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1.

l. Introduction. A Fourier series

7)) = od

Q) S (G Coenx + bpin x)

n=go
and its allied series

Nz 2

(2) ; /é,, Cow X — dnm Vh\’)
may be clagsified according to the properties of the
function £(x) to which they correspond. The following
classification has been used by M.Fekete: integrable
Lebesque, bounded, continuous, bounded and integrable
Riemann, bounded variation, and an integral, that is, of
the form f£(x) = fngx)ddé.
/3
The problem of finding the necessary and sufficient

condition on a sequence of factors >\n which transform a

Fourier series (1) of a certain class into a Fourier series

7 a o

) 2 A, (G coenc + b, avm 11x )

N =0
of the same class; and which transform an allied series
(2), whether a Fourier series or not, of a certain class

into a Fourier series

p= O
(a) ;727— A (b, coenx - i X )

of the same class has been investigated by many mathe-
maticians. In the first case it may be said that the class
is invariant to the sequence /\n and in the second case that
the class is covariant to the sequence An.

F.Riesz, W.H.Young, H.Steinhaus, and S.Szidon discovered
theorms which M.Fekete (1) and later S.Bochner (2) have

combined
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into general theorems applying to the six classes men-

tioned abovee.

(1) M.Fekete, Uber Faktorenfolgen welche die Klasse
einer Fouriersche Reihe unverandert lossen, Acta
Litterarum ac Scientisrum, Bd.l (1923), Sel48.

S. Bochner, Uber Faktorenfolgen fur Fouriersche

(2)
Reihen, Acta Litterarum ac Scientiarum, Bd.4

(1928-29), S.125.

These theorems are
The necessary and sufficient con-

INVARIANT THEOREM l.
dition that the sequence >\ np transform the Fourier series

”m/an Coawnx + by ain X))

@ >

rn=0
into a Fourier series
#) = el .

Jh /&,7 Coo X 7‘-5/7/4/“”’7)()

(2) >

n<so
of the same class is that the series

7L A, v X
(3) =
Z 5
be a Fourier series of an odd function of bounded variation.
The necessary and sufficient con-

COVARIANT THEOREM 1.
dition that the sequence A transform the allied series

Ve N .
2 /é,,mnx——ﬂnwﬂx)
rn=/

(1)
into a Fourier series

ﬂf:wdn (b, coe X~ G i X )

() 4=
of the same class is that the series

72 N, co IX

@ S e

n=/




be the Fourier series of an even function of bounded
variatione

In this paper, following the methods of M.Feketey Ao
Zygmind, W.H.Young, and S.Szidon the above two theorems
are generalized to double Fourier series for the same six
classes. The results are

INVARIANT THEOREM II. The necessary and sufficient con-

dition that the sequence >\mn transform the Fourier series

m=od =

(1) Z: /ﬁm,, Cow M X cwny -+ é,,,” Co 17 X 2t ny

rms=o 77<°

+ G,y Rt X COVNY T Thrrrr MMXM”])

Into a Fourier series

Mm =00 e o0

(2) Z Z Aﬁm /4,”,, Coeim X Co2 41 4 %—Z,,,,, Cot 11 X 2unt 119

/MmM=0 s»r=o

T Gy trn 9215 COLIY F %HWMXM”])

of the same class is that the series
m=0 /)Gk) MW] +

(3) Z./imoa/wlmx + Z/ —

= =0

PP L
mes n=t Solat

be the Fourier series of an odd function of bounded vari-
ation according to the definition of Hardy-Krause.
COVARIANT THEOREM II. The necessary and sufficient con-

dition that the sequence Awn transform the allied series

/77 =& 9

Z /(m"w@mx-— 4,”‘,,&&14»7)() +
Py



7 =90

+ > (b, couny = P g )+

=0l o D
Z /d,,w Cow i1 X mn/— Consr WMX,MM%—

=l 1=/

-‘A,m M/WXGN«/’?/ T Ghagsy Atn WX 2t %;.)

into ‘a Fourier Series
@ e (G e = Do i x ) #

+ Z/)On /éa,,CM/?% Hor /d/&u’nﬁ.)ﬂ‘-

/'4~°°/7 o0 )
7 ZZ //,,,,, /ﬂ//”,, CM/%XC(»@M/LA - Gourm Wm)(/bwa%;—
m=/

e K

— 4, At X COL IS Do s s 71X 2 ”2¢-)

of the same class is that the series

e /)ma ComX 4 S /)on W’”z"
(3) ,g e ,;:Z, v

mEl e erm, R A X Cow

P e

Mey n=/

be a Fourier series of an even function of bounded vari-
ation according to the definition of Hardy-Krause.

2. Preliminary Remarks and Definitions. Let f£(x,y) be a
real function of the real variables x and y defined every-
where in the domain A = (-7 X €T, -7 = 7$77’).

Also let f(x,y) be periodic of period 2 in x and y. We
shall consider the following classes of functions:

Class C,. Functions integrable Lebesque (L)

Class C,.» Bounded functions (B)

Class C X Continuous functionsl (c)



Class C,» Functions bounded and integrable Riemann (R)
Class Cé_. Functions of bounded variation according to
the definition of Hardy-Krause (H)
Class Cé o Functions wh::.ch are integrals, that is, of the
form f(x,y)= //?/"W e dy (1)
A function is said to be in class C, (¥=1,2,3,4,5,6) if
f(X,y) satisfies the class property everywhere in the
domain A,
We shall use the following definitions:
Bounded and integrable Riemann, A function £(x,y) is
said to be bounded and integrable Riemann in A if

/75/&;‘)/:; &

and

kM[zw , ,
2z 2/ f)- fﬁ(//sf)//ﬁ"%.,)/;f/y/_,)ée
wﬁere,
"/7‘—’_=X¢,4X,<-—-~-—---—~»<)(mé—1r
_Tg(/o<7.,4-——_...~~«<7;wé7f

and the maximum for

X Ko, === — — == =, KT Kuny = d )

7/

g = o — s P 2 )

and
/
’\/-/éﬂ“’(é:xé, P, 53, ° 6;1 %, -



Continuous. A funetion f(x,y) is said to be continuous
in A if
/ / -
JLAP) = F B EE

where

/a("— </ = I(e)/ //5’—/3/5— Jee

op /o(-'—o( +2/7'/;— J—(éjj //s”—ﬂ f-z//—/é d &)
Bounded variation ., We define
A//f/&,%;'j=fﬁr;‘// Z;‘/)' 7/&, \7/}‘//—%/&#1%}')*?/’&; %)/
Dot (i y) = FlHews $)= FO%, 2D,
Ao/ %/)S ‘7/) = 7/)(/ 7;}«-/)‘ f/'\// %;)

A function f(x,y) is said to be of bounded variation H

(according to the definition of Hardy-Krause) in A if

M‘Z-'Z Jb, 7)) <V

A, [« J—
for all possible nets fitted A such that
T
—-— - — _— — - < 77_
_77‘_: ?a < ?, < ‘ ym

and if in addition

“ S A gt g)]

for some fixed value of y, and

M/A.,,f/x %)) <
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for some fixed value of Xe
Tt has been showvn by Clarkson and Adams (3) that

:i/d A % gy )< W

for all values of y, and

7-= ~m=~]

Z /Ao/f/x’%/)/é 1/2—

)‘:o

for all values of x; and that the necessary and sufficient
condition that a function f(x,y) be of bounded variation H
is that it be the difference of two bounded functions

?5&,;}) and 74& 7) such that
76/)(,{1-/, ?/'f-/)— ¢/X,J, %) z 0 )

AW 75/)(;’ ?’,) 2 0

/

A,o¢/)(,"/?«):_&0/

Ao/%/)(l y—/) 2 01

with similar relations for %Af 7)' We say that such a
function is monotone.
(3) Co.R.Adams, J.A.Clarkson, Properties of Functions
f(x,y) of Bounded Variation, Trans. Amer. Mathe
Soc.y 1934, vV0l.36.
Double Fourier series. The double Fourier series cor-

responding to f(x,y) may be written

msb’ o;ob

Fhr) ~ & & Fnir/

where



B, (55) = Gy Cowimx covnge b Cons ok piia iy

# Comp i 7 X COV 1+ Lorr v-'mman%/ m>e n 5o,
;éﬂo /)5?) < ;éro /X) < oo Co 17X ’L-(’”"me/ - 20,

%”/x,;}:/do”/;_): Gous m”f ,A-AQ,,/MM%’ » Do,
B y) = oo .

The Fourier constants are

Doen * ;ﬁ[f/%?)wmuwf@%%,
Do = ;‘}A/%/WWW““"?/

Ton = 3 | Jrg)aiormx Gy,

%o = Ty | Tt

with similar formulas for the othef constantse The above
integrals are Lebesque integrals. Thus every function in-
tegrable Lebesque has a Fourier series. It can be assumed
without loss of generality that 4050. For, if f(x,y) be-
longs to class C, so also does £(xy¥)~ oo which has no con-
stant term in its Fourier series.

The functions -

@ ) - ;,,6_/,7_7/»9;;%?,
@ fly) - j;/%z/x,f)aéz,
and “r

(3 #&y)= Fx4) - )= Foly)



have as their Fourier series, respectively, the series

(4) b fén,/%[
rm=/
5) £ 2, (¢),
and
™ =00 M= @
e

(6) M=/ M=/ %"” xj%)

Allied series. The series

meed Ne oo ___ mz D w=0d
T p) e 2Bt 22 B,
where

g—él (x) = Couo %MY—&%OMMX/
Foly) = b sy = B iy

and _ .
¢ /x,;»)=d,’w,“ CowmX Coe M 4= =~ Con e ea-a/mx,a,w;n;,.

- b 2w mX coe it + 4%“/0,:;“/\44)(%%7,

i

is defined as the series allied with the Fourier series

A== OB ap = O

Z 2 P.xy)

A ®0 AA=0O

An allied series is said to be in class C, if the Fourier
series with which it is allied is in class C, . A Fourier
series is said to be in clags C, if the function £(x,y)

to which it corresponds is in class C,.

It is apparent from the above definitions that the series
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(7); %:o (x)’
@ > F (),

and
w0l M= 00
(9) MZMZ b ()
arey respectively, the series allied with the Fourier series
(4), (5), and (6).

Method of Generalization, The two theorems of page 2 will
be generalized in the following manner. If the function
£(x,y) belongs to class C.(Y¥=1,2,3,4,5,6) so also do the
functions £(x), £y), and f{x,y); and conversely, if f(x),
£{y), and £{x,y) belong to class C, so also does £(x,¥)e
A proof is given for each class.

1 Integrable Lebesque ..

Tt fo [ [200) 4] 35 [F0) 4
Obviously g}x,y) £(x,y) - ffx) f(y) is integreble L; and
if £(x), £{y), and £{x,y) are integrable L so is £(x,¥)e

2’ Bounded

/250 = —;;;477&;)/47 %
SF gl [ 8)) + [F I SR < SV

Conversely
7)) SR TR [l p] < KV

3° Continuous



S04 704 9)/= < e 12 vatues of 3
when
/o(f-ol/; f(fj/ /o(:—o(-f-z/‘/‘/;- dce)
Then

Vg0 5 5 s [l 7 ) o
Similarly for f(x,y) and the conversee

4° Bounded and Integrable Riemann
That the function f£(x) is integrable R is proved in E.W.
Hobson, The Theory of Functions of a Real Variable, vol. 1,
p.511. Obviously f(x,y) is then integrable R; and conversely,
£(x,y) is integrable R when f|(x)v, La;'zld f£(x,y) are.

5o Bounded Variation H

S Jang i) ¢ FL D AT p)]% <

ilanc;s fl(x) is of bounded variation: s+ That fs(x,y) is of
bounded variation H follows immediately from the fact that
Dot 3) = A, Flsg) - 7o 0) = 135 )f = o 205 ).
Similarly f£(x,y) is of bounded variation H if £(x), :E;(y),
and f(x,y) are, for,

A,,;/XL‘, A,,/fﬁ‘) /v/f/?‘].?é*%)/— A/,ng/f»‘,?,')

6  An Integral
If the function £(x,y) is of the form

1058) = [/ g tt )i
a 4
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Then f£(x,y) is also absolutely continuous and of bounded

variation He By absolutely continuous we mean'that

7 JA s 4))< €

for every set of non-overlapping cells of measure less than
M contained in A. The necessary and sufficient condition
that a function be an integral is that it be absolutely
continuous. From the above equation it is apparent that for
any constant velue of y, say ¥, f(x,y) is an integral in x

or is ebsolutely continuous in x. Thus

Z/A,o;t/m,%)/‘ €,

for every set of non-overlapping intervals of x of total

measure less than vl o In general, for the same 1
Z/A/o?ﬂ“; %)/{ én

But since f£(x,y) is of bounded variation H

bZE-‘/A,o fﬁ\’;, 7)/< )/, for all values of y,

a=0

that is, the <., are bounded by V‘. Thus £er we can choose an VI
so that
Z/A,,;/X;, 24)/< €
for all values of y. Then -~
s Jap el F = [ ZBug )]ty < <
for every set of non-overlapping intervals of x of total

measure less than \q . Thus £(x) is an integral. As indicated
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above in 5 ,A“fb(x;,y,- )= A, £(xy,y;) so that £(x,y) is

also an integral when f(x,y) is an integral. Similarly the

converse is true, that is,

£(xyy) = £(x)+1£(y) + £x,¥)

is an integral when f(x), f£(y), and f(x,y) are integrals.

Thus it is sufficient to generalize the theorems of
page 2 for the function f(x,y), that is, for a double
Fourier series having no constant term and no terms in one
variable. The results for such a series combined with the
theorems of page 2 will give the theorems of page 3.

Fourier Stieltjes series. If f(x,y) is of bounded vari-
ation H then there exists a Riemann Stieltjes integral of

f(x,y) with respect ?0% a continuous function. The series

PO W) ~ ~z 00 e R

Z Z:fa CPM..()‘:\”) = ZZ., (Awu w””‘xw”"yf" +

-~ =] ~ Ml A=

&ﬁ@v?ﬁxww}‘ 7 (:,,n Gran )’ch“’"’} J—OM,W ,a,d.mx/u; fn;,‘)/

Where
A - "—‘TF'V‘(W’\M’L WMTA‘G(’('%):
A~ A

Bon - - S remmr ot my A ),

C«»M . —1",}-\’ Swmx &o—-auw»&, 0(-—64()‘,3’),

Y

DM,_ = "“_(r”vgﬂ/;»-r\-wx WN\U i'g'()‘,‘\’), ,\M>o) M)o)
o .

-

is called the Fourier Stieltjes series of f(x,y)e.
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If £(x,y) is periodic of period 2T in x and y then the
other constants, corresponding to those of a Fourier series,
Aoy Amoy Aony Cloy B,y are all zero.

\ /df/" )= 7/ﬂ‘/7) 7/// -r) - ;//7';/') + F(T; -T) =

Consider

Apo = 55 e <G lip).

Let the domain d be divided into a network of cells by lines
parallel to the axes and let the upper bound of cos(mx) in
the cell (x;, yf 5 X 9 y,ﬁ_,) be represented by U ’( Then

the above integral equals

__L_ L. .w-i -
Z'ﬂ’v A m oD So 1‘2—"» U A” Y/X ?/)
where the dimensions of the largest cell diminish toward
zero, Since U is independent of J we can write

«‘-“w' Z A//f/"'* s ) =
=_L_42-10 /7ﬂ*,/// 07/( 7)- Z/Y ;T )+ ]&.‘,”/7'//

I\
ﬁ[\
Y

Sy el 5 fy ) 7).

Then passing to the limit we obtain

g /%mxdi/&’i’)— ——‘/W/rwxﬁéf/x 7’—)

-

/wa¢/7ﬂ" f/""//Z/ .
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g
By a transformation (4) of the Riemann Stieltjes double

integral we obtain
_l-_ ~ ~
Auns == ff"“’““““?r dflog) = 2o f ) o prong o iy = bk e,

B %._&mmnwwa, cki(x,g); —“.;—-—“t j’.ﬁ(x‘})mwxmmeaa, vk Coan

C\Mf %:'{mv«xmn?ds«%\\g)z "w*g'(((x‘y,)amwx,u}.w\\a, dx J.«b, = "'\MN\E.\,..M

.__“..V

:.-—L-g > v < W 2 AM A G».w,m
DM“ .\.\.v‘JOwaAAmwtcl«*(x‘\%)' _:rrﬂ':‘.gv%(,ﬂ\ﬂww\c c,nk},fbﬁ&y

8 (83
where a4, b ., c_, 4 and d.. are the Fourier constants of
£(x,y).

(4¢) E.W.,Hobson, The Theory of Functions of a Real
Variable, VOlol, Po666‘

Thus the differentiated double Fourier series of a

function f(x,y) of bounded variation H is identical with

‘B\>

the Fourier Stieltjes series of £(x,¥)e

3. Lemmas.

LEMMA 1. If a function £(x,y) satisfies the condition B,
Cy or R in a set M of measure 47 in O s then there exists
an equivalent function £*(x,y) which satisfies the condition B,
Cy or R everywhere in A& .

Let M. be the set of measure zero in which the condition

is not satisfied. We define
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£*(x,y) = £(x,y) in M,
£ (xy3) =E‘£‘: £(ky4.) in M,
where (5‘ ’ /@/*) is a sequence of points of M whose limit is
a point of M_,
1. Bounded Obviously f* (x,y) is bounded in A,
2. Continuous. If f(x,y) is continuous in M, then by

definition we can choose a § such that

JSLER) = F (=80 = <
where
N B VERD

Since the oscillation of f(x,y) in M within a rectangle of

dimensions less than J is less than < s we have

/ul:_i,m“f (o}* ’[3/‘*)
exists and is unique. Hence

/f;x,,,%)-f(o(}/@/&)/é <
where
Jxm A2 L, e )2

and (x_,y,) is a point of M_e
Then

/7500 740
/7480 3 o 5) =7 5
e L ) 7O ) 2
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& S T 5 N A E - L )+

+/f/°/‘«,/§/ -;/“/«/,//Z)/< c+ere = 3

where

/o(—o/’/éd: //é"/f’/éf

and all points involved lie within a rectangle of dimensions
equal or less than ) o Thus £*(x,y) is continuous according
to the definition.

3°. Bounded and Integrable Riemann. For the set M we can

choose a number Zf such that
A=z A

@ Z 7 /744 FEEN G- R) (- 7)< €
wher;e, o B _
Xz~ g o, < XA/ = )‘A/ % ?ﬂ/f‘ﬂll s 7

/“Z—{_,/; zd, (%= Fe) = 29

Let us choose a series of positive numbers ¢ such that

Ad pn
A D O pn= €

(2) ZZGM'E_A"“

An =\ ~ -y

Consider, for points in O and a division such that
(-5, JH-t/ 9,

the sum

e Qomn *
(9 2 7 [ ¢4, k)= A - >z.,) (te= o),
wher:el B
NS 2N, T e e
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This sum may always be divided into a sum of those terms
containing only points of M and a sum of those terms con-
taining one or two points of M, . That is, (3) can be

written as
/V /
(4) Zz/f@,/&/-f/"&f/f’e///& ~ %) (- o) *+
/7o
T2 /7 )~ F G sl ) e o).

Corresponding to any point, say qfé s/ 9 Of M, we can choose
a point ) Uy, of M such that

€
/'fx/'{{'/ﬁ?()_ %/‘%/ %—)/c —gﬁ’
and if necessary a poimt ML, v, such that
¥ / <
/7 pl) = # () < -
where
Sy -ui /<2, /-2« 2.
Then* ¥,/ o/
/4 ) - LA =W ) e Ser) <

/f/"/r,%)42”ﬂ//ef”2////70r//?5) r 48 €y

Hence, using this inequality in the second sum of (4),

we have
é:oﬂ ,/: 20

® > [f 7, ) F G G n) e t)
=/ =/
< €+ € +4E = 6¢€

2

\h

Vxe -2 /e d, Lt/
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for all points in A such that

= 27 ¢ /4 PR
Yo, Fe At e

£

PN
LI
X
XN
K\
un

LEMMA 2. If C__(x,y) is a sequence of trigonometric

polynomials such that

//C;“M /957)/&6)/09 < K

and if f(x,y) satisfies the condition B.C.R. or H every-

where in A , then the sequence

O 5 9) =/7/x+z; g 7o) Conae (3 72 ) T L1

satisfies the seme condition uniformly in A4,

[<]
l. Condition Be
e

/7/X7“7;J%7“7£//4 §/ ale Ay 20
/4:,« /,5%// é////\:-/—/,j%f'é)//(w,“ (%973//6%4%/ 4?(

2 Conditlon Ce

/}//4%‘74 GrTe) - fﬂ/*f/a’ f///< <

!
for « 4o, /g ’ /’, satisfying the conditions of the defi-
nition and for all values of t, 4 t,

Y -~ (4) = I (') =



//7// AT 34T ) //“5‘7/7;‘73//4,,” n{@/&wﬁ ce K

3. Condition R.
beou Loy

kZZ/fﬂ/#/’%”‘) ~FL4 T, 5T Vi 5. )G ) € €

for « 4 B , <’ R ﬁ s X,¥, satisfying the conditions of the

definition and for all values of t ,t,.
b e Loy

> > I ) - O (B O )t.,) £

L=y £=1
Lo /'/%/,( ,c7‘/3 ,o/) //»Z/f/ ff}/ﬂ(x—)é VIEAF/2YE
o ) G CE AN P < & K
4 Condition H.

A,,';”'/A LT gl ) 2 G, ke 20

PN T AR SR RN
]::Z)_:—//A fﬁ(ﬁf Z-fﬁ)/é Gy all 7, %, v
~Zf'/4 = (i 4)) %

A=/ 2= /

=/z-l‘— /A”;/&q—?f/ Z-ff,)//(m__m /7,'(73)/66779[/; (gk,

/\"-/g([

Py N NI

e0

s SZ A gk, Yo (h ANl db < G K

Similarly

b ”/A o= (% 7)/ G2 K
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Lemma 3. If the trigonometric polynomials 0. . (x,y)

with the common constant term
= ——/—“ f’ /X 0(4‘
doo = 7/“/”"”“ 7)o Ly
P2y

satisfy everywhere in &4 the condition C,R, or H uniformly,
then they satisfy also the condition B uniformly.

If 0 (x,y) satisfies the condition C or R uniformly
then it follows from the definitions that

SO (ag)= O (TT)) <Gt e, e

I (-7-T) = F= [lme gl o o

—_‘Z,,%"A//Ka./%//' . /—/T-//‘)/(c@%; i
Joz. ()< e/ TG
/”‘: /"/7)/= /”Z.. ey )= Vi (-7 -T) +4:,//T,—7r)/

</ o)z ) ) ) e [+ 26

If §__(x,y) is of uni:.f‘ormly bounded variation H then
Jom (7] 0 (T (5 T) w0 By )< 6,
[0z i) - = (T )< G
J 0= (T, T) = O )/ =< G5,
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for all myn,xX, and Y.
Joi . ey ) v CT T
) O ) = I )~ O (T p) # Ve (-7 -T)
+ Il (k) = A (T -T) + Y. AT, y,)—ﬁ:...ﬁij-x/“/‘/

<G r GG

From this it follows as before that (. (x,y) is uniformly
bounded.

LEMMA 4. Given a sequence of functions f.. . (x,y) defined
in A and of uniformly bounded variation H, either there
exists a uniformly bounded subsequence f""*k.’“ L(x,y) which
converges everywhere to a function F(x,y) of bounded vari-
ation H, or lf“'"' (x,y){ diverges uniformly to = as m,n,
tend toward <° .

This lemma for functions f . (x) is given in A.Zygmund,
Trigonometrical Series, DPe 80, First let us suppose that
all the functions f,,. (x4y) are non negative, bounded and
monotone (p«7)e

Let R(P/N) be the enumerable sequence of all the rational
points of the domain & together with the points (-7 ,°T),
(=T, T )y (T 4-T), and (T,T)s Write the single sequence
f}u(x,y), where M= ‘m};,r;i such that both m and n-~<«°. The
sequence flﬂ. (x,y) being pounded we can find a subsegquence

a
(S,) 19,) pm, ----- ’ p:, ~- of indices such
! 2 ’
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{
that £ P(;: (P, ) converges. Rejecting the first term p ) we
can find from the remaining indices pg) ’ PS)’ - == = me—-

z ) 2
a subsequence (S,) p(‘ ), P,y -—=---- p(: 4= = - such that

£ f(ﬂ (P,) converges. Rejecting p('z) we choose from among the

C (
rest a subsequence (S.) P,a), p(:_) 4 = = - = such that f‘;ii (P5)
converges and sO One
0 (z) 3 .
The sequence P, » P, P, 9 -~~~ being from some place
(k) (P) con-

onwards a subsequence of every S; we sSee that ff!
verges, at least for the set R(B.), to a limit F(P) with the
same properties as £f..(x,y) over the set where it existse

Consider, for example,
Lo, ors )= o Fmr f ) = Fun % By ) o O iy Jzo

Using only points of R and passing to the limit over the

sequence p‘lk) we have

P(x:,, 9%, ) = Flx,,, 3V ) = F(x 5750 )+F(x;,y)‘) > o0.
The functions f.. (Myy)y £ (-Ty¥)y £n (x,), and
f...(x,-T) satisfy the conditions of the leﬁma given by
Zygmund., Hence thefe exists some sequence of indices which

we shall again designate by p(‘k) such that

s /g )= F (%
g 'fﬂ(k) +) f)

for the set R together with the points on the boundaries
of A, Let this set be Re
For any point imterior to A let
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Lbig)- Liwe FlR)~ Lo FIP)
AN o s

where P(r,‘o) is a point of R. It follows from the properties
of F(P) that R in
[Flop)-Flrp)] + [ Flap) = F O p] T

o [ ) F o ] E 5 )Pl p) <V

Let rational points I., f.. be chosen so that

V<X <r\,<xz</§z—-——</x<){“<a+,l

/3,47,, <ﬁv< ?,; 4/0‘?<--- "4ﬁ»<7'-<ﬁ-+//

then

Ly )+ L o) = — e ) =
[, PO~ oz AP +/¢‘;,;+f/f’)fﬁ”f/
Yo f At O fan=0

(/F//g/,,}-f'//;,/a,z/f- -- - +/Fﬂ§.+,,ﬂ+,)"F/K~,fm)]< 4

Tt follows from this that the number of points where
d(x,y) =2 € > o 1is finite. Let—ﬁ—l_)e the at most enumerable
set of points for which d(x,y) 7 O. For an \1) 0 and a
point (x,y) not contained in || we can find two rational

points (r , P') and (r,, Fz) such that for
r‘ < x < 0

P|<‘3-<(3,_
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we have
o0 = F(7p)" Fra,p) <

and

7/5/“, (7, %) £ f///é; (9] = f//f/c/ /"*,/Ov)-

Then passing to the limit we have
= /&;44/ /X /-‘_é /: la fPOr
/c-///;/ﬂ/) = s o Zé[/é) ’? ///0 )'

The oscillation of fr(ff)(x,y) does not exceed r]and hence
the sequence converges. We now consider the enumerable set
| of points at which £ ?(‘:) (x,y) diverges. We repeat with 0
the same argument as with R and find a subsequence //L k of
p(‘h) such that £ /uk(x,y) converges in T, hence everywhere in 4.
The limit F(x,y) possesses the same properties as fa... (247)
that is, it is bounded, non negative, and monotone. In the
general case, since T .. _(x,y) is of bounded veriation H in

L, we can write ) ) B
S 53 ) P o -T) £ S 6,8 ) F B 7, 4) +ﬁ~m (%)
Mooy ) ) A CTy ),

vhere P ... .. (X,¥), Ffl (-T,y), and ffi (x4-1) represent
positive variations of functions of uniformly bounded vari-
ation and are thus uniformly bounded. (5)

(5)E.W.Hobson, The Theory of Functions of a Real
Variable, Vole 1, P«325-345.
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Thus
Foun 532 o 7T 1 g =N l5y)
where P_ . (x,¥) and N._ . (x,y) are non negative, uniformly
bounded, and monotone functions such as those first con-
sideréd. Note that in the above equations the terms N__(x,¥),
nQ,. (x,°T)y and n(:).. (-T,y) are negative variations and thus
uniformly bounded. Let us suppose that we can find a seguence
My such that £ (-7 ,-T) converges to a finite limit. From
M we choose a subseguence /ﬂh such that P/‘ h(x,y) converges
and from /u p & subsequence /A,‘ such that N p (x,y) and there-
fore fﬂ_"k(x,y) converges. That
Fix,3) = 7__!"__'::; 7/4“/; (x.t)

is of bounded variation H follows from the fact that

F gl = o Fur O ) Lk, Py i)~ Najp 54,

that is, F(x,y) is the difference of two bounded monotone

functions. If our assumption concerning £, . (-7 ,"l) does

not hold, then |fa.. (T, 7)) = - . since the functions
P _(x,y) and N...(x,y) are uniformly bounded, \f_m(x,y) l

diverges uniformly to + =& a8 My —> =

LEMMA 5, Let
(L) T o) /7/)”—7‘, gt ) O (F ) A A7,

be a sequence which corresponds to the function £(x,¥)e



7

If the trigonometric sequence Ul.(t, t,) is such that

///ZZ.M (% 7)) ot

is not bounded, then there exists a continuous function
% (x,¥) such that lim |T (x,y)\ s for the function <{>(x,y),
equals +- at x=0, y=0, that is,

//75/74%/@“/74%/## - 2.

MM—7°°
Let

) e (ARt = O

We can choose a subsequence “)r of “)MM such that
7-— 74 / At Ay = o

Let
vy, ALE) =+ C

according as
/7L76 e +/ —/ .
/é
We then have
v, (K % (%7

) o (A5))- Y Z
and

)y /u~ (4 1) O (7, 7) O A

By comparison with (l) we see that 6‘%5 is the )/Q th term
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of the sequence corresponding to the function \Xff’ (‘!:.l s t 2)
at the point (0,0). ' |
We next construct a sequence of continuous functions

P (A, G (hA), — — - — —

such that

J 2. (AA)) 2/

and 2
<2>//v;6/75;6/~;¢/476//¢zm <9

where p=1,243y =--- and ();5 is a sequence of poéitive num-
bers to be determined later. The construction of a function
such as &vp (t,, t,) is described in E.W.Hobson, The Theory
of Functions of a Real Variable, vol. 1, p.632-634.

Consider

//f /f//r/%ﬁ/a;’r‘a&"v =
1/ LA AT /f G4 7y //f/r it

2 ) //r/%z‘/aéfd///z/’//z‘/ ;//f//da‘df/

t 6)-/5 be so chosen that

) £, / /ﬂ“/f//céz‘aé/‘/
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Then
' L o,

The Y, th term of the sequence corresponding to the function

al
7{ (t,y, t,)= gy, (t,y t,) at the point (Q,0) is greater than
34,
If the sequence T,..(0,0) is convergent, choose the num-
)

ber G "so that 7)
) T~ (e0)/< &
/ 2
Let Y =Y, and from the sequence Yz, Vy = = e choose ¥ so
that a)
W > 640G 1),
¥y

> %,
Take 95('/7;76/= ?r,/éf,/ff;w/,f/.

. . )
If T__ (0,0) converges for cj) (t,yt,) choose e )so that

7= (o))< &7
> ¢ 4706+ 2)

Then chooge

e
Y

3
and form
“ AR+ L 2, (%A
L n/v) +_ 1 ’ .
B VHt) = 2 AH) £ T L B 2
Proceeding in this manmner we form a function

(5 L 2
PR - G LG e %4 Y.
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(1)
If T, . (0,0) corresponding to C# (t,,t ) is convergent

choose a number G arq)so that
. =)

Then choose an index Y% from Y, so that
L, 3~ _
> 647 (g rg-1)

It this_ process does not come to an end by discovery of a
value of q for which T... (0,0) corresponding to <*> %) (t, ,tz)
does not converge we consider the function 4? (‘l:l ,tz_) given
by the infinite series

= |v+—L- (+'+")+-—-.
$ (+it) ?‘Y'H’H z T

This series converges in A uniformly because the functions

) -
+2I_¢i.—l ?/Yﬁ' (+‘+)

Ev% (t| ,‘tz) are all equal to or less than one in absolute

value. Thus ¢ (t,,t,) exists and is continuous in A ,

Tn order to calculate T. . (0,0) corresponding to CP('b, ')
we write

bl - {%Y‘('h,’h) e (+.,+»)} +;%_, g (64)

{ %Y1*(++v)+—“- g
Thus
/7 ()= ) [ B G 5 A 4] -
8
4 r
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- ¢7.,;; (7 1) A A +

,//;/_7 %00 A ¢ /@ (% 4) it b

According to (4) we have

2-1)
///Z/"'{’{/” b 3 ﬂ;}/é/é/df%/‘/< 2

According to (3) we have

//45-/7/;/’{"/@//’7”%//) 72

Al;)/éf;;{“/’“'/r//f‘/‘“”»/< |
/4??7*0’7""///”" 0, 2 & s ‘55 “y -

Hence a) /j"/ Lo
4 - - L 4y
/7}:}/«30)/) 2 L 77 yF g 3.7

e
S

But

- 7]
W o> ¢ 206 T rg-0)

v ¥



Hence
) T e > 5

It follows that for the indices Yy ¥ 5 - - - the

sequence T._. (0,0) corresponding toc%(x,y) increases in-

deflnltely, and hence

/fc#/f £) 0z /ﬁ)ﬁdz‘/ >

M—M%OC

32.

This lemma follows closely a theorem for functions f(x)

given in E.W.Hobson, The Theory of Functions of a Real »
Variable, vole 1ll, Pe757.

4, Theorems

\
The first Cesaro mean of the Fourier series

aw— n o8

72’55 ¢

is defined as
four A= u-1

Tyl 22 (P L)) %, (o p)

whether the constant and the terms in one variable exist

or
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not. The Ces\aro mean can also be written in the form
/
Py

where

Caen (A1) ,/_2/_, /%'_’/owz‘ f/“%)cgmz]f./._-_fﬁcog/w-,/é].
[—ZL’L %}wfv - /:‘L‘L ag,z?é/,n - f—%%(u-ljfv]:

“n

N > N -
. ! A~ “2—7é / ALt —5-7{_
2 M;ét-/, o) e £

Also

/é..,, (% 4 Js; s =//(m./7€,74//¢;,’6éﬁ__ -

Theorem 1. The necessary and sufficient condition that

the series

A 00 = O

Py 74,_‘“/*, %)

(L) =0 T
be a Fourier series of class C, is that the fesaro mean
0= (x,y) be uniformly bounded.

If (1) is a Fourier series of class C , then f(x,y) is

bounded. Since
V= boy) - A ) YL k)L () A A

and

//C..M (hk) [ atdt = T

A

r T



it follqvis immediately from Lemma 2 that 07 (x,y) is
uniformly bounded.

It
S rmyl) 2 G
then |

o [/ ) 27

When 0. (x,y) is squared and integrated term by term we
obtain
kewet £suy onm ( ‘-
. — ) <« 4
S5 o[ e (< "

where
& = 1 when k) 0,1)0; 6=2 when k=0 or 1= 0;

and 6=4 when k=0, 1= 0,

For, | { : = Mo

_J_;‘(WM.I,(.WM‘WMM-VX MMv?M&‘&fl amy A A

w N
!

~ U"\M‘-metxum'\} o :k =O/
o 2 =

_‘_ S Cra ML X MM\K&LX =

™ Ja

=+ faa; Loty -

with similar formulas for the other terms.

A

o M‘-—#“M\-

S
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Then we can write
Kzt Y

Ty SVt 4 >
/:Z;/%%é%@#%)/«//« < £G
=0 =0
Also, let us write
ke | L] £ ke
y k)=t e £ )
For any value of k, 1 say k,, 1, we can choose anm and n

so large that
/
[rmE-EeE) 0T

P S d

Then -
Ié"éo !:—»(D . v
:Z!—é ) /: ° /aéf ” é * C'é-e - %a ) <
é‘-‘éo »d:‘,/‘

A S -

A

bz turt Loten - -
<22 //dz,“v‘/z’,?@?czg)(/-é'-ﬁ L)< 4G
(’0 /Zoo

Thus
Aetu Lo o

S S A ) < 86

Since the series is non decreasing and bounded it is con-
vergent. (6)

(6) E.W.Hobson, The Theory of Functions of a Real

Variable, vol. 1, p.4l4.

Consequently there exists according to the Riesz-Fischer
theorem a function g(x,y) whose: square is integrable L and
whose Fourier constants are those of the series (7).

(7) Ibid., vol. 11, p. 719.

Since the function g(x,y) is integrable thhe first
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Ces\aro mean 0. .(x,y) converges almost everywhere to the
value g(x,¥y)e (8)

(8) A.Zygmund, Fundementa Mathematicae, vol. 23, p.l48.
Thus g(x,y) is bounded almost everywhere in & .« But accor-
ding to Lemma 1 there is a function g¥(x,y), equivalent to
g(x,y), which is bounded everywhere in A . Thus the series
(1) is a Fourier series, of class C_e

THEOREM 2. The necessary and sufficient condition that

the series

(1) > > ¢y

w0 MmO

be a Fourier series of class C or C is that the Cesaro
mean 0= - (x,y) possess the class property uniformly.

The necessity follows immediately from Lemma 2.

If 0= .(x,y) possesses the class property C or R uniformly
then according to Lemma 3 0~ (x,y) is uniformly bounded.
As before we can infer the existence of a function g(x,¥),
integrable L, whose Fourier series coincides with (1)

Then Ox-~(x,y) converges almost everywhere to g(x,y) which
fulfills almost everywhere in A the condition C or R since
| (et (#,y) fulfills the same condition uniformly. Finally,
according to Lemma 1, there is a function g*(x,y), equiva-
lent to g(x,y), which fulfills the cbndition C or R every-

where in Ao Thus the series (1) is a Fourier series of

class C;or C,.
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THEOREM 3. The necessary and sufficient condition that

the series

(1) i e

> 2t (ky)

A= O MmO

be a Fourier series of class C, is that the first Cesaro
mean VZ.(x,y) be of uniformly bounded variation H.

The necegsity follows immediately from Lemma 2.

If 0Z.(x,y) is of uniformly bounded variation H it
follows from Lemma 3 that 0Z.(x,y) is uniformly bounded.

Then there exists some subsequence m ,N, of myn such that
L OM“mP (—T,—T)

o{ (3 - 4
exists. It then follows from Lemma 4 that there is a sub-

sequence m;,nj- of myn such that

Y R

where f£(x,y) is of bounded variation H everywhere in A,

G (- 2 ) (- ) -/;}:A/y;,/. log)eskx caly dedly

and letting i,j»< we obtain
= L Ayr .
J,é( ﬂ_v/f/x,;(jcwéxw,ef 647/

Similarly

Qg, (/- £ )- Z—F—'VA/J;;,),@WWAXAM%‘
é,éa = j;}'vp/}/ﬁf?)&v/éxc&zé@?

and sO On.
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Thus the series (1) is a Fourier series of class Cs.
We can now combine the above three theorems into
THEOREM 4, The necessary and sufficient condition that

the series

~z WO gz 0D

@ 22 $_ 6ug)

A T O A= 0

be a Fourier series of class C_('s 2,3,4,5) is that the
N : )
Cesaro mean 0. (X,y) possess the class property uniformly.

THEOREM 5., The necessary and sufficient condition that
\

the geries

eh) baya P 5 4

A o | Moy

without a constant and without terms in one variable, be the
Fourier series of a function f(x,y) of bounded variation H
is that the integral of the absolute value of the derivative
with respect to x and y, of the Cesaro mean be uniformly

bounded, that is,

) o ) ey < G

If the series (1) is the Fourier series of a function
” \
f(x,y) of bounded variation H, then O (x,y) is the Cesaro
mean of the Fourier Stieltjes series of £(x,y) (p.l15).

" bt foanm
O Ony) = 2o (=)l Cog)

L:\ .2 ,

L g € (et g B )AL R,
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Since f£(x,y) is of bounded variation H it is the difference
of two bounded monotone functions P(x,y) and Q(x,y). Thus

4

G B~ 77_4A/C., a y—é/d/”ﬁffv/-ff: Vo ot y-H)dQ157).

Al An

Since

A,P(4,4)2°, A, R0 4 ) 2 ,Q“/W);

we have
“ / - 7~ -, -7 Y - v
[ Gyt e Gty g PGS 4L fln 5t p Pl @5 7).
Let us integrate each side of the inequality and inter-
change the order of the integration on the righte

SV Bl 4oy < AP fen it )y
. L 4@/%7‘//( oty g-7e) oy

/c//"/f £ #/d@/%'fy
- Pl - po (o) ~F (77T # AT T +Q(7T)
s ) - (T @ (T T) < EF AL < K

The sbove operation is permissible since C_ (x,y) is

continuous. Consider

Blry) ‘A/?A’“f7'"'/0{?'//;"‘r)

where g(x,y) is continuous and f(u,v) is bounded and mono-
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tonej; and both are periodice.

Since g(x,y) is continuous we have
/ %
fplinpoerz etmpielf s €, 422 v

when

jou-t) e &, Sample

Then
SR - #l'p) ¢ //;/xa,«fr/ Flap! zr//éf//, v/
e gl
= & /;//f‘//_j-;ﬂT—/T/—IZ//‘/jﬁ/f;/'f(-F_//< é§.

Thus ;Z/) (x,y) is continuous and has a Riemann integral. Let

the intervals of integration be divided by points x /Land

¥, 9 where x = Wy x =W and v:"Uy y=T 4 so that
Azt Yau-f

Z 5 gl A ) (e ) P =

M=o V=

=/;/z—w/7—v‘)@£? I €

and
TG [ gt o) o) (e 1) G )
MO0 Y=o

"/ ,4: SE g ) 5 1) )
WAL LERY
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where P . f
}(“ +7 fw v %""

/“ ‘.O/(“v‘/é g«*} J fy :ﬂfﬂéyy'ﬂ )

Then by substitution we obtain

///?A”’f de"‘?’"“/“/ﬁ‘f/ /}’{07/04@4; z e
/5‘/ ?"/"“éy/%wd ﬂ47/‘4‘4%7“é+é/d%/auj

Then since € is arbitarily small and f £ v) is bounded

i

-

we have
S bty 4, z/%-“/%v/@zf/ac%/w),
Now we assume that

//ﬂ;{”@//mz; <G

Let

X ?/,/ .
' (X5Y) =//0-;~/X/7)d%5%
AME-»/X» )= Ma—ﬁ{»f /r-/) M.../f\’”,?,/ A.....// %.,.,)fﬂ..ﬂ‘ y)
L I by) ey - // M/x?/@g-
e by [ gt

Ly } !

S )yt

X %

\e\
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Then for any network on A we have
o et ;+/

S I Ebeg)fe 55 )t s
5 2 M?-,///r Gl

/\.30 71: L]

éa//a-”m /,v,;z)/ouc%, e

T B Gey //a“ &ww?
B fom g e S S5 o
///ﬁ~“f//w // g <G
for ai.g.; M.
Similarly
Tors

Z Lo A (n g )/ <G

Thus the sequence F_ _ (x,y) is of uniformly bounded vari-
ation Ho Since F.__ (-7, T)= 0 it follows from Lemma 4 that
there exists a subsequence m;, n; of myn such that

1:.:_1: o (xy¥) = F(x,¥)

where F(x,y) is a functlon of bounded variation He. Note that

"
gince 0, (x,y) contains no constant and no terms in one

variable we have
ATy T) = F__(Tyy) = Freu (x,T)= O,
The functions F_ . (x,y) are periodic of period 2T in x and

y, for
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X/-Z/;,
/:,:,.. 27, e O ) — (g )de x4 )y N
(xremp) by _/T/”‘ 7 ?//ﬂ' e
) E gty = L apanay <o

¥ =7

Similarly F___ (x,y+27) -FMA. (x,y) O. It follows that
F(x,y) is also periodice.

By a consideration of the terms of U'f,m (x,y) it is

apparent that
[a%l //_;é)/"é) = —7/5:_4/471.. /x,;z)m/éxco-«/.f;oéxzﬁf’ é)cj Ao,

Let
/'::/MA/) /0— gl ey o /xy) a»/xy)"&f“;
Then

P Coy) _/a_“/x,,,/z? //-:m/x;)ac,c
/Z}é/cla /'—-) 7- "') /w,éx//ﬂ';* /xy}wxfyd?/c@/

Integrat:.ng by parts the integral in braces we have
0"’ x )c,M«/é7 cow X (x4) +
_ 7/ 7 ; 4y - e e /
+ /g/ —~— /)C,y—)/dd-—w /é} 47_

= /é/ (xy,),a,‘mZ}rA}

Substituting this in the right side of (2) we have

—{ /":)‘~ /&;«)Wé‘/‘o";"gy do g, =

77_}.
4 s “ 1
£ -/ (% )méxeé,z/ _
7,.\..4/““ %/Z ¢ ”éf



Integrating by parts the integral in braces we have

/F Ay,/m/é)ca@ - Cow/éx/‘;*/%%)/;.-vb

+%/f:,__,__ /x;),e/u.../éxd,é é/r’: /v;v)/d«wék@

-4

Thus

@) #Ldy, () (-£ )0 ‘) ’”/F (k, )i e R 2in Ly Aoty

Let us choose the subsequence myn, and pass to the limit.
. kL [FKi ' ~

(4) /fjté/d F[F/,f/méxwf?@a(;,

or
= 1 y )
sy~ 7T>A/F/X,;f-j%éx,&a~/%dow§;, :
Similar formulas exist for the other constants for k) 0,170,

Again, it is apparent from the terms of a:-f*(x,y) that

-1 “ =
zr"’_A/”:““(x’wméx o Ly

And from this it follows by partial integration as before

that
4o ~ 27r F/"?)/"’W’éx‘{"“ig'
a
similarly the constants a; 18 9P, 9260 for the function

F(x,y) are all zero. Thus the series (1) is the Fourier

series of the function F(x,y) of bounded variation H.
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INVARIANT THEOREM 6. The necessary and sufficient

condition that the series

I ed 4=

Q) 2D e B 3],

M=/ A=y

without a constant and without terms in one variable, be a

Fourier series of class C, (Y= 2,3,4,5) when the series

A B ol - oD

(2) ZZ ¢~..._. (r,‘;,‘)'

Amma) Anz|
without a constant and without terms in one variable, is a

Fourier series of the same class is that the series

Ana L O S 00

@ X > Amsamomreboy

M) ANz

without a constant and without terms in one variable, be
the Fourier series of an odd function of bounded variation H.

The Cesiaro mean of the series (1) is

{4)

4) fm l23) 77"*4/?/”75' po ) Cmn (R hss

where f£(x,y) is the function whose Fourier series is (2) and
hsbn=g

( " M‘L\
CO (A~ #+ 4 2 (e bt

L= ut ] Ketes Afemes
1S et + E BT ) My ok e
[ .

/:/

But since £(x,y) has no constant and no terms in one

varisble in its Fourier series we can write

(5) /——(%3)~ #/f/x»‘—i]yf—f}dﬂ. /ﬁ?‘/%dzﬁ_

where Loty Lonses

ol (17 = ‘2__—/{‘: () (=2 e e kit esnt s
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which coxmesgonde} to /’ A 7‘ o
J;:_“/%f/ ( }/M,c) /d,a,q... e~ KT |

Assuming tha'b the gseries (3) is the Fourier series of a

function of bounded variation H it follows from Theorem 5

that
//fiw log)/ ey <&

Then if £(x,y) belongs to class C,(r=2,3,4,5) it follows
from Lemma 2 that the Cesaro mean T. . (x,y) of the series
(1) fulfills the corresponding class property uniformly.
Hence according to Theorem 4 the series (1) is a Fourier
series of Class C,(v=2,3,4,5).

Since the series

AT oD an = OD

Z-Z ATn Aan X R WA

A~ A~
[ d GV V N |

is itself of class C,, which may be proved by applying

Theorem 5, no proof is required for class Cce. We assume
now that the series (1) and (2) are Fourier series of the
same class. If the series (3) is not the Fourier series

of a function of bounded variation H then

S I s A
a
is not uniformly bounded. Then according to Lemma 5 there

exists a continuous function P(x,y) (which belongs to

classes C,, Cyy and C, ) such that

/éuw/a/v-f»//m,w (°°)/—

MM—-’



that is, the Cesiro mean is not uniformly bounded at the

point x=0,y-0. But if the series (1) is of class C.

(Y= 2,3,4) then according to Lemma 3 and Theorem 4 the

Cesaro mean should be uniformly bounded everywhere. Thus

we have a contradiction and the theorem is proveds ‘
INVARIANT THEOREM 7. A sufficient condition that the

series

(1) ZZ AWW 79-~ &’(‘7‘)1

without a constant and without terms in one variable, be a
Fourier series (class C/) when the series

Az 0 Azl

@ L iy,

anz|] e

without a constant and without terms in one variable, is a
Fourier series (class C,) is that the series

ANz 0O ane R

ZZ AM»«:M’”"M:{Z’/

(3) Prraive A AN

without a constant and without terms in one variable, be a

Fourier series of an odd function of bounded variation H.
Let f£(x,y) and g(x,y) be respectively the functions
corresponding to the series (2) and (3). Let

Foug)~ S 40514
- -7

Then - ma A (w.,.
~ ey e Z 7 M_:Ai”—wmywk; Cog 3 X A ¥
Wer | AN
: )

Qo A
-—;:::’"“‘““‘“" y s

S &"LMMXMMyj

47
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(9) E.W.Hobson, The Theory of Functions of a Real
Variable, vols 11, Ds712s
The statement of the theorem referred to is

_"The necessary and gufficient condition that a double
trigonometrical series, without a congtant term, and without
terms which contain one variable only, shall be a Fourier's
double series is that the series obtalned by integrating .
each term with respect to both variables shall converge
uniformly to an indefinite integral."

That is if the series

Ann OO awz D

ZZ (QMA,mewm%i-- - - +dW,OA:~\«AYA/:m1~3_)

(a) Azl W=
is the Fourier series of f(x,y) then the series

AnSe Al Vi AP

Bankakiadt “>°° dww Clkuav- 9 W
___—-@,o’)mxw'\\\a-— ______Q,\owxzdm ‘-3,.

is a Fourier series which converges uniformly to the

function x 9

F(x,y) = f j £ (x,y)dxdyy
- ST

and conversely, if the series

oD am D

(e) ZZ (d«..«.e/"”\x wuk}-\-—-——- -- +&%“A£~w¥,dfmwd_>

Amz| =)

is a Fourier series which converges uniformly to the

F
indefinite integral F(x,y)- f ff(x,y)dxdy, then the series
- -
oz 0wz O

(a) Z Z {\M» d,.. W wy Lo wy = Cons CHD WY AN e

Yan \ AN |\

\QMMA/:N- Ann ¥ Qy;'k\]_ 4+ AmoAan &MMM UK A m}.}

= AN AN

is a Fourier series of an integrable function £(x,¥)e
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Also

awn o) nE b

ZZ /).MM Cu> X crm i

A= | A=

is the Fourier Stieltjes series of g(x,y) (p.l5).

#»/F/Xv*—?f,;*?ﬁ)céy—/?ﬁ?ﬁ}:
4 )
77" Lt

22

=l -

Coo o (% f‘?{/,d/‘;ﬁ\/yrf‘ﬁ/—_ﬂé‘*_j;‘_‘_%m/x-/-;‘é/cw,,n/y_f—?é,/

- Cm e
# Lo i b #/A;,M/}ﬁe///(;a?/,é 4) =

B O > O -~
Aotison /ﬁ_ Coomx Crry G [ Crnx Ay

T2 2 e
A e Ut A

we shall show that the function
- ~
77_.,6//=/)< 7 7—*74—)4/7/7,‘,7‘/

is an integral, that is, absolutely continuous. It follows

(see reference above) that the series

A 0D anz WD .
Z /)“_M//wvcnhx Crny o+ .

ezl Aanczl

'f‘(;...._,dz\:»‘w'-)‘ WM} -+ dw,,_ MAMX,OA:AV\H/}

w'mxﬂ/;w '“;/-

is a Fourier series (class C,).
Since F(x,y) is absotutely continuous we have

= /4, Fo,g)]< €

for every set of non overlapping cells R in A of plane

measure less than ‘v\.
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This is not only true for F(x+1‘, ,y-i—{l) for any fixed value
of t ,t, but it is also true when t, and t_ very. For,
A“F(xg-‘h ,y]. +t.) for a cell (xA:,yj'; .. 9%er) ) .
is equal to '
A, Fx; ,y]-) for a cell (xA.+’f.,y1.+‘f:,; x.+1, ,3;.:1‘,,).
Thus the variation of F(x+t, ,y+t,) over a set of non
overlapping cells of plane measure less than V| is equal to
that of F(x,y) over another set of cells of measure less

than v, and is therefore less than €, whatever value t and

t, have, Thus the total variation of

A/F/xvﬁ?fj /"'74’ )&Cy//zﬁ A/

over a set .of non overlapping cells of measure less than V]

is less than
e [/ AR

But_{/d-? 7, 76// is bounded since g(t, ,t,) is of bounded

variation He Therefore

/P/xwé,yﬁ‘v)%?/ffﬂé/

is an integral.
. N
THEOREM 8., If the Cesaro mean of the series

k:w_ﬂjob)
a
kgzzs (e “le

where Au.s % P~ and « ,f,. are convex null sequences,

\ (
is bounded, then so is the Cesaro mean of the series
hmood £a 0

> Z Gy .

k,:\ Q.——( -
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That o/lM is a convex null sequence means

i X = ©
~— —p oD

and

AKX = AL~ 2 od_., T od__ 2 0.
Tt follows that /. is also monotone decreasing. This theorem
is partly a generalization to double series of a theorem of
S.Szidon in Mathematische Zeitschrift, vol. 10, Pe.l22. In
his proof he employs the following two lemmas:

(2) To any sequence €, 9C,y = = = 3 Gy = 7 for which

m_%lgl c.=+2 there is always a concave sequence b,y b,y = =

- - 4b,y - = for which }},‘{}ob:"" and b < ¢ 4

(b) If the sequence by b,y = = =~ s b, - - is concave
and lim b - - , then the sequence l=. s T T —L—;, --=

is convexXe

Also, Szidon uses the following identity
ré M=/ /

)

"‘h‘”‘e( L - /M-A)A A;wé—é (a4 + ),

) A= s M_k,{./ ﬂ/

5. Fmeki)a,,

s Bk
yory

/a’é:—;/;: / A/‘(/A:/&L'H“/Léé‘

Since /ué is a concave sequence, that is,
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YW, 20 A D0
A/“/Z—O/ s » the expression C is negative.
The identity (1) may be written in the form
Ak

) SM =k=;£:_;\ ka Z—(te,_ﬁ +1 \(\ a‘h- /M'MZ (M:\k:-l)}\hak

Let
hewa L=an S Ry
5 SMM- z %( M—e—l)( = __.)a\u,
ke M.,La-\)ei “”i‘")am
) k=1 ( ~ A=t .
@ s' - b Qw(”'“*‘ (=) o), By P
~ L:-\ l:\ .
5 (e F (o

By using the identity (2) we obtain a relationship between

the summations over n in (3) and (4). Thus

Wzam - L=ar=t 1~:£. s
(5) Seee ® Z(“i—i—f-‘*){ﬂzﬂ Ceel %, () ity ]+

. Lo v 2t A
L};_ “”M’L+'>{ZCML ( 1z )(&10.&{%_;.

= t\=| Amn .L=‘ 1
bzva Lo - ~-L
e S5 (=) () P

Employing the identity (2) again we can obtain a relation-

gship between the two series

“Z“(”‘“”W{Ii'mz("”’LMQ‘*3

=t
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Finally, applying the identity (2) to the last term of

equation (6) we obtain

L-\M 4— AM__L__., +1 a, =
@) V. 2 2 (= =) Pa e
=1 L=y LW'I R

(omn 1 . )
=Y.,I—Z": (== )FL{Z Coke 2 (E) e g +

= )

.‘_
/ (NEY]
o~ L\Ml I’L-’A
=Y‘M§(MM )ﬁ ZC L,Z( H)"(al’-
bz w J/ PN -L—*-I Ay 0( a
— — k,ﬁt ke -
*‘/’&..VM EL'( > )

Combining (6) and (7) we have
he wet £e -t ;
8) J.._ = > 2 ConCled +

‘\,:l R=1



[
Since (8) is an identity in S__and S__ we can take
\

) ) 3 - SR
5,5 8,7 8.~ === =S =1, St AT AN

An

Then from (8) we have .

basl  fz =y { .

/=ZZCkC+w@ZQ4ﬁ *

L=/ Le / L=l
AN
é=m-:
S A R A

"')Qg-(m.é'/u,v, A Ve

or
L:&(i &_' ﬂ::-( l:m-/

e 22 C L C tH 2 C Y C o+ Y
/M ! b=t £z LR /umlu ot b= b /u
Similarly frorg the identity (2)

s/u-/
=/

==/
v, - 2 Cox* Y

=/

S:anle - e
he Wt fe w- - Uam _ .
LLZ%:C LC; o, %_'C‘_.,L_'=‘3 %‘,‘CM,L"O,
=1 !
we have , L
RN L Wl = w~=l wasl
(9) Z.ZCM.L,,C /*v,..%-{C g_(-p\( WU4—/A~_M

éu /u)(\r* V)+<Y- )/u«.. (/"&../“)V +/\A,\, .
RV PTRR A JIRE Y  AR VAN



Now if ,
/5,‘,_”/ = /N
then from (8) artd (?) Lo
W /S /= 17 Z 2 CfCp+ e (12 [Cu] *
Lz by

A S SN M Ve =
=M /4/“Mmf, ~2/u«,x4-2/umv/; -/-/b’«/‘//)
<« M4 YL + M,V ) < 5 M AV

If we assume that S.... is not uniformly bounded then there
is a subsequence n}\,nq. = pk of myn such that

1im )s l - b
ko0 {’k
Let us choose

\/4_
an M, | Sk

i
«‘“i < | Shz.\ i

where m,111. = pk‘ This is permissible for, according to
the two lemmas mentioned at the beginning of this theorem,
there exist two convex null sequences corresponding to /(,LM_ .

and Y;"i . Tt follows from (10) and (11) that for the sub-

sequence H}.,n_i = ph

\Sh,,\ < SM\SH:\
Thus we have a contradiction and the assumption that S.....

Yo

is not uniformly bounded is false.
By analogy with the above theorem we obtain
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walD msed

THEOREM 8A. Let 2. Z £._. (x,y) be a series whose terms

M aa)

are integrable L in A, Then the sequence

S S 7))

\
is uniformly bounded, where S, (x,y) is the Cesaro mean of

the given geries, when the sequence

LSl )] %

. . N\
is uniformly bounded, where SLM~(x,y) is the Cesaro mean

of the series

A—D D Wz 0O

T2 e o Foee O9)

~a

and %»,ﬁm are two convex null sequences.

THEOREM 9. The integral of the absolute value of the

\
Cesaro mean

lawt  fzun M-L.- C}) (X
(1) 0:&[’“%)’3-:‘}( )P )

of a Fourier series

PR~ R VS

@ ZZ ?LM Gay)

without a constant and without terms in one variable, is

uniformly bounded, that is,
//g- (rg)) oy < G .
Let the function corresponding to the Fourier series (2)

be £(x,y)s Then the Fourier series corresponding to the

< ¥
F(x,y) - / / £ (x,y)axdy

~T -7

integral
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18
- w= o0 A.,.._ ™ — CMM MM)C/QM'V"
Z Cr uax QN a. hadeatoatl ‘a—'
ArA An
AMawl A=y

— beun P ihetdiat R Orwn /.\/\:.--\MYA;»M-A, g .

Apuny Pt APrr are

The function F(x,y) is of bounded variation H. (10)
(10) E.W.Hobson, The Theory of Functions of a Real
Variable, vol. 1, p.608.
It follows from Theorem 5 that

//7:-1 Cog)/trty < G

where T (x,y) is the Cesaro mean of the Fourier series

A AN

of F(x,y)es But
v
T_ _(X,¥) = 0o (xy¥)e

Hence

‘A//ﬂ:;_ /x,;c)/aazoéz, e g

INVARIANT THEOREM 10. The necessary condition that the

series

--~—°‘6 - oD

@ Z 2 Ao byl

an e |

without a constant and without terms in one variable, be a

Fourier series (class C, ) when the series

=S Al m oD

(2) > > ngM (x 2,)

ATl Aas
without a constant and without terms in one variable, is a
Fourier series (class C,) is that the series
ame 0 e OO0 {\W“MM)CMMY

A e S

(3) ~=0 =




58

without a constant and without terms in one variable, be

the Fourier series of an odd function of bounded variation H.

W.H.Young (11) has shown that the series

'4..-,0&

C>( Cr~—n
4) @Z ~ >

ig a Fourier series when g; is a convex null sequence.
(11) W.H.Young, on the Fourier Series of Bounded
Functions, Proc. Lond. Math. Soce, vol. 12,
(1912) Series 2, P45,
Thus

«».:.‘-oﬂ A= 00

(5) ZZ oA, ﬁm Cay max SO A

S\ am =\

Is a Fourier series when d_,f_ are both convex null
sequences. If the sequence M. always transforms a Fourier

series into a Fourier series then

am=oD wz=od

(6) ZZ AWA,O(MPM Cp K RNy

A=\ el Y, N

is a Fourier series. If 0..(x,y) is the Cesaro mean of the
Fourier series (6) it follows from Theorem 9 that

S/ O ) ) e oy

is uniformly bounded. It follows from Theorem 8A that

Vé/;/'ﬂ::lb /;Jygy/agzcﬁ7y-

\
where (_.(x,y) is the Cesaro mean of the series
--"° A ©0

Z > /\w«.. CuD A G YT

A | ~a

is uniformly bounded. But 0Z.(x,y) is the derivative with

|

respect to x and y of the Cesaro mean of the series (3).
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Hence from Theorem 5 the series (3) must be a Fourier series
of a function of bounded variation H.

INVARIANT THEOREM 1l. The necessary and sufficient
condition that the sequence l\ww trangform the Fourier

series
s 00 = o2

@ L 2 P (x ),

Ap - | =

without a constant and without terms in one variable, of

class C into a Fourier series

~ = 00 amT

(2) Z—Z f\wme?ow (*f?')

of class Cy is that the series

oD  aw OD - .
557 A e o e

(3)

without a constant and without terms in one variable, be

LV P | ~ e

the Fourier series of an odd function of bounded variation H.

Necessity. It is agsumed that

s B Az

@y )< //7/x, Jwely = T2 qﬁw (o, )

=1 a~z=
-

and x g i pd wz 00
) G gl //7&,}/@4; « Z2Z e bty

Then the Fourier series of the function £(x,y) is

—~ D Amm b

6) =z Aoy,

Aprs 2 4 ~n ]

and the Fourier series of the function g(x,y) is

A ® OB AN

@) ZF A P i),

N ]

where " indicates the derivative with respect to X and y. (12).

(12) Ibid. p.48e.
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But the condition that the sequence A .... transform the
Fourier series (6) into the Fourier series (7) is precisely
the condition stated. Hence the necessity is provede.

Sufficiency. If the sequence Ag“h satisfy the condition
stated then it transforms the Fourier series (6) into a
Fourier series (7). This' follows from Invariant Theorem 7.
But if the series (7) is a Fourier series (class C,) then
the series (2) is the Fourier series of an integral (p.48).
Thus the sufficiency is proved. _ ‘

Tf we combine Invariant Theorems 6,7,10, and 1l with
Invariant Theorem 1 (p.2) we obtain

INVARTANT THEOREM II. The necessary and sufficient

condition that the sequence Au. transform the Fourier series

a3 00 s

=54 uy)

(l) LYVECAY.Y AAS O
of class CY(Y=1,2,3,4,5,6) into a Fourier series

0D A= 0O

&) 2L N P )

Anc=0 A= 0D

of the same class is that the series
weP s

%300 M= o . DOA < ~
S ax A - A T 4“M,QA“MA¥4M4%%:
3y Z Dot 57 Aonf¥ o Z 2 o~

~e) Aamzs \ M

be a Fourier series of an odd function of bounded variation H.
The validity of this theorem is apparent from the discus-
sion under the topic Method of Generalization, p.1l0. For con-

venience we shall speak only of class C,.

sufficiency. Each of the above series may be resolved into

three partse
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1a) Z % ()
(1b) > P, )

(Le) pa bl ¢__ 4)
(20) )L . &)

P o D

(2b) ZE N B C2)

Mm=/

2.7
(2e) L N P Giy)

(3a) g A s e - ==

(3b) T Nom iyt

(3¢) TR E A iy T

The two series (3a) and (3b) satisfy the condition of
Invariant Theorem 1. Hence if the series (1) is of class C,
so are both the series (la) and (1b) and it follows that the
series (2a) and (2b) are Fourier series of class C,o Also,
if series (1) is of class C,so is the series (lc). Simi-
larly the series (3c) satisfies the condition of Invariant
Theorem 7 andit follows that the series (2¢c) is a Fourier
series of class C,. If the series.(za), (2b), and (2c) are
all of class C, so is the series (2) (p.10).

Neceésity. If the series (3) is not a Fourier series of
a function of bounded variation H then not all the series
(3a), (3b), (3c) are Fourier series of functions of bounded
veristion. Hence not all the series (2a), (2b), and (2c) are

Fourier series of Class C,. Then the series (2) cannot be a

Fourier series of class C, for if it were then the series

(2), (2b), and (2c) would all be of class C,.
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5. Covariant Theorems. We shall now obtain covariant
theorems corresponding to the Invariant Theorems 6,7,10,11.
COVARIANT THEOREM 6. The necessary and sufficient con-

dition that the sequence A .. transform the allied series

anmz= 00 Ao &

W I P ),

L s

without terms in one variable, or class C v((” 2,3,4,5) into

a Fouriler series

ua.._ob ~z ed

(2) < Z Ao Fe o O ),

without a constant and without terms in one variable, of the

same class is that the series
Ma—i‘\ht oD Aw’“ A e
> > =y S

(3) A = | =y atiitad

without a constant and without terms in one variable, be

J

the Fourier series of an even function of bounded variation

H.
Sufficiency. Let the function corresponding to the allied

series (1), without terms in one variable, be f(x,y). The

Ceséro mean of the series (2) is

[ %2 ) = —-L/:f/h“?é;*?‘) /7‘ 7‘//&‘00/'
where/ ) Ao y e
" >~ o=k a- Ll C
C:h~.ﬁ%/i/- ij //' /Z¢4h4{7‘f'}¥/£= au,/z‘ OA -

Lzt »/:/I'/

WPNE S skl ) | sin b 2 LT,
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But since f£(x,y) has an allied series without terms in one

variable we can write,

@) T tmg) < A 7/00% g2 R0l AR L

where
Aotud fony

UL R L ok )L ) i A i K

Corresponding to th(t,,t ) we have
/:/a-/ / h

0= /47 = %—Z /w—é//m-z/ Aes ca-«é;‘ Cos L7

which is the Cesaro mean of the series (3). If the series

(3) satisfies the condition stated then according to

Theorem S
S T e p) 4

is uniformly bounded. The remainder of the proof goes
through precisely as in Invariant Theorem Ge

Necessity. The series

An = o8 gas o0

S5 ceeomx e

Ann
Ao/ A a/

is an allied series of class C, for it is the series allied

with naadelatlinainda - -
>y A e sy

vzl we
Thus no proof of necessity is required for class C5. If the
series (2) is a Fourier series of class C,(2,3,4) when

the series (1) is an allied series of class C,(Y-2,3,4)

then it follows from Theorem 4 that the Cesaro mean T..(x,¥)
fulfills the corresponding class property uniformly. Then by
Lemma 3 T__(x,y) is uniformly bounded everywhere. Suppose



The series (3) does not satisfy the condition stated, then

p
_A//ﬂ:,_“ ) [ e clp

is not uniformly bounded. Then by Lemma 5 there exists a
continuous function #(x,y), with an allied series in class
G (Y = 2,3,4), for which T. . (x,y) is not uniformly bounded
at the point x=0,y=0. Thus we have a contradiction and
the theorem is proved.

COVARIANT THEOREM 7. A sufficient condition that the

seqguence Am... transform an allied series

AP M=

1 22 b (x4,

Al A ™

without terms in one variable, of class C, into a Fourier

series

A D wz oD

@ 2 A m b O

Anm 3| A~
of class Cl is that the series
W R X4 AM“ e/ﬂ'\/"\\( ww:a:

(3) 2 2 -

Az | an D\

without a constant and without terms in one variable, be a
Fourier series of an even function of béunded variation He.
Let £(x,y) and g(x,y) be respectively the functions

corresponding to the series (1) and (3)e Let

Flay) ’i_fﬁww%-

Then
P Y . d C
F(x,y) = 2 2 xeong ‘s

NP e ey

Ay Bl anz |

(4 G ° o~
_wav- M.annm\a,-*— M»WM*W ‘a—}‘

’\AA.M
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A.lSO, AT oD = Of
ZZ_ /}M.,... . a,v._.-»-f

Aree wa \

is the Fourier Stieltjes series of g(x,y).
——L—//—‘AH@ y*?‘ /47/75,7‘/
sy o fert] S0em )

B/ e/

s e W/Hf/ww/ L ot )

# Lo s o 0 #/MM/%M@]/;&?A;/V/

Awn=0D anz b é
dmw uwmxawyth.+ M*CwmxANM&va

= ZZ o

Az | nwe

Consider

A~ A~

-~ d/—vu-m 4 - A~ ¥ .q,:_. «A.a/‘ /)MM} .

e AN

It can be proved as before that the function
_/
;;T;J//<}=//X -7, ;L7L7é//“%? /7§7§’/
a

is an integral. Therefore its differentiated series is a
Fourier series (class C,), that is,
anzed sz 0D

{cém. T L el

2 A
Rran o X AM**‘*QF S

=) ]

R T R

~mazoR w0 —
= Z Z (\,\M,\,. #mm (X, \a'>

Mazt AAD)

is a Fourier series (class C‘).
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COVARIANT THEOREM 10. The necessary condition that the
sequence AVN\transform the allied series

-v«“—oa =

(1) ZZ - (=),

M |

without terms in one variable, of class C, into a Fourier

series
~~w OB ez R

5 Aee P o)

- | A~

(2)

of the same class is that the series

W\’OD vu-Da

"5 3" M enr on

PV R Y

(3) )

without a constant and without terms in one variable, be

the Fourier series of an even function of bounded variation H.

The series
~ = oo )
> (= A )

(4) A e\
is an allied series, allied with the Fouriler series

w°.°c>( C_gO A X
(5) VZ\ ”“

of class C. . See page 58. Thus

6 L 2 O (B Srm ¥ ey

Arnz | A3

is an allied series of class C,« Then if the sequence O\ e e
fulfills the property of transforming every allied series
of class C, into a Fourier series of class C, the series

T D s

ZZ (\m-(>< Fm,o.meAmm‘a/-

(7) ATl Ano|
is o Fourier series of class C,. It follows from Theorems

9 and 8A that
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S g/ < G

where
Y /aiz_-/ Mok ik i St ) .
02 Gy e 2 (N S il o
s L2/

Corresponding to the derived sequence /=l .. (x,y) we have
d:. W—/,(’:A—/

Oz tup)- 22 () L ot oo by

Then according to Theorem 5 the series
anm ol anxod

A o A~ ~
%zz G X ey

AAn, W

AN Sy

is a Fourier series of a function of bounded variation He.

COVARIANT THEOREM 1l. The necessary andsufficient

condition that the sequence Aw. transform the allied series

e @0 Avs b

Z 2 b O

(l) | A= 4>~_~M j/)/

without terms in one variable, of class (6 into a Fourier
series

D asnd

(2) ZZ 2\\,,_“ CF'____‘ C><,‘1»)

A | |

of the same class CLis that the series

= 0 = od
L N S
(3) —..._Z. \.th NS ) /

without a constant and without terms in one variable, be

the Fourier series of an even function of bounded variation He.
We employ the theorem of Hobson mentioned on p.48. If the

geries (1) is an allied series of class C  then the geries
T 37 o Qs e i b @ g
(4) Azt W )

+NWMQM,~_AA:\~\MX en'vua, 4= AN &M,,. ‘Q-)\N\M)(M«’V\a__g
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is an allied series of class C,» If the sequence l*wm satis~
fies the condition stated then by Covariant Theorem 7 the

series

oo —-w O

Z Z 2\«;». {/W\M am..@"’)’w\x M%a» T A~ [0,\,*,\,(‘/)4\:\{ MM?

Al

(5)

4-MA~\(1,N~ﬁuQAxAx &w‘na~~+ NMA~Ci-M.A~;~’“*X'ﬁAL~“~ﬁ/'S

is a Fourier series of the class Cl' But if the series 5 is a
Fourier series then the series

a3 A AT o0

6) ;Zj 2 (\““Q~ICQ~“-Cw1MAn<u4«A%;-(:M~V e X RAana Mﬂk

M=l =

'uwﬁ@umx&nm&~+de.WQ““”M@WKKS
~ A e e P O6)

is a Fourier series of an integral, that is, of class C .
Thus the sufficiency of the condition is proved.

If the series (1) and (2) are both series of class C,
then the series (4) is an allied series of class C, and
the series (5) is a Fourier series of class C, . But in
order that this be so it is necessary, according to Covar-
iant Theorem 10, that the sequence Aw.. 8atisfy the condition
given. Thus the necessity of the condition is provede

Now by combining Covariant Theorems 6,7,10,11 with the
covariant Theorem 1 of p.2 we obtain

COVARIANT THEOREM 1ll. The necessary and sufficient
condition that the sequence s~ transform the allied series



69

AMA = DDMu—Do__.

T h )t I G Gy

A= A=

(1) Z C}D (")""

A~ my e )

of class C_(¥=1,2,3,4,5,6) into a Fourier series

MnAaA = Do M—Do

o 2 F ) CEN L LA E 6

Azl anzt

of the same class is that the series

~—z o0 m= e ofioitay CnME CRNY-
f\m Cednmn X (\owe"""‘_‘?( i €
(3) MZ:._; o""" MZ:—:' 4»2-:! %l ~

be the Fourier series of an even function of bounded
variation H.

The detailed proof is similar to that of Invariant
Theorem I1I,

6. Application. We can apply the theorems of Fekete and
Bochner and of the present paper to the problem of con-
vergence factors for Fourier series.

THEOREM 1., The necessary and sufficient condition that
the sequence Aw transform any Fourier series

-~ R

) . _.
without a constant term, whether convergent or not, into a

(a QJ‘)M)C"*-E ;o--~~\¢c>

Fourier series

~

(2) =
which converges uniformly to an indefinite integral, is

~

|2\ (Q e,amx 4—-\0 S A~ X

that the series
= o0

be a Fourier series of an even function of bounded variation.
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Necessitys If the series (2) is a Fourier series of class
C then the series

~s .
(2) Z(\M(—MQMQM’V\X 'l—/vxlomwmx)

AR ‘
e e (b G x = Qe k)
=
is a Fourier series (class C|) (13).

(13) E.W.Hobson, The Theory of Functions of a Real
Var‘iable, VOl. II, po 5530

The series

ez

& O (b.enmx— Qo Ao~ %)

Mﬁ’

is the series allied with the Fourier series (1). According
t0 Fekete's Covariant Theorem I the necessary condition
that the series (4) be a Fourier series (class C, at least)

when the series (5) is an allied series of class C,(¥*1,2,3,

4,5,6) is that the series
~e oA wz e
MAMMMX _ Z—AMMMX

(6) Z ~ h =

M~

be a Fourier series of a function of bounded variatione

sufficiency. If the series
oz D MA.\,\ C o X

A~ = OO
ST D &P X = 2 —

A~

A =

is the Fourier series of a function of bounded variation
then according to Fekete's Covariant Theorem I the allied
series (5) of any class C, is transformed into a Fourier
geries (4) of the same class. But if the series (4) is a
Fourier series then the series (2) is a Fourier series

which converges uniformly to an indefinite integral.
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THEOREM 2. The necessary and sufficient conditon that

the sequence AMM~ transform any Fourier series

~—~ - sz

(1) ;Z:-ZZ: C#~*., (x'jf),

Anm = | -=.‘
without a constant term and without terms in one variable,

whether convergent or not, into a Fourier series
waoo v\:oo

2 .3 (\** P o)

which converges uniformly to an indefinite integral is

that the series

Aan = OB o= o0

(3) > 2 AAM”*,QJQ'WN” nise'e

M=zl AnNT)

be a Fourier series of an even function of bounded variation

H.

_The proof goes through as in the preceeding theorem using

Hobson's theorem mentioned on page 48 and Covariant Theorems

6,7,10, and all.
By combining Theorems 1 and 2 have
THEOREM 3. The necessary and sufficient condition that

the sequence AhW\ transform the Fourier series

A B ANT

(1) Pt G )

A3 O Aa= O

whether convergent or not, into a Fourier series

~— 300 ALz

(2) ZZ {\WM q)wm ("'})

Anre= O A~ o ©

which converges uniformly to an indefinite integral is that

the series



72

- - 0O "= oD w0 =l

(3) J e, 0 nx 1—Z_/\\ &nwi,-l— L0 Qe Crms enNY-

A= e | ATl W)

be a Fourier series of an even function of bounded vari-

ation H,

THEOREM 4. The necessary and sufficient condition that

the sequence A“, transform the allied series
M:DQ

(1) (lo en nx = Q. me)

’\h(—'

of any class into a Fourier series

~= 00
M =y
which converges uniformly to an indefinite integral is that

the series
~ = 0

I
=

be a Fourier series of an odd function of bounded variation,
Necessity. The Fourier series corresponding to the allied

series (1) is
an =00

(4) .7
If the series (2) is the Fourier series of an indefinite

(}1 Cnmx + b QA AN X )

integral, that is, class C,, then

PUSE - s

is a Fourier series (class C(). (14).
(14) Ibid. Po48.
But according to Fekete's Invariant Theorem I the neces-

sary condition that the series (5) be a Fourier series is
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that the series
-~ ol

sz o0 R
= Z —{\MQ_/\MMX

~ )

be a Fourier series of an odd function of bounded variation.

Sufficiency. If the series

—~—o - ~~ = oD

~n =) A

~~

is a Fourier series of a function of boundéd variation then
by Fekete's Invariant Theorem I the series (5) is a Fourier
series when the series (4) is a Fourier series. But if the

series (5) is a Fourier series then the geries

ME {\M(bmwmx‘—amﬁz\:«'m\X)

An = |

which is the series (2) is the Fourier series of an indefi-
nite integral. (15)

(15) Tbide pe70e

THEOREM 5, The necessary and sufficient condition that

the sequence Avww transform an allied series

POV~ e

¢D) w,éj‘\: Z'oa q):'—'“ (X‘?)/

~~ - |

without terms in one varisble, of any class, into a Fourier

series

(2) L | =1
which converges uniformly to an indefinite integral is that

the series

(3) MZ=‘ ;t" (\MM Q/\.;e A X s N\.\&/
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be the Fouriler series of an odd function of bounded vari-
ation H.

The proof goes through as in the previous theorem using

Hobson's theorem, p. 48, and Invariant Theorems 6,7,10, and
1l.

By combining Theorems 4 and 5 we have

THEOREM 6. The necessary and sufficient condition that

the sequence Amen. trensform the allied series

—-D an— O
-~-_—_aO = we R

of any class into a Fourier series

= <~ W’D N--

(2) P G (‘X)+Zdo»c¥ (§) + T2 Mn o (3 )

e w| = |

which comverges uniformly to an indefinite integral is that
the series

—~ D Mmoo a3 0 a= O

(3) Z— ‘I\WOWMX + 2_ /\)MAJ‘.M""‘J; + ZZ )\MMmewha,

Arnz=zt and)
A = { aadad|

be the Fourier series of an odd function of bounded vari-
ation He



