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Introduction

This paper is an investigation of the discontinuities of the
neutron and proton binding energies associzted with the closing and
opening of nuclear shells., These binding energies are analyzed in
such a way &as to give estimates of the effects associated with the
pairing tendency of nuclei end the shell structure. The anaslysis of
the data and consideration of an atomic model lead to a simple approxi-
mate representation of a shell stabilizing correction to the nuclear
energies, Similiarities of the binding energy diagrams of the last
nucleons and the last electron are noted. 1Insight into nuclear shell
structure would be possible from a theory that will describe the saw-
toothed curve of the atomic ionization potentials. Because of the
enormous amount of work that has been done in the prediction of x-ray
levels of the atom, this was considered a relatively simple problem
and of just a secondary nature. However, a search of the literature
for such a quantum mechenical theory has bveen unfruitful, It seems
thaﬁlfor some resson this problem has been avoided. This problem is
investigated here (see final sections of this paper) under the
assumption that the electrons have the nature of the Fermi-Thomas gas.
An approximate expression is given by which the ionization potentials
for each element in the periodic system (Z>l°) might be calculated.

Chapters 2 - 8 of this paper, exclusive of some of the intermediate

steps, are to be published in the Physical Review, July 1, 1953 as

a joint work with Alex E. S. Green. These chapters were also pre-
sented at the 1953 Washington Meeting of the American Physical Socilety

by Alex E, S. Green and this author, Bull. Am. Phys. Soc. 28, No. 3, 19.
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l. The Empirical Mass Surfacse.

The solution of many atomic problems have been possible from our
knowledge of the charge of the nucleus. With the exception of the
very small corrections, e.g. hyperfine structure, isotope shift of
spectral lines, etc., all the propeﬁties of the atom can be described
from this knowledge. The detailed nature of the electron~nuclear
interaction was acéuraxely known from electrostatic interaction
experiments. This long range coulomb interaction was found to be the
dominant effecf. The atomic model became that of light negatively
charged particles, the electrons, moving somewhat independently about a
massive positively charged nucleus with this coulombic interaction.
Since the principle force of interaction was known, the problem of the
atomic physicists was to find the proper mechanics which would describe
the motion of the particles with a given force. The result, as we
know, was the introduction of quantum mechaniecs.

The solution of the nuclear problem is quite different. Here
the field theory which would give the nature of the interaction between
nucleons, i.e, protons and neutrons, is not completely known. The
nucleus cannot be pictured as a system of particlgs mov ing about a
massive center. From the study of x-disintegrstions it is suggested
that quantum mechanics might also describe the m&tion of nﬁcleons.
Several nuclear phenomena have been successfully described by the
independent-particle model. The independent-particle model wes first

introduced into atomic physics by Hartree ! and has been used there

with great success. A good discussion of this model for the nucleus is

given by J. W. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics,
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Wiley (1952). The independent particle mcdel assumes that each nucleon
moves independently of all other nucleons in a common potential field.
This field represents the average effect of all the interactions with
the other nucleons. In general, however, the field theoretical approach
has been unsuccessful. Another attempt to predict the nuclear phenomena
is by a phenomenological approach., That is, by assuming same statistical
model of the nucleus, inferring an interaction function to correlate

all the experimental information concerning the interaction in terms of
certain arbitrary constants. These constants are then adjusted to the
experimental data and hence the name phenomenological. An early model
of this type that hes proved to be the prototype of several successful
ones is that due to Weizsécker.*

The test of either approach to the solution of the nuclear inter-
action, field theoretical or phenomenological, is the ability to predict
additional information which is consistent with experiment.

The phenomenological approach to nuclear provlems is the concern
of this thesis, A method introduced by Alex E. S. Green®is used here
as a tool in the arnalysis of the data. The aporoach is to express the
mass or energy parameters in terms of the mass decrement or sometimes
called the mass defect, A . The mass decrement is defined as the
difference between the actual atomic mass, M , and the integral mass
number, A, (DxM-A), A is conveniently expressed in milli-mass units
{(mMU ). The mass decrement gives direct information about the binding
energies of the particles in a nucleus,

The mass decrement which is usually regarded as a function of A

and D (=N-Z, the neutron excess) can also be expressed as a function
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of the neutron and proton numbers N and £, respectively.. This follows
from the definition of the neutron excess, D (sometimes referred to as
the isotopic numbver, I ).

It has become accepted in the literature to consider this function,
A(A,D ), as a three dimensional surface. The surface is shaped like a
vaelley or trench and is referred to as the "mass surface". Green's
mass decrement surface 4 ig given as:

OADY = A () + EHA) + O T

where by definition A= Ahoo, © =N-E-D,,,='D-—D...='D-40&7(&*-2) )
and §=-1,0 % +1 for 00, EO or OE and EE type nuclides lE,z'espec'bively.
This representation has the advantage that the EE, 00 and E0-0X surfaces
are themselves relatively smooth surfaces. The function Dm(A) 1locates
the minimum of the valley and AD(A) the depth. The parabolic isobaric
sections are characterized by the functions © (=D- D..(‘“) andJ(A) . The
additional energy due to the pairing tendencies of the nucleons is
given by S/a

In a recent paper by Green and Engler,ait has been pointed out that
for meny purposes it is sufficient to represent the nuclear mass decre-

ments by a smooth function of mass number alone. They give this as
3
DN (A = (A299) fop = ",4 . (1.2)

.
Throughout this work A, C(A) is used as a reference function.
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2. The Data and Their Interpretation.

In the first part of this paper an investigation of the neutron
and proton binding energies is made in such a way as to permit an
approximate assessment of the effects associated with pairing and shell
structure. These effects are inferred from the local deviations of
the mass surface from the smooth function Eq. (l.2). To facilitate
the analysis of the discontinuities in the experimental mass surface,
it has been advantageous to convert the experimental data into a set
of mass residuals and reaction energy or Q-value residuals. The mass

residual, in emMW | for a particular nuclide is here defined as
A
R=4- AM(A3 ) (2.1)

-
where A 1is the experimental mass decrement and D,,,, is given by Eq. (l.2).

The Q-value residual is defined (GE Eq. (20) ) as:
»
RQY= Q- @AY . (2.2)

By referring the mass decrements and Q-values to D:,SA\ and QuaCRY
instead of the complete reference functions (GE Eqs. 1 and 16), the
task of computing residuals is greatly simplified. At the same time
there are still the advantages of reference functions which are good
approximations to the actual functions. .

For studying shell and pairing discontinuities in the nuclear

mass surface, the mass residuals are assumed 10 be represented by

kN
RN, D= S+ PLE) + I [o-Dhem] L (o5
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The subscript t is used to denote a region of the mass surface lying

between the planes defined by the magic neutron numbers N, and Wy

and the subscript ) is used to denote a region lying between planes

defined by the magic proton numbers zm and -ZJ_ , (See Table II or Fig. 6).
S (v,2) is assumed to embody the shell structure effect and PI(N,Z)

is now used to represent the pairing effect. It will be assumed that

P(O,oy: M) -P(EJE):-H T

PCE,0) = P, P (O,E)= ™, (2.4)

where E and O denote the evenness or oddness of N or T respectively.
Thus the convention of referring masses to a surface which lies half
way between the even-even and odd-odd nuclear surfaces is retained for
this discussion. There is allowance now, however, for the possible
departures of the two odd mass surfaces from this intermediate surface.
The parabolic term contains the optimum smooth functions for the line
of stability and the parabolic width {GE Egs. 10 and 11, respectively).

When both the target and product nuclides belong to the same zone,
the Q-value residuel is

. e o a2 0 2
R(Q)= SN, EY =S (0, T ) +PUNE)-PINE) T ©-3 76, (5 )

where 6= D-L5 (A) ~and O's ©-Dm(A) . Since the changes in N , % and A
are usually small compared to N , €, and A, this eguation can be expressed

approximately as
2?8 s BS‘ ' o
R(Q) ¥ (m-W) 5—,::~‘+(3-3)3—_EJ+\>-P+3°(9‘-9‘\ > (2.6)

where m ,M', 3 and 3' are the neutron and proton numbers of the incident
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end ejected particles. Thus, apart from the spin and parabolic effect,
residual Q-values are related to the partiasl derivatives of the shell
function. The problem of apportioning the residual Q-values to the four
terms on the right éide of BEq. {2.6) is complicated by the fact that
these terms are frequently of the same order of msgnitude. Fortunately

by the judicious choice of date for study, the problem becomes tractable.

3. Neutron and Proton Binding Energies.

Neutron and proton binding energies furnish a good source of data
for studying shell effects since in these cases either the first or

second term in Eq. (2.6) vanishes. Neutron and proton binding energies

are defined as

B“(H;’E) = N\(N")¥\+ My~ N\(N,’E) Py (3.1)

and
BelNE)= M(N,2-1) ¥ my = MINE)  (3.2)

Remembering that A(M,TE\: M(n,2)-A, these can be written as
chujz\ = A(N-\’Z) * A”—A(N’Z\ =-QK.X<¥5,“\X’1 ? (305)

and

B0, 2) = AN, Z-1) + By= AN,z =- Q(X(v,m(’]_(s./;)

Subtracting Q,; from both sides of Eq. (3.3), one obtains the residual

neutron binding energy

RN, 2) = Bu(y,2)= BICAY (3.5)
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B, (A is just the negative of the Q,:(A\for the(&'n\reaction.
BN = — OulA) = AN E )+ A - AT(N,Z) ,  (3.8)

and & similiar expression for B;(Pt\ . Subtracting Eq. (3.6) from Eq.

(343), then e
By, 2)- B (W) = A1) M (-7) {40 20- A (n,21§

= R(N‘l)Z\-R(Nx‘ZS . (5.7)
It follows then that
| Ru(0,E) = R(N-1,E) - ROGE) (3.8)
Similiarly, for the residual proton binding enecrgy,
PP(N,z\ = ‘BP(M,Z\ - B;; (AS
= RN ZE1) - RON,E) . (3.9)

BoCAY and B;U’Q are the reference functions found in Table III GE.

An extensive collection of neutron binding energies from ( ¥,™ )
thresholds, from the Q-values of ( m,®* ) reactions, and ( &, ) reactions,
and from mass data is available.q However, few proton binding energies
have been measured directly. The residual proton binding energies may
be computed from (4,n ) reactions, ( d,n ) reactions end mass residual

data. This can be seen by considering the difference

g?(n,z\—ﬁn(”ﬂ) ={R(n,z-l)— R(N,ﬂ}-{R(»-\,Z\-R(u,i)})(s.lo)
which follows from (3.8) and (3.9). This simplifies to

Rptw2) = Rl )+ (RO - RO-LD]
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Since the difference between the mass residuals indicated in brackets is
the same as the difference between masses,sthis term may frequently be
obtained from beta decay energies.

In view of Eqs. (3.3) and (3.4), as special cases of Eq. (2.6)

RenE == R+ PP w I%(6% ), (5

Rpcn,z\=-§%{+ P-P+ I°(E%-0) | (3.3)

The parabolic term presents considerable difficulties. Not only
is it a tedious term to compute but it is particulerly sensitive to a
small fluctuation in the location of the valley. Since the shell effect
is probably the main cause of fluctuations in the line of stability,
the situation exists of having to know the shell correction in order
to evaluate the shell correction. Fortunately, a successive gpproximation
approach helps to resolve the difficulty. The approach which is adopted
here is based upon an attempt to minimize the parabolic term by selecting
pairs of nuclides which have at least one @ -stable member. Since the
change in © associated with the removal of a neutron or proton is of
the order of +1 or -1 respectively, the difference of the squares may be
expected to be a positive or negative number of the order of unity.
Consequently, the parabolic correction term, as given by Green ,ais of
the order of 25//\ which is relatively small for medium end heavy nuclides
although aporeciable for light nuclides. Accordingly, there must be
expected scattering, particularly for small A , of the points from any

smooth curve which represents the shell and spin corrections.
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It has been pointed out that the pasiring correction represents the
additional energy due to unpaired nucleons. If the reference surface
is teken as the ZE surface, the additional energies of an EO, OE or 00
miclide may be denoted as %W , v and 2 , respectively. These are the
same T and ¥ as used by Coryell and Suess .q To allow for the possible
interaction of the odd proton and odd neutron, the T is not restricted
to be eguel to M+¢¥ . In Table I is shown an analysis of the pairing
correction for the binding energies of protons and neutrons as they de-
pend upon the nuclear type as given in column one. In columns 2 and 5
is indicated the pairing energy differences involved in these cases
under the general assumption that the pairing energies take on the values
o,w,¢ andw. In columns 3 and 6 is indicated what these differences
would be if T=M+¢ . In columns 4 and 7 is indicated what these
differences would be if 1M=v=z T, = H .

Ignoring momentarily the parabolic and pairing corrections, the
neutron and proton binding energy residuals (Eqs. (3.12) and (3.13))
are just the negatives of the partiazl derivatives of the shell structure
term. On plots of Ry vsN and Rp vsZ , the points corresponding to
the nuclides should collect about the curves -:—?—:j and —%T-SZ‘S
respectively. Taking into account the pairing term of Egs. (3.12) and
(3.13), one would expect, if ©=m+y , that the experimental points will
be ebove or below -%%‘5 and -—E':J' by the distances given in columns
3 and 6 of Table I. Accordingly the points on the R,y vs N plot should
group in such a way that the curve- %ﬁu would be half way between the

average distributions of the EE, EO group and the 00, OE group.

Similiarly for the Kp vs Z plot, the average distribution curves for
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the EE, OE group and the 00, EO group should be equally spaced about
the —%‘J curve. One must expéct random scattering about these
distribution curves because of the parabolic factor. The distance
between these average distribution curves on the Ryand Re plots is
expected to be 2y and 27r, respectively. On the other hand, if <

differs from w+y¥Y , one would in both cases find four curves spaced

8¢y
S -= .
with respect to -%-a-’ and "3z in accordance with the columns 2 and

5 of Table I.

The neutron and proton binding energy residuals computed from
recent experimental dataqare shown in Figs. 1 and 2, respectively.
To accommodate the. computed residuals different vertical scales were

used in Figs. 1 and 2.

4, The Pairing Effect.

By an examination of Figs. 1 and 2 one observes that to a large
extent the grouping of types expected on the basis of the assumption
that ‘C=T++v is fulfilled. In several instances significant departures
seem to occur. The most noteworthy is in the region of A values between
230 and 240 where T-(T«) =1 (mMU) »

In Fig. 3 is plotted the pairing energies, experimental and
empirical, as functions of the mass number. The corresponding and
numbers computed from the reference line of beta stability-{w‘;(g\:!i[A+D‘;Jp\] ,
z';m\_-_--_‘z[k-'bl(aﬂ} are also shown. The open circles and the closed
circles represent estimated values of W and ¥ , respectively, for five
unit intervals of N and Z . These values have been obtained from an

analysis of the separation of the types in Fig. 1 and Fig. 2.
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In Eq. {2.4) the surface which lies halfway between the EE and 00
surfaces is taken as a reference. For the case YW#¢ it is permissible
to let H= 3(T+¥) . Various functions of A have been proposed for
this peiring correction. In Fig. 3 three of these functions are shown,

H.(A) = 140/A ,  HyCAY= 36 /A%  'ang  RHa(A) = (o/p% 2
Of these three, the last appears to best follow the varistion with A .
The function 1z /A™ is probably still better although it is somewhat
- -sqxaller in the middle range than the experimental data indicate.
Meyer ,‘zon the assumption of a delta function attractive potential

for the spin orbit coupling model, obtains formules for the pairing

energy which may be expressed as

'n':"c(dw""i\/A (4.1)

and

=-c(fe+5)/ , (4.2)

where Jm and jv is the total angular momentum of each proton or neutron
in a given sub-shell eand @25 Mew: | fhese values of T and ¥ are
also plotted in Fig., 3. ™ is represented by the dashed lines and¥ by
the dash-dot lines. The j values are based on the spin orbit model as
represented by the specific level scheme of Klinkenberg .'3 Only the
average A are used for a particular sub-shell since according to Egs.
(4.1) and (4.2) the variation in ff or ¥ within a sub-shell is small.
For the moment one cannot say that Eqs. (4.1) and (4.2) are consistent
with the experimentasl estimates of 77 and ¥ . The fact that Egs. (4.1)
and (4.2) are not inconsistent with the experimental values suggests

that one must ultimately abandon efforts to represent the pairing effect
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by the simple functions of mass number vhich are in common use.
The values of -V as found from the circles shown in Fig. 3 are

A\
in agreement, on the whole, with the values given by Coryell,

5. .é Reference Shell Correction.

From.the scattering of the points in Figs. 1 and 2, it is obvious
that a variety of—as-%j and —Z—S{"S curves may be chosen. To proceed
further in an attempt to find a suitable representation of shell
effects, it has been elected to represent these curves by the series
of straight line segments. This representation is not only suggested
by the proton and neutron binding energy data but it is also suggested
by the irregularities in the corresponding ionization energy data in
the atomic case.'s!bre will be said about this atomic case in

Chapters 9 and 1l. Accordingly, for the nuclear shells, it is assumed

that between any two major magic numbers the following relations

exist:
B84 Lo (M- Ng)
AN (5.1)
and
T 2oy (2- ;) > (6.2)

where «; and ®; are proportional to the slopes of these straight line

~ Ay
segments and N¢ and Z; are constants which must be adjusted for each
region. In effect, it has been chosen to represent the shell correction

by the series of functions

i (9E) = - o (0BT - (Z-EV 2 kG L5
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The shell function thus has the shape of an inverted cup with the
pesk value at Q;. and Ej points which usually lie intermediate between
the boundaries of the zone., In Table II are listed the values of %,
:‘i s o and ij - obtained from a visual sdjustment of the straight
line segments in Figs. 1 and 2.

Consider now the manner in which the addition of & shell term
given by Eq. (5.3) alters a mass decrement surface which has the basic

form:

ARDY = AR + T [D-DuAV) : (5.4)

Since the semi-empirical equation may be placed in this form the

discussion is epplicable to these eguations as well as to the reference

equation. Letting

N = %(A*.DM""D-DM» = N (R 5 (=D > (545)

and

V(A - - - N -
Zo4 (A-Du-D+DL) = ZLAV-5(D-Dy) | (5.6)

and inserting these into the sum of Eq. (5.3) and Eq. (5.4), one finds
it possible to express the result in each zone in the form of Eg. (5.4)
if one lets
(:J. a~ z ~ 2
O AY = O (A) — et [N (A= B ] - [z - Z )

‘ _ - ' (5.7)
ARSI S EACEE | S

'D&.(A\-‘-D'..(A)*' Y.ot,;(k)w: ":7"\_“.!' (Z.- ZJ\-l /zJU(A\ ) (5.8
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and
JUCAY = TRV~ (w05 Jg . (5.9)

Rgther than go further with the extensive set of empirical
constants listed in Table II, one can without introducing considerable

error vreplace these constants by the slightly different set:

X = (Ny- N)\-‘ m MU :‘.)' = (Z,- Zl\.’ mML (5.10]

N, = (Na+N) o > ‘ZJ = (Z“-&Z,\/’z ,
where the subscripts w and Y refer to the upper and lower magic
numbers of the particular zone. In using these simple expressions for
the parameters in the shell correction, the latitude now available has
been exploited in view of the scattered data. ZEssentially the shell

structure function 1s represented by the expression:

™

= o *
S;;(nzE) = - *— (o - u;u;.) "~ Tiz;_ (E- Zt -'t!L) -\-‘E:j.‘5'll)

N~ Ny 4 Z
This expression, which of course must be treated only as a first
approximation, has the distinect advantage of requiring only one empirical
constant for each zone other than the magic numbers themselves. Using
the smooth reference functions, the extent to which this reference shell
function may account for effects attribvuted to shell structure are now

investigated. Since the reference functions are "averasges™ of the semi-

empirical functions mich of this discussion pertains to these latter

functions also.
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6. The Shell Correction and the Line of Beta Stability.

In the paper by Green and Engler (See Fig. 3, GE), marked irregu-
larities were noted in the function ¥ which characterizes the deviations
of the true line of stability from the reference function 'D,:(A\ « To
arrive at a more precise curvé for ¥° the results are presented here
of an analysis based upon beta decay energies and mass data rather than
stability limits. ﬁet ‘Df.é,m\ denote the true minimum of an isobaric
section at masss number A . If the ™,V difference 1is ignored the mass

difference between adjacent odd mass isobaric nuclides is
» ~< & &) z 'n"j *
M- M, = TR Dt e |- [De- D" e

where the asterisk denotes a radionuclide and the subscript S the

stable nuclide. Since ™ = Dy T2 , this becomes
M M = 43‘5<m{_: +[®- b’.’.{cm\g =¢Y H:(e-'ﬂll“/A ) (6.2)

where here

.- DT (A
6 =0-Dw (6.3)

and

Y= bfng\-‘b;m\ . (6.4)

If two mass differences are known, one may set up two equations and
solve Eq. (6.2) for ¥J and ¥ for a given isobaric section. Un~
fortunately, apart from the region of heavy nuclides there are only a

few instances in which two mass differences are known for odd isobars,

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



- 17 -

In order to make some use of the extensive date corresponding to odd
mass isobars for which only one mass difference is known, one may for
these cases as a reasongble first approximation let r.‘j =\ (See GE,
Fig. 5) and solve this one equation for Y .

In Fig. 4 is shown the location of the minimum mass points of odd
mass nuclides which have been computed using a recent collection of
beta decay energies (circles) and a set of nass valueslé(squares).

This true minimum of the vallsey has been computed by N. J. Marucci. "
This work 1s also incorporated in & paper by Nader, Marucci and Green.‘8
In these papers the parameter ¥y indicates the true minimum of the
valley.

Also shown in Fig. 4 is the difference T=’Di’:-h:£ﬂ\computed
using Bq. {5.8) and Eq. (5.10). It is clear from the plot that in the
main the experimental points do fluctuate in accordance with the pre-~
dictions based upon the reference shell function. The egreement may
by improved even further if in the heavy region Dw(A) were taken as

the dotted curve indicated in Fig. 4.

7. Shell Correction and the Nuclear Masses.

The constants, ‘ﬁis » in Eq. (5.3) are still to be determined.

Substituting S{; from Eq. (5.3) into Eq. (2.3), then
RNEY = - &; (U-FI‘-\"- &5(1-23\11- h:.j+3°e°z-\-? . (7.1)

For odd mass beta stable nuclides the pairing term and parabolic term
will be small so that the constants, k;&' s can be evaluated approximately

by substituting the data appropriate for these nuclides. Using the
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values of &;, a§ , N; and ii , from Teble II as well as a table of RO4,E)
values computed from recent mass data the various ‘hij values have been
calculated. In this compu'tati-on it has been noted that for a particular
zone, i.e., a specific ¢ and j , the computed values of Rij varied
somewhat. The 12;3 at shell edges deviated the greatest from the average;
accordingly, values of R, Eor either magic N or magic & or both
were not included in the final computation of hi:‘ « The values of ‘kis
so calculated check rather closely with a set obtained by a graphical
method. The estimsted values of 4!.:3 are listed in Table I1II. To test

this set of -kij values and the remainder of the shell correction, the

following function is plotted in Fig. 5

(3 E X
S S MatNg | o 0z - *_'s__*‘fi
Qi(h\— A (A = N“_”’.(_”u('ﬂ" 2 X zu.z*\zlm ) *

a
! [ (O (,\\-&m.zl‘_!-"&_ =t \Z - ?_s_*za]?g
+ t‘J q J‘j(A\{N“V“‘- I 2 T il" - b .( 7.2)

The function represented by Eq. (7.2) is discontinuous at the magic
numbers. These discontinuities are probably not entirely significant,
since the shell term is expected to be inaccurate at these shell edges.
If in following the atomic model, one had joined a nuclide corresponding
to a closed shell with a straight line segment to the nuclide with a
closed shell plus one neutron or proton in the curves for- 33‘3/»4 and
-Es—g , one would have avoided these discontinuities.n The residual
masses of beta~stable odd-mass nuclides should fall fairly close to this
curve except at shell edges. On the other hand, the beta-stable even-

mass nuclides, which is included because there are not enough odd-mgss

nuclides to test the curve, should fall somewhat below (~ VML
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the curve representing Eq. (7.2). An examination of Fig. 5 shows

that on the whole these features are borne out by the evidence.

The magnitude of the scattering of the points is probably greater than
can be attributed to experimental error, to the peiring effect or to
the parabolic effect. Thus unquestionably there is room for improvement

in the shell stabilizing.

8. The Shell Correction and E-Values.

Accepting Eq. (5.3) as the shell correction, it will be of interest
to investigate reactions with the target and product nuclides in the

same zone. The Q-value for the shell correction, C?s » 18 defined as

Qs = Sg(NE) - S (v N, Z+0E) ’ (8.1)

from Eq. (2.5). AN = m-w' , BE= 3.9 where m , m ,3,3 are
the neutron and proton numbers of the incident and ejected particles,
respectively. Substituting the expression for S;_j s, Eg. (8.1) becomes

Q= 2 (- )(N=T;) + o; (m-m")*

+2uj(3-3')(_2-§:‘)+o£3(-$-3')" . (8.2)

Wsing the simplified set of constants ‘_Eq. (5.10)\, this becomes

Qs = 2(m-n')(N~- '3:3/(}:...- TN *Z.("\"%')'/(pu_- Ny
(843)

+2E (2B 257V ez
an equation which is quite simple to hendle. To test the accuracy of

the complete reference surface, Q-values of numerous { ¥,m ) and alpha

decay reactions have been computed. Upon comparing these predicted
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values with the { ¥, ) threshold values given by Sher,zo and the « -decay
energies given by Perlman and Sea.borg,z‘ one finds thet 67% of the predictions
are within 1mMUof the experimentel value. This represents a substantial
improvement in accuracy with respect to predictions based upon the smooth

reference function alone, or the semi-empirical mass functions.
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Conclusions

The study of the discontinuities of the experimental mass surface
led to certain conclusions regarding psairing discontinuities and shell
discontinuities,

The frequently accepted assumption that pairing effects may be
represented by + H(AY, -H(A) , and zero for 00, EE, and OE-EO nuclides,
respectively, where H(A) is 36/4£¥4 or 140/A has been examined. This
assumption is found to be unteneble for the following reasons: (1) These
functions exaggerate the average magnitude of the pairing effect for
light nuclides. The function lz/A?k probably furnishes a closer
representation of the aversge msgnitude of the pairing effect. (2) The
additional energy of unpaired neutrons or unpaired protons with respect
to even N even 2 nuclides differs in many regions, i.e. frequently W#¢ .
(3) In some regions the energies associated with unpaired particles are
non-additive., This suggests thet an sppreciable pairing interaction
is present in 00 type nuclides.zz (4) T™e expressions for the pairing
effect involving shell quantum numbers which were derived by Mayer using
the shell model are not inconsistent with the available evidence. In
view of the many successes of the shell model, it would seem that the
final puiring correction will of necessity embody shell guantum numbers
and hence will not be representable as a simple function of A, N, or 2.

In the study of the shell discontinuities evidence is found that the
shell effect upon neutron and proton binding energies may be aporoximately
represented by a series of straight line segments between major magic

numbers. This representation is also suggested by the generzl nature
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of the discontinuities in atomic ionization energies. Because the
available deta and the method of anslysis did not permit a precise
assignment of the parameters which characterize these straight line
segments, the consecuences of a uniquely defined set of straight line
segments was studied. These segments were found to be a reasonsble
representation of the availsble evidence. Pursuing this representation,
a shell stabilizing correction to nuclear energies was deduced which
gives a rather good account of the departures from the general trends
of beta stability, nuclear mésses, and nuclear Q-values.

Perhaps the most startling conclusion to which one is led from this
approximate representation is the large variation of masses which may be
identified with a shell stabilizing term. The fact, that in most regions
where accurate mass values are available, the line of beta stability cuts
the corners of shell zones, has tended to obscure this feature of the
experimental mass surface. Only in the heavy region does one meet a
situation where the true range of the shell correction can be gauged from
the doubly magic corner of the zone to the peak. How the reference line
of beta stability (which is a fairly good one) crosses with respect to
zones defined by magic N and magic Z numbers is indicated in Fig. 6. It
may be concluded, therefore, that shell effects do greatly distort the
masses of beta stable nuclides from what they would be in the absence of
shell effects. Accordingly, theoretical expressions based upon the
statistical theories of the nucleus must be adjusted to mass values which
are substantially different from +the actual masses of nuclides.

Unquestionably a better representation can be found for the shell
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stabilizing term than our present one. The local adjusiment of the
parameters incorporated in Eq. (5.3) probably would lead to a substantial
improvement. It is also probable that the true shell correcticn may
embody semi-megic numbers and curved segments. At this time, the
experimental data is too Sparse‘and too inaccurate in many regions of
the mass surface to offer great encouragement to an effort to refine the
shell correction on the basis of purely empirical considerations. Of
necessity, such a study will be a tedious one since it will have to be
mede in conjunction with a more precise representation of the smooth
trends of the nuclear mass surface and a more precise representation

of the pairing effect than the simple expressions which heve bzen used
here thus far. ';t appears, therefore, that a point has been reached at
which one might best look to current nuclear theories to find a better

representation of the shell stabilizing term.
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9., PFirst Atomic Ionization Potentials.

The first ionlzation potentials in the atomic casezsare analogous
to the binding energies of the last nucleon for the nuclear case.23
There are definite similiarities in the diagrams of the atomic ioni-
zation potentialslsand the neutron and proton binding energises, Figs.

1 and 2, respectively. Electron, neutron or proton binding energies
can be represented approximately by straight line segments rising

from a minimum at the opening to a meximum at the close of the
particular shell. In the remainder of this paper an investigation

of the saw-toothed ionizztion potential curve is made. It is
advantageous to study the atomic case for several reasons: (1) The
electron-nucleus interaction is known to be chiefly coulombic;

{2) There are available several statistical models which describe the
atom fairly well. In addition, this is an important study since no
quantum mechanical analysis exists for these energy values, at least none
has been published. This is concluded from a search of the literature.
A successful description of the ionization potentials of the atom might
serve as a guide in the study of nuclear shell structure.

F. Rasetti?4has used the Fermi statisticel gas model of the electroné
to successfully predict the f43 x-ray levels for the atom. Fermizs
has followed his origional paper on the statistical electron gas by
using this model to calculate the Rydberg correction to the s term.

In & more recent paper, GéSpérZGhas used the Fermi-Thomas potential to
express the effective nuclear charge of the atom. This he approximates

by & universal function. The universal function he then approximates
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by a simple analytical expression that can be used to solve the one-
electron Schrddinger equation. This he solves for the eigenfunctions
and energies of electrons in the deepest s, p, 4, and f energy states.
The x-ray energies found in this way are in good agreement with the
experimental values.

Each of these writers has assumed the electrical potentiel in the
interior of the atom to be described by the Fermi-Thomas potential,
function Y (% ), which is a solution of the equation

Ly = P K .
In this equation % is a dimensionless parameter defined by ¥= :‘-'3-, ,
with /bb=0.8853a.°i.“§taken as the unit of length. WP(x)is the ratio
of effective nuclear charge to the charge on the nucleus. The potential

energy, V(r) , is then given by the functioxn

Ve = - BEeU) .

In principle, it is then possible to evaluate the energy of the guantum
states of electrons in any atom.

The Fe;_rmi-'I‘homas equation, however, nas not been solved in
analytical form. It has been solved by Bush and Caldwellﬂby meeans of
a differential analyser. The function ¥Y{ % ) is given in tabular form
and hence the potential, \/(n), as given is of little value. A means
to bypass this difficulty is to express the P( ¥ ) approximately by
e simple analytical function @ (% ). The form of this approximate
function ®{ > ) must be such that the Schrodinger equation with
Viry = - 'EtflCPo(%_) can be solved. Gdspdr expresses the approximate

. R . . . . 28
solution of the Fermi-Thomas equation by the universal function
-ANok
e (]

Y, (%)= , where A, =0.1837 and Ao = 105 .

I+ A x
Since this does not give a potential that leads to closed solutions of
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the Schrodinger equation, it must also be approximated. Both Rasetti and
Gasper in their solutions of the one-electron Schrodinger equation express

the approximate potential energy in the form

—— W —

U= __'E*ez i 'xe"mo_ %
N [ s (9.1)

Q¢ is the Bonr radius and -Z.”, x, %o ere arbitrary constants. These
constants are evaluated in such a way that at the point nw , where n"H‘u\\‘z
has a maximum, the true® and the approximate potential, 2g. (9.1), and
their first and second derivatives agree. Rasetti used a graphical method
to determine the distance Mw. To detemmine the value ofRe by the method
of Géspér, one must solve extremely complicated transcendental eguations.
Without the aid of some sori of automatic conputing device, this would be
an arduous task. Once the values of mgaare found, however, the eigeanfunction
and eigenvalues follow easily. For larger radial cuantum numbers the ta:k
becomes more difficult and somewhat arbitrary. The function r\z( Pn) \1
no longer will have a single peak but will have several depending on
tais radial guantum number. An ambiguity or arbitrariness arises as to
which he to use.

Tor the solution of the Schrodinger wave equation, Rasetti and Gaspar
accept the angular dependence of the one-electron ‘P , to be just the usual
spherical hsrmonics, Y;_M‘: Pi“‘(mey e“™® | e radial equation is

then of the form

v d (2 dRn) - l(&"'ql =
(wdRe) [ 3% (w-0) - 222 (R =0

n*an

(9.2)
The solution to Eq. (9.2) as given by these two, using the approximate

L
m-y - ¥r
potentizl Eg. (9.1), is of the hydrogenic fomm, R(WVY=Ar e s
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Y ¥
T
where m'= -‘-i{[." 47*“'49-(&""\] ""E and Ly =%u. . The energy
o

eigenvalues are
W =-L¥eta,- Xo - (9.3)
The potential Eq. (9.1) represents a combination of an inverse-cube
and an inverse-square central force. The case of the inverse-scuare
force ( ¢e., X=0O ) is just the familiar hydrogen-like atom problem

with well behaved solutions in terms of the associated Laguerre polynomials.

The case of the inverse-cube force alone (-E*=o ) hes been fully treated
by Shortley.BOShortley concludes that for the inverse-cube force, altnough
solutions for negative energy exists that satisfy the usual boundary
conditions, they cannot be admitted because the Hamiltonian is not
Hermitian in these solutions. The solutions to this eguation are in the
form of Bessel functions. The energy occurs in the argument and hence
there is no guantization. The eguation solved by Rasetti and Gdspér,

(9.2), is & combination of these two forces. The general case where
neither of the central forces can be neglected is considered in chapter
10. The Schrodinger eguation is solved with the potential Eq. (9.1)

and the conditions on the central force parameters examined.

10. Solution _9_f_ the Radial Wave Egquation.

Solutions of the one-el ectron Schrodinger equation

“1‘*“( deln) {- (w U) _gﬂ__-s._t\. } Rin) = (10.1)

with

[
_ -z e"__ \ 'Xetﬁo_ X
U T T R ¢ (10.2)
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are sought. Putting Utn) into Eg. (10.1) and collecting terms, we find

’l\:. é!’\( "-&k{'\) { (W"'xg)'i' ——- L4 (')\ ‘Q(L*\)\ \&R(“B‘ 510.3)

2
where E:—;,_: Q. = Bohr radius. Here the interest is only for W<o
Let
O‘z_ 2&( 'V yo)
1= ‘ (10.4)
and
@ = 1?
Qo (10.5)

Replacing R(n)= S(P\ , where e:zolh » then Eq. (10.3) becomes

L4 dSe) ! A - +3
P df(e ;—-ﬂ) {.--4-_'4' % -+ ——_%3:—),.\8(?)=Q , (10.6)

Cfesee .
This equation can be reduced to the hypergeometric form, i.e. to
a form that involves only a two term recurrence relation for a power
series type solution, by the substitution S(e\r-et %'F(e\ . By the
condition that the solutions be quadratically integrable, the only

acceptable substitution is S(F) = e_‘%- F(e\ . Putting this into Eq.

(10.86), the equation takes the hypergeometric form

-1 L A= ) 4 -
*‘(e"\ { > %‘('+'\)}F(P) - (10.7)

The solution to this equation is assumed to have the form of the power
-~

series F(e) =(>3 2 Q,;F') » Gs#oO . The recurrence relation
?=0

becomes then
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{ (s+P 1 )(s+@42) + %= QL) S Qm:{ s+P+1-gla,
(10.8)

and
s(s) + %= 4(4+w) =0 (10.9)

is the indicial equation. An investigation of the power series for

large ¥ shows that the expansion behaves as

Q"i-l'ev‘*’: (s.;.},-bl-P) o —_—
O.pf" (SeP+1)(s5+P+2) AP ED v

This is the same as the ratio of the (V-1 )ﬂh to Pﬂ‘ term of ef and
hence the s_eries does not converge for large values of P This requires
that the series terminates after some ¥ , say P=m' , i.e.Q&y #0 Dut

@, =0 . All other terms for ¥Y> m’ will vanish because of the
relation Eq. (10.8). Then s+ m'+'-pg =0 or e = ¥ ,
where Mm¥zs4r+m’ .

The roots of the indicial equation, Eqe. (10.9), are

s=-4 e (aen)™ xr‘

, then

R A A N E T ,_-5"7- (10.10)

n’ is called the Radial Quantum Number just as in the hydrogen atom

problem end n* the Reduced Total Quantum Number.

The magnitude of the constant X determines the effect of the
inverse-cube central force. It is assumed that it can have any value
from + to - infinity. As an example, for a large positive value of
~ , A>> ", the force of interaction would be predominately an attractive

inverse-cube force. As the valence electron comes closer to the nucleus,
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The shielding due to the electron cloud about the nucleus has less effect.

It is therefore necessary to expect a small attractive inverse-cube force

in addition to the inverse-square force. This recuires that A be positive.
The fact that the potential,U(m ), goes to infinity at the origin is no
serious objection because of the finite size of the mucleus. For £ 310
only those electrons that are closest to the nuclear surface will
experience the effects of the inverse-cube force.

Bge (10.10) reduces to the special cases of Géspér,'ﬁ':o, and Rasetti,
mz=0 > 222 , provided (ﬁ-\'-‘.;_rykand the upper sign ( + ) is taken.
Also for these conditions the energy hes the form Eg. (9.3).

For the case that N > (R+ };,)z', then Eq., (10.10) czn be written

as

Y,
O A T T E ROl .
SO &

l’?—
M*,..M'.u.i-ga(_x-(b«'@\“'x = o . (10.11)

This requires that the real and imaginery parts of Eg. (10.11) vanish

2
identically. That means that A=( £+ %4 J; but, it was assumed that

1)(14-’/-,_)1.' Since it _:_L_i not possivle for _?,__number, x“, }2_‘?_(_3_ equal to

* .
and simultaneously greater than the same number, (R+' ), there is a

contradiction. It 1_s conc luded then that _1__1:1_ order to have bound states

that give quantized energy values far a potential of the form, Eq. (9.1),

T
it must be true that a<( L+l ).

The only restriction on the constant Xo 1is that it ve small since
a boundary condition on the potential is theat U (eo )} vanisn. For the low

lying states this small ¥, can be tolerated.
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1l. Fermi-Thomas Liodel _11)_ Predict Ionization Potentials.

The successes of the Fermi-Thomas gas model to predict the x-ray
23,25 24
energy levels end Rydberg correction suggest that this model might also
be used to calculste the ionization potentials of the valence electrons.
For these calculations a universal function for the reduced effective
nuclesr charge zl’/:g is assumed. This is teken to be of the form of a
polynomial for which the interaction will involve an inverse-quadratic
force in addition to the inverse-square and cube forces,
'zl-’/z: G () = 6’.%+¢e+°--'1*c.o..‘.‘;~. ’ (11.1)
where the distance from the nucleus is meassured in the unit of length
M= 0.8883 a, E'%’ and the €; are empirical constants. This form has the
advantege that the difficulties involved in finding Dby the methods of
Rasetti and eSpeci.ally of Grefspér are avoided. The arbitrariness arising
for states with intermediate radial nodes, i.e.W)o will also be missing.

The electrical potential for the valence electrons is taken as
S - -\ o
V--2hiraEned) (11.2)

This is the form of the potential that was used by Rasetti. The valence
electron is assumed to be in the field of a singly ionized atom. The
ion of nuclear charge € is considered as a neutral atom of charge Z-1
plus an extra proton in the nucleus, thus p is evaluated for Z-\ .
This leads then to the form Eq. (11.2).

The Schrodinger equation with the potential given by Eq. (11.2) and

Eq. (11.1) cannot ve solved directly and hence an gpproximation to this
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potentizl is made. In order to take full advantage of previous work, the
potential energy in the zero order approximation is teken as the coulomb-

type potential
&

. _ £E e
V°-- n

. (11.3)

'E.‘will be referred to as the effective nuclear charge and is teken as a
function of the atomic number. The solutions of the Schrddinger equation
are just the familiar hydrogenic functions with ¥ replaced by -?_*. 3!

Since this method has been designed to give only the gross affect of the
energy levels, it will be assumed that the wave functions,‘k“ and energy

values Wn correspond to non-degenerate solutions of the hydrogenic wave

equation. The energy values are given by

W\"’P’e“{*z- e® z**

a‘kl"\" 2Qqg M?
»z
= -13.6 -5 (ev) . (11.4)
’\\"

In general, the approximation Eq. (11.3) can be improved upon by
treating the difference, U= V- Vq , &3 given by Egs. (11l.1),
(11.2) and (11.3), as a perturbation term added to the Hamiltonian.

This perturbation will be of the form
2 " Zre?
T=v-ve = -+ =0 wz-t(-ﬂ)—l* Cu

- g_r;{_(:etq - Cz-Y) ‘%-.('?\:)X (11.5)

In terms of the universal function, Eq. (11.1), with R=p% , this becomes
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e, € (-1 CES 1) - e (Z ] e _ ¢ .a853a,(z-1)e*
- - - - - —— . - e —
Us-tosa +§ o (E1)| = - ¢, a, (2-1)

a .1
—e (eas3a) (¥ et - (11.6)

The perturbation U will cause a change in the energy velue Eq. (11.4)
32
by an amount 0y ., The energy values to the first order approximation

are just

where W= (‘l‘u.,U‘P.,.\ .
with O in the form Eq. (11.6), the integrals, wr=( % T <. ),

-S
can be easily calculated. They involve just expectation values of nr (S=|,1,3\,

a3
These averages have been computed by Van Vlieck for the case of an inverse-

square central field for § from 1 to 6. Those that are used in this thesis

are tabulated below.

z** ' &3
R e T SRR G B

Qm" aQimd(Q+k) o} w5\ " (12-8)

(') =

-3 s e e s
The average value of W for & - waves is infinite and for that reason
only states for >0 are considered here.

The final form of the universsl energy formula is:
W =W, + e

z,..x- c. ot (:E-l\ ‘X
2 =136 = o S . 2%1) - e CE-Y) -
Mm* T ses3a. {0 -e % m

s et Z' QZ-)
-c .8 (F-0 —3—— - ¢, (8853 ]
e, sy ITETS o ) BSOS (11.9)
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The effective nuclear charge function, Zﬂ Z), must be of such a
form that %‘Lreduces to unity for the case of the hydrogen atom. It is
convenient to take ’E‘ii‘) to be of the form Z'=1+e (Z-1) . This form
is also suggested by equating the potentials Eq. (9.1) and Eq. (11.2),
their first and second derivatives at some value of mn= R . This reduces
to the necessary form for the case of the hydrogen atom, i.e.%*Q\ for &=\ .,
The constant o¢ has been chosen from a consideration of the energy level

diagram of the Boron group, see for example Fig. 8.1, White, Introduction

to Atomic Spectra, Mc Graw-Hill (1934). In this way o was found to be

approximately .050. Hence, the effective nuclear charge for all the
atoms in the periodic system is assumed in the zeroth approximation to

be given by

1“-___‘4. .OSQ(E'|\' . (11.10)

The constants C; can also be chosen in a systematic way. The average
values of n_-s, Eq. (11.8), do not have the same relative weights for the
various Q -waves. In Table IV values of functions proportional to those
of Eq. (11.8) for various # are listed. From the values for {n') , one
gees the waves for larger R (f especially) have the greater relative
weights. The relative weights of the {N"*) terms are roughly the same for
all the X - waves while those for (n""") are greater for the f -waves,
Using these characteristics, the constants ¢; were chosen such that the
corresponding W gave the optimum fit of the experimental data. The
so obtained are

C =-.00036 , Qo= .03§ , ¢ =.014 , €,= 0,40 , (11.11)
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Using these values of e;, the resulting lonization energies have
been computed. It is necessary to compute only the ionization potentials
of the first and last element in any particular shell and join these by a
straight line. This is approximately so since within a shell the variation
of the energies,\/n end or , is very nearly linear with the atomic
number. A good example of this variation is the 4 shell in Fig. 7. The
jonization energies are compared to the experimental values in Fig. 7.
The ionigzation potentials for A<\ have not been computed because of the
statistical nature of the atomic core considered.

From & consideration of the simple form of the parameters involved
(eg. Bqge (11.10)) and the case with which the values can be computed,
the agreement in Fig. 7 is rather good.

There may be some objection to the perturbation method used here in
that a first order approximation for some waves is not sufficient. For
the f-waves especially, the perturbation energy, w , is approximately
50% of Wa « This is also true for the higher d-waves. It must again
be emphasized that this theory should not be taken as complete. It has
been designed to give only the gross effects of the energy levels and
hence perturbations beyond the first order are not considered.

The advantage of a theory such as this is the simple form of the
perameters. Here the experimental data has been described in terms of
five empirical constants ( & and C; ) The energy values can then be
computed easily in a short time for every element in the periodic system.

In Fig. 8 are plotted the solution of the Fermi-Thomas equation as

given by Bush and Caldwell as well as the function Bas. (11.1) with the
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constants Eqe. (1l.11). PFrom this it is concluded that experiment
requires that the potential function hes a singularity at the origin
and approaches zero slower than the Fermi-Thomas potential function.

The singularity at the origin could have been avoided by assuming a
universal function that approaches a finite value at the origin.

A Kerner power series type potentiala4or a Morse type potentialassatisfy
this condition aznd could be used as good approximations to the Fermi-
Thomas potential. These are, however, as difficult to use as the
universal function of Géspéf and hence, they are of little advantage.

This singularity at the origin is not serious because of the finite size

of the nucleus as stated before in regards to the approximetion Eq. (9.1).

12, Excited States,

A criterion for a successful atomic model might be the ability to
predict the first few excited states of the valence electron in addition
to the x-ray levels and excitation energies. The ststistical model of
Fermi-Thomas, however, should not be expected to do this. This model
assumed the electrons to be represented by a completely degenerate gas
and hence, excited states should not be considered. The atomic model
presented in this thesis is a combination of a statistical and an
independent particle model. I£ was thought that an atomic model of this
form would predict the low lying excitation energies. The first few
excitation energies of the elements listed in Table IV, which do not
involve S -waves, have been computed and are listed in Table V. Also
in this table are the corresponding experimental values as given by

R. F. Bacher and S. Goudsmit, Atomic Energy States, lc Graw-Hill (1932). .
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The enerzy levels for S ~waves were left vacant in this table because of
the infinity arising in the evaluation of the perturbation energies.
Several interesting results are noted in Table V. The atomic
model presented in this thesis predicts for the cases A = 37, 49, 46, 57,
79, that the excited states are more stable than the ground state. The
ground state is found to be more stable, as it should be, for all the
other elements considered. For those cases which the ground state is
more stable, the energy difference vetween the states of an atom agree
rgughly with experiment in only a few cases. These are considered
fortuitous. It is to be expected that the agreement with experiment will
be no better for those elements not lying at the shell edges. Hencs,
this atomic model, in genersl, will not predict the excited levels
accurately. It can perhaps be concluded that this model has done as
well as might be expected with the statistical nature of the potential
of the outermost electron. Better agreement with experiment might be
made by considering a potential for the valence electron that incorporates
in itself irregularities due to shells, such as is found by the

Hartree-Fock self-consistent method.
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Conclusions.

In the second part of this thesis an attempt to find a quantum
mechanical representation of the corresponding electronic shell
stabilizing term was made. A theory such as this has enormous possibilities
since a successful description of the ionization potentials of the atom
might serve as a guide in the study of nuclear shell structure. The
study of the atomic ionization potentials has led to certain conclusions
regarding the form of the force field of the electron-nucleus interaction.

The stomic model was taken to be a combination of a statistical
and an independent particle model, the potential of the valence electron
being taken as a smooth function of the atomic number.

The potential energy expressed as a combination of an inverse-square
and inverse-cube central force has been examined. It is concluded that
in order to have an atomic model that will correspond to bound states
and quantized energy levels, certain conditions must be imposed on the
central force parameters. The admixture of the inverse~cube force must
ve such that\ in Eg. (9.1) is positive and is less than ( 8+ % )z. This

_insures that the force field is such as to give bound as well as gquantized
energy states for the electron.

To compute the excitation energies the potential energy was taken
in the first approximation to be of coulombic type. The eigenfunctions
and eigenvalues are then just the hydrogenic eigen functions and eigen-
values. A better approximation was made using a perturbation method.

The agreement with experiment is only fair. The low lying excitation

energies were also computed using this model. There was slight agree-
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ment with experimental values, and it is concluded that this model will
not predict excitation energies.

From this analysis of the atomic ionization energies, the following
things might be concluded: (1) On the basis of a smooth function, V(%)
for the outermost electron, the results are perhaps as good as might be
expected. On the basis of this function, a fair representation is
obtained of the ionization energies of the atom., (2) The inaccuracies
might be attributed to: (a) the real effective potential function for
the outermost electron probably has shell irregularities itself;

(b) the perturbation method used can possibly be improved upon; (c)

effects due to exchange and spin-orbital coupling have been neglected.
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thesis and for his guidance towards its completion. The part of this work
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TABLE 1

Neutron binding

The pairing correction to binding energies

Proton binding

N2 | T4y |o=map | wevs= TLN4Y | T=Tray |Ww=v=H
E,E > 9 H ¢ N H
0,0 | =T+ -9 -H ~Ta? -1 -H
E,0 |T- T ? H - -7 - -H
0,E | - -y -H T v -H
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TABLE II Shell correction parameters

¢ Ng, Nu ol N o I\
1. 0 .2 0.300 1
2 2 8 .0.22 7 0.1667 6
3 8 20 0.18 18 0.0834 14
4 20 28 0.22 25 0.125 24
5 50 50 0.023 33 0.0455 39
6 82 82 | 0.022 70 0.0312 66
7 126 126 0.023 104 0.02275 104
8 148 0.048 140 0.0455 137

3 Zg Eu o Z = z
1 0 2 . 0.500 1
2 2 8 0.1667 6
3 8 20 0.05 19 0.0834 14
4 20 28 0.088 21 0.125 24
5 28 50 0.023 40 0.0455 39
6 50 82 0.030 53 0.0312 66
7 82 100 0.075 88 0.0555 91
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TABLE III  Estimated ki; values in wMW,
i,J 2,2 3,2 3,3 4,35 4,4 5,4
ki ~2.5 2.5 3.0 7.0 345 2.5
i, 5,5 6,5 6,6 7,6 8,7
ki © 545 6.5 8.0 5.5 1.5
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TABLE IV  Unperturbed and perturbed energies
*(Z- ZECE-1) s Bz 4

Z 1\1 Ek Wa €WV, E (N\") "\3(2*1{.) 7\‘2(&"‘3¢‘X)Q+‘) .Oll(z-n 3 W ew.
11 {3s 1.50 - 5440

13 |3p 1.60 - 3.87 R.135 . 331 »11556 515) ~ 4,35
18 dp 1.85 - 5.18 3.50 .559 «2010 .5b - 5.85
19 }4s 1.90 - 5,07

21 j4d 2.00 - 6.05 4,45 « 456 . 0535 60 - 4,80
29 |3d | 2.40 — 8.71 746 758 . 1055 .95 — 6.82
30 |4s 2445 - 5.10

31 |4p 2.50 - 5,381 4,69 .628 D3 1.02 - 5.65
36 l4p ] 2.75 - 6.44 6.02 «84.5 « 354 1.28 - 7412
37 |os 2.80 - 4,26

39 14d 2.90 - 7.1D 6.90 «594 .0854 1.40 - 4,862
46 144 325 - 8.99 9.15 <839 . 127 1.76 - 5,95
47 |5s 9420 ~ H.92

49 |5p 5.40 - 5,30 6.54 .814 . 381 1.90 - 6.0
54 |5p S.65 - 7.25 7.75 «995 .487 2.20 - 7.80
55 |68 970 - 5.18

57 154 2.80 - 7.86 8.52 <670 .1118 2.3D - 4,10
58 |41 J.85 -12.60 15,7 .980 .0815 2.40 - 6.80
63 |4f 4,10 -14,30 15.9 1.170 .1011 2.70 - 7.80
64 154 4,15 - 9.37 10.45 «873 .1515 R4 - 5.05
65 |4f 4,20 -15.00 16.80 1.260 .110 2.80 -~ 8.50
70 |4f 4,45 -16.82 19.2 1.489 1345 3410 - 9.40
71 |54 4,50 -11.02 12.6 1.10 .200 S.18 -~ 6.25
79 1bd 4,90 -13.,05 15.25 1.40 « 2675 5.68 - 7.70
80 |68 4,95 - 9.25

81 f{6p 5.00 - 9.45 11.10 1.430 .831 3.80 =10.70
86 |6p 5.25 =-10.40 12.40 1.644 .980 4,12 -12.35
87 17s 5.50 - 7.80

89 |64 5.40 ~11.00 13.20 1,068 .2160 4,352 - 4,90
91 |5T 5.50 -16.45 19.80 1.590 «1418 4,45 - 7.40
95 |5f 5,70 -17.68 21.40 1.530 «1600 4,72 - 8.00
96 164 5.75 ~12.45 16.15 1.270 «2678 4.30 - 5,95
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(d) 1egre- |(ss) (d9) ogs*0tT- |(d4) vo° 1T~ |(s4) (d9) ge*et~ 98
(d9)  wv° o~ |(si) (d9) 860°9 = |(dL) 89°6 = }(si) (d9) oi°01- 18
(d9) o06°8- [(s9) (pg) 22'6 = |(99) Gi g1~ |[(s9) (PG) 04°4 - 64

(d9) a8*¢- | (pg) 2L°G - (d9) g6°9 - {pg) 0T°% = LS
(pg) 980°2- [(d9) 69¥%°2- | (89) (pg) 41°9 - {{d9) 0g°9 - (89) g
(d9) mﬁm.m- (89) (dg) ott°et~ [(d9) 82°9 - {(s9) (dg) o08°s - %G
(pg) gwL°T- |(s9) (dg) 944°G = [(PS) gGT*S— {(s9) (dg) gg*9- 4
(dg) otT*¥%= ((s9) (%) ¢*8 ~ {{dg) 2¥%°4 - |{sS) (0%) g6°S - 9%

(dg) gz*s- | (P¥) 09°9 - (dg) %g°g - (o%) 29°% - 6%
(p%)  L4°T- [(dg) 09°2- | (sg) (P¥) 89°G - [(dg) L0°G - (89) LS
(dg) 269°2- |[[sS) (d%) 946°¢T~ {({dg) 98*'% ~ |(sq) (%) 21°4 = 9¢
(%) 269 T (sg) (dv) 886°S = {(P¥) 0S*¥= |(sG) (dv) g9°g~ ¢

(dv) 94*% | (vg) 04°9 = (d%) o%*e- (pe) 08°%- 12
(pg)  96°T- [(s¥) (de) 246°G = .{(vg) 64°C = ((8%) (dg) g% - o1

Sedra *g . Sedxe 'y Sad%s og Ses Ty Y= oS o Z
(*A*0) SonTvA ASIeue UOTIB4TOXY A ETAVE
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Fig. 1. The residual neu‘bfon binding energy vs neutron number. The
points are designated ds to the type, i.e., the evenness or oddness of
the number of neutrons or protons:. The grouping of the EE and EO types
and the grouping of the 00 and OE types can be seen. The dashed curves
indicate the average distributions of these groups. The solid line
’ represents our visual estimate of the best straight llne representation
( S""/MJ . The - (:BS /3}0\ which we use in Ch. 4
consists of a series of straight line segments running from -1 at the

lower magic number to 1 at the upper magic number.
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Fig. 2. The residual proton binding emergy VS proton number. The points
are designasted &s to the type, i.e., the evenness oOr oddness of the number
of neutron and protons. The grouping of the EE and OE types and the
grouping of the 00 and BO types can be seen. The dashed curves indicate
the aversge distributions of these groups. The solid line represents our
visual estimate of the best gtraight line representation of —(BS‘-’/}Z\ .
zs% . . . . .

The - F which we use in Ch. 4 consists of a series of straight

line segments running from -1 at the lower megic number to 1 et the upper

magic number.
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Fig. 3. The peiring energies of the last nucleon are plotted as a

function of the mass number. The N and Z scales correspond to values

which lie along our reference line of beta stability. The experimental
peiring energies ( ¥ and T ) as estimated from Figs. 1 end 2 are
indicated by the solid circle and square, respectively. The pairing

functions of mass ‘number given by Glasstone, Fermi, and Green are

represented by the solid curves.
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Fig. 4. Location of beta stability point vs mass numbers. The circles
and squares indicate the points computed on the basis of experimental
date. The solid line represents the line of stability computed on the

basis of our reference shell correction and our smooth reference line of

teta stability. The dasned line indicates the change im tlre smooth

baseline apparently needed in the very heavy region.
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Pige 5. The mass residuals for beta s"‘table nuclides vs mass num‘oler.

The solid symbcols represent odd-A nuclides and open symbols the even-A

maclides. The symbols used designated the source of experimental data

{see references 6-12 in GE). The discontinuous curve reopresents the mass

residuals for the beta stable points of a surface which incorporates our

smooth reference functions and our reference shell stabilizing term. The
* 1eft vertical scele denotes residuals computed with respect to A:(A)'-'

2
(A - 100) /100, whereas the right vertical scale denotes residusls computed

- 2
with respect to A‘QA) = (A - 100) /100 - 64.
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Fig. 6. The line of beta stability in relationship to zones defined

by megic numbers. The numbers in parentheses are the indices of the

zone (i,j).
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Fige 7. The ionization potentials vs atomic number. The solid circles
connected by straight lines repz-eéent the experimental values of the first
ionization potentials as given by Finklenburg. The open circles connected
by the dashed lines represent the ionization potentials computed from

Bq. (11.9). The computed points are for the first and last atoms in a

particular shell., The crosses represent the first order approximations

as computed by Eq. (11l.4).
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Fig. 8. The solution of the Fermi-Thomas ecuation as found by a

differential analyser is indicated as curve 1. Curve 2 is the universal

function ‘p( ¥ ) that gives the effective nuclear charge as used in vthis

thesis.
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