, = ££ i f  (*s

I f  hs and  kj a r e  c h o se n  so  t h a t  h/k > when h > h 3 a n d  

/r > k f  } we h av e

f  Qcf
How th e  i n t e g r a l  Ja h a s  t h e  v a lu e  £ 7 r, when m

i s  p o s i t i v e  and  th e  v a lu e  z e r o  when m=0. I n  I ,  we h a v e  

(3+b £ cj-tb > 0  j  and

(£>J X ,  --

B u t t h e r e  i s  a  ^  su c h  t h a t  f o r  k ^ >k^l 

M  11, ~  4i ir  I  < J  e .
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Thus i f  i s  th e  l a r g e s t  o f  t h e  num bers and

h3 and  kx  i s  t h e  l a r g e s t  o f  th e  num bers kn k».tkj and  hH 

we h a v e , when h > hy  and  /r >

(w) / r  - 4  ,

/hence , . /*>
(40 i i t y r Z  '

P a r t  ( b ) .  When have
r~ r s  r a tv * A k ) . ■

" ~ ^ a e, / u d v

** 6/t)
■ H qfS: j u  d v  

sXv+ify) . ,  „
vJa £ 4 z/m jac(v •= j . ,  + r t

and fro m  th e  r e s u l t s  o f  p a r t  (a )  we have

fa )  Z trrrJ l -  o'(3- .

I n  I ,  l e t  (fv ~(3 and  hu^ f/3 + b )* .  Then
/'/£/ yDOfrj) J, - J<( ^ ral  SintprtJj* ^  dp

Jd  0- U/,A  -* '
By an  a rg u m e n t s i m i l a r  t o  t h a t  f o r  JT, i n  p a r t  (a )  we

se e  t h a t  A /trr  / = O ,

And s i n c e  p t b  £  0  i n  c/$  (3 =r - b  we h a v e ,  a s  h  and k

become i n f i n i t e  so  t h a t  h/t* becom es i n f i n i t e ,

. ,/b /
(94) Z /m l, =  ~ I  ^Z7 '

f
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Thus
. go , /W -, '

(TS) l; m T  -- iw f lbl

Lemma P .  I f  c? and  ^  a r e  a n y  p o s i t i v e  c o n s t a n t s ,  
d  i s  p o s i t i v e ,  e i t h e r  c o n s t a n t  o r  a p p ro a c h in g  z e r o  
and 6/*"+ °o a s  h  and k  i n c r e a s e  i n d e f i n i t e l y ,  th e n  
t h e  i n t e g r a l  . . .r f ^ t V + b / j r )

I  = - ^ ¥ -  Jo =S'Jg& cfu  cfv
a p p ro a c h e s  t h e  v a lu e

(a )  £  when 6 ^  4>
ifof *

(b) i i r j T ' S¥ J *  when d  > b *  -cf}

( c ) £ * - * -  rrfJ U£ i& /t r & when - d  ±  * ,

SroofV *  <- * r<r++> a  
m  i  = 4  ^ - v f Q

r S  rdlv^t/k) , , f d v i ty )
= - 4  +1

~ j [  ■ Z t^ d ttd v  = I , + ! , + £ •

And now l e t  l<v~p  and  hu *=■(($ tb)°< in -T z a n ^ kY~~& and 

hu--(p*b)<x  £ 3  • Then

(9>J Ta * r3 = <***(>

-  2  ■=>!"£ J ^ t^ U L h si^ 2 S L /S sL ^  cj-cdp

>4__ z  ( ^ S i n q  f  Jo P Jo
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w here

(91) F  = °° S ttL haL & SJ& ^ctp

= - 2l / ^ C ^ - T - p *p  *«

How S in fs /p  i s  a  p o s i t i v e ,  m o n o to n ic  d e c r e a s i n g  f u n c t i o n  

o f  p  i n  O sp  5 t t  and  i f  c /  >irf h y  w r i t i n g  

I f f )  £  -  -  2  f  /  ^ J a p j 2 2 £ * F  c f p q f x
J<7fy, f  ^  S o  F

- 2 J  ^ F j h ^ J ^ s ," P ^ P J p c /o <  = ,

Ve may a p p l y  th e  se co n d  law  o f  th e  mean to  t o  g e t
o<? jT

-  ~z f f f  <~ r ^  f  'cesotp tfpcfr (O* f, S  7r)

G iven  6 > 0 ; t h e r e  e x iB t  an  h, and  a  k, s u c h  t h a t  when h>h, 

and  k > k , } we h ave

(101) f e j  < * l Q % l  = ^ M 4 * /  = M  *  4  €'

dnd a p p ly i n g  th e  se co n d  law  o f  th e  mean t o  £ Z f vre g e t
jt*

( / & )  «  ~ ^ 4 r  f i r  'S / r 7 P  ( / r ~  £

T h e n ,

/ * /  *  w i Q ^ i
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5  #  /  & 9 (f -fyqfy)! + I /o ? ( /+  tc/ah)!j

and t h e r e  e x i s t  an  h x and a  lrz  s u c h  t h a t  when h > h 3 and k  >/r* 
(toa) IB z / < ■ £ ■ £ ,
I f  d  4 7T we n e e d ,  f o r  £ j t o  u s e  o n ly  th e  a rg u m e n ts  f o r

B, a b o v e ,  t h e n  i n  e i t h e r  c a s e ,  i f  h3 i s  t h e  l a r g e r  o f

th e  num bers h, and  ArXj and  lx i s  t h e  l a r g e r  o f  k, and  A*
(/os) / B f  < i  e, 
when h > h j  and Then

F o r  th e  v a l u e s  o f  we go b a c k  t o  Lemma E and f i n d

Then b y  a d d in g  th e  v a l u e s  o f  TtfT z and J7j we g e t ,  when 

cx> > 6  d j

(!(&)

(07)

((0 $)

-t whe n  b  z  d  

tJp ^ 0 ^  d p  when d  > b  > - d  

rf0 d p  w h e n '^  £  b

when b  ^  ~-<d

b  p d p t when b  < " d
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and  when <j > b  -  c/t
so o  r J U  •

(liz) Ltmr ” £v-f4  i-Trl ^Sctp, 

and  f i n a l l y  when — c /  > b  > -  voj

(to) M tnT  -- i v j f j s g e j p  -i-tr f^ ^ m s.cl/3 i .Trfa d-em df i

Lemma G. I f  S i s  a p o s i t i v e  c o n s t a n t ,  i f  c and h 
a r e  h o u n d e d , i f  c ,> o  i s  a n y  f i x e d  num ber, and /c /x r , 
and i f  h  i s  in d e p e n d e n t  o f  k ,  t h e n

t  * 4 7 ■ * ? * * ' < *
t e n d s  t o  z e r o  a s  k  i n c r e a s e s  i n d e f i n i t e l y .

P r o o f :  w

m b  T  =  4  s g Z c t o d p

_ f°°sjna( f  4>J12P { X z i c k d p
- i f  p  Jo Jh& p j c{̂ b ) «  P

= X, + X .

B u t,

( I I S )  X , -  i 77 ( 7 ’3 4 4 L J p ,'a-s P
and  i f  we a p p ly  th e  se co n d  law  o f  th e  m ean, we have

( 116)  X  -- C -c o X l , 0 'S*r ,< °° ) .

Whence, g iv e n  t h e r e  i s  a  /f s u c h  t h a t  f o r  k > k ,

(t,7) U J  5  i ^ U l  =  -f=  < £ ( ,

®ad A p p ly in g  t h e  seco n d  law  o f  t h e  mean t o  JT^we have
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I"

nlit) r  - 'jr (c lp tb tf ,* :0*),(US) ± 2  - c Jj'.g fl(p ib ) 'c(ptb 1

- i :  f CO’^ L^ mi f cajatJ ^ 'C JK$ P(P*-ty C(3tb)

I f  b \  0, we h ave

n i t )  / x j  s  n f h t  I *  f h c i 1 / o ^ n * i > l s l

s  i t / 1 lo ? ( ' + & > ! •

and t h e r e  e x i s t s  a  k^ s u c h  t h a t  when /r>kl /  we have

H ,t < 4

I f  b - 0 } we have

( W )  i x j  «  / i £ ~ § n  i  £  c - t £ j

2.
5  x - < w  1

and t h e r e  e x i s t s  a  k j  s u c h  t h a t  when h >  k3 j ^e have

/ r j  < i f .
Whence, i f  1c i s  g r e a t e r  t h a n  th e  l a r g e s t  o f  k, k Z/ and  k3) 

we h ave

I I I  s  I I J  i - I U  < =e .

7 .  We a r e  now r e a d y  t o  e v a l u a t e  th e  sum St,ic (  * ij) 

i n  some p a r t i c u l a r  c a s e s , a n d  w i l l  u s e  th e  sym bol S feo ) 

i n  th e  f o u r  f o l l o w i n g  th e o re m s  t o  i n d i c a t e  th e  l i m i t  o f  

J )  aB a p p ro a c h e s  th e  o r i g i n  i n  th e  p r e ­

s c r i b e d  m ann er ,  a s  h  and k  become i n f i n i t e .
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Theorem IV.

H y p o th e s e s :
1 .  The h y p o th e s e s  o f  th e o re m  I I I  a r e  s a t i s f i e d .
2 . ct, > > o
3 .  The r a t i o  h/fr  becom es i n f i n i t e  a s  h<h.and k  i n ­

c r e a s e  i n d e f i n i t e l y .

C o n c lu s io n :
T here  i s  a t  l e a s t  one m anner f o r  ( x ,y )  t o  a p p ro a ch ..  
f ro m  e a c h  o f  t h e  r e g i o n s  and  7?  ̂ t o  th e
o r i g i n  s u c h  t h a t  th e  c o r r e s p o n d in g  p o i n t  on th e  
a p p r o x im a t in g  s u r f a c e  z = 5Atf(y ty) a p p ro a c h e s  a  p o i n t  
a t  l e a s t  u n i t s  b e lo w  th e  v a lu e  -^.77*  a p p ro a c h e d
b y  3?(x ,y) a s  ( x ,y )  a p p ro a c h e s  th e  o r i g i n  a lo n g  o r  
n e a r  th e  y - a x i s .

P r o o f :  L e t  th e  p o i n t  ( x ,y )  move to w ard  th e  o r i g i n

a lo n g  th e  l i n e  x-=. ey f so  t h a t  y=  2cf/kj t h a t  i s ,  l e t  ( x ,y )

be  th e  p o i n t  (ze<4/k t z d / j f ) % By s u b s t i t u t i n g  t h i s  p o i n t  

f o r  ( x ,y )  i n  Sh l(xly) a s  g iv e n  by  th e o re m  I I I ,  we have

^ / r # ,v - c f &?,-&/%

, r 6 s/hkv -eye

-  ~ ^ 7 r A^ S t +XA + A

How t o  make ( x ,y )  a p p ro a c h  th e  o r i g i n  f ro m  t i f  

a , * Za* / l e t  <?, > <? >aA f o r  i f  c?, f l e t  Z  4% > c* >Qx<

I n  e i t h e r  c a s e  t o  a p p ly  Lemmas E and P ,  we l e t  b  -  ct( c*i~c)/4t

i n  i )  t o  f i n d  t h a t  O^- b  -  4 ;* n

f i n d  t h a t  - d < b < O j  l e t  b -^ C a x-e)j(^ \n  -Z^w hence - d <  b < 0 ?
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and. l e t  b  -  -  dfax~c)/a^  i n  w here  o < b < d .  We th e n  have

L e t  d - 7r(2G,+^)/(<?, -<?*) t and 3 ? ,^ ^ , -/qj) and  we f i n d

The a p p r o a c h  from  7^ can  he  in fe r re d  from  t h a t  i n  7?*- 

by  t h e  p r i n c i p l e  o f  sym m etry t o  th e  z - a x i s ,  and s i m i l a r ­

l y  t h a t  f rom  7?4 f ro m  th e  a p p r o a c h  i n  w h ic h  we w i l l  

now e s t a b l i s h .  I f  ^ > e > o  t h e  p o i n t  r e m a in s  i n  7& and  

we h ave  o<b<c/J b  = i n  I,} ~ d  < -d fa -efy  < 0

i n I x ,  0 < *>= in  JT3 /  and - d < 6 =  -ej/r*  <■ O,

and may a p p ly  lemma E and E t o  g e t ,

( /2 2 )  S ( q o )  = ^ /  7 r j £ ° + £ 7 r j T

( /2 2 )  S (p ;O j =r - 4 * T* +

( /24)  -S(OjD) +  £77-

*4 rrXT's^ s ^
f3

tu b -) S (o&  = - f i r 1 + £ * ■ / '
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I f  we l e t  c /~  and  e  =• .we f i n d

= - 4 7 r ^ 7 r / 2”̂ j g £ ^  = # 5 r - A ‘/ ^ -

Or i f  — < e  < o  j  t h e  p o i n t  r e m a in s  i n a n d  we have  

*/< £  = i n ^  b  = i n  -ZL

c /  <.b = •*■ 0 0  & x& -°°< b= -cf{£?2~eM 3.* c-c( in Jy ,

g i v i n g ,  when we a p p ly  lemma E and F ,

r/M< ^

/  CXS> O T //7 /3  , . f  I

And i f  a , >-2 <?z we may l e t  j  an d  e  - , t o  g e t
s377~ ■

> 5 ^  = > V a^ / * £  = -# 7 r * - -g 7 r /° * '

We c an  show a n  e f f e c t  o f  g r e a t e r  m a g n i tu d e  hy  l e t t i n g  th e  

p o i n t  ( x ,y )  move a lo n g  a s  f o l l o w s .  I f  ^ < - 5 ^ , l e t

> € ^  <v,,to f i n d  b=<ff#,-cjfa a o  i n i , ,  o^_b~-c/fa~c)/^* cj 

i n / ^ j  —< I < o  i n  I )  f and o <  b=  <- d

i n  JZ# f and  hy  lemmas E and  F,

1/2*7) S p p J  = + £ 7r £ C/(il ^ is in /s  j p
7s

- i  77- / “ ■ S iy s  ^

■ -  i  7rC
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(130) S(?p) = -g T T ' -g y H  ■Sjnpj
‘Wfc-ajfa (3  /J '

~Let a ,  ̂e  and  <=/- ;— ~r and we f i n dCft «2

(131) S(p,o) -- -^Tr^-gir^^ae-c/p

= --Z ^ r f t '

0 r  i f  <r, >  JZ*rz , l e t  -2 */, > e > - 2 <̂ ? t o  f i n d  -c/<  b = d f i - e)}if<ct  

i n  -T,; -</< ^  = -e ffa - jfa  < o ' ,  i n J ^ ; -**> < < -</ i n

and < « o  i n  and "by lemmaB E and E,

we have,
Aoe’ •

r/^-zJ 5(fc?oJ = i v / j - S t f p e S / a

- i r * + l r j d  ^ J O P jp

~i, rri  ~ £ d p  -Jyrjd

L e t  d=yr and  «? = /?,  ̂and  we f i n d
> 77"_ » /• tr(o,-<it)/a

(133) S(P,4) ~ -£7r* -£7rJo + £ irfjr

z  + & * £

and we know, s i n c e  fe, >  I  7 t h a t

0 < J r  ■ * % * * / >  -  f ± -
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S in c e  th e  v a lu e  a p p ro a c h e d  h y  F ( x , y )  i s  we have

d e m o n s t r a te d  o u r  theorem *

Theorem  V

H y p o th e se s s
1 .  F ( x , y )  i s  d e f i n e d  on 7? a s  i n  (D ).
2 * > fa , > O
3 ,  The r a t i o  f y t o  a s  h  and  k  become i n f i n i t e .  

C o n c lu s io n :
T here  i s  a t  l e a s t  one m anner f o r  ( x ,y )  t o  a p p ro a c h  
f ro m  e a c h  o f  th e  r e g i o n s  T?,,/?*, , and 7?v t o  th e
o r i g i n  s u c h  t h a t  th e  c o r r e s p o n d i n g  p o i n t  on th e  
a p p r o x im a t in g  s u r f a c e  z =  s 6lr(*fy)  a p p ro a c h e s  a  p o i n t  
a t  l e a s t  u n i t s  h e lo w  t h e  v a lu e  a p p ro a c h e d
hy  F ( x , y )  a s  ( x ,y )  a p p ro a c h e s  th e  o r i g i n  a lo n g  o r  
n e a r  t h e  x - a x i s .

The p r o o f  o f  t h i s  th e o re m  f o l lo w s  a lo n g  th e  l i n e s  

o f  th e  p r o o f s  o f  Theorem s I I I  and IV h y  a n  i n t e r c h a n g e  

o f  x  and y  th ro u g h o u t*

Theorem","VI.

H y p o th e s e s :
1 .  The h y p o th e s e s  o f  Theorem  I I I  a r e  s a t i s f i e d .
2 * Q, > O > <3* - -  0.3
3 .  The r a t i o frfa- becom es i n f i n i t e  a s  h  and k  become 

i n f i n i t e .

C o n c lu s io n s :
1 .  T here  a r e  two m an ners  f o r  ( x ,y )  t o  a p p ro a c h  th e  

o r i g i n  f ro m  f?, and two f ro m  7?̂  s u c h  t h a t  th e  
c o r r e s p o n d i n g  p o i n t  on th e  s u r f a c e  z  =■ apv* 
^ /caches  £ 7 7 - 2 , t h u s  d e m o n s t r a t i n g  a  Gibbs* 
phenomenon o f  a t  l e a s t  AVfi , .m a g n i tu d e .

2 .  T h e re  a r e  two m ann ers  f o r  ( x ,y )  t o  a p p ro a c h  th e  
o r i g i n  f ro m  7t\  and  two f ro m  7?V s u c h  t h a t  th e  
c o r r e s p o n d i n g  p o i n t  on th e  s u r f a c e  ap p ­
r o a c h e s  a  p o i n t  above 4  show ing  a  Gibbs*
phenomenon o f  more t h a n  m a g n i tu d e .
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P r o o f s  L e t  th e  p o i n t  ( x t y )  move tow ard  th e  o r i g i n  

a lo n g  th e  l i n e  x ~ e y ,  so t h a t  y  = . By s u b s t i t u t i n g  i n

th e  e x p r e s s i o n  t o v  J ^ ^ y y )  a s  g iv e n  h y  th eo re m  I I I  when 

i s  r e p l a c e d  hy  we f i n d

We may i n f e r  f rom  sym m etry  th e  z - a x i s  t h a t  th e  b e ­

h a v i o r  i n  7^ i s  th e  same a s  t h a t  i n  7?,; t h u s  t o  make th e  

p o i n t  ( x ,y )  a p p ro a c h  f ro m  TP, i s  s u f f i c i e n t .  We m ust r e ­

q u i r e  t h a t  e  and  t o  u s e  lemmas E and P ,  when

Q; we h a v e  i n  I , , b -  < cfj i n  r iU}

—cf < h  - -rffa-e)/#, <  O ;  and  i n  X3 J cf < b ^  tej/^ c  <*>; 'i&nd 

i n _ £ ,  -  < £> - - c / f o * cJ/Oj < -< /'•  Then tu

9 = - ^ * 4 ^

^ s /n k y
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L e t  a /*  and  o  > and  we f i n d

Ojc.) S  (0,0) ^ 4  7r~- £

-  4  ^

Or when o <  ts < - a 3 t we have  i n 2^ t b - d f c ,  -eJ/G^**3;  i n  

ZZ) ~ < * < 6 -  -c/fci, - e j fa  -c ;  i n  T3 , 0  < <2(#s  + e j/43 <cd;

and  i n  £ # , - d < b  ^  ^ o  « Then

(137) -5(0,0)=

■ s~cO

' * * 4 /  - ^ Z 3  0 S ‘// 3
r d fa fd A r  ' s°0 •

L e t  <2= and  and we f i n d

( /3 f f)  ^ P ,0 )  ~ £ t t

I f  e > ^ c t tj  we f i n d  t h a t  ( x ,y )  i s  i n  7 ^  i f  <5 6 4 and  Tg. 

i f  d < 0 .  S in c e  we have  sym m etry  t o  th e  z - a x i s  th e  "be­

h a v i o r  w i l l  "be th e  sam e, and  a s  i t  i s  a  l i t t l e  s i m p l e r ,  

we w i l l  u s e o '> o .  I n  X, ( /3 4 )  we h av e  -•*?<. f r -d H -e fa  <.~d;

i n f Z/ <z/<£>=-cf f a - eJ/ttl < j  i n X ^ ; c /< 2 > x ;c /fiis +cfyi -*.°*>z

and  in X 4 f  ~  0 0  < b  = ~a/{as <. —<=/; and  "by s u b s t i ­

t u t i n g  f ro m  lemma E and  F ,  we g e t
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To -make -5 (0 ,0 )  a  maximum f o r  t h i s  a p p ro a c h ,  we m ust 

make d and  e t h e  s o l u t i o n  n e a r  c/= tt and  £  = 5*, o f  th e

e q u a t i o n s ,
(///o) (et-G,) S//7 ~f) ~cif) S/rr /̂f ̂  ?-/) = Or

(/'//) 1L -  s / r 7  0  -~5/r/o//o'aJ ^/J -  Oj
o b t a i n e d  f ro m  -  o  . S in c e  t h i s  s o l u t i o n

i n  g e n e r a l ,  w i l l  r e q u i r e  some m ethod  o f  a p p ro x im a te  s o l ­

u t i o n  we w i l l  u s e  c/=tfr and «?=_*? to  o b t a i n  some m easu re  of 

th e  v a l u e .  Then
7rf/¥-

( / / n )  5 COfi) -  % T r * - + . £ 7 r f > *  ~ £ n ' / r

and s i n c e  / / -  > /  we have
7rfs+ 3% J  .

Thus one p a r t  o f  o u r  c o n c l u s i o n  i s  e s t a b l i s h e d .

I f  S  & -2<fj , (XjA )  i s  i n  7^ when d > o  and  we have  

i  c /<  £=£/(?,-c fa  o o ;  in -Z ^ ,  -  qo < b  - -affa-yp, <~cf;

inJT jj - e o < J > =  t« e//^  a n d  in-iJT, <*=»•

Then s u b s t i t u t i n g  f ro m  lemmas E and E ,
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From ~~ a e ^  = o  we g e t  th e  same e q u a t i o n s  a s  (140)

and  (141) a b o v e ,  b u t  f o r  a  maximum r e q u i r e  th e  s o l u t i o n  

n e a r  c/ = tt and  A t t h e s e  v a l u e s  we h av e

(W 4) ^ (° P )  =

and  we have  o u r  two m anners  o f  a p p r o a c h .

Theorem V I I .

H y p o th e s e s :
1 .  ]? (x ,y )  i s  d e f i n e d  on R a s  i n  (D ) .
2  *  >  O  est7 c / ^  O
3 .  The r a t i o  ap h  and  k  i n c r e a s e  i n d e f i n i t e l y .

C o n c lu s io n s :
1 .  T here  a r e  two m anners  f o r  ( x ,y )  t o  a p p ro a c h  th e  

o r i g i n  f ro m  7P2 and  two f ro m  Tfy s u c h  t h a t  th e  c o r ­
r e s p o n d in g  p o i n t  on t h e  s u r f a c e  .z=~X,lx,y) a p p ro a c h e s

2 .  T here  a r e  two m anners  f o r  ( x ,y )  t o  a p p ro a c h  th e  
o r i g i n  from  /?, and  two f ro m  7% s u c h  t h a t  th e  c o r ­
r e s p o n d in g  p o i n t  on t h e  s u r f a c e  x = JUtyJ a p p ro a c h e s  
a  p o i n t  b e lo w  ~ ^ 7r *--£77- ^ .

The p r o o f  o f  t h i s  th e o re m  f o l l o w s  t h a t  o f  th eo re m  

I I I  and  th eo re m  ZF b y  an  i n t e r c h a n g e  o f  x  and  y  t h r o u g h ­

o u t .
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Theorem V I I I .

H y p o th e s e s :
1 .  The h y p o t h e s e s  o f  th e o re m  I I I  a r e  s a t i s f i e d .
2 .  The p o i n t  ( x ,y )  a p p ro a c h e s  th e  o r i g i n  a lo n g  th e  

l i n e  x~ey so  t h a t  y =
3 .  The r a t i o h//( = c  a p p ro a c h e s  a  f i n i t e  p o s i t i v e  

c o n s t a n t  c, a s  h  and  k  i n c r e a s e  i n d e f i n i t e l y .
4 • 0,(P) = ± 0 j(p) = £ ivj/p-zj +yef.

C o n c lu s io n s :
As h  and  k  i n c r e a s e  i n d e f i n i t e l y ,  th e  sum 
a p p ro a c h e s  th e  l i m i t

when t h a t  l i m i t  e x i s t s .

P r o o f :  S u b s t i t u t i n g  th e  v a l u e s  o f  x  and y  i n  th e

e x p r e s s i o n  (71) f ro m  th e o re m  I I I ,  we have

- 5 * ( ¥ , ¥ )  = < 4

,  f 6 * / rW -cffa-efc

+ iU

- t - k  SJV * i  - * & * / * *  +E*

— ~~if 7*̂  ^  4  *

I n  £ , } l e t  b ,=  <tf(a,~eJ/a/ j  and make th e  t r a n s f o r m a t i o n  (?=kv  

and  oi - h a .  Then

f ///6 )  T, =• i X r f  ^
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and  "by lemma G th e  se co n d  i n t e g r a l  o f  I ,  t e n d s  t o  z e ro ,  

I n  th e  o t h e r  i n t e g r a l ,  l e t  <*= c - t f p + h ) , t o  g e t ,

t m y  x ,  = ^ ,  if,

= * /  r S & e C - * ” * * 0 * 1i3  'o  ifr

*  i -Ej

+ £ / * £ » * £ a Uc f r  

I n  -fx l e t  p  = k v  and  a - ^ x . T h e n
s f - 6  r a ,c ( /3 - b ,J

{» * ) Xx *

SCO • /
'* iF + 4 p - i£ sF - l

By lemma G th e  se c o n d  i n t e g r a l  o f  t e n d s  t o  z e r o .  I n

th e  f i r s t  l e t  of •= cj-fp-b,) f t o  g e t ,

t/A*) X , = - l f f - 5 u z & f a' -S 'v tc jp -h i) a tc /p
Z3  'o  *

f. /r4
Z3  'o  t r

Then "by a d d in g ,  we have

T , -  £  f  tS m tc  ( #~M ). ̂  ̂
°  ‘ 'q ^

j  I
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( /& )  J ;tT x = £  J a'- -Sja± c/^ s £j?ic j : ^ ^
/  & iu>

But X- Ĵ ,rr/9J ift7^ fc//3 - A'^}? [ y = £ i) z' ( B ie r e n s  de H a a n ) i  

Thus we h a v e ,

( * / )  X ,tJ l  => / a 9  ( / + £ ) * ■ * *

+ £ ,* £ f .

S i m i l a r l y  i f  ^  we h ave

+ J * £ j^ f '= £ ia ^ e = i^ 3Z j/a  i ^ s a .

I f  we l e t  J? = j£~s  -+£6 ,  we have

By r e p l a c i n g  th e  v a l u e s  o f  £), and  b x and  t r a n s f o r m i n g  

w i t h / ' r ^ f f  i n  th e  f i r s t  i n t e g r a l ,  i n  th e  seco n d

1 L o c .  C i t .  T a b le  151 , No. 7 .
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and  p  *=- v c f /  i n  th e  t h i r d ,  we g e t

<>& ) I  ’h fr

S 'n fS ,lv ) tC o sS J y lt^ ^

G iven  & > o f t h e r e  e x i s t  an  h, and  a  k, su c h  t h a t  when 

fy> k /  and  k>A t) It-/< e  j  ( th e o re m  I I I  and lemma G) and  

o u r  th e o re m  i s  e s t a b l i s h e d .

I t  i s  i n t e r e s t i n g  t o  n o te  t h a t  when we f i x  th e  

p o i n t  ( x ,y )  a t  t h e  o r i g i n  h y  m aking  */=*>,th e  r e s u l t s  o f  

th e o re m  V I I I  a r e  th e  same a s  t h o s e  o b t a i n e d  by  E .C .  

T i tc h m a r s h  1 . However t h e  e v a l u a t i o n  o f  th e  l i m i t  when 

g/jq r e q u i r e s  some m ethod o f  a p p ro x im a te  i n t e g r a t i o n  f o r  

e a c h  p a r t i c u l a r  s e t  o f  v a l u e s  f o r  and  <=/

a s  i t  h a s  b e e n  shown by  T i t c h m a r s h ,  C.M.Hoore *, and 

o t h e r s / t h a t  th e  s e r i e s  d o e s  n o t  c o n v e rg e  b u t  d e p en d s  

upon th e  v a lu e  o f  <?/, we w i l l  n o t  a t t e m p t  th e  e v a l u a t i o n  

i n  t h i s  p a p e r .

1 L o c .  G i t .  Theorem  I I I
2 **0n th e  S u m m a b i l i ty  o f  t h e  D oub le  F o u r i e r ' s  S e r i e s  

o f  a  D i s c o n t in u o u s  F u n c t i o n ?  M ath . A n n a le n ,  V o l .
74 (1913) p p .  5 5 5 -5 7 2 .  H ere  i t  i s  shown t h a t  f o r  
s u m m a b i l i ty  C, th e  r e s u l t  d e p e n d s  on th e  r a t i o frA 
h e n c e  we may deduce  th e  f a c t  f o r  c o n v e r g e n c e .
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P a r t  I I  GENERAL FUNCTIONS

I .  We h av e  s t u d i e d  th e  b e h a v i o r  o f  th e  d o u b le  

F o u r i e r ' s  s e r i e s  d e v e lo p m e n t  o f  s e v e r a l  f u n c t i o n s  r e l a t i v e  

t o  t h e  e x i s t e n c e  o f  a  Gibbs* phenomenon a t  v a r i o u s  p o i n t s  

o f  d i s c o n t i n u i t y .  By u s e  o f  t h e s e  r e s u l t s  we a r e  now a b le  

t o  p ro c e e d  t o  th e  d i s c u s s i o n  o f  any  g e n e r a l  f u n c t i o n  

h a v in g  a  c o n v e r g e n t  d o u b le  F o u r i e r * s  s e r i e s  e x p a n s io n .

D e f i n i t i o n  E .  L e t  th e  r e g i o n  - T r ^ y i w )

c o n t a i n  a  n e tv ro rk ,  V7, o f  c u r v e s  d e f i n e d  a s  f o l lo w s  : (a )  

e a c h  c u rv e  h a s  a  d e f i n i t e  t a n g e n t  e v e ry w h e re?  (b) any  l i n e  

p a r a l l e l  t o  e i t h e r  a x i s  c u t s  t h e  n e tw o rk  i n  a n l y  a  f i n i t e  

num ber o f  p o i n t s ?  (c )  t h e r e  a r e  o n ly  a  f i n i t e  num ber o f  

p o i n t s  w here  two c u rv e s  i n t e r s e c t ,  and  none w here  more 

t h a n  two i n t e r s e c t .  L e t  $k*,y) ^ e  a  summable f u n c t i o n  on TP 

su c h  t h a t  i n  t h e  i n t e r i o r  o f  e a c h  c e l l  fo rm ed  b y  t h e  n e t ­

w ork , W, 5p(*,yJ i s  c o n t in u o u s  and  o f  bounded  v a r i a t i o n  i n  

th e  s e n s e  u s e d  b y  T i t c h m a r s h 1 and  h a s  a  f i n i t e  jump a s  

( x ,y )  c r o s s e s  any  o u rv e  o f  th e  n e tw o rk .

The c o n d i t i o n s  o n j ^ y j a r e  s u f f i c i e n t  t o  g iv e  a  

F o u r i e r * s  s e r i e s  f o r $>(xy) w h ic h  i s  u n i f o r m l y  c o n v e r g e n t  i n  

t h e  i n t e r i o r  o f  a n y  o f  th e  c e l l s ,  h e n c e  a t  an y  p o i n t  o f  

c o n t i n u i t y  o f  th e  s u r f a c e  a p p ro a c h e s  th e

L o c . C i t .  p .  301
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s u r f a c e  z  = c§ix,y) a s  n e a r  a s  we p l e a s e  a s  h  and k  i n c r e a s e

i n  any  m an n e r .  A t any  p o i n t  ( x ,y )  on th e  ne tw ork ,W , a t

w h ic h  a l l  t h e  n e ig h b o r i n g  p o i n t s  o f  c o n t i n u i t y  l i e  a lo n g

a  s i n g l e  c u rv e  o f  th e  n e tw o rk ,  we t a k e  a  s e c t i o n  p a r a l l e l

t o  e i t h e r  axiB and c o n s i d e r  t h e  r e s u l t i n g  f u n c t i o n  o f  a

s i n g l e  v a r i a b l e ,  s a y  $ foy,). We may t a k e  t h e  more c o n v e n ie n t  
s in c e

s e c t i o x ^ b y  v i r t u e  o f  th e o re m  I I ,  and  th e  w ork o f  B o c h e r 1 

and o t h e r s ,  we know t h a t  i n  t h e  Gibbs* phenomena t h e  mag­

n i t u d e  iB n o t  d e p e n d e n t  on t h e  f u n c t i o n  b u t  on t h e  mag­

n i t u d e  o f  th e  ju m p . Thus t h e  c u rv e  c u t  f ro m  t h e  a p p ro x ­

i m a t in g  s u r f a c e  -%k(xyj b y  t h e  p l a n e  y  = y ,  w i l l  a p p ro a c h

th e  c u rv e  y ~ y ,  a s  n e a r  a s  we p l e a s e  a t  a l l  p o i n t s

i n  th e  n e ig h b o rh o o d  o f  [xn y ,) j  e x c e p t  at(X ,,y ,) .  When ( x ,y )  

a p p r o a c h e s (X,}y,) a s  x  i n c r e a s e s ,  t h e  a p p r o x im a t in g  c u rv e  

r i s e s  t o  t h e  h e i g h t

(/5 ?) 2  -- #(X,J>,yj- f

and t h e n  d r o p s  t o

(/Sz  2  = f t e + w )  + f  -$£% •*, V / / ^ r

a s  ( x ,y )  p a s s e s  t h r o u g h  f a y j  and  t h e n  b a c k  t o  th e  

o r i g i n a l  c u r v e .

2 .  F o r  th e  c o n s i d e r a t i o n  o f  p o i n t s  o f  o u r  n e tw o rk

 ̂ h o c .  C i t .  §  9 j p .  123

Reproduced with permission o f the copyright owner. Further reproduction prohibited w ithout permission.



50

w here  t h e  n e i g h b o r i n g  p o i n t s  o f  d i s c o n t i n u i t y  o f  £ ( x ,y )

l i e  a lo n g  two c u r v e s  i n t e r s e c t i n g  a t  t h e  p o i n t ,  we n e e d

f i r s t ,  a  lemma.

.Lemma H. Of x  and  y  a r e  c o o r d i n a t e s  i n  a  C a r t e s i a n  
s y s te m , r e c t a n g u l a r  o r  o b l i q u e ,  i f  R i s  th e  r e g i o n  
{•w& m rr, - m  y  * rr ) t i f  f ( x )  and  g (y )  a r e  th e  
f u n c t i o n s  d e f i n e d  i n  (B ) ,  i f  B ( x ,y J  i s  any  f u n c t i o n  
c o n t in u o u s  i n  x  and y  on R e x c e p t  a lo n g  x  = 0 and  
y  = 0 ,  i f  B ( x ,y )  h a s  a  f i n i t e  jump a lo n g  th e  a x e s ,
_ ^  j  4 «<•

* ■&( +S(xJ~0) h  &(9>yJ = 8(+oj)
3(0,0) - $(B(+0jto) + *-J3(-0j+O) +B(-O,-0)}
A ' r Bpopo) -B (-0 /o ) -Bpo,-o) +3&>j-o) 

t h e r e  e x i s t  t h r e e  c o n t in u o u s  f u n c t i o n s  i p f x y j . HOO and  
G(y) s u c h  t h a t

PCXJ) - fCxpr) + Gfy) fik)//r /- K& jyCyJ/rr *■ / t

P r o o f s  L e t
( 157) e c x )  = B (X ji-O )  ■-  3 (X ,-0 )  (~7T < X <  O ) tfr lc f (o ^ X < - 7 r )

0(o) - i f  ,* & (-° )} )

and

( / j r s ) < f ( y )  = & ( + 0 ,y ) -  -0 /-O , y )  (  - 7 T + y  < o )  -  7 T )

< f ( o )  s i  f  p O -o ) *- <p{ -& )} .

Then
( t s v ) O (s-o ) -  6 Y -o )  = B f o y o )  - 3 f r o ,- o )  - B ( - o y o )  + £ ( - 0,- 0)

-  cf>{+0)  - p H )  =  / / .

D e f in e

n o o )  Lp (Xjy)  « & ( x ,y )  -  0 (x )  .

Then

( / b t )  tpfxpo) -  (p(xr o) s  3 (x /o) ~b (Xj- o)  -  &(y) ?<?(+*)-<peoj}/fl

- 0
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(162) (p(xt+o) -  <p(x,o) “  i  / P(x,+0)  -3(k ~o)j -J£ &(x){<p(to)-<p(-o)j/A

* 0,

(/63) ipf+Qy) -$(-o,y) = &(io,y) -s to j)  -  te(to)-o(-o)}cpfy)/A

-  0,
(/64) q x + o j)-q }(0jy) = -31-oyJj - / / ■  060)  - 0M ) <p(yJ/A

-- o .

From t h e s e ,  we h a v e ,

(/65) q>(o,t0) = Cp C±o, o) = <P(±af±o),
and

1/6$ y(o,->0)  -  $ ( 0,0)  = £{3(+o,tO)-3fro,-0j t-B(-OsQ) -3 to,-0)1

-■6 fdfro)+e(-o)}f<f’(r0) -
= 0.

Hence q)(x ,y) i s  c o n t in u o u s  i n  x  and  y  on R.

B u t  0(x)  = //(x j + A f f c j /  7 7 - when? H (x) i s

c o n t in u o u s  on ( ~ 7p -< x  $ 7r )  and  fj(<y ** £ f  B(*o)t 0(-Q)J 

s i n c e  H,(x) -  0  & -  $  0 M-&C-0) ]  - £ {  0 (+o)+0 {-o)} i s  e a s i l y

s e e n  t o  be c o n t in u o u s  a t  x  = 0  w here  H(o)=.0 f and  we c an  

make /V ( x j = M C x ) ^ k f  +■ & (r°) j ,■ S i m i l a r l y  we h a v e  

(P ty) -  C x(y) + ^ y 6yA r- / w here  G(y) i s  c o n t in u o u s  on 

{-7r£ y  £ 7 r )  an d  &Co) = £  f  F t 0)  + f  ('<>)}

Thus
(!b 7)  8(x}y) = $(x ,y) + {h (* j + *  *&/”■! f  6 (y )+  d ? /y )/rr] /a

-- q(*y) + &y)'fa/7r +• t*to9(y)/ir + A-fawj/ir̂
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w here  f ( * ,y j=  $ f a )  + 1 b c o n t i n u o u s .

3 .  T h ere  a r e  o n ly  a  f i n i t e  num ber o f  p o i n t s  on th e  

n e tw o rk ,  W, o f  D e f i n i t i o n  E a t  w h ic h  two c u rv e s  o f  t h e  

n e tw o rk  i n t e r s e c t ,  h e n c e  o n ly  a  f i n i t e  num ber w here  t h e  

t a n g e n t s  t o  t h e  i n t e r s e c t i n g  c u r v e s  a r e  r e s p e c t i v e l y  

p a r a l l e l  t o  t h e  x  and  t h e  y - a x i s .  To s t u d y  t h e  b e h a v i o r  

o f  t h e  F o u r i e r ' s  d e v e lo p m e n t  a t  t h e s e  p o i n t s  we make r e ­

p e a t e d  a p p l i c a t i o n  o f  th e  f o l l o w i n g  th e o re m ..

Theorem  IX 

H y p o th e s e s :
1 . ( a , b )  i s  an y  p o i n t  o f  d i s c o n t i n u i t y  o f  t h e  f u n c ­

t i o n  d e f i n e d  i n  (E) n e a r  w h ic h  a l l  o t h e r
p o i n t s  o f  d i s c o n t i n u i t y  o f  l i e  a lo n g  two
c u r v e s  i n t e r s e c t i n g  a t  ( a , b )  and h a v in g  t a n g e n t s  
p a r a l l e l  t o  th e  x  and y - a x e s  r e s p e c t i v e l y .

2 .  When th e  a x e s  a r e  t r a n s l a t e d  so  t h a t  ( a , b )  becom es 
t h e  o r i g i n ,  becom es

3* and  a r e  d e f i n e d  i n  lemma
H.

x>yJ  i s  t h e  sum fro m  i  = 0  t o  m ,j  ** 0  t o  n  
o f  t h e  t e r m s  o f  th e  d o u b le  F o u r i e r * s  e x p a n s io n  
o f  cj>(x'y).

C o n c lu s io n :
The a p p r o x im a t in g  s u r f a c e  2  = $,/,(*//J  a s  m and  n  i n c r e a s e  
i n d e f i n i t e l y  i n  any  m an n e r ,  h a s  a  maximum (minimum) 
p o i n t  a p p r o a c h in g  th e  p o i n t  
(a )  «-/°/J/7ri + f  GCo) l-HQ)]p,/rr

and  y'-*+o.
(b ) <PC* 0 - 0 )  - A  f-r rp , +(=>*)/#■*■ [ 6 (0 )

a s \ ' - M <-o and
(c )  -  $ 6 (0) +H(o)]f>./rr

a s  x'-^-o  and  y '-> ~o.
(d ) M-Oyo) -A  + iH (0)-6(p)}f> ,/r

a s  x -* -o  and  y ' / - d .

Reproduced with permission o f the copyright owner. Further reproduction prohibited w ithout permission.



53

P r o o f s  I f  we c o n f in e  o u r  a t t e n t i o n  t o  a  s m a l l  

ne ighborhood , o f  th e  o r i g i n ,  we can  a p p ly  lemma H to  g e t ,

U W  flxjy) = + 6 W i :(>O// r +M*')<?(y'J/7r  + 4fe)0(y)/7T*

Hence th e  m m S  (A^y'J i s  made up  o f  c o n t r i b u t i o n s  f rom  

f o u r  d i f f e r e n t  f u n c t i o n s .  S in c e  *}y') i s  c o n t in u o u s  i n  

t h e  n e ig h b o rh o o d  o f  t h e  o r i g i n ,  i t s  c o n t r i b u t i o n  t o  th e  

sum c o n v e rg e s  a s  c l o s e l y  a s  we p l e a s e  t o  i t s  v a lu e  a t  

( 0 , 0 ) ,  r e g a r d l e s s  o f  th e  m anner o f  a p p r o a c h  o f ( x , y )  to  

(0 , 0 ) a s  m and  n  i n c r e a s e  i n d e f i n i t e l y  i n  any  m an n e r ,  

f  (x) and g ( y )  a r e  b o u n d ed , and  H (x) and  G(y) a r e  con­

t i n u o u s ,  h e n c e  th e  v a r i a t i o n  i n  th e  c o n t r i b u t i o n s  o f  th e  

p r o d u c t s  G (y 'jff tj/fr  and  M (x') g fy'j/jj-  t o  t h e  sum c a u se d  

b y  r e p l a c i n g  H (x) b y  H(0) and  G(y} b y  G(0) can  be  made 

a s  s m a l l  a s  we p l e a s e  by  k e e p in g  (x'iyO n e a r  enough  t o  t h e  

o r i g i n .  The c o n t r i b u t i o n  o f  & o ) i t o  th e  sum w i l l  be 

a  maximum when and  c o n v e rg e s  t o  a  v a lu e  i n

e x c e s s  o f  t h e  v a lu e  (5Co) fO -o)/rr ,  and  o f  tfo) 9 (y 'J //r a  max­

imum w h e n ^ ' -  f and  c o n v e rg e s  t o  a  v a l u e /foj/tfrin  e x c e s s  

o f  t h e  v a l u e  a s  m and n i n c r e a s e  i n d e f i n i t e l y  i n

any  m a n n e r .  By th e o re m  I ,  t h e  c o n t r i b u t i o n  o f  A ffc')<yfy)/7rx' 

t o  th e  sum w i l l  be a  maximum when A '-  and  y { -  

(same v a l u e s  a s  a b o v e )  and  c o n v e r g e s  t o  a  v a lu e  /l(7 rf> , 

i n  e x c e s s  o f  t h e  v a l u e  a s  m and  n  i n c r e a s e  i n - .
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d e f i n i t e l y  i n  any  m an n e r .  A dd ing  a l l  t h e s e  c o n t r i b u t i o n s  

t o g e t h e r  we f i n d  t h a t  TP, t ^ )  t e n d s  to

( /6 8 ) <p(+0S<>) + rh f  6 (0)+ #«>)}f t

The o t h e r  p a r t s  o f  t h e  c o n c l u s i o n  f o l l o w  fro m  s i m i l a r  

c o n s i d e r a t i o n s .

I t  i s  i n t e r e s t i n g  t o  n o t e  t h a t  u n d e r  c e r t a i n  con­

d i t i o n s  on th e  v a l u e s  a p p ro a c h e d  by  a s  ( x ,y )  ap ­

p r o a c h e s  a  p o i n t  o f  d i s c o n t i n u i t y ,  t h e  G ibbs* phenomenon
l

may d i s a p p e a r  f o r  th e  a p p ro a c h  f ro m  one r e g i o n ,  b u t  n o t  

f ro m  a l l  a t  o n c e .  T h is  w i l l  be  t h e  c a s e  i n  t h e  f i r s t  

q u a d r a n t  when th e  f u n c t i o n  h a s  t h e  o r i g i n  a s  a  p o i n t  o f  

d i s c o n t i n u i t y  i f ,
(/(>9) J  77ft, + A ft*  7r6(0)ftf * 7T//(0)ft, = o  t 

o r  s u b s t i t u t i n g  v a l u e s  and  c o l l e c t i n g ,

f 7 0 ) (377  + ft)  $(+ 0,10) -(T T i-ft)  -(7 r+ fi)

Prom t h i s  we f i n d  t h a t  i n  c h o o s in g  t h e  f u n c t i o n  we may 

t a k e  a r b i t r a r i l y  t h e  v a l u e s  t o  a p p ro a c h  f ro m  t h r e e  quad­

r a n t s  and  f i n d  t h e  v a lu e  i n  t h e  o t h e r  t o  make th e  p h e ­

nomenon d i s a p p e a r  f ro m  th e  f i r s t  q u a d r a n t .

4 .  T h ere  now re m a in s  a t  m o s t  a  f i n i t e  s e t  o f  p o i n t s  

i n  R t o  be c o n s i d e r e d .  A l l  t h e s e  p o i n t s  a r e  p o i n t s  o f  

i n t e r s e c t i o n  on t h e  n e tw o rk ,  W, a t  w h ic h  a t  l e a s t  one o f  

t h e  two t a n g e n t s  i s  o b l iq u e  t o  t h e  a x e s .  S in c e  we h av e
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i n f o r m a t i o n  c o n c e r n in g  t h e  c o r r e s p o n d i n g  s p e c i a l  f u n c t i o n  

o n ly  i n  th e  c a se  w here  t h e  r a t i o - ^ f  a p p ro a c h e s  z e r o  o r  

i n f i n i t y  a s  h  and k  i n c r e a s e ,  and  t h a t  n o t  c o n c l u s i v e  a s  

t o  m a g n i tu d e s ,  we w i l l  n o t  a t t e m p t  t o  s t a t e  o u r  r e s u l t s  

a s  a  th e o re m .  I f  {**, p  ) i s  a n y  one o f  t h e s e  p o i n t s ,  

t r a n s l a t e  t h e  o r i g i n  t o  t h a t  t o  g e t ,

( /? /)  i f t y j  -  i t y - p )  = f  f r y ) -

How l e t  3c '=  <?,y' and  = ^ y '  ( a ,  > , he  th e  e q u a t i o n s  o f

t h e  t a n g e n t s  t o  t h e  c u r v e s  a t  th e  o r i g i n .  I f  we c o n s i d e r  

a  s u f f i c i e n t l y  s m a l l  n e ig h b o rh o o d  o f  th e  o r i g i n ,  N, when 

we make t h e  t r a n s f o r m a t i o n ,

- x '-G ^ y ' y "  -  ^ y ' - x '

t o  g e t
^ x "+ v " i -  cpcx" v")

a n )  <Afx)y'J -  $ (  a.-G*. I '  '•

We c an  a p p ly  lemma H t o  <y,(xn, y"J and  we h a v e ,

(m) <?,(*') y") = $(*',y)+G(yyWMr +fiW9ty)//r +a

However t h i s  i s  n o t  i n  a  fo rm  t o  ex pand  a s  a  F o u r i e r ' s  

s e r i e s ,  h u t  by  r e v e r s i n g  t h e  l a s t  t r a n s f o r m a t i o n ,  n o t i n g  

t h a t  t h e  p r o d u c t  y(ary r-*» )  i s  t h e  f u n c t i o n  FTfr'y')

d e f i n e d  i n  (D ), and  r e p l a c i n g  ^ ( x - ^ y ja y ' - x ') ^  & l* y  we g e t ,  

(/ 74) 0/x'y') - y fx y )  -h GC&y'-x) i-
4- #(*'-< & /) g c ^y '-x ')/ tt 4- A  F fayj/7T*
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i n  t e rm s  o f  th e  o r i g i n a l  a x e s .  I n  t h i s ,  ip ty  y'J i s  con­

t i n u o u s  i n  x 'a n d  y ' i n  th e  n e ig h b o rh o o d  IT, and 

and  A//*~a*)/)$fay,-x tJ  e a c h  have  a  s i n g l e  l i n e  o f  d i s c o n t i n ­

u i t y .

S in c e  th e  f u n c t i o n  if'(x,,y ')  i s  c o n t i n u o u s ,  i t s  con ­

t r i b u t i o n  t o  t h e  sum ,-^,*/*/ y‘) f f ro m  i  = 0  t o  m, j  = 0  to  

n ) 0f  t h e  te rm s  o f  t h e  e x p a n s io n  o f  th e  

f u n c t i o n  c o n v e rg e s  t o  th e  v a lu e  W(op) r e g a r d l e s s

o f  t h e  m anner i n  w h ic h  ( x ,y )  a p p ro a c h e s  t h e  o r i g i n  and 

h  and k  become i n f i n i t e .  A lso  s i n c e  th e  f u n c t i o n s  f(x L̂ y*f 

and  g(4,y~x'J a r e  bounded  and M ix'-V iy') and (j(<7,y'—x r)  a r e  

c o n t i n u o u s ,  we can  make N s m a l l  enough  t h a t  t h e  v a r i a t i o n  

c a u se d  by  r e p l a c i n g  P (x ,~<7J. y ,J  b y  H (0) and  G fayf-x')\>yGr(o) 

i s  a s  s m a l l  a s  we p l e a s e .  The n e ig h b o rh o o d  IT i s  d i v i d e d  

i n t o  f o u r  p a r t s  b y  th e  t a n g e n t s ,  and  we w i l l  u s e  Hj; t o  

d e s i g n a t e  t h a t  p o r t i o n  t h a t  l i e s  e n t i r e l y  i n  t h e  f i r s t  

q u a d r a n t ,  o r  t h a t  i n c l u d e s  t h e  p o s i t i v e  y - a x i s  i f  t h e  

t a n g e n t s  a r e  i n  d i f f e r e n t  q u a d r a n t s ,  and by  w*  t h e

p o r t i o n s  a s  t h e y  a p p e a r  i n  o r d e r  on a  c o u n t e r  c lo c k w is e  

o i r c u i t  o f  th e  o r i g i n .

To c o m p le te  t h e  d i s c u s s i o n ,  we muBt c o n s i d e r  s e v e r a l  

d i s t i n c t  c a s e s .  We w i l l  b e g i n  b y  r e q u i r i n g  af >a^>o f o r  

t h e  f i r s t  c a s e ,  and  l e t  /j#--j»«oas h  and  k  become i n f i n i t e .  

]?or maximum e f f e c t  ( g r e a t e s t  d i f f e r e n c e  b e tw e e n  f u n c t i o n
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and l i m i t  o f  sum) from  t h e  c o n t r i b u t i o n s  o f  tt(o)< ?(e7,y-x')/rr' 

and  G(o) t o  t h e  sum a s  (x{y) a p p ro a c h e s  t h e  o r i g i n

fro m  H i ,  th e  l i n e  x '  = e y ' ( th e o r e m s 'l l )  m u s t  he  th e  Bame 

f o r  b o t h  f u n c t i o n s ,  and s u c h  t h a t  th e  p o i n t  (x',yO makes 

b o t h  a  maximum. T h is  h a p p e n s  when,

(ITS) X 2 . e v , r r / t ( a - e )  ~ -2***7r/k (4x- tr) 

f ro m  w h ich
/ / v )  ■ ^  2C?,<?3 y ' -  a.(a,^-a^)7r
(,7W e - 7 * 7 ^  > *  - t  y  '  7 ^ - ^ T  '

\7 i t h  t h e s e  v a l u e s ,  we f i n d  t h a t  t h e  c o n t r i b u t i o n  o f

t o  t h e  sum i s 6 '(0 fi/rr i n  e x c e s s  o f  th e  v a lu e  ap ­

p ro a c h e d  b y  t h e  f u n c t i o n ,  and  o f  ^ / - - t ^ i s  W ($)fi/Tr 

i n  e x c e s s .  S u b s t i t u t i n g  t h e s e  v a l u e s  i n  ( 1 2 2 ) th e o re m  

IV, we f i n d  t h a t  th e  c o n t r i b u t i o n  due to  A A fe y ,) /7r*- a p ­

p r o a c h e s  th e  v a l u e  A/fr^-W* s ’^ A ,  w h e re a s  th e  f u n c t i o n  

a p p r o a c h e s ^~A,  h e n ce  th e  e x c e s s  i s  A * I f  we u se  

th e  sym bol f o r  th e  v a lu e  a p p ro a c h e d  b y  as(x^yO

a p p ro a c h e s  (0 , 0 ) f ro m  r e g i o n  I l t  ^  f ro m  H2 # <5^3 f ro m  

H3 , and  9 ^  f ro m  U4 , we h a v e ,  when we add t h e s e  e x c e s s e s  

t o g e t h e r ,  t h a t  t h e  sum t e n d s  t o  th e  v a lu e

(177) $4 -  £ A

-r)j -  fa }

S i m i l a r l y  f o r  a p p ro a c h  f ro m  N2, we f i n d  e = 0 = x '  

and  n r/fr  g i v i n g ,

(17$) + i^o) -  o)jP,/7r y- 0 = <f2 + fa  ~fo)/%-*
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And fro* , ^  ^  y L - j g g f ,

g i v i n g ,
(/79J <f3 + f  -H$J -  <5Co)jr//7r -£A r

= <h + £ * - * j 0 A — i f

And fro m  N4 , e = 0 = x '  and  ^  <= - 2.rr//() g i v i n g ,

(/ *0) <£? 1- [ f>,/rr--i- O = <£y + £ ft/r r*

F o r  a  se co n d  c a se  when l e t / ^ . - > o a s  h  and

k  i n c r e a s e  i n d e f i n i t e l y ,  and  f ro m  th e o re m s  XI and  V, we 

f i n d  th e  same r e s u l t s  a s  when h/Ac-**£> i f  we make «?= 

wi t h  X = 2  and y '= ±  i n  H* and  1T3 , and <? = <*>, ^ 4

x'~ j i n  IT2 and  U4 . The v e r i f i c a t i o n  o f  t h i s  i s  

s i m p l i f i e d  i f  we o b s e rv e  t h a t  i n  o u r  s p e c i a l  f u n c t i o n - 

F ( x , y )  t h e  v a lu e  a p p ro a c h e d  "by th e  sum o f  th e  s e r i e s  

depended  on th e  v a lu e  o f  th e  f u n c t i o n  n e a r  th e  y - a x i s  a s  

and  n e a r  t h e  x - a x i s  a s ^ * 0 . T hese  a r e  b o t h  -£ 77* i n  

t h e s e  c a s e s .

I f  <?, = we h av e  a  t h i r d  c a s e  w h e n - % - ^ .F o r

maximum e f f e c t  f r o m y(c?,/ -x 'J /tt and  6 pJffc'-fy'J/yr a s  (x^yO 

a p p ro a c h e s  t h e  o r i g i n  f rom  H u  we f i n d  e = 0  = x ' a n d y ^ 3̂ 1 

and th e  e x c e s s  i s ,

( le i )  t< ? n > )+ # 6 > ) } f l/r

A lso  A F (X jy')  g i v e s  a  c o n t r i b u t i o n  t o  th e  sum

(se e  (135) th e o re m  V I ) w h ic h  i s  t h e  v a lu e  o f  th e  f u n c -
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t i o n  a p p ro a c h e s  f ro m  Ul f  t h a t  i s ,  a s  (xJyO a p p ro a c h e s  

t h e  o r i g i n  f ro m  Uj. tt h e  sum t e n d s  t o  th e  v a lu e

U?z) <?, + f a  - & )  f i / r

By s i m i l a r  m e th o d s ,  we f i n d  a s  (x^yO a p p ro a c h e s  from  

U2 » th e  sum (x 'y 'J  t e n d s  t o  

(1 8 ?) fa + f  //(O) - G(o)}{?/rr +£A
z  f a *  ^

f ro m  3T3 , t e n d s  to

(/?4) f-G (0)-//& )] VAr r f y + ( f j - f y f l / / r ,
a n d  from  N4 , t e n d s  t o  th e  v a lu e  

0&5) fa *■ f  6 CO) -//CO)} ft/7T + £ A

= 09 + (0 t - A ) f i / i r  * i ( 0 ~ 0 ‘ f  

By th e  u s e  o f  th e o re m s  I I  and  V I I ,  w hen /j^ .-*  0  a s  

h  and  k  become i n f i n i t e ,  i f  we l e t

a n d  / = -  7 i n  Hx and B3 f o r  e * ™ ,  y '  -  o ,  and  

x'= i n  IT2  and N4 , we g e t  b y  a p p ro a c h  f ro m  ITx,

(If8)  <f>, *- c  &CO)} - £  A

-  4>, + [ 6 - fa f& /r r  -  i  i f r  v ^

f ro m  H2 ,

(!SV fa + f  # CO) - 6(0)}p/jj- c fa +{&-#,] fi/7T J

f ro m  U3 ,
(/&8) + }  -2/Co) ~ <5C0) }  cy^
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and  f ro m  IT4 ,

a a v  <%, -t = <P+ + { < £ * - & }  v / tt,

a s  th e  v a l u e s  a p p ro a c h e d  h y  t h e  sum.

C o n c lu s io n .  W ith  t h e s e  r e s u l t s  we w i l l  c lo s e  o u r  

p r e s e n t  i n v e s t i g a t i o n .  We h av e  shown th e  e x i s t e n c e  o f  

a  G ibbs* phenomenon i n  t h e  c o n v e rg e n c e  o f  th e  d o u b le  

F o u r i e r ’ s s e r i e s  a s  a  g e n e r a l  r u l e .  I n  t h e  c a s e  w here  

th e  p o i n t  u n d e r  c o n s i d e r a t i o n  i s  a  p o i n t  o f  d i s c o n t i n u i t y  

on a  s i n g l e  c u rv e  o f  d i s c o n t i n u i t i e s  o f  t h e  f u n c t i o n ,  we 

have  shown t h a t  t h e  phenomenon a lw a y s  e x i s t s ,  and  t h a t  

i t s  m a g n i tu d e  i s  t h e  same a s  f o r  t h e  p l a n e  c u rv e  c u t  f rom  

t h e  s u r f a c e  b y  an y  c o n v e n ie n t  s e c t i o n .  I n  th e  c a s e  w here  

th e  p o i n t  u n d e r  c o n s i d e r a t i o n  i s  on two c u rv e s  o f  d i s c o n ­

t i n u i t i e s  h a v in g  t a n g e n t s  a t  t h e  p o i n t  w h ich  a r e  p a r a l l e l  

to  th e  x -  and  y - a x e s ,  we h ave  shown t h e  e x i s t e n c e  o f  th e  

phenomenon and  t h a t  i t s  m a g n i tu d e  d i f f e r s  f rom  t h a t  a t  

o t h e r  p o i n t s ,  e x c e e d in g  i t  f o r  some a p p r o a c h e s .

A t p o i n t s  on two c u r v e s  o f  d i s c o n t i n u i t i e s  w here  th e  

t a n g e n t s  a r e  n o t  b o t h  p a r a l l e l  t o  an  a x i s ,  i t  h a s  b e e n  

fo u n d  t h a t  th e  s e r i e s  d o e s  n o t  c o n v e rg e ,  b u t  d e p e n d s  on 

th e  v a l u e  a p p ro a c h e d  by  h /fc f and  we have  fo u n d  th e  same to  

be  t r u e  c o n c e rn in g  th e  Gibbs* phenom enal We h av e  fo u n d  

t h a t  t h e r e  i s  an  e f f e c t  b u t  h a v e  n o t  fo u n d  an  a c c u r a t e  

m easu re  o f  i t s  m a g n i tu d e .
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