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CHAPTER I
INTRODUCTION

A large number of problems have arisen through the
generalizations of ideas involving functions of a single
variable to funetions of two or more variables. Many of
these extensions have proved to be direet analogues of the
results obtained for fuhctions of one variable, while others
have lead to a wide variety of possible extensions. 1In this
paper some of the consequences of generalizing the idea of
the Fourier series of a function of one variable to a func—
‘tion of two variables are investigated., The Fourier series
corresponding to a function of two variables is called the
double Fourier series of the function,

| A fundamental problem of double Fourier series is
that of developing a given function of two variables in a
~Fourier's series and proving that, if the function is sub-—
jected to suitable restrictions, this development will aec-—
taélly.converge to the value of the funetion., Considerable
work has already been done on such convergence criteria for
double Fourier ser;es‘. Many other important questions re-
“iated_to this subject have also been treated. In particular,

as in single series, there is a large body of literature

iFor a discussion of these questions and additional refer—
ences, see Geiringer [25], Gergen [26] and Tonelli [&€] .
Numbers in brackets refer to the bibliography at the end of
this paper.
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2
in which methods are given for associating ''sums'' to non-
convergent series. It has also been found that there are
many ways in whiceh the double Fourier series of a given
function may be said to represent that function. These
questions and related ones have been investigated for ex—
tremely broad classes of funetions. A phase of this theory
which is concerned with the absolute convergence of double
Fourier series has been discussed but slightly®. One purpose
of this paper is to obtain analogues for some of the results
on absolute convergence of single Fourier series and to se-
cure other conditions whieh lead to the absolute convergence
of double Fouriler series.,

There are two important situations wherein the treat-
ment of the single Fourier series differs from that of the
double Fourier series, One difference occurs in the exem-
'ination of tests for convergence at a point and the other
‘difference arises from a comparison of the corresponding
Taylor's series of one and of two complex variables respec—
tively. For the convergence of simple Fourier series at s
point, the only conditions imposed on the funetion, other
than integrability, are neighborhood conditions. This is
poésible since by means of the Riemann-Lebesgue theorem, it

is shown that the behavior of an integrable function f(x) in

.................

*The only results that seem to be known are those of Hilda
Geiringer (3 , C.N, Moore [49) and Bochner [8l. Geiringer
states two theorems without proofs, Bochner proved the
Theorem A.20 stated page 16 of this paper, and Moore publish-
ed an abstraet of a generalization of Zygmund's Theorem A.7
stated page 13.
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3
of the single Fourier series at the origin. To obtain con-
vergence of the double Fourier series at a point, however,
it is essential to impose some condition on the function,
other than integrability, imn a '‘cross-neighborhood'' of the
point and usually the tests impose a condition on the func-
tion over the entire fundamental square of definition. This
is due to the fact that, although by the analogue of the
Riemann-Lebesgue theorem it follows that the convergence at
the origin of the double Fourier series of an integrable
funotion f(x,y) is independent of the behavior of f(x,y) in
the regions R, (S, S3m,m), Re(—r,$:=5,m), Rs(S,~wim,=5),
Rel=ry=rr;—5,—-8), (§ > d), the convergence is not independent

of the behavior of f(x,y) in the remainder of R(an,—n;n,n)'.

ff(s) ﬂ) L

R.3 Rl
ik, 3

Y
(—%"7
(mm_ &

(m,17)

(~77;—J){) | - (7,-3)
| R. R.
(1)
’ (—J,—)T)T N 3,T)
.. Figa |
3See Geiringer [25, p.106] end Gergeﬁ_Egg; p.3%].
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In the second situation concerning the power series it is
well known that the discussion of the Fourier series of a
function of one variable amounts to the discussion of the
real part of the Taylor's series of a function of one complex
variable. This is not the case with double series since the
discussion of the real part of the Taylor's power series of

a function of two complex variables does not correspond to
the discussion of the double Fourier series of a funotion of
two real variebles. The distinction will be shown in detail
later.

There are several ways of defining the sum of a double
trigonometric series according to the manner of summing em-
ployed. Thus, ohe is immediately confronted with meny poss-
ible extensionﬁ of the convergence of single trigonometric
(or Fourier) series to that of double trigonometric (or double
Fourier) series, Sums by rowe and columns, over triangular
regions, rectangular or square regions, and by the spherical
process have been employed. Usually the sum is taken in the
sense of Pringsheim* but the spherical sum of Fourier series
employed by Bochner [8] removes the necessity of a ''cross—

‘neighborhood'' condition for that type of sum., We shall

assume the sum to be taken in the sense of Pringsheim, al-

Py .
Pringsheim [53] ¢ The series a converges, to sum S,

m,ngo
or ml;mobsmn-s in the Pringsheim sense, if thers corresponds
9 =3
to every number O < £ an integer N sueh that, if N€m,N<n,

then
iksm-s 1. ¢,
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S
though if the series converges absolutely, the sum is inde—

pendent of the manner of summing.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



CHAPTER II1
NOTATION, DEFINITIONS AND KNOWN RESULTS

The funetion f(x,y) is assumed to be defined in the
square R{-m<x <m,-m<=y=n) as & real valued function of the
two real variables x and y, of period 2m in each variable,
and integrable in the sense of Lebesgue, If, moreover, f(x,y)
is integrable to the p'th power in absolute value in R, it
will be said to be in class L¥ in R, or simply in LP(R).

We shall use the notation

(2.1) Ar(x,y3h,k) = £{x+h,y+k)-f(x,y)
(2.2). A1of(x,y5h) = r(x+h,y)—f(x,y)
(23], 0\ 1f(x,75k) = £{x,y+k)-Ff(x,¥)
(2.e) Diaf(x,y;h,k)=f (x+h,y+k)=F(x+h,y)—f (x, y+k)+£(x,¥) «

By a '*net covering R'!' wé shall mean a set of par-
allels to the axes:

(2.5) x-xi(iso,l,...,m), -41=x°<xi<...<xm=n

7=y 3{3=0,1,.00,n), =YoL V2 < oee L Tp=ms
If the points (xi,yj),(xiu,yj,,,,),(xi,,,,,yj),(xi,yj_,,,) repre-
gent the corners of a cell of a net eoveriﬁg K, then we let
(2.6) Af(xy,74) = £(Xg42,T502)-T(24,7y)
(2.7) Daoflxy vy) = £(x142,73)-L(24,7)

(2.8) .Aoif(xi,y'j) = f(xi:YJ-o-:.)"’f(xi’Yj)

(2.9) A,lﬁ.f(xi)yj )=f(x1+1,Yj+1)“f(xi+1an)“‘f(xj.:YJvH.)*f(xi’yj)0
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We also employ the following notation
?\oo” %., ’Amou Aon. ﬁ., Amﬂl, (m>0,n>0),

Ago= .i_faoo, B, (x)=2 (8 cos mx + b sin mx), m> 0,
Aén:{‘y) g“'}ton(a cos ny + ¢, sin ny), n>o0,
A (x,y)agmn(amnoos mX cos ny + by sin mX ¢os ny
+0pnc08 mx sin ny + dp,sin mx sin ny),
m?—o, nz 00

With these expressions we write a double trigonometric series

0 o
(2.11). S E }\mn(amncos mx cos ny + b sin mx eos ny

m=0 n=0 + ¢, cos mx sin ny + d;,sin mx sin ny),
in the form

(z 11)! Z\ZAm(x V)=hqo+ ZAmo (x)+ Bon(y)* ZAmn(x y).

m=0 n=0 .. m=l n=1 m,n=1
The double Fourier series of f(x,y) may also be written in

the form (2.11)' if the coefficients are defined in the

following menner

s—fj uv cosmuaosnvdudv\
bmn = "L'f I f{u,v) sin mu cos nv du dv
-7

(2.12) >m,n>_o.

T e
Crm = ff f{u,v) cos mu sin nv du dav
™
O L

T AT

f(u,v) sin mu sin nv du dv)
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It is well known that the extension of the idea of
the continuity of a function of one real variable leads to
the so—called "modulus of continuity'" and "Lipschitz" con-
ditions [6f. Zygmund 71,p.17] . These Lipschitz conditions
and integrated Lipschitz conditions give classes of funoctions
which are important for the discussion of the convergence,
uniform convergence, and absolute convergence of single
Fourier series. Hardy and Littlewood [34],[36] ena (34,
have obtained relations between different Lipschitz classes
and they have made many important applications. Particular
‘results concerning the absolute convergence of the single
Fourier series have been demonstrated by Bernstein $ and
[6], Bochner (8], Hille and Tamarkin [38] , Salem [56] ,

Szasz [59), B3] and BI , Tonelli {64) end [63), Wiener [88],
and Zygmund [73) ,[72], (78] and (74 °.

| Tonelli [65,pp.450-472], Faedo [20], Cesari (1] and
others have shown that a function of two real variables con-
tained in certain classes of functions defined by means of
Lipschitz conditions possesses a convergent double Fourier
series., In order to investigate the relations between such
‘classes, as well as to consider the question of the absolute
cbnvergence of the corresponding double Fourier series, we
wish to define some "Lipschitz" and " Integrated Lipschitz"

eonditions on f(x,y).

®*See page 12 of this paper for a statement of some of these
results. :
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9
In the following definitions, cX and / are positive
constants (> 0) and K=K, is a constant depending only on the

funetion f£(x,y) in R, end independent of (x,y).

Def, 1. Lip(o(,7) denotes the class of functions such that
=8
JAL(x,ysh,k) 1 = 1£(xeh, yok)=f (x,7) 1 £ KU} ™+ Jxf? ),
for all points of R.

Def. 2. Lip,,(X,4 ) denotes the class of functions such that
£ (xah, yok) =2 (x+h, ) =F (x, 74k ) +£ (x,7) | £ K(Inf T+ jk17),
for all points of R (i.e. | A..f(x,y:h,k)I<K(In]™+ Ikf?)).

Def. 3. Lipx in x, denotes the class of functions such that
| Asofix,ysn) | & I (x+h,y)-f(x,y) < K In]™,
K independent of x and y, for all points of R.

Def, 4. Lip/ in y, denotes the class of functions such that
1leat(x, ikl = I8 (x,y+k) £ (x, 7)1 Z K Jkl”
K independent of x and y, for all points of R,

Def, 5. LipS,,@x;ﬁ) denotes the class of functions such that
I (x+h, y+k)~f (x+h,y)-L (x, y+k)+2(x, 7) | < X 0] (k17
for all points of R (i.e. |, .f(x,ysh,k)l =K [0l [k]|® ).

Def., 6. Lip(CX,;?;p) denotes the elass of funetions in LP(R)
| i

such that AN |
. o
M(Z}f;h,k;p)s i;t//.y)ﬂ lf(x+h,y+k)—f(x,y)lpdxdy' Z K(|n{ +lklp3.
¥ =17
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10
Def. 7. Lip(e(, 4 ;p) denotes the class of functions in LP(R)
such that
M(AL;h,k;p) < K(IRI™ + [kl ?)

where
M(A..f5h Jkip) = ff ‘A:.:.f(x:Ysh k)l dXdY

- and A L. f(x,yih,k;p) = £{x+h,y+k)—f x+h,y)-—-f(x y+k)+£(x,7).

Defy 8. Lip Sypal(cX, 78,p) denotes the class of functions in

1LP(R) such that = g0/
M(A,:f:h,k;p) =K bl Iki”,

‘where M(A\,,f;h,k;p) is defined in Def. 7 above.

Def, 9. Lip,o(X;p) in x, denotes the class of functions in
LP(R) such that | ' %
:,;3@;(‘@4.91':?1,3':13 = ’l"' !f(x"’h:y)“’f sY)’ dx| =K ‘h!

~ ‘uniformly for y in (—rr,m).

Def. 10. LiPoz((gip) in y, denotes the class of funetions in
Iap(R) such that v 1
e -

WA t53,k50) =( L | be(x,ye) 1 (x,7) Pay) £k il

uniformly for x in (—,m):
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11
We also quote four Lipsohitz classes for a function

g(x) of one variable.

Def, 11. A function g(x) is in LipxX (X > 0) if
fg(z+h)—€(x)| < K [n|™ uniform}y in x in (-m,m),

‘and,KaKé is a constant depending only on g(x).

Note: The class Lip < in x, given in Def. 3, reduces
to this class Lip << when f(x,y)=g(x) since A,.f{x,y;h)

reduces to g(x+h)-g(x).

Def. 12. A function g(x) in Lp is in Lip(xX;p) if

m _ } : %
L] lelx+n)-g(x)Pax| £k Inf*
-7

Note: If f(x,y)=g(x), then Lip,o(xX ;p) in x reduces
to Lip(o¢;p).

Def, 13. A function g(x) in Lp is in Lip,(X;p) if
' 1
ﬂ L

%; is(x+h)—$(x—h)lpdx <K !hlc(

-7

_for 0K £1, 1< p< 2.

' Y
Def, 14. A function g(x) in L is in Lipa(cX;p) if
n : by

. ; )
i lg(x+2h)+g(x-2h)-2g(x) Tax| =K In}

-t

o

for 0<«xX=1, 1«p<2,
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For convenience we state here several known results
on the absolute convergence of single series. Let'f(x) be
a real-valued function of the real variable x, of period 2m,
and f(x) integrable in the sense of Lebesgue. For simplicity
in writing we designate by FS the formal Fourier series of f(x)

) ©
(2.13) f£(x)~ E eneinxa-%§'+ E (ap00s nx + b sin nx),

N =—Q0 n=1
whers o

(2.14) ‘?n“%r'r £(t) e

i ) —

1T
We shall also use the abbreviation ab.ev. for absolutely

convergent everywhere., The known results may now be listed:

(4.1) If £(x) is in LipxX, < > &, then the FS is
ab.ov., forxX < % this is no longer true, Bernstein Eﬁj.

(A.2) If £(x) is in LipX, 0<X <1, the series
- .

A
- (2.15) ) la I + Iv,|

n=1

- ‘sonverges for every A\ > ,2.‘.&%, but not necessarily for

>\ < 2_'&21;1;. Moreover, for o > % it is shown by examples that

even for A = .5&_%.__1 the séries (2.15) may diverge. Szasz [:Sé] .

Zygmund E?l,p.ls:s] qQuotes examples of Hardy and Littlewood

where (2.15) diverges for 0<HX < %.,7\. = R,
' X+ 1
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(A.3) If £(x) is in Lip,(0(;2), 0<xX <1, then (2.15)
converges for every;( > T%_T and there exist funcfions in
Lip,(<o(;2) such that the series (2.15) diverges forA = —& .,

2x+1
Szasz ESQ .

(A.4) If f£(x) is absolutely continuous end f' is in
1P, p>1, then the FS is ab.cv. Tonelli 64l .

(A.5) The N. & S, condition that FS be ab.cv. is

“that £(x) be represented in the form
, g \

2
f(x) = ;2; fi(t) fa(x~t) 4t, where £, and f, are in L .

Hardy and Littlewood [54] .

(A.6) If f£(x) is in Lip,(X;p), Xp=l, p<2 and also
£(x) in Lip’@ , ﬁ) 0, then PS is ab,cv. Hardy and Littlewood

{(4.7) If f£(x) is of bounded variation and if f(x) is
 in Lip o for any X >0, then the FS is ab.ocv. Zygmund [74].
(This result includes that of Adk.)

(A.8) If r(x) is continuous and of bounded variation

- over (-—m,m) with the modulus of continuity

(2.16) ~(h) = Max Max [f(x+t)-f(x)|
, ti<h x
being such that g
\JO(h) i<, then the FS is ab.cv.
0

Hille and Tamarkin Bé__] , and implicitly by Zygmund E‘ﬂ .
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(4.9) If f(x) is of bounded variation over (-m,m)
and also f(x) is in Lip,(c(;p), «p>1, then the FS is ab.cv.
Hardy and Littlewood E?JQ .

 (A.10) 1If FS and its conjugate
‘ ’ W .
(2.17) ) (aysin nx - b cos nx)
Ne=

are both Fourier series of funetions of bounded vai‘iatiqn,
then FS is ab.cv, Hardy and Littlewood [54] + (For a state-
ment and proof of this theorem c¢f. Zygmund [71,p.l59] and
[pp.157-160] ).

(A.11) If £(x) is in Lip,(xX}p), 0< X £1, D >1,
p<2, then the FS is ab.cv. In fact, (2.15) converges for

A > -—-—59——-]—_ whenever 0 <o <1, 1«<p<2. Hardy and Little-
~wood [35] . Moreover there are functions in Lip,( ;p) where

: P
(2.15) diverges for A= W (Theorem 4.3 contains the

- cape p=2.)

(A.12) If £(x) is in Lipa(AJp), 0<x<£1l, 1<«p<=8,

pI; i’ and there are functions

o din Lipa(A;p) where (2.15) diverges for A=

then (2.15) converges for A>

5 P°< STy Szesz [s0] .

(A.13) If r(x) is absolutely continuous, F'=f, and
!}f]log'*lfl integreble, then the FS is ab.cv.  Zygmund L’?S] .
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(A.14) If f£(x) is of bounded variation and in Lipo,

0<xX <1, then (2.15) converges for 7\>—-§—;
&+

Waraszkiewicz [Bi] and Zygmund [?é].

(A.,15) If to every point x° corresponds a neighbor-
hood I o of x° and a funetion g(x);gxa(x) such that (i) the
FS of g is ab.cv., and (ii) gl(x)=f(x) in I4o» then the FS of
f is ab.cv. Wiener [68]. |

(A.16) Let the FS of f£(t) be ab.cv., and let the
values of f(t) belong to en interval (a,b). If g(z) is a
funetion of a complex variable, regular at every point of

(a,b), the FS of g[f(t{} is ab.cv. Wiener [68 .

(A.17) If f£(x) is of bounded variation over (-m,m)

and in addition,

Q0
Z; n~t W(Jf) <oo, where W(h)= l_j la, [£(t+h)-£(t-h)] 1,
=

then the FS is ab.cv. Hille and Tamarkin [3§ ,

(A.18) If the modulus of continulty of f(x), (h),
is such that S"" =

n=1

then the FS is ab.cv. Bernstein (6].

(o)
(A.19) Let g:;fhcos(nx~cxn) be the FS of a continuous
function which has the modulus of continuity (J(h). Let F(u)

be a positive funetion, increasing and concave, for positive‘u,
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tending to zero with u. If the series

o]

n=1

00
converges, then the series F(F?)
: Z; n

N=

converges also. Salem [56] «

(4.20) Let x=(x3,Xa,.+X; ) be @ point in k—dimensional

HEuclidean space and

t(X)K\J g a ei (na.xi-fn,x.q-...‘..nkxk)
ni"‘nk

L1 o

"inx X LRI
( 21X+ N X+ +nkxk)dx

anl...nk = see f(x) e

(em)E
~r  m

‘and consider the spherical sums

? ) i(n Xgtoo e+ X ) 8 | I a
SR(X) = an1...nke 152 k k ’ X ‘n4+n'*ooo4nk.

¥< R

‘Then if for a fixed point x, the function , .
£1+...+fk=l is the
unit sphere, 40§

the (k-1)-dim.vol.
element of 0— ,

has k+4 derivatives which are all bounded in O0< t <oco, then

2%

n=Y '

“k
B fx(t) = (2") 21[;31&+t3&,"‘,Xk+tjk)du?;

i(n;xi*ooo+nkxk)

ang"'nke

converges toward fx(O)nf(x). Boehner [8] .
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(4.21) Let A\ flx;t)=f(x)
A\ f(x3t)=F (x4t )= (x~t)
A\ 2 lx;6)=DA £(x3t)=f (x428) 42 (x-2%)—2F (x)
YA G F (x5 t)=DA L f(x;t)

m - ‘
= Z:(.-l) cm’vf(x+(m—2v)t) yM=l,2, ..

v=0
" %
4 let
e e C&] S) CJ (f )= gtélisl.. lAmf(X,'t)lpdx
-7

where for p=1, suplg(x)]| denotes the 'effective upper bound
of jg(x)|" as defined in [37,p.135],

(1) If £{x) in L®, k O, end if

ﬁ ""'((,L) §>k<oo for l<p<2,

(m
((.) ) <o for p=1l,
n=1

then
Z!o | <. Szasz [61,p.376] .
n=0

P
(11) If £(x) in L ‘, l1=p<2, 0Kp1<DP=DPa, = [aDa+ PaPa)
{01"' fﬂ”lﬁ /91-50 fg>0 &nd if
}f? fiva, () y Apa )
((A) K 1P" (%) .p.)? <w, 0<k<p',
=l pl

where ¥ is an arbitrary positive constant, then

Z\lc 5 <oo . Szasz [ 61,pd 78] .

n=0

These theorems contain the following theorems as
special cases:(A.1l),(A.2),(4.3),(A.6),(A.11),(A.12),(A.14)
and (A.18).
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(B.1) If the trigonometric series (2.13) converges
for all values of x in (-m,m), then

lim &, =0 and lim by=0. Cantor [1(].
N=@ N=00

More generally, the conclusion holds if merely

lin (a

cos nx + b sin nx) = 0
n=00

n

for all points of the interval (-m,m). Osgood [51,p.337].

(B.2) 1If iig;(ancesUnx +bnsinUnx) = 0 Tfor all

points of (-r,m), where U, is any function of n which merely

becomes infinite with n (i.e. lim lUnlsoo), then
n=00

, lim a; = O and lim b = 0.
n=00 =00

Osgood [51,p.339] .

(B.3) If the trigonometric series (2.13) is ab.cv.

at every point of (-m,m), then the two series of coefficients

‘ )
(2.18) }:;én
=
(2.10) Ebn
o n=1
"éiekab.cv. Fatou [2l].

(Bs4) 1If the trigonometric series (2.13) is ab.cv.
in a set E of positive measure, then the two series of
coefficients (2.18) and (2.19) are ab.cv. Denjoy [17],
and Lusin [46] . |
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(B.5) If the series

0
Eancos nx , la.l=21a,1=...,

n=l
is ab.cv. at a point x°, then (2.18) is ab.cv. Likewise, if
00
2 b, sin nx, ol =10 i=...,
Ne=
is ab.cv. at a point x°FO0(mod m), then (2.19) is ab.cv. and
o
}::lbnl!sin nx®j<oo. Fatou [ 22].
n=1 '

(B.6) 4 point x° is said to be a point‘of symmetry
for a set of points if a property which holds at the two
points x° and x°+h (or x°-h) implies the same property at

| x°~h (or x°+h). If B gepresents the set of points where
(2.15) is convergent, B the set where the conjugate series
qf‘(2.15)4is convergent, A the set of ab.cv. of (2.,13) and
3 the set of ab.cv. of the conjugate series{ then evefy point

of A is a point of symmetry for the sets 4,A,B,B. Fatou [22].

(B.7) With the notation of (B.6), if A possesses an
infinite number of points, then B, and similarly §, is either

of measure O or the measure of the whole interval, Lusin{4a7] .

(B.8) If (2.13) is ab.cv. in a set of the second
eatagory(i.é. e set which cannot be expressed as the sum of
a eountable set of point sets each of which 1s in no part of
a given interval everywhere dense), even if it is of megsure

zero, the series (2.18) and (2.19) are ab.cv. ILusin [47].
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(B.9) A point set A is called a basis, if every real
X can be represented in the form d1x1+d,x.+...+dkxk, where
d,,d3,... are integers, and x,,X4,... belong ﬁo A, If A is
e basis, every trigonometric series ab.cv. in A is ab.cv.
everywhere. Cf. Niemytzki [50] for the case of sing series

and Zygmund [71,p.133] for the general case.
(B.10) 1Ir 00 |

E (a 008 n,x + b sin n, x)

k=1

18 a FS of a bounded f(x) with 9%-1-:-1- >A>1, then the FS is

ab.cv. Szidon [62].

We now quote two well known theorems which will be

needed in the sequel.

(C.1) Theorem gf Baire. The necessary and sufficient
‘eondition that & function f£(x,y), defined in a plene set E,
which is either perfect, or open or the set of points common
%0 & perfeet and an open set, is the limit of a sequence of
funetions, all of which are continuous in E, is that f(x,y)

~be, at most, pointwise discontinuous with respect to every.

perfect set contained in E. Hobson [40,p.273]. Baire [1].

(C.2) ZTheorem of Egoroff. If E be a measurable two

dimensional set of finite measure [Ef, the necessary and
sufficient condition that a sequence of measurable finite

functions should converge to a finite function f(x,y), almost
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everywhere in E, is that a set H,, contained in E, and of
measure greater than |EP-f, where £ is an arbitrarily chosen
positive number, exists, such that the sequence converges

uniformly in H, to f(x,y). Egoroff [19]. Hobson [40,p.144] .

The following inequalities will be frequently used.

(i) Hoelder jnequalities. Assuming p>1l, we have

112N 3

(2.20) !f(x,y glx,y)ldxdy<=

p=1

P
fj [r£(x ,y dxdyU‘J‘ lg(x,y)l dxdy
o] W

(2.21) ZiPanmnl ZiPmn!p

myn=1 m,n=1

By placing 1 p=1 |
P =D E Q@ =D ,p21,D >0, E =0
mn mn mn’ Q‘mn mn * 77 "mn~ 7 "mm- !

we obtain a special finite form of (2.21)

Tig Da Mg 2¥S % My g 1-
' D
- Y
(2.82)2 Do 2 E D z : z I):mn

M=My N=N, Me=lly D=l =M, nN=N,

Let Dmnzl’ then (2.22) becomes

(zzsz. Z <(m,n, ) p‘i Zp

m’m:. Df"ﬂ; m—mi n—n1

1
P imesm,—m,_-rl
'WMe=Ng~Ng+1

1-
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(11) Minkowski inequalities. If p=21, then

. S
o P
(2.24) f t(j ifl{x,y)ldy || < dy f£(x,y)| ax
v y '

L i
(2.25) Z_}Pmn*%n’ DP + iqun{p o

m,n=1 m,n=1 | m,n=1

We refer to Hardy, Littlewood and Polya [37] for the
proofs of (2.20),(2.21),(2.24) and (2.25).
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CHAPTER III
CLASSES OF FUNCTIONS AND RELATIONS BETWEEN THEM

$.A. Properties of the Lipschitz glasges.
Property 1. If f(x,y) is in the class Lip(>,3) in

R, then f(x,y) is continuous in the two variables in R.

Proof. By hypothesis we have

(3.1) !Af(x,y;h,k)la!f(x+h,y+k)—f(x,y)!é.K(lhl“+lkl"),o(>o,,9>0,
for all points (x,y) in R. It must be shown that for an
~arbitrarily preassigned £ >0 a §>0 can be chosen such that
(3.2) If(x+h,yok)—£(x,7) 1 £ € for [ni<s , Iki<{§.

Now, for a given §& >0, we choose $ as the smaller of the

two numbers £ ;, and $, given by the relations
.' G
$a = (fﬁf’o’ 5 = (5%) >0, >0, B>0.

Then for |ni <'§’€§§;, ik[<i§25- g;, we have by (3.1l) that
I£ (v, k) =2 (x, 7) | SE (I 1kI0) <K GG + &) = €,

which is the desired result (3.2).

roperty 2. If f(x,y) is independent of x or of y,

then
| A\ LP(x,y3h,k)=E (xeh, y+k)—F (x4h, ¥) £ (x, y+k) +£ (x, ¥) =0,

Progf. Let f(x,y)=g(x), then
A, . t(x,y;h,k) = g(x+h)—g(x+h)—g(x)+g(x)
= 0.

Similarly for the other case.
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Ez_é_gg_z_'xy___. There are infinitely many funetions f(x,y)
in Lip,, (A vz, )‘ and in Lip S"’“(O(’Zg) that are not continuous
in (x,y).
| M. Consider f(x,y)=g(x), where g(x) is a
discontinuous function of x. Then f(x,y) is discontinuous
in {(x,y), while by Property 2
| At lx, 10,k 202 KURITHET®)  or = xInf™ k[,
and hence f(x,y) is in Lip,,(<, ) and Lip S1a(X,7) by

the definitions given on page 9.

Broperty 4. There are funetions in Lip S..(<,/)
that are not in Lip(o, 4 ).

froof. This is an immediate consequence of Property 1
and Property 3. |

4 kzroggryx 5. If £f{x,y)=G(x)H(y) end if in addition
G(x) is in Lip(xp) and H(y) is in Lip(p ;p), then f(x,y)
is in Lip 8,.(, 2;p). If G(x) in Lip=< end H(y) in Lip2,
then f(x,y) is in Lip 8., (X, 3).

Proof. Since
A}if(x,y;h,k)af(x+h,y+k)—f(x+h,y)-f(x,y+k)+f(x,y)‘,
then ‘

A, £(x,¥30,k) =G (x+h)H(y+k) =G (x+h)H(y)-G(x)H(y+k) +G(x)H(y)

=G (x+h) [H(y-rk)-—H(y)j—G(i) [H(y+k)-H(y))
= (G (x+h) -G (x)] [H(y+k)-E(y)]
= Dy, 6(x,k) 4 Hy, k)
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With the assumption that G(x) is in Lip<X and H(y) is in
- Lip ]6’ this relation together with Def.ll gives
| Awat(x,y50,10 | < (Inl™) (het®) -kt pnf™ pep®
and by Def. 5 we have f(x,y) is in Lip S;;(C*,f?). This
proves the second part of Property 5.

Since A\, ,f(x,y;h,k)=L0G(x,h) D ,H(y,k), then

P . )
FD2af (%, 730,01 = | AroGlx,n) [PID, Ely, k) [F

v T ' 1
1 P Y
pref I Oaatx,y5h,k) Fax dy

. " O\
=[ L) 1AwcxnPay (L ) §oy.Ey,k) Ry

i

o7 2
~rr ’ o

< (&, 7Y (xa §x1P)
<x Il ikt ?,
whence f(x,y) is in Lip Sxx(CK,ﬁ?ip) by Def., 8.

3.B. Relations between the Lipschitz clagses. The
following relations between the Lipschitz classes will be
aiseussed and established in the‘sequel. In the writing of
the relations we employ the symbol (=) between classes %o
mean that any function in the class on the right hand side
is also in the class on the left hand side.
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RL. Lip & in x |
{(1) }_-} Lip(c, 8)
Lippg in y -
(11) Lipaa (=X, 8 ) = Lip(e, 3)
"Rg. Lip =« in x
(1) Lip(o(, 2 )=<{with
Lip g in Y,
Lip< in x
(i1) Lipsa(x,8 ) {with
| Lip B in y.
R3. { 1) Lipao(=¢;p) $# Lip(X, $p),
(11) Lipox(ﬁ ,P i Lip(e tﬁﬂ?)-
~_ (Lipso(=<sp)
Re. ((1) Lip(d,ﬁ;p)e with
Lipoi(ﬁ ;P)’
(ii) Lipu(o(,'g,p ) > Lip(<¢, 15’,1)

RS. Lip,,(d,¥)=2Lip 84,(X, F) for ¥ =xX+§.
Bs. Lip(xX,p;3p)= Lip(s<,,5) for all p >0.

RZ. Lip(x,Z ip) | as .
In the following relatidn, we assume the constant K given
in the definitions of the Lipschitz conditions is independent
of Pe

BS. Lim Lip((,3p) = Lin(x,g), f(x,y) in 1®(r)
p=co

for each p.
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Rl. Lipe< in x
(1) or }eLip(u,B).
Lipg iny
(11) Lipaalox,p ) = Lip(X,p2 ).

Proof. We first establish the relation (1). Since
£(x,y) is in Lip(X, @) we have by Def.l, page 9, that
(3.3) ﬁAf(x,yxh,k)lalf(xm,wk)—-f(x,y)léK(lhlddkl‘g)-
It k;o, we get |
(3.4) 1Asof{x,yin)I=it(x+h,y)-2(x,7) | £KIn]
which by ‘Def;z, page 9, is Lip<X in x; and if h=0, then
(5.5) 1 Aeaf(x,y3k) 212 (x, yaic)=£ (x,7) 1 £ KIk[ 7,
which by Def.4, page 9, is Lip#s 1in y. |

~ We now show that the relation (ii) holds. We see that

| Axaf(x,y3h,k) [=i£ (x+h, yok)=f (xoh, ¥)~F (x, y+k) 42 (x,7) |
5.6) =12 (x4h, 74K) = (x,7) 42 (2, 7)1 (xeh, 7)1 (2, 74k 4 (x,7)
< £ (x+h,y+k)-£(x,y) [+1£ (x+h, 7) £ (x, y) b+ 1 £ (x, y+k)-£ (x,7) |
£ IAL(x, 750,601 + [Asoflx,ysn) | + BAL2(x,73Kk) ] B
so that b'y (3.3),(3.4) and (3.5), we have
[ Asaf (x50, [LR(RITHEF) + K0S Klc)?
 za (I 1xlf), |

which is the condition Lip,, (X B ) given in Def.2, page 9.

B2, Lip oA in x

(1) Lip(<, 3 ).%&vlghﬁ iny

Lip < in x
(ii) Lipn(cx,,g)e with
Lip 7 in y.

Proof. We first establish part {i). By hypothesis
X
[Asefx,y0) | £ K[ 1. 2lx, 3300 ] < Klxi
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so that
IAf(x,y3h,k) [={f{x+h, y+k)=L(x,¥) |

, =T (x+h, y+k) =L (x+h, y)+L(x+h, y) - (x,7) |
(3.7) 21 (xh, g4k )~ (x+h, 7) [+ 1 (xh, 7) =2 (x, 7) |
2iNoaf(x4+h,y5k) ] + | Doflx,y;h) ],
Applying the above hypothesis we have |

| A (x, ysmk) | < KIkl % KInl™ = xUn[" k),
which by Def.l, page 9, is the dlass Lip(x,5 ).

Part (ii) follows from part (ii) of R1.

Remark. It is obvious from (i) of K1 and R2 that
LiP(OKLg ) is equivalent to the combination of Lip = in x
and Lip 5 in y.

R4. (1) If f(x,y) is in each of the two classes
Lipso(X;p) and Lip,.( B ;p), then f(x,y) is in Lip(x,R ;p);
(i1) If f(x,y) is in Lip(=, 3 ;p), then f(x,y) is in
the class Lipli(o(,@ ;). (The Lipschitz classes are defined
on page 10.)
| Pr of. We first prove part (i). By assumption we

have L
M(A:l.of h,yip)= -—-—f [f(x*h:y —f(X,Y)‘ dx Ath!

uniformly in y,

(3.8)
,, B
M(Aoaf;x,k;p) %ﬁ | e (x, y4k)=f(x,y7) [Pay | <klkIf
-7 uniformly in x.
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From (3.7) we have
LAi‘(x,y;h,k)!Elf(x-t-h,'Y*K)*f(X,Y)_! v
LI 1ot (x,y30) 1 # FA,f (xeh,75k) ],

whence : 1Pe | P
: M\f{"x vsh k” (!Amuf{’::ﬁh Y1+ !A;x X"'h:y; “

Upon integrating this inequality with resject to x and y
between —m and m end applying Minkowski's inequality, we have
\ L

P
M(Zkf h k,p)s j{ ‘5 [£(x+h,y+k)-F( ,y)l dxdy

5

\ 1
P

P
i—- iazof yin) I axdy

AF~——f"3

et A, 1f(x-rh,y;k)i dxdy |,

=T T

(=01
<

whioch by (3.8) gives

(3. o) M(AL:h,kip)g i (Kin | ( i (kix1A)’a
=

<k (Inf % 1ielP),
so that by Def.6, page 9, £(x,y) is in Lip(x, B;p).
- We now prove part (ii), i.e. that if f(x,y) is in the
class (X, B;p) just stated above, then f(x,y) is in Lip;l(aap,p)
Thus by Def.7, page 10, we have to show that

M( Ay, f5h,k;p) € 2K eIk .
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From (3.6) we have _
[ AL, T(x,y3h,k) [=1f(x+h,y+k)-F(x+h,y)-f (x,y+k)+£(x,¥) |
éiAf(stsh k)!*‘Aaof Xy ¥s ”"’!Aoaf( sYi‘k)l-

Then for p=1, we have ,

S D
‘lAuf(x,y:h,k)lPé (lAf(x,y;h,k)l+lA4of(x,y;h)!+lL\uf(X.y:k)!) )
and by Minkowski's inequeality ; ’

' LR ' i
M(Aaxf;hsk;?) '-; ‘j-j !Af! dXdY + J.j ‘Axor! dde

LAPR, B
- . )
%‘;, ' j ‘Ao‘;‘f! dxdy

S

i

Qi

\1

£ZM(ALh,kip)+ l; .[M(Aaof:pﬂpdy

iy

AT %
+[o j (AL £5p) ] ax :

Applying (3.8) and (3.9), we have .

M(As.f3h,k;p)< K(Inf +1kl)+ 13';; K!h!"’ fay

(K!kl‘*)

/ts‘rf\:‘*

| [= 8
<k (fnf +1ki®),
which 1s the desired result.
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R5. If f(x,y) is in Lip S,.(,3), i.e.
Iy 2 (x,73h,k) E=l £ (x+h, y4k)—=F (x+h, y) =L (x, y+k)+2 (x,7) |
| <xnl"1k1 7
then f(x,y) is in Lip,,(J,¥ ) for ¥ =<+, i.e.
[Auat (73,0 1£K (Il 16l tor & acte B,
Proof. By hypothesis
I Ayaf(x, 7350, k) !AKln!"‘!klﬁ

and since
Ih[ lkl in{ +!k! for < +f=Y,

we have X Y,
1Q .28 (x,ysh,k) f<K(In] +Ik]°), forxX+ @=7,
 Be. If f(x,y) is in Lip(X,{3), then £(x,y) is in
Lip(=,3 ;p) for all p>O0.
Proof. F¥om Def.l, page 9,lwe have
IAT(x,y3h,k) [ 2K (Il ™41k,

80 that

(3.10) - [Af(x,y;h,k) 1P< kP (Inf +1kIf)®  for a1l p>o,
and sincé f(x,y) is integrable, it follows that A f(x,y;h,k)
'15 integrable. From Property 1, page 23, we have f(x,y) is
continuous in R, whence/\ f(x,y;h,k) and !Af(x,y;h,k)lp are
continuous in R, and thus lAf(x,y;h,k)lP is integrable in
“the region R. Integrating (3.10), we obtain

M(Af h kyp yf.Af X,¥ysh, k)!pdxdy

- .
D ByP
< K (!h!@:ik! ) ’j- J‘ dx dy .Kp(!h‘u.,,lklﬁ)}?
=T =

and hence ‘ - @ ‘
M{ATfsh,k3p) < K(Jnf +iki") for all p>O0.
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R7. Lip(é( s 3 3P) \llas pT.
Discussiop and proof of RZ. Lip(™¢, p;p) is the oclass
of all funetions f(x,y) satisfying the inequality
LI | o o
M(Af;p)= 9;‘#: j !f(x+n,y+k)-f(x,y)!pdxdy < K( lhlei!kl‘g).
| R | | |
where <X , ﬁ,p are numerical constants independent of any
perameter, and K is a conatant depending only on the function
f(x,y).' The relation R7, "Lip(<(, ﬂ;p)\bas pT", means that
the classes Lip(d,ﬁ ;p) decrease monotonically as p increases.
To prove R7 we first show that the function M{ANf;p) is a
monotonic inereasing function of increasing p for all p> 0,i.e.

17

X
qQ q

f£(x+h, y+k)-£(x,y) ] dxdy
2

7

e == l
E(Af.Q)= Z‘;T" J‘
=7

) LR\ &
< .ii’;‘ f f I£ (x+h, y+k )2 (x,y) [Faxdy 2M(AL;D)
oS

‘ for 0<qg<p.
" 'By Hoelder's inequality we have
"o '
M(g,wil)= 1 [¢(x,y)w(x,y) [axdy <M(g;T)M{wsT), T >1.
Y I

| On letting w(x,y)=l, this gives

=

T
r
lg(x,y) ] axdy | =M(g;r),

. S N
M(g;l)= %;;. f j fe(x,y)laxdy< %—;.
1

v ryl.
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In this inequality we set g(x,y)= (4§f)q and rq=p >q, for

arbitrary g. This gives
M{ATf;q)<M(AL; rq)::M(Af,p)

Since now 0<<q,<p were arbitrary numbers it follows that
M(A f,q)éM(Af.p) y 0<aq<p.
~ Thus M(Af;p) is a monotcnieiinereasihg function of p. The
classes Lip(éx,g?:p), on the other hand, therefore, decrease

monotonically as p increasea&, This completes the proof of R7. -

.Before discussing Rs we give a definition of the
'effective upper bound'" of lf(x,y)! analogous to that for a
single variable given by Hardy, Littlewood and Polya[37,p.135],

 and denote it by Suplf(x,y)j=f.

Definition. We define Supif(x,y)! in the region R as

the largest number which has the property?

"to any £ (>0), there is a two-dimensional set E

3.7
(3.7) of positive measure in which !f(X,Y)!>xﬁ— £

It may now be shown that, as a consequenéa of the

above definition,\f has the following property:

(5.8) given any £ > 0, then there exists a set A such
that m(4.) —0 as £ —> 0 and It(x,y)1<f+€ in c(4.).
To prove thatS has ‘the prbperty (3.8) we assume the contrary
and arrive at a oontradictionvto the definition of S . We
‘assume then that there is an A;, corresponding to an &'>0,

“sueh that :
: Ie(x,y)I>F +Et 1n ClAgr) with m(A ,)=d >0.

Hence we have aj"g.f+£', greater than . , which has the
‘property (3.7). This eontradiction shows that (5.8) must hold.
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In order to prove the relation R8 we shall need the

following
Lemma 3.1. If ‘5’ =SuplP(x,y)| as defined abcve, then

. moam
lim M(f; p) S, where M(f;p)= [£(x,y) l dxdy
pnCO .
- Proof. Sinoe.f is finite and since from property (3.8)
we have lf(x,y)l < f-u— € in G(AE) for a preassigned & >0

and m(Ae)—eo as § — 0, then
| D
M(f3p)= %f-'. jjlf(x,y)! dxdy + J‘lf(x,y dxd
C(A )
- 4:11‘ 5‘5 ($+E )" dxdy + %a(f]f(x,y)[ dxdy
- olay)
1 &
P
p __Sf.t_ﬁ_)_ Xj axdy| + %;-,S‘j‘lf(x,y)lpdgdy
" .
| X
i

5
= (f+6)‘3_(%%l v I, I= ﬂ’!f(x,y [“axay| ,
Tt

Letting €—0, we have m(A€)-> 0 so that I— 0 and m(CA&)

tends to 4n®. Hence

(a) M(£;p)< 5.
Now by the definition of S’ we have for given £ >0,
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ez, 7)1 >f - € in a plane set E with m(EE )=N( € ) >0,

; and so : %
. . P l.. P
M(f;p)= };F.j g;f(x,y)l axdy + 4".fjlf(x,y)! axdy|
o, x, »
Y
P
é %’T‘T':g fg;f(x:y> !pdxdy
. B}
1
P

> %—;,(f iy )pjfdxdy

Eg

(-8l ),
41r®
Therefore, lim M(f;p) > f-¢.
p=00 '

Combingng with (a) we have S — €< lim M(f;p)< [,
p=0

8o that

p=00

This completes the proof of the lemma.,
- Remarks. In view of R7 we may also write
| Lip(o(,@;p)J, to Lip(X,B),
- whieh means that every member of Lip(cv,ﬁ?) is in Lip(0<,é2;p)
for every p, and the cwoss—section of all classes Lip(cx,ﬁ;;p)
is in Lip(X,B3 ). We shall now prove the following relation R8.

BRg. Lim Lip(,3;3p) = Lip(x,8).
pP=00 ~

Proof. The first part of the proof is obtained from
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R6, since R6 states that if f(x,y) is in the class of
funetions Lip(eX, £ ), then it is in the elass Lip(x , 4 ;p)
for every p. We now prove t\he second part, 1.6, the cross—
section of all the classes Lip(o ' B :p) is in Lip(o, B
Thug we suppose that f(x,y} is in the cross—section of all
the classes Lip(o, B 3p), énd by Def.?7, page 10, a funoction
1s in Lip(™, #;p) 1f 1t satisfies the inequality

o i
(3.9) M(Af;p)= %ﬁ,f l: I AL (x,y5h,k) [Paxay
-1

< K(fnf +fxl"),
where K depends only on the funetion f. Since K is to be
independent of p, we have by Lemma 3.1 that '

Lim M(A£;p)=SuplAf(x,y;h,k)] = S(h,k) =S
p=00 '

and from (3.9) it follows that
(3.10) SRR kA,
By (3.8), for given € > 0 and a corresponding set Ae with
m,(ké)»—-éo as €—0, we have
1oyl £ S+ <k(nl%ElPe e 1o,

On denoting lim 4

., = 4, we have m{A)=0 and letting £ — 0,
-0

we obtain ) g
[Af(x,y3h,k) | £K(Ih] +ik{") in C(A), where m(A)=0.

To complete the proof of R8 we show that this inequality
implies that f(x,y) is in Lip(x, 8) in R. We note that
by'}Lemma 3.1 f(x,y) is uniformly continuous in R. If now
(Xe,¥o) 18 a point of A; let (xp,¥p) — (x6,¥,), where
(xﬁ'yﬁ) are points of C(A); thus }
| VAS 4 ' Rk =1z +h,y, +k)=f (2,5, ) [< K(In] +lk§5)s

n=1.
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Hence as n —o00,
12 (xo+h, 7, +k)=£ (20,50 )] K(Inf #k[®)

Since (x,,y,) is any point of A, this gives f(x,y) in Lip(¥X,(o)
for every point of A; and as it has already been shown that
f(x,y) is in Lip(X, @) for (x,y) in C(A), it follows that
£(x,y) is in Lip(& ,1@) everywhere in R, This completes the
proof of R8.

- Lemma 3,2, If f(x,y) is in Lip S;z(cxl,é?;;p,) amd
in Lip Sis((a;, BaiPs), Pr<Pa, then £(x,y) is in Lips,, &,R3p)

where for p, <D <Da,

P1(pa-p) Pa{p-pa) Pa(pPa=p) Palp-P.).
A=fr

=o( + A IS
“p(pa=pa) " p(pa-pa) Da-pa) 5'p(p.-p1),

The result is still true when py,=o0, i.e, if f(x,Y)'is in
Lip sat(o(:sﬁszpz) and in Lip Sza(°<s:ﬁ?s): then f(x:y) is
. in Lip §fo¢, 25p), where for p> pa,

welatlXamota)ZE, B =Bl gimpa)t.

Proof. By assumption

_ . &y [a oAa ﬁl
M{Aa2f3h,k3p. )< Kl ki Iﬁ(Azaf;hsk:P§>é Kinl {kl ,
where P R V1

: Pa Pa
M(Azzf;h:k;Px)i',%‘ﬁ'af [Qqaf]  dxdy

v |
"o 5,
: L Pe
M(A12T5h,k5p, )= ne !A:.:.f! axdy
2y |

and | A\..fl = |f(x+h,y+k)=f{x+h,y)~f (x,y+k)+L(x,¥)].
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By Hoelder's inequality for double integrals we obtain

p Pa—P D P=Pa
’ P Pa=Pa *Pa—Pa
M(A..T3h,k;p) < MALaf5h, k3pa) M(A.2f3h,kip,s) '
| o, RalPa p)wp.(lp—p;)( Pu(pap) , Dalp-Do)

Pa - D Y Da-Da | = *Pa-Pi
<% \[n] a 1 2a~Pa QKF Ps Pa. Pa—Pa

<k i jxif?

Therefore, - o
M(A,.£3h,kip) <K, IhiIk[®, where & and £

satisfy the relations given in the statement of the Lemma
above, and where p,< p<ps. If now py, - o, then

PP D-Pa -
Papa_Pl——? on Pap'_p;-—} P~Pa,

and P Pa P-Da
M({A,.f3h,kip) < M(Qaaf;h:K§Ps) M(A\;.f3h,k;D,)

aPat (“'1 . - ~¥Ya
%, In !o<p +og (P~Pa) lK!,@;p+ﬁ’a(pp)

< Kaihrxp !klppo

Therefore, . o I
M(As.fsh,;p)2 Kelnl ™ ki,

where D P
=4 =0(a*(oﬁz“0(a)§" end f Sﬁa"'()@;—.p’a)':-p-:' for p>pa.

Lemma 3.3. If f(x,y) is in Lip(e¢, ) throughout R
with the constant K and 0<X <1, then f(x,y) is in
Lip S12( 2, ¥) in R with the constent 2K and 8+ I =c.

Proof. We have

!f(x““h’Y‘*k)"f(XaY)’!”lAf(x’y;h:k) ‘é‘_K( ‘hl‘x"‘lk!ﬁ'
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Now [Auafl = [f(x+h,y+k)-F(x+h,y)-f(x,y+k)+L(x,¥)]

é

and .
ki %, for lkf<ini,

A fgzﬁmk‘d’m“p““ "2 2 |n}
T Gk in ek ntBint’s asiniflet?, for Inj< ki,

ronne me fave {As1af(x,ysh,k) < 2K]h] g lk.l‘r for 0<X=R+¥< 1.

Lemma 3.,4. Let (1),(2),(3),(a),(b),(c) and (&)

represent the following conditions, respectively:

(1) £{x,y) in Lip S,,(X,£) in R, (Def.8,p.10)

(2) '

(3) £(x,y) in Lip @ in y for some x=x in R,

£(x,y) in Lip=< in x for some y=§7 in R,
(a) flx,y) in Lipc(in x uniformly for y in R, (Def.3,p.9)
{(v) £(x,y) in Lip ﬁ in y uniformly for x in R,(Def.4,p.9)
(e) £(x,y) in Lip( X, g) in R, (Def.1l,p.9)
(@) £(x,y) in Lip,,(=t,8) in R. (Def.2,p.9)
- Then we have the fo‘llowing relations:
(1) (1) end (2) together imply (a),
(ii) (1) end (3) together imply (b),
{iii) (1),(2) and (3) together imply both (e¢) and (d4).
Proof. Part (i). For a fixed value of k, 0<’k < 2m,

we have the distinet points (x,y,) and (x,y) in R, where
' ¥z=§+k and, therefore,

J£(x+h,y2)=F(x, 72 ) [=1£ (x+h,72) T (x+0, P-£(x, 7. )42 (x, )
| +f (x+h,)-£(x,7) |

<l (x+h,y, )£ (x4h,7) =L (x,74) +2(x,7) ]
+ 11 (x4, 7) -2 (x,7) ]
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so that |Dof(x,y.i0) € 1A,.0(x,7h,k) [+l Asof(x,yih) .

By Def.5, page 9, - ‘
[AL2f(x,75h,k) 1< K, In] < ] &

and applying Def.3, page 9, on the line y=y, we have
| Dyt (x,73h) [£ K, (¥) I8P (X, depends only on ¥),

H * =\
enae lA“f(x,y;:h)l é@xile+K3(Yﬂ‘hl§<’

but for arbitrary y, in R, we have k <2m and thus

[ 20t (x, 72 50) | £ [Ka(2m) B 4K, ()] Inf =

| £ Kylya) [T

Since K, is independent of x and y throughtout R and K, is
independent of x and the arbitrary y,, we have

lg&aof(x,y;h)!fEK,lhl°<'uniformly in y.
This gives theé desired result (a) and concludes the proof
of (1). An analogous argument gives the resuit (b) from (1)
and (3), which gives paft (ii). Part (1ii) follows from (a),
(b) and R2.

- 3.C, Bounded varjation and sbsolute gontinuity in

Ywo variables. From the list of known theorems quoted in
Chapter 2 on pages 12 to 20, it is seen that bounded variation
and absolute continuity of a function of a single variable
play an important part in the investigation of absolute
convergence of the corresponding Fourier series., It is also

- noticed in these theorems that with some slight assumption
added to the condition of bounded variation or ebsolute

eontinuity of the funetion, absolute convergence of the
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corresponding Fourier series is secured. 4s for functions
of two variables, several concepts (which shall be listed
- below) of bounded variation‘and absolute continuity have
been defined. These concepts have been used to determine
 eonvergence criteria of the corresponding double Fourier
series, but as yet have not been used to obtain conditions
~on f(x,y) for the aebsolute convergence of the corresponding
double Fourier series. It is to be expected, although this
question is not to be discussed here, that again with an
additional assumption in these classes of bounded variation
~ and absolute continuity for two variables we should obtain
absolute convergence of the double Fourier series. It 1is,
therefore, of interest to list and examine the different
types of bounded variation and absolute continuity for func—
tions of two variables.

In the following definitions we use, unless otherwise
specified, the definition of a net as given in (2.5) and the
notaetion given in (2.6),(2.7),(2.8) and (2.9). For simplicity
we shall also use the letters V,H,A,T,Va,Ha,Aa,Ta to represent
4he eight classeé‘of funetions satisfying the respective
definitions. The class of bounded functions will be denoted
by B and the class of continuous functions by C; a product,
‘such as VIC, will stand for the common part of the two or

more classes named. For a function of two variables f(x,y),

the total variation with respect to the variable x in the
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intervael (-m,n) for a given value y=y shall be denoted by
“V((§). Similarly, we define @(x) for the total variation
~with respect to y alone in the interval (-m,m). The value oo

is edmitted for unbounded variation. The total variation

V() of f(x,y) in the two variables (x,y) over R is defined

- as ‘ m~1,n-1

V(f) = 1l.u.b, z : l[&iif(xi,yj)! for all nets over R.
1,3=0 |

Definition ¥. The funetion f(x,y) is said to be of

bounded variation V if V(f) is finite.

Definition Va. The function f(x,y) is said to be
| absolutely continuous Va if fof any givenﬁ?z(;»O), there
exists an £ = 5(17) >0 sueh that if S is any finite or
denumerably infinite set of cells the sum of whose areas is

less than or equal & , then m-1,n-1

2 1Awatix,y )i <.

1, J=0
(Note that £ depends only on\Z and not on S}

Definition H., The function f(x,y) is said to be of
bounded variation H if f(x,y) is in class V and if in add-
ition f(x,§) is of bounded wvariation in x for at least one

¥ and £(x,y) is of bounded veriation in y for at least one x°.

®The fhree conditions in definition H are suffiecient to

imply that the two latter conditions hold for gvery x or y
respectively.
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Definition Ha. The function f(x,y) is said to be
absolutely comtinuous Ha if f(x,y) is in class Va end if in
addition f(x{§) is absolutely continuous in x for at least
one } and f(g,y) is absolutely ceontinuous in y for at least

one Xe.

 Defipmition T. The funetion f(x,y) is said to be‘of
bounded variation T, if the total variation funetion f(x) is
finite aelmost everywhere in (-m,m), and its Lebesgue integral
over (-r,m) exists (finite), while a symmetric condition is

satisfied by ¥-(y).

Definition Ta. The function f(x,y) is said to be
ebsolutely continuous Ta if f(x,y) is in class T and if in
addition f(x,?{ is absolutely continuous in x for almost
every § and‘f(E,y) is absolutely continuous in y for almost

every X.

Definition &. Let (xi,yi) (1=0,1,2,+4.,m) be any set

of points in the plane satisfying the conditions
—TmXy € X1 €£Xg% 00 f_-]%ldn'; -ﬂayofy;{_—y. . ..f-Ym='n‘.

Then f(x,y) is said to be of bounded variation 4 if the sum
: m-1 m-1

ZlAf(xi’yi)! = E ﬂf(xi-t»:.aYi*:.)"f(XiaYi)l
i=0 i=0

is bounded for all such sets of points.

finition Aa. Let (xi,yi) be any set of points as
defined in definition A. Then f£(x,y) is said to be absolutely

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



44

. continuous Aa if for all sets of points (xi,yi) and for any
|  given 'Q(>0)., there exists an § =E(7)>0 such that if the
sum of the broken lengths from (xJ,yj) to (xk,yk) (k<m, j>0)
18 less than or equal to £ , then
k-1

X;!L\rcxi,yimr&.

i=

For a treatment of relations beitween the six distinet
definitions of bounded variatién in two variablaé found in
the literature, we refer to Clarkson end Adams in [14] and
[15]. We now quote a number of the known relations among the
several definitions of bounded variation discussed by Clarkson

and Adams”?

—

v
T
TC SAC
VB
TB
(3) AV=VT=H, (4) 4#V, VA4,
(5) VAT, T3V, (6) AFT, TH4,
(7) VAAT, ATHV, (8) ACAVC, VCFAC,
(9) TCHVC, VCHATC, (10) A#VB, VB >4,
(11) VB#TB, TBAVB, (12) AFTB, TBAA.

We also know the following relations and theorems

"By V2H we mean that any function in H is also in V. |
Accordingly for the other symbols,

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



45

(13) H>Ha, Hahn [30,p.542] (14) C>Ha Hahn [30,p.542].

(P.1) If f£(x,y) is in class Ha, it is the indefinite
integral of some summeble funection; and conversely, the in-
definite integral of a summable funetion is in class Ha,

Caratheodory [iz,p.65§], Hobson [39,p.60i].

(D.,2) 1If a funetion f(x,y) is such that f(x,y) is
absolutely continuous in x for every y and f(x,y) is ab-
solutely continuous in y for every E, it does not follow

that f(x,y) is in class Ha. Caratheodory [12,p.65$].

(Ds3) The function f£(x,y) is in class Ha if it
satisfies the three Lipschitz conditions |

[£(x+h, ya+k)=f{x,y+k)=f (x+h,y)+L(x,y) | £K]|h] k],
£ (xen,y)-£x,7) 1 2KInl,  If(x,7+k)-f(x,¥) = Kikl.
Caratheodory [12,p.655] « |

(D.4) If f(x,y) is incclass TaC, the first partial
derivatives exist(finite) almost everywhere and are Lebesgue
integrable and |

lff% ax dy‘ é\pﬂ(y) dy,’ ff—%—% dx dy’ _éjﬁ(x) ax.
Tonelli [66] .
(D.5) The necessary and sufficient condition that the

~area S of the surface z=f(x,y) be given by the formula

8= ff" 1+p*+q® axdy, where p(x,y) and g(x,y) are the first
order partials of f(x,y), is that £{x,y) be in TaC. Tonelli[66].
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By using some of the above known.resul_ts we shall

~establish the following:

(la) H>Ha, (2a) V> Va, (3a) T >Ta,
(4a) HC> Ha, (5a) Va>Ha, (6&) Ta>Ha,
(7a) VaC)>HaC, (8a) TaG >HaC, (9a) Ve#Ta, Ta¥Va,

(10a) VaTa=Ha, (1la) Aa #¥7Va, Ya;&Aa, (12a) C >Aa,
(13a) A >aa, (14a) Aa>Ha, (15a) AaVa=Ha,

‘Proof 'of (la). From (13) we have H=>Ha, Consider a
funetion f(x,y)=g(x), where g(x) is of bounded variation but
not absolutely continuous. It follows immediately that f(x,Y)
is in H but not in Ha. This gives H>Ha.

Proof of (2a). We first show V=>Va. Choese a
numerically fixed \z> 0. Since by assumption f(x,y) is in Va,
we have by the definition Va that corresponding to the given
TZ there exists an €(> 0) such that for any set of cells S
with total area less then or equal to £ , then 2 | VANPIS o £4 ? .

We now decompose R into sets S each of which has the total

area equal to £ . The total number of these sets is

[é%ﬂ} + L.

From the assumption the total variation in each of the sets
is at most VZ end hence the total variation V(f) over R is

Such that
£ 4
V(f)“’z + _.6_7

Thus, ¢ being > O and \? a numerically fixed quantity we
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have V(f) finite for every net over R and f(x,y) is in V.
To obtain the definite inequality V>Va we now give a func—
tion in V which is not in Va, Let f(x,y)=1 for x=m,y=m and
otherwise f(x,y)=0, then obviously f(x,y) is in V but not in
Va. This completes the proof.

Progf of (3a). By the definitions we have T Ta. The

- follwoing example gives a function in T not in Ta,

(D) £(x,y) ‘..&’ ;fg in the unit square.
, X2

This example is given by Clarkson and Adans Eﬁ.4,p.856] as a
function in T. That it is not in Ta is a consequence of the
fact that it is not absolutely continuous in each variable

separately.

Proof of ‘(4a). From (14) we have C>Ha, and by (la)
'we have H>Ha. Therefore, I-IceH‘a, Now let f(x,y)=g(x),
where g(x) is taken as a continuous function of bounded
variation which is not absolutely continuous. Then f(x,y)

is in HC but not in Ha. This gives HC~>Ha.

Proof of (5a). From the definitions we have Va=>Ha,
The following example is in Va but not in Ha.

x sin &, x40
() £(x,y) = {0 x’ o in the unit squere.
. , X=

For this function %he total variation is V(f)=0, and hence

f(x,y) is in Va, However, f(x,y) is not in Ha since it is

not absolutely eontinuous in x.
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Proof of ‘(6a). We assume the relation Ta=Ha which

will be proved later in Theorem 3.1l. We now give a function
in Ta not in Ha.

l, x and both rational
f(x9Y) = { ’ ¥ }
0, otherwise

(F)

in the unit square.

This funetion is in Ta since it is zero almost everywhere,
but it is not in Ha sinece it is not absolutely continuous in

each variable for every constant value of the other.

rogf of (7a). From (14) we have C>Ha, and by (5a)
we have Va>Ha., Hence VaC=>Ha., The continuous example (E)
has already been shown to0 be in Va but not in Hea in the proof
of (5a). Since the function is continuous it is in VeC and

we have VaC Ha,

Proof of (8a). From (14) we have C>He, and by (6a)
' We see thét TaC2HaC. The following example is in TaC but
not in Ha,
(6} Let I, the unit square, be divided into quarter
squares, and let S, be the upper left-hand gquarter Square.
Next divide the lower right-hend square into quarter squares,
end let S, be that quarter which has a common vertex with S,,
ete. (cf. Fig. 2). We obtain in this way an infinite sequence
of square subdivisions of I converging toward the point (1,0).
In each S'.j let £(x,y) be defined by the surface of a regular
square pyramid whose‘base is SJ and height %, and let f£(x,y)

vanish over the rest of I.
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T ( X sy) Y= 'z'
/7 A
/i S* E’z
/i)
/8y .
i 5
;
| o 1 x
Fig.2 Fig.3
f(x :?) -Y-"’ g
8
!M o 5,
/
; \
0 1 X
Fig.4

The function f(x,y) given in (G) is continuous and has been _
shown to be in T ahd not in Vv by Clarkson and Adams E.4,p.846] .
It is obvious froq the definition of f(x,y) (of, Figs.3 & 4)
that f(x,?)‘or £(X,y) is absolutely continuous in x or y for
every y or x, and hence f(x,y) is in Ta. However, since

f(x,y) 18 not in V it follows by (2a) that f(x,y) is not in
Va and by (5a) is not in Ha.,

This gives TaC>HaC.

Proof of (9a). We have seen that example (F) gives a
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~function in Ta., This function is not in Va since upon
choosing a net with each c¢ell having only one corner with
rational coordinates, the total variation is V(f)=co . Hence
Va#Ta. The relation Ta® Va follows from example (E). This
funetion (E) being a function of one variable is in Va with
V(£)=0, but f(x,y} is not in Ha since it is not an absolutely

continuous funetion of the one variable.

coof of (10a). From (5a) and (6a) we have VaTa>Ha,
But if f(x,y) is in VaTa it satisfies the first oondit;on of
detinition.ﬂa, and by definition Ta the funetioﬁs f(x,y) and
f(E,y) are absolutely'continuous in x and y respectively for
almost all values of y and x, respectively. Thus we have

VaTa<Ha and hence Ha=VaTa.

Proof of (1la). The relation Aa#Va follows from
example (E) which is in Va but not in Aa. That f(x,y) is
not in Aa follows by taking the sequence of points (xi,yi)
along a line y=constant and remembering that x sin% is not
absolutely continuous. Now the second relation Vap As--
follows from exemple (G) which is in 4a and not in Va. We
have already seen that this funetion is not in Va in the
proof of (8a). To see that the function is in Aa we notice
that for any set of points (xi,yi) as used in definition Aa,
f(xi,yi) vanishes except at such points as lie within one

square S j° For points in S j the function has a graph similar
%0 that in (0,%) in Fig.3 or Fig.4 and consequently
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k-1

gl&f(xi,yi)l<?z.

when the sum of the broken lengths from (x,,y,) to (xk,yk)
is less than & . This gives the relation Va3 Aa,

Proof of (l2a). To prove that f(x,y) in Aa implies

£(x,y) is continuous we choose any point (x,,y.,) and show
that the assumption implies continuity at (x1,¥.) and hence
everywhere. Let (x,y) be a neighboring point of (x,,y,)

such that

fex,0< §,  dy-val < $, $(>0).
Select a seguence of monotone non-decreasing points (xi,yi)
with

Xy=X1y Ya=Va;eee X =X, Jp,=Vo

Sinee by hypothesis f(x,y) is in Aa and since the broken

distence 4 from (x,,y:) to (x,y) is obviously less tham V§1f,

we cen say that for '2(>_0) we can take d such that
n-1

) lasix,y)1<h .
1<
However, n-1

It(x,y)=f(x,,¥.)1 Zl[)r(xi,yi)l< 'Z, for d<V§'S,
1=l |

and hence
If(x,y)=f({x.,y.) i< ‘Z for Ix-x.1< &, Iy-y.1<$ ,

8o that f(x,y) is continuous in (x,y) at (x,,y,). Sincé

(x,,y.) is eny point this completes the proof.
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Proof of (13a}. From the definitions we have A= Aa.
By (12a), we need only construct a diseontinuous function
thieh is in A in order to have a function in A which is not
’ in‘Aa. The following is a discontinuous funetion in class 4.
Let E be a non-measurable set in O<x<1, and let B,
be the set of points on the diagonal from (0,1) to
() / (1,0) whose projection on the x—axis is the set E. |
| £(x,y) 1s defined as follows:

1, xin E
{" : -} in the unit square.

£(x,y) =
o= 0, otherwise

Proof of (l4a). Let f(x,y) be of class Ha in the
unit square (0,031,1). We shall show that f£(x,y) is in Aa.

Let x=x(%), y=y(t), 04£t<1l,
be the are of a monotone none-decreasing curve joining (0,0)
end (1,1), and let any sequence of points on this emrve be
d.etarminea by
For brevity we write

= M = te = ' o= M o= ee @ .
Now let (x,,y,) be a fixed point (any point), then

Ie(xy,5,))~lx, ",y I b0 (x,, 7] )£ (x, ¥ )—r(xi,y;)+f(xi.yi)!

i
"lf(x;_sYo )“"f(-xi3Yo)‘f(xi:Yi)v*f(xi:y;’)l
+|r(x@,yi)—f(xo,yi)l+lf(xi.Y;)-f(xi.y,)l.

Sinee f(x,y) is in Ha we know that for a preassigned‘r& we

can seledt anf such that
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n-1

RTICAA

1=0 1
Neel "
gifﬁxi,yo) £ (x,,5, )£ x],33)4f 2,31 < oL
n—-1 | |

Zlf(x..yi>-f(x..y < R

)"‘f(xo:y )= f(xisyi)*'f(xi;yi)!( —l

i=0
n-1

Z\lf(xi,ye f(xi,ve <

1=0

for the sum of the areas of the cells less than E' and for

2 Ixj-x I<E , E Iyi-y, 1 <E.
1i=0 i=0

If now we choose points of the sequence (xi,yi) beginning
with the point (X,,y.) to the last point is less than €&,

then n~1

}jmxi,yi) ~(x}, 7)) < iR =1,
1D

Thus f£(x,y) is in class Aa.

In order to obtain the relation (15a) we shall need
“the following Lemma,
Lerms 3,5. If £(x,y) is in the class Aa, then f(X,y)

is absolutely continuous in y for every'E and f(x,?) is
absolutely continuous in x for evefy'y'

Proof. Take a net over the unit square as follows,

§8x°=xi==x.ﬂo . oﬂxn; Vo {T1{7¥s ) <yn.
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S8ince f(x,y) is in Aa we know that for preassignedz we can
select af ao that

n-1 n--i . -
0 MAtlx v )1 = ) MR,y )0 (F, v )< P
1=0 1=0 )
for n-1
Zlyi‘*"-yi!< X'
1=0

‘But x is any value of x in (0,1), and hence we have f(x,y)
is absolutely continuous in y for all x in (0,1). A
symmetric argument gives f(x,?) is absolutely continuous in
x for all y in (0,1},

roof of (15a). A funetion of c¢less Va satisfies the
first condition of definition Ha, and by the above lemma 3.5
we see that a function of class Aa satisfies the other con-
ditions of definition Ha., Hence, Ha>4aVa. On the cther
hend we have by (S5a) and (l4a) that AaVa>Ha. This gives the
desired result AaVa=Ha. |

Theorem 3,1. If f£(x,y) is in class Ha, theni £(x,7y)
is absolutely continuous in y for‘every X and r(x,?f) is
absolutely continuous in x for every Y. (Hence we obtain
the relation Ta= Ha.) _

Proof. Our aasumppion &ives us f(x,y). in Va and
absolute continuity of f(x,y) in y for some x and we shall
whow that the hypothesis of f(x,y) in Ha will enable us %o

‘ qbtain absolute continuity of f(x,y) in y for any other x.
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Being given an V() we can select an ¢ such that

n-l,n~1 n-l | |
1’23_:‘0 lAuf(xi,y’) i< éL %\!f(x,yj“)-f(x,yj) i< 4.

Now, since f(x,y) is in Va and f(é,y) absolutely continuous

in y we have 1 '

I2(x,y5,2)-0(x,5,) 1€ 12 (x, 75,2 )2 (2,7, )=£(X, ¥ 500 )42 (x, 7)1
HE(E, vy00) £ (E,7,)]

80 that
n-1

g!f(x$YJ+1)"f(nyJ ) !( % -+ % s'z

for
n—-1

LiAygeamy 1< E

=0
Since x is arbitrary this gives absolute 6cntinuity in yfor
every x. A symmetric argument gives absolute continuity in
x for every y. Now by relations (1) and (la) we have T >H>Has,
80 that a function in Ha satisfies the first oondition of
definition Ta. Since wh have just shown that a function in

. Ha satisfies the other conditions of absolute continuity in

each variable (almost everywhere) it follows that Ta=>Ha,

In order to prove Theorem 3.2 below, we shall need
the three following known theorems.
(C.3) Assume X;?,Z ara metric spaces subjedt to no

further restrictions and assume that f£(x,y) is defined on

-
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~ the product space Xxi and that the values of f(x,y) are in
the space Z. Then if f(x,y) is continuous in x end of

Baire's class & in y, it is of class X 4l in (x,y).

Montgomery [48,p.530].
(C.4) If f(x,y) be a measurable function, defined

in a two dimensional set of points E, of finite measure,
and finite almost everywhere in E, there exists in E a
perfect set of points, of measure arbitrarily near to m(E),
relative to which the function f(x,y) is continuéus.
Hobson [40,p.256].
(C.5) The necessary and sufficient condition that

a finite funetion f£(x), defined on a bounded measurable set
E, be measurable is that for every £ > 0 there exist a
closed sub—-set F of E such that f(x) is continuous in F and

n(E-F)<E . Saks [54,p.44].

Theorem 3,2. If f(x,y) is in the class of funetions
_ Ta in the square 0 <x,y<1l, then f(x,y) is a measurable

funotion in this sguare.

Proof. By the definition of a function in class Ta
‘we can say there are sets E, and E, contained in (0,1) with
vm(E, )=l and m(E,)=1, such that »

is continuous in y for x in the set B,
, flxy gxs continuous in x for y in the set E;

and the two dimensional set E,xE, is of measure 1, Now from

a property of measurable sets there exist, for every £>0,
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closed sub—sets E,¢, Eie¢ of E, and E, respectivély, with
n(B, ) >1- &, and m(E, . )>» 1-€. For these sets we have

{?s oontinﬁeus in y for x in the set E,
£(x,y)
is continuous in x for y in the set Ej .
Let the two dimensional set E,. x E,;, obtained by the
k,intersection of vertical and horizontal lines erected on the
two linear sets, be denoted by E. We can consider the sets
Eqey Ej3 and E as metric spaces with the Euoclidean definition
of distance and hence apply the Theorem (C.3) of Deane
Montgomery to see that for (x,y) in E the funetion f(x,y)
belongs to Baire's first class. Consequently f(x,y) is
Lebesgue measurable on E with m(E)=(1~ £)*. Thus by the
property of two dimensional measurable aéts given in (C.4),

~ there exists for every ’rl> 0 a closed sab—set F of E with

V m&F);>(l-E)'—JZ such that f(x,y) 1s continuous on the set F.
8ince & and "L are arbitrary we ocan use Lusin's Theorem (0.5)‘
to obtain the result that f(x,y) is measurable on the square “

- 0<x,y <1,

Remark. Hardy and Littlewood[@&],[&@] have shown that

'bounded variation in one variable is equivalent to Lip(l;3l).
- Does an analogous situation hold for a function of two variables?
For exemple, is the class Lip S,,(1,1;1) equivalent to the

*Lusin's Theorem is readily extensible to the casewor a |
function of two variables, Cf. Nelson Dunford [18,p.475] .
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CHAPTER IV

GENERALIZATIONS OF FQURIER DEVELOFMENTS FROM ONE TO TWO
VARIABLES

i .~ 4.A, Harmonie Functions in the¢ FPlane. In order
later to undertake some generalizations of the Fourier de-—
~velopments of & function of two variables from that of one
variable, we shall first consider the single variable situa-
tion. It may be recalled that a function H(u,v), (u,v) rec-
~ tengular coordinates, is said to be '‘'harmonic'' in a region
of the plane when the funetion satisfies the Laplace

differential equation

& ]
(401) VaH = 311% + -gg—v-%{- = 0

at every point of the given region. In the polar coordinates

{r,x) the equation (4.1) takes the form

2 2
‘ dH,19H,19H,o.
(402) -QQE‘T + I" gx. + T QI‘ 0

The problem of showing that there exists a function, harmonie
in a plane region, and teking on preassigned continuous
.boundary values and of finding it when it exists, is known
as the Dirichlet problem for the plane region.[Cf.Zygmund 71,p.51 |
We shall now point out the well known [ Cf. Tonelli 65,
pp.379-34ﬁj connection of the single Pqissqn integral, defin-—

ed for a given function f(x) by

i)
lgg'Jn -~ f(uw) gu- -, (r,x) polar

1-2r cos(u—x)+r® coordinates, r<1,

(4.3)
T
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with the single Fourier series (2.13) and with the solution
of Dirichlet's problem for the unit cirele, The Poisson
integral (4.3) may readily be shown to baetisfy (4.2), hence
(4.3) defines a continuous harmonic function of thejtwo
variables (r,x) everywhere inside the unit circle. Upon
taking f(x) a continuous periodic function, we know
[cf. Tonelli 65,pp.379-385] that the function defined by
Poisson's integral tends uniformly to f(x) as r— 1. Consequent—
1y Poisson's integral (4.3) furnishedthe Solution of the
Dirichlet problem for the unit cirecle and for the boundary
values f(x). In faet, in this special case of the unit cirecle,
(4.3) gives the solution for the more general problem where
the 1limit funetion f(x) is an arbitrary integrable function®,
We give now the development of the Poisson integral in
powers of r. Let f(x) be a continuous and periodic function
~of x and consider the function F(z) anelytic inside the unit

eircle defined by the power series
Ke)
(4.4) F(z) = o, + chnzn, z:reix, O£r<l, -mecx4m,
) n=1
with the coefficients

n
(4.5) c, = %;-j‘ £lu) o du, (n=0,41,42,¢..).
T

*lcf. Zygmund 71,p.54] for the following theorem: Let f, be
- an integral of f(x). For any x, where f(x,) is finite and
equal to fi(x,), (whieh is the case almost everywhere), the
_ Poisson integral tends to f(x,), as (r,x) tends to (1l,x,)
along any path not touching the ecirecle.
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F(z) thus has the form
(4.6) Flz)= $a, + Z‘(a ~1b_)a", for 2e =a —iby, n=0,%l,%2,...
n=l

where a ,b are the Fourier coefficients of f£(x). We write

G(r, x) aRF(z) = R(c + ch z2

n=1
@ I W n
cor ) o s Yo 3
n=1 N=l
@
(#.7) = chr!nleinx
N=eCD
e ) 00
n_inx -inx
=o°+26nre +§cr
n=1 n=1
™
= %aO + Zran(x), where Bn(x)aancosnxq-bnsinnx.
n=1 '

On substituting the values given in (4.5) for the coefficients,

we have n ® v
_ 1 Z‘ 1 ngin(x-u)
G(r,x) - f(u)du + = f(u) du
oy n=l
© 1
o+ LJ‘ £(u)rle 1n(x-u) du
a2n
v ® nt B
- ]5"_ £u)| 14 Zrnein(x-u)_'_ Zrne 1n(x-u) au.
Lat n=l n=1
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k&
6lr,x) = L £(u)|1s T coslxU)-risir sin(x-4)
' 2 1-2r cos(x-u) + r®
-f]‘
2 .
+ I ecs(x—u)~r‘~ir sinjx—u)} au,
1 - 2r cos(x-u) + r*
and finally
w
—p® ) flu) . ‘
(4.8) G(r,x) = la—jf— ) du, 1r<l1,
1-2r cos(x-u) + r*
Y

which is the Poisson integral (4.3). From (4.7) it is seen
that the Poisson integral, G(r,x), which is harmonie in the
unit eirzle, corresponds to the real part of the analytie

function F(z) of one complex variable given in (4.6) and

. also that lim G(r,x) gives the Poisson or Abel sum of the
I'=l

single Fourier series (2.13) of f(x).

, 4,B. Double Fourier seri g. It is known[pf.Zygmund
7l,p.é] that the irigonometric gystem

- {4.9) 1, cos x, sin x, cos2x, sin2x,...,008 mx, sin mx,...
(mﬁg 1 8,0-0),

‘is a complete orthogonal system of funetions in (-, n)"

,,,,,,,,,,,,,,,,,,,

*°A systam of real or complex functions gm(x),(mso,l,z,...),

- @defined in an interval (a,b) is said to be orthogonal im this
interval if b

and g i 5 denotes the conjugate of g (x) In particular,
(from the last equation), gm(x)ae. If Kemks=Ka=eoeo=l,
the system is called nprmal A sequence of real or complex
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Zygmund also stateslj?l,p.l&] that if {gm(xl}and{én(yzf
are orthogonal, normal and complete in —n< x<mw and e y<
respéetively, then the doubly infinite ayst@m{]%m(x) hn(y)}
is orthogonal, normel end complete in R. Therefore, if we
let both {gm(x)_} and{hn(y)} be the above trigonometric
system (4.9), it follows that the double trigonometrie

system
cosmx cosny, Sinmx cosny

(4.10) fe_(x)n_(y]] :{

cosmx sinny, sinmx sinny (m,nao,l,a,...}
is Qrthogonal and complete in R. Thus the formal develop-
ment of f(x,y) into the double Fourier series (2.11)’ with
the coefficients in (2.12) is obtained by means of a complete
orthogonal system of functions. It is well known thet it is

important in the development of functions for the orthogonal

system to be complete since otherwise there would exist a
tunetions\gm(x) in‘(a,b) is called complete in the space L
- and interval (é,b) if the infinitely many equations for a
function f(x) in L*: b S
f(X) gm(xj dx = 0’ m’o,l,z, *s ey
a ,
imply f(x)=0 almost everywhere in (a,b).
~ Similerly a double system g__(x,y) is orthogonal in
v mn
- {a,esb,d) if :

b 4 :
v ; (mei,B=J)or (m=1i,n4j)
| 5 j un (%, 7§, x,7) axty = 0, ns3’ ,
a Jo : : Kmn?o’ (m=i,n=3)

fOI’ m’n,i’Jﬂo’l,.a,Ooo . .
The definitions of '‘'normel'' and"complete'' double systems
analogous to the above normal and complete single systems
may also be formulated.
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funetion in L* whose Fourier series with respect to the
sybtem would consist entirely of zeros.

We have seen in (2.13) that the single Fourier series
mey be given a complex form by means of the single infinity
of complex functioms |
(4.11) | o 10X (n=0,£1,42,,00) .

The orthogonality of this system in (-m,m) is obvious since

o

- 0 Ngn
(eimx)(e 1nx)dx =9 * (m,n=0,41,%2, c04)«
-

By using the Euler relations
(4.12) cos mx = %(eimx+e~1mx)’ sin mx = ﬁf(eimx_e—imx)

we see that completeness of the system (4.11) in (-,w)
follows from completeness of the trigonometric system (4.9).
' For in order to epproximate any function f(x) in L by the
_system (4.11), it is enough to approximate by (4.9) and use
’(4.12) which gives an approximation in the desiredvex—
ponentials., We may again apply the method of obtaining a
‘ doubly infinite complete orthogonal system by multiplying
elements of two singly infinite complete systems. Using the
complete complex system (4.11), we obtain the doubly infinite
eomplete system of complex functions
(4.13) ot (mxeny) (m,n=0,+1,42, ¢¢.)

in the region R,
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Now we give the double series (2.11)' & complex form.,

Applying Euler's formulae (4.12) to cosmx,cosny,sinmx,sinny
we may write (in the notation of (2.10))

. -Apn(X,y)=8 cosmx cosny + b sinmx cosny
Amn

+C, ncOosSmX sinny + dmnsinmx sinny, m,n =0,

10X, g—1mX) (o107, ™107)

= %[amn(
+ 1bmn(e-imx__eimx) (elny,e—1ny)

+ 1cmn(eimx+e"imx) (e~1NV_giny)

- dmn(e—imx_eimx) (e-—iny_einy)]

(4.14) = %‘[(amn.ibmn_icmn_dmn)eimxeiny

+ apn=ib .+ 1°mn+dmn ) eimxe—iny

-imx e iny

+ (amn"'ibmn-icmn"'dnm Ye

+( ap+iby+iep ~d ) e"imxe“inY]

= %;B&mn"dmn)"i (b +e )} elmxginy

+ {( arn+dnn J=1( bmn"cmn )} e 1mxe'-iny

-~imx_iny
+ {(amn+dmn)+i(bmn—c )}e e

+ {( amn"dmn )+1 (bmn-t-emn )} e-imxe-—iny:’ .

We now define the a

mn’bmn’cmn’%n for negative indices.
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Let -
= = 8
®m,-n = %p,n = ®%n,-n = %mn’
v b, = b—m,n "‘bm,-n “""’bm,n’ b, ,=0, bon=0,
(4.15)
-m,-n ”"c-m,n = Gm,—n ==0m,ns oo=0, cSmo”,c” (m,n20)

& m,en =, n ==y, = 4y n» Goo=dye=d,,=0>
and for m,n=0,+1,+2,... these relations may be written:

c =(8ign ¢ 4 =(si mn)d ’
m,n=(sien nley vy Gmyn=(slen mide o

{¢.18)

where sign a = +1 for a> 0, sign a = -1 for a< 0 and sign0 = 0.
From the last equation of (4.14) we define Cp p for positive
. ’

and negative indices by the following relations:

1 - -
Cm,n” Z’[amn Qon i(bmn*cmnﬂ

I -
Co,on = Z[amn"‘dmn 1 (b —Cpy

(4.17) N m20, n>0,
Cpn = 5{Bmn*Onn*t (Ppy—omy )]
= & ,
| 8 _m,n 4[amn’dmn*i(bmn*emn)]
whence
(4.18) Cou,n=Com, > cm,_ngc_m,n, m=20, n=0.

From (4.16) we may write the relations (4.17) in the form
(4.19) Gm,ng %[am,nfdm,n—i(bm’n*cmgn).] m’ngo’il’izb’ *e*

and (4.18) still holds with m,n=0,+1,%2,...
With this notation we write (2.11)' in the complex

®
imx in
A (x,7) = Z C e mE MY

m,n=0 m, Ne==—00

Torm 00
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whioh may be written

imx -imx
Z A (X,7)=0Coo + Z(Gmoe +C_p,o® ,)‘

m,n=0 m=1

v iny -iny
(4.20) + E(cone +Cy, n® )

Upon introducing the two complex variables z1=eixm z.‘aeiy,

we have
(4.21) Z A (x,y)=0,° + zk} :Gmozz + 87?2:0@’-
m,n=0 m=1 N=1
© mn o mn
“'27{ Z Gm23_z}g +3E Z Gm’_.nz:_!'
m,N=l m,n=1

If & b, Pmns Gyy are the double Fourier coefficients in
(2.12), then sinece the rekations in (4.16) hold for m,n=0,3l,...
in (2.12), we have from (4.19) that

T ~1
4 = r%' f(x,y)‘cosm: egsny dxdy
- 1
- f(x,y)sinmx sinny dxdy

1 =17 <17

T
-1 %&: j £(x,y) sinmx cosny dxdy

- Jﬂl; f(x,y)cosmx sinny dxdy
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1T ~T0
4 = L £f(x,y) Esos(mx+ny)—i sin(mx+ny)] dxdy,
mn ot :
2 2y
whence w -1 .
oo "‘1(mX+nY)
(¢.22) C_ = 1, £(x,y) e dxdy, (m,n=0,+1,%2,..).
' &y &

Conversely, this process may be reversed and the coefficients
in (2.12) may be uniquely determined from (4.22) and (4.19).
With the coefficients (4.22) we may write the double Fourier

series of f(x,y) in the complex form (4.21) or in the form

0 co
(4.23) f(x,y)rufz:j a4 (x,y) = Gmnifzf, zgzeix, z.=eiy.
m,n=0 m, N=—00
Two important differences between single and double
Fourier series were mentioned in the introduction (pége 2).
Confusion results from a failure to understand the distinetion
between the correspondence of the single power series to a
single Fourier series and the analogous situation in double
series. We, therefore, wish to consider this distinetion in
' getail.
On placing r=l in the last equation of (4.7), it is
-seen that the single trigonometric series (2.13) may be
treated as the real part of the power series (4.6) on the -
“unit eirele z=eix (er. 65,p.i]. We shall see, hoﬁever, that

the real part of a double power series in two complex
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variables

mn

(4.24) Bm,nm1 za, B =o( 1@, (e .@. real),

m,n:o
on the eircles z;#eix, z,‘zeiy is not the most general double
trigonometric series (2.11)' or the complex form given in

(4.23). The series (4.24) may be formglly written

00 @
E . 1 (mx+ny) .
ane = > an(cosmx + 1 sinmx)(cosny+i sinny)
m,n=0 m,n=0
(o)
= § an(cosmx cosny - sinmx sinny

m,n=0 +i cosmx sinny + i sinmx cosny)
so that 1o o) [ %)
N i (mx+ny) .
(4.2‘5) ‘K 2 B e - g (o(mncosmx eosny-n-/gnsinmx cosny
m,n=0 m,n=0 .-
’ ) +f%ncosmxsinny ggnsinmxsinny)

(v o}
= § E(mncos(mx-my)-pﬁmnsin(mxmy)]
m,n=0

and it is obvious that the coefficients do not give the most
general double series since in the notation of (2.10) we
have here that necessarily
(4-37) amns —dmn, bmn = Gmn,
and consequently two of the four coefficients are not
arbitrary. Thus the real part of the double Taylor's series

i

 (¢;24) on z,=6 x’ z.eaiY is not as general as the douﬁle

Fourier series (4.23) of £(x,y).

A

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



69
4.C, Harmonic, Double Hermonic, and Biharmoniec
Fupnctions of several variables. Laplace Series. We now
introducé the following concepts.
Harmonic function of several variableg?: A real

funetion U(x,,Xs,...,X,) of n real variables (X,,Xsy..«,X,)

in rectangular coordinates is said to be harmonic in a

region of n-space if it satisfies the lLaplace differential

equation
. 8 2 8 ]
(4.28) —g—-{—.}--f-g—-g +_Q-.IJ'-+. ..... +_Q£g = 0
v A x, 0 Xy Jxs 3 X

at every point of the given region.

Bigylinder: Let z, and z, be two complex variables
 with '
| zg=re 1 ¥=u, +17,

(4.29) iy (ry8,%x,y,us,Vs,Us,7Vs Teal),
Zg=Se V=Ug+iv,
then the four-fold field of variation of z, and z, consisting
of the o * places given by combining any point within or
upon the circle [z,{=1 with any point within or upon the
cirele [z;{=1 is defined as the c¢losed unit bicylinder. The
interior given by the two-fold field
(4.30) fz.l=x<1, [zel=8 <1
is designated as the unit bicylinder B., The boundary of B
is the three—dimensional manifold consisting of the two parts
(a) lzil=r=1, [z, f=8 £1
(4,31) : '
' (b) Jz l=r<£1l, |zpl=s=l.

The common part of (a) and (b) given by
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(4.32) {zd=r=1, [z l=s=1

ls called the ''distinguished boundary surface'' of B or

more briefly the ''distinguished surface of B*%.  This
distinguished surface constitutes the points of the boundary
of the unit torus. The distinguished surface of the bi-
e¢ylinder B plays a role in the theory of functions of two
complex variables similar to that played by the unit circle
a8 the boundary curve of a region #n functions of one complex

variable,

Double harmoniec function: A function U(u,,v,,u,,v.),
(us,vy,us,vs rectangular coordinatesl, is said to be a
double harmonic functiom in the bicylinder B if it satiasfies
simultaneously the two Laplace differential equations

Q‘U ”lUm a2k .“Us |
(4.33) . ETEE 4.4%;3 o é?ﬁ% + J%;E 0

in B, A fortiori U satisfies (4.28).

Bihermonic fungtion: A function U(u,,v,,us,v.),

(ws,va,u,,v, rectangular coordinates), is said to be a bi—

harmonie function in the bicylinder B if it is the rea} part
(or imeginary part) of en enalytic funotion of two complex

* The term ''frontier'' is used by A.R. Forsyth[ 24,p.20] to
designate the surface (4.32), The terms used here are those
used by S.Bergman [2), This distinguished surface is a
speclal case of the '!'three-—dimensional distinguished mani-
fold'' whioch is the real part of the boundary of the four—
‘dimensional domain of two complex variables such that for

- every function F(z,,z,) regular in the domain, {F(z,,2z,)|
‘takes its maximum not only on the boundary, but more specific-—
ally on the distinguished boundary menifold of the domain.
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variables in B. U then satisfies (as can be seen easily)
not only the Laplace differential equations (4.33) but in
addition the two differential equations |
e00) A 93:3. 0 %I’E%ﬁ"’
in B.

From these definitions it is seen that both double
harmonic and biharmonic funetions are harmonie functions of
the four variables (u,,vs,Us,vs) and that also the class of

- biharmonic functions is ineluded in the class of double
harmonie¢ funections.

In division 4.B we have outlined the double Fourier
series as a development of a function of two vgriableé

U analogous to the single Fourler series development of a func-—

~_%ion of one variable. In the case of one variable, it was
:ééen that the Poisson integral G(r,x) in (4.8) furnishes the
8solution of the Dirichlet problem for the unit circle and
fhat lim G(r,x) gives the Poisson sum of the single Fourier
,seriegs(a.lﬁl of f(x). What is the situation now when deal-
ing with a function of two variables f(x,y)? What are the

- Pirichlet problems 6orresponding to analogues of the unit
eirele? Can Poisson-type integrals be shown to give solutions
of the corresponding problems? What comnnection, if any,
exists between such Dirichlet analogues and the double Fourier

series (4.23) or with the real part of a double power series
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~ of the form (4.24) or other developments? We shall not
attempt to give a complete answer to these guestions but
‘merely wish to meke clear the part played by the double
Pourier series,
~ We shall now consider another generalization of the
single Fourier series by giving a series development cor—
responding to the surface of a three dimensional sphere. We
shall thus consider the following Dirichlet problem eorrespond-—
ing to the unit spher: With a given periodic funetion f(e,0)
6f two variables defined on the boundary of the unit sphere,
when does there exist a function harmonie on the interior of
the sphere taking on the given values of £(8,f) on the bound-
ary?
- If we use spherical coordinates the funetion depends
on two angles (x,y), the longitude and latitude, and f(x,y)
~ has a period of an‘in x and a period of m in y. It is known

[39, p.241] that the surface Poisson integral defined by
e

| 8 L eima ol d)
(4.35) G(r,x,y)= lz-ll- 81n® f(9,¢)l ae af, r<1,
' T (1-2r cos¥+rs)®

v .
(r,x,y spherical coordinates),

where cos ¥ = cos x ¢os@ + sin x siné cos(y-f), is the
harmonic function which takes on the given boundary values
f{x,y) and gives the solution of the Dirichlet problem for
the unit sphere. For continuous f(x,y) the funetion G(r,x,y)

approaches f(x,y) at every boundary point. But if £(x,y)

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



- . 73
while remeining integrable, has discontinuities, G(r,x,y)
cennot always approach f(x,y) at every boundary point. in
this case Kellogg [44] states that G(r,x,y) approaches f£(x,y)
at every boundary point where the function‘f(x,y) is continu~
ous, and G(r,x,y) lies between the least upper and greatest
lower bound of f(x,y) at a point of discontinuity. Tt is
thus seen that the surface Poisson integral G(r,x,y) in(4.35)
is a harmonic function which plays a role for the unit sphere
similar to that played by the single Poisson integral G(r,x)
in (4.8) in that it gives the solution of the corresponding'
Dirichlét problem. On the other hand if we use the spheriecal
coordinates r=l, -n=x<w, 0<y=<m, £(x,¥) may be given a

Laplace series representation

o n
(4.36) f(x,y)= IZE,\Pn(cos x)+ Z&Lr(llgc))s my+Br(l§}.n my)Pf:(cos x):]

n=0 M=l

with

(n+m)ten

Ar(1 ).(311!-1).(._'1@.:_.. J‘z‘f(e P (cosG)cosm;é siné d9d¢

(n+m)ten

{4.37) :BI(1 )_(2n+1 MYf (e,¢) P (cose)sinmg s1ne dedgd

T
A, = (2n41) 12;7. j‘ rf(e,g‘)Pn(cose) sine de 4g

~where Pn(cose) denotes the well known Legendre functionss
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e

... cos{n+d)u . .
Pn(Cose)g % du

A [a(eos 0 - eos@)]%

1e3ees(an=1) Lelen)
= 2co0s8 ne 2cos(n-2)6
Defheool2n * z(zn—l ( )

)Zcos(n—é)e-e.,.]

(4.38)

m o
Pﬁ(cos@) = (1) sin® e‘mPn(""sz’ .
)

' ‘ d(cose

It has been seen that the limiting value as r tends to 1 of
the single Poisson integral G(r,x) in (4.8) gives the Poisson
sum of the single Fourier series of f(x). Hers the surface
~Poisson integral G(r,x,y) in (4.35) plays en analogous role
for the Laplace series (4.36) of f(x,y) sinee lim G(r,x,y)

- gives the Poisson sum of the Laplace series (4?2%).

Additional analogues of the Dirichlet problem for the

unit circle lead us to a discussion of the members of two
other classes of funetions: a biharmdnic function as the

. real part of a double power series in two eomplex'variables
and a double harmonie function as the Poisson sum of the

_general double Fourier series,

| We first consider the Diriehlet problemof determining
a function defined in the bicylinder B which assumes the

values of a given continuous function f(x,y) on the distin-—

guished surface
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(4.39) z,geix-u,_-riv,_ ,  za=eiVaugalv,, —mixam-mey<m,
~and is the real part of an enalytic function of two complex
variebles in B (biharmonic in B).

Let F,(21,24) be an analytic function of the two
éomplex variables z,,Zs in the bieylinder B(lz,i1<1,iz,i<1)
whose real part assumes the values of f(x,y) on (4.39) . It
is to be kept in mind that £(x,y) being the‘real part of an
analyiia funetion of two eomplexvvariables is not an arbitrary
fﬁnetion of the two variables, Now f(x,y) can be developed

into the special double Fourier series

- (4.40)  f(x,y)~ Z Etmoos(mxmy) + ,gmnsin(mxmy)]

m’nﬂo
with coefficients
SR 1
Hoo = %#‘ f(u,v) dudv = %&oo,

| J. ﬂ
(4.41)

1

dﬁmf ‘ f(u,v)cos(musnv)dudv= —(4mn*dmn

= =8mn= "dmp

,%;&;;,gng f%n 3"‘ Jﬁ Jﬁ f(u,v)sin(mu+nv)dudv= %(b +Cyn )

o = Pun = %muns
e »Ppn» Omn » Gy @Te as defined in (2.12). The analytio

Punction F,(2,,2Z,) has the double power series development
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(4.42) Fi(z,,24)= Z anza.zas z,.mr'eix,z.aseiy, r<l,s¢l,
m, n=0 ‘

and since the series (4.40) is the real part of the double
power series (4.42) for r=1,s=l, the coefficients B, are

given by the relations

Boo= Ago—~1 fo= .iiaeo f(u v)dudv, Boo=0,

(4.43)
T A
-1 (mu4nv)
=o<mn-i :an o flu,v) e dudv,
S-IT -1 _
We writ | >
We write
, G:(r,s’xQY)"KFz(zlgzl).“KE an zls}.l zI:
m,n=0
A R i(mx+ny)
Bin
m,n=0

(4.44)

i 00 o) iny

;BOQ"' g rmBmoeimx-a- anBcne + § o ;) eiﬁx +1y)

L. . m=1 n=1 m,Nel :

() ; o0 . 0o (
- imx n i(mx+n
;ﬁ EBOO-P > rmBmoe + E snBone Y. > rmsanne * y)—B°
‘ m=1 n=1 m,n=1

1
i m(x—u)+n(y—v)

o 1
Z r2sh J ar(u,v)e dudv
4n"
f f f(u,v)dudv
érr’
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7 17 00
. i 8) P=x-u
- 3""'. i i f(u,v) 2rs’e (mgan ~1|dudv, where 6my—v,

4rr
m,n=0
T ol
L £lu,v)| 2B "—:ﬂduav
i Vv
am L l (1-rel?) (1-s01®)
AT
- flu,v) du dv - -
an® (1-2r cos@+r®)(1-2s8 cos+s*)
= e ‘

1-28 cosO+8® |

T o
+ ;‘__" £(u,v) l-r cos@ - 1-8 COSO -
am 1-2r cosf + r'
Loy

_ {1-r cosf) (1—s cos@)+rs sind sine _ﬂ dudv,

(1-2r cosf+r®)(1-28 cos€ + s*)

Now we use the following notation for the double Poisson

‘integral defined by T AT
, flu,v) du dv

—2reos(x-u) +r3[!_L—ascos(y—v)+sﬂ

(4.45) Go(r,s,x,¥7)=

r<l, s<i,

-eand letting
A ALA,, D=z, Omy-v,

(4.46) A; = 1-2r cosd + r®, hy=l-r cosf, g&i=r sind

A, = 1-28 0080 + 8%, hy=1-8 c08€, g,=8 8iné

and T
. by , Ba _ DRaDg+8.85 — 1 /gudv,
(4.4'7) Gz(r,s,x,y)-é"—'f(r(u,v)[lk *A. —*—Kﬁlﬁl ] .
-1
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we may write G,(r,s,x,y) as the sum of the two Poisson-type
integrals _
(4.48) G,(r,s,x,y) = Galr,8,%,y) + Gs(1,8,%,7).
 Jacob [39] states that for any integrable function

f(x,y) the Poisson~type integral G{(r,s,x,y) gives a bihar-
menic‘funetion in the bieylinder B but G,(r,s,x,y) does not
in general tend to f(x,y) when one approaches the distinguish-
ed surface (4.39). With the aid of Fatou's classic results
on Poisson 1ntegfals, Jacob obtains the following necessary
and sufficient condition that G,(r,s,x,y) furnish the solution

of the above Dirichlet problem for biharmonic functions in a

bicylinder:
n AT
£(6,5) + &, [t(x,y) -£( € ,7)-t(x, §)]axay

{4.49) L I

T
1 %, +$-Y -
+ i f(x,y)cot—g—cot—g— dxdy 0,

2 o

the last integral being teken with its prineipal value in
the sense of Cauchy. This condition (4.49) includes the
following one stated by Bergman 2]

LI
S; J; f(x,y) cos(mx-ny) dxdy = O

X (4.50) (m,nal,z,ooo)o

Tt A1
gﬂ gﬂ f(x,y) sin(mx-ny) dxdy = O
T v :

. : €
On the other hand Bergman [5] has pointed out that
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one can easily define a continuous function on the die-
tinguished surface (4.39) such that there does not exist a
:biharmonio function which takes on these boundary values on
the distinguished boundary surface (4.39). Consequently, a

- more general class of functions then biharmonic functions
is needed for it to be possible to find a harmonic funetion
“which assumes preassigned values on the distinguished bound-
ary for every continuous function given on the distinguished
boundary surface.

We shall, therefore, be concerned with a generalized
Dirichlet problem for the bicylinder whéme 1t is desired to
Tfind a double harmonic function in the bicylinder which
assumes the values of a given continuous function f(x,y) on
‘the distinguished boundary surface (4.39). We,first, give
Vthe developn-tg of the double Poisson integral G,(r,s,x,y)
given in (4.45) from the point of view of the Poisson sum
Sf the double ?ourier series (4.23) of f(x,y). We again
employ the complex form with the variables z,-raix,z,-seiy,
r{l, 8<l. It has been seen that the general double
PFourier series (4.23) can not be considered as the real part
of an analytiec function of two complex variables and con-—
sequently can not be a biharmonic function. However, as in
(4.21) we obtain the desired generality if we consider the

real pért of the non-enalytic function
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“051) F(Z;,Zg): U+ivV ®

2 o)
. m n
= G°°+ E acmoz; + ZconZ.

e M=l . nﬂl
(3.9] @
mn n
+ Z:acmnaz Zy + Z:zcm . _nzx:’i,
m [ n=1 m Y nﬂl

with C,, as given in (4.22), and z,,areix, z.aseiy, rl, s8<1,
& x<m, M<y<w. With the aid of (4.18) we write
G(P,B,X,Y) = U “76 F(z,_,z,) =

(# o) @ @

Z m Z, - Z: n

’ce ot Cmez,;{— C__mOZyl- Conz.
' m-l Nwl

‘* mml

E Go n2g+ Z\cmnzlzl"' ; ;m,-—n

m,n=l m n=l

8 o)

(e

z : 2 n }': an
+ c 218' + C__m,_'nz:_z‘
m,n=1 © m,n=l

’(4.52)
(¢ 3]

- E ‘ im{_in}_1(mx+ny)
| Gmnr 8 e
m, N=~—00

®
= n,
Z g &mn(x,y),.

m,n=0
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salz ‘cc;sﬂ-::‘)'iwg_-ﬁn]du &y
“whence

(4.;53) G(r,s,x,y .,(LI__)_(.L_._).J‘ f f(u,v) du dv. ... ..

L-greos(x—u) -z-rﬂﬂ-asoos (y=v) 4-8‘]

= Ga(r,s x,y)
In a similar manner the :lmaginary part V of F(z,,z,) may be

found and we have

17 1T '
f e BV e EW . . .
Flz,,2,) =t1=r2)(1=s®) y 2u,v) 5. av
4mr® A

Tl =T

7 T
sifill=s ) ',"JQJ»W@M
2

£ ;
+ ‘ff (u,v) sineau av

Substituténg the values of ¢, from (4.22) into the equation

'»(4.51) with zaareix, z,»aeiy and teking the real part we

have
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LR © nom
6(r,s,x,y)= ﬁ-—i‘ f({u,v)dudv + Z laﬁ'j J‘f(u,v)rmeimy
™
AT =Y =l S v
foe) 1T A
+ - 5\ l’ f(u,v)asnem,9 du av
an
n‘l —~4Y
o r.ﬂ' "
+ 2 %ﬂ;‘ ‘f(u,v)1'msn<a:“}f{“69m9 du dv
m,n=l S Lo
@ AT AT
+ > %ﬁ-l. J‘ f(u,v):rmsnej'mzle—:m9 du dv,
moel sy

where @=x-u,O=y-v,

3 ) ©
- £lu,v) [L+2 ZrmeimO + 2 sneing
4n®
. -1

n=1 n=1

: ® ®
+2 E Mgleinfeing o Zrmsneimﬂe—ine du dv
m,Nn=l ' m,n=l

‘whieh in the notation of (4.46) is

an®

1T =17
= 1 £ (u,v) EL-pglz_‘mﬁ:I: + a8 cose—g*
| A A,
-{T

ol cos@-r*) (s ecoso-g® )rs sind sine
' AN

du dv.

+2lr cosg-r*)(s cose—s*)+rs sing sine]
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~ An examination shows that the double Poisson integral
 $']6,(r,a,x5y) satisfies the equations’(4.55) in polar form eand
lthua is a double harmonic function in the bieylinder B, but
it i8 not a biharmonic funetion sinee it is not the real part
of an analytie function of two complex variables. Now for an
approach to the distinguished surface (4.39) corresponding
kté a radial epproach to the boundary of the unit eirele,
Kuestermann [45] showed that G,(r,s,x,y) takes on the values
of a eontinuous f(x,y) on the distinguished surface (4.39).

He showed that

ey limb Galr,8,x,y)= %{?(x+0,y+0) + £(x+0,y-0)
K= ‘y::
r-l,8-1 + £(x-0,y+0) + f(x—c,y—o)],

provided f(x,y) is bounded over the fundamental square about

(0,0) and the limit on the right exists. The double Poisson

integral G.(r,s,x,y) thus gives the solution forthe Dirichlet
problem for double harmonie functions in a bicylinder B, and

lim Gu(r,s,x,y) gives the Poisson sum of the double Fourier

1’

geries (4.23).

The relations between the different double series may
now be summarized.

(L) On the eircles |z,i=r=l, [z,[=8=1 we have seen in
(4.27) that the real part of the double power series (4.24)
is leés general than the double Fourier series (4.23).

(2) For lz;l=r <1, |z.l=8<1, the real part of the

double power series (4.42) is a biharmonic function and less
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general than the double Poisson integral (4.53) which is a
- double harmonie¢ funetion and which gives the Poisson sum of

the general double Fourier series (4.23) of f£(x,y).

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



85
CHAPTER V
ABSOLUTE CONVERGENCE OF DOUBLE TRIGONOMETRIC SERIES

5.4, Summary of Chapters ¥ end ¥I. In Chapter V we
shall be concerned with some questions relative to the
effect of absolute convergence of double trigonometric series
‘lon the absolute convergence of the series of coefficients.
With the aid of Lemma 5.1 and Lemma 5.2, we are able
to bbtain the Theorem 5.1 which is an analogue to double
trigonometric series of the single trigonometric series
theorem obtained by Camtor [10) (ef. Theorem B.l, p.l7).
Theorem 5.2 gneeralizes to double series a theorem of Fatou
[21] whioh states that if a trigonometric series is absolute—
1y convergent gyerywhere, thenm the series of coefficients
are absolutely convergent (ef, Theorem B.3, p.17). On the
other hand, Theorem 5.3 shows that in the case of a double
Dower series, we need ouly to assume absolute convergence
fiﬁia set of positive measure in order to get absolute conver-
gence of the series of{coefficients. This theorem is thus
an eanalogue of a result obtained by Denjoy [17] and Lusin
&ﬁ@ﬂ in the sense of being a generalization to a double
power series which is a special case of the double trigono-
metriec series (c¢f. Theorem B,4,p.17)., With a certain type
~of monotonieity assumption on the coefficients, we obtain
in Theorem 5.4 an analogue of the result on the problem of

the absolute convergence for sine or cosine series proved by
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Fatou [28] (of. Theorem B.%, p.18).

In Chapter VI wé shall oenéidar the absolute conv-
ergence of the double Fourier coefficients corresponding
to a funetion f(x,y). There we shall first prove seven pre-—
linminary results in a sequence of lemmas neaded for the
proofs of subsequent theorems, .

Integrated Lipschitz conditions on f(x,y) are employ-
ed to secure the absolute convergence of the double Fourier
6eeffieients in Theorem 6.1 and Theorem 6.3. The two
theorems, Theorem 6.2 and Theorem 6.4, which follow from the
more general Theorem 6.1, are analogues to double Fourier
series of the Bernstein theorem on the absolute eonvergence
of single Fourier series (cf. Theorem A.l, p.ll). These
gnalogues are shown to contain the Bernstein theorem in the
special case where f(x,y? reduces to a function of a single
variable.

A generalization of Theorem 6.1 is given by Theorem 6.5
which gives the absolute convergence of the double Fourier
coefficients when raised to some power. This theorem is an
analogue of a theorem concerning the expoment of convergence
~of single Fourier series given by Szasz [59) (of.Theorem A.B,
p.11) and contains the Theorem 6.6 which is an analogue of
the first generalization of Bernsteir’s theorem given by
Szasz [59] (ef. Theorem 4.2, p.1l1). **Gegenbeispiele'! are
given to show that these various resuiﬁs in Chapter VI are

the ''best possible'! in a certain sense.
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Theorem 6.7 is an analogue of a theorem by Zygmund [?Q
. in which a combination of Lipschitz conditions and bounded
ﬁariation gives absolute convergence of the Fourier coeffici—
ents (cf. Theorem A.7, p.1l2). This is generalized in the
- 'Theorem 6.8 to obtain the absolute convergence of the Fourier
coefficients when raised to some power. The latter theorem
is an analogue of the theorem Biven by Waraszkiewicz [67] and
Zygmund [72] (ef. Theorem A.14, Dp.13).
In the last part of Chapter VI, we use the concept of
a double harmonic function corresponding to a funection f(x,y)
#0 give an alternative proof of Theorem 6.4 in a manner
analogous to G.H.Hardy's use of a harmonic function in his
proof of Bernstein's theorem [32,p.321]. In obtaining the
other analogues mentioned above our proofs generally use
extensions to double series of the methods employed by the

respective authors in their proofs in single series.

S5.B. Absolute convergence of double trigonometric
geries. A double trigonometric series

-

~ 00

(Sil) Z:j(amneos mx eos ny + b sin mx cos ny
m,n=0 + ¢pncos mx sin ny + 4, sin mx sin ny)

is'said to converge absolutely at a point (x,y) if thevseries

formed by replacing each term by its absolute value converges,
i.e. if
o -
(5.2) Z::lgmneos mx ecos ny + b sin mx eos ny
m,ns=

+ ¢ ,008 mx sin ny + 4 sin mx sin nyj .
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V_If the series convérges absolutely at every point of a point—
‘set or of a region, then the series is‘said to converge ab-
solutely in the set or in the region. The problem to deter~
mine conditions on f(x,y) so that the double Fourier series
will converge absolutely, may be considered for one point of
R, or for all points of R, or for almost all points of R, or
for some other plane set of points of R.
It is obvious from the definition of absolute conv—

ergenceé that the convergence of the series

Q0
5.8) ) gyl + Iyl + loggl + Togy]

m,n=0
implies the absolute convergence of the double series (5.1)
at every point of R. This fact, when applied to doubls
Fourier series, together with other results such as the
Parseval theorem fof f(x,y), calls attention to the behavior
Qf the double Fourier coefficients 6f given classes of func-
tions., Several interesting properties of the double Fourier .
coafficients were gtﬁen by Hilde Geiringer including the
ﬁiesz—Fiseh@r theoren [85,p.78] and the Parseval theorem
[25,p.138] .

Although the’convergence of (56.3) gives absolute
eohvergence of the double series (5.1) in R, the double
"series (5.1) may be absolutely convéréent at an infinite
vplane set of points without (5.3) being convergent. This

may be seen by considering the example

t
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(5.4) E sin m!x sin ntly.

m,n=0

Here we have &, =by,=0, =0, (m=20,n=20), while the coeffici-
ents dmn are either zero or one and there are an infinity of

them equal to one so that
' ®

) dagl - .

m, nso

On the other hand, (5.4) converges absolutely on the infinite

plane set
X= Eﬁ, V= Eﬂ (p,q,r,8, any integers),

'sinee for all m,n such that m= Jqf, n> [s| we have
31n(ﬁ&%§) =0, sin(n!%n) = O,

Thus the series (5.4) converges absolutely on the (everywhere
aanse) plane'set of points for which x and y are commensur—
able with m while the series of coefficients 1s not absolute-
1y convergent.

We now point out the following useful rélations.
On letting

‘ 1
s 8 a a .\
(5.5) f;n = (amn *Pon * Oy * amn)
| and noticing that

 ¢§$ is seen that
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©
-
(5.7) ? an<oo
m,n=0
implies
00 ® © 4 )
(5.8) Zlamniéoo, Z!bmnkoo, Zlcmnkom Zldmnkoo,
m,n=0 m,n=0 m,n=0 m,n=0

whence (5.3) converges and (5.1) converges absolutely at

every point of R. On the other hend, if (5.8) holds we

know since

(5.9) ]Omné bey ol + 0o b+ Hopl + ldg,d

that (5.7) holds,
We now give two lemmas to be used in the proof of

Theorem 5.1.

Lemma 5,1. Let T(n) be an arbitrary positive funection

having only integral values such that lim T(n) = .

‘(i) s N=00

e O

‘then for any T(n)

(5.120) lim X pp),p = 0

n=00
and conversely,
(11) if iiﬁgCKT(n)’n = 0

for every T(n), then

(5.11) lim X = 0.
i m, N= m,n
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Progf of (i). We have (5.5) given and wish to show
that for any T(n) we obtain (5.4). Suppose (5.4) is not
true, i.e. there exists a T(n) such that |
Tim ldT(n),n! >0,
‘Thus there exists ad > 0 and corresponding to this S there
exists a sequence Nj, (j=1,2,...), @and an integer n,, such

that Nj>n,, for all j and

!
‘ T(Nj),Nj‘>S ' jﬂl,z,u-o

But by hypothesis, we must have, for any preassigned positive

and sufficiently large m, and n,

X ,
| MNI <&, for all M>m,, N >n,.

Choosing T =3 and M=T(N), (integer), we have a contradiction
whioh proves part (i).
of of f“ 1). For eny integer T(n) we have (5.4)

. given with lim T(n)=c and wish to obtain (5.5). Assume (5,5)

: N=CO :
is not true, i.e. .

| m,n=co M0

Thus there is a S> 0 and correéponding to this 5 there

exists a sequence Mi’Ni of values of m,n and integers m,,n,

such that M

>m,, N,>n,, for all i, and

i i

‘Okmi,ni] >~ 5, and M,—>0, N, — .
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But since T(n) can be choosen as an arbitrary integer, with

-~ 1im T(n)=00, we can define T(ﬁi)aM (1=1, 3,...), whenee
n=Q0

X -
l T(Ni),Ni! l MiNi! >§ 131,3,000 .

Choosing § = we see that this contradicts the hypothesis |
that for any T(N) and preassigned & >0,

l, T(N),N l <€, for all No>n,,
and part (ii) is proved.
Lemma 5,2. If
(5.12) limex sinmx sin ny = O
m,n=co 1B

for every x and y in R, then

(5.13) 1imX = 0.
m,n=00 R

Proof. Let T(n) be an arbitrary positive number

theoretic funotion of integer value such that lim T(n)=c
n=

and let
| u, = Cx%(n),n’ Dn(x) =u, sinT(n)x

For m=T(n), we have from (5.12) that lim D, (x) sin ny = 0
; n=00
for every x and y in R, For each fixed value of x in (—ﬂ,w)

we have
v lim D, sin ny = 0 for every y in (=—mw,m)
N=Q0

end by Cantor's theorem B.l, page 18, it follows that fore

each fixed x, lim Dn(x)slim u_sinT(n)x=0, i.e. for every x
=00 n=00 |
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in (-m,m). Now applying Theorem (B.2), page 18, we see that

lim u. = lim ‘& 0.

=
N=00 n N=0 -T(n)’n

Since T{n) is an arbitrary number theoretic funetion such

that 1lim T(n)=0 , we may now apply part (ii) of Lemma 5.1
, D=
and thus obtain N

lim O( = 0.
m,n=co B

We now give an analogue to double series of the Cantor
theorem for single trigonometric series.
. Theorem 5.1. If A, (x,¥),(in the notation of (2.10),
page 7), tends %o zers, 8s m aud n tend o o, for every x
- gud v in R, then |

(5.14) 1lim =0, limb_ =0, lime__ = 0, 1lim = 0,
v= m_m%m " Mmoo HO ? Heco B0 ’ m-codmn
N=Q00 Nn=00 N=00 N=00

Proof. By hypothesis, we have

lim 4 (x,y)=lim A pnf cOS mx 608 ny + b__s8in mx cos ny
o, N=0 mn m,nseomn amn m
+c__cosmx sinny + dmnsinmx sinny) = 0

for every (x,y) in R. For x=0, y=0, this yields
lim & = 0,
n,n=Q mn '

Hence only the remaining three sequences for bmn’cmn’dmn

need be considered. It now follows that

~ lim B (x,y)= 1imA
n,N=00 m,N=00

(bmnsin mx ¢os ny + 0__cos mx sin ny

mn
+ dmnsin mx sin ny) = O

mn

_ for every (x,y) in R. Hence

1lim an(x,O)-lim A mnPypfin mx = 0
m,n=00 ., N=00
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- for every x in (-m,w). The existenés of this double limit
- means that in whatever way maand n tend to infinity the
v'double sequence approaches zero, hence if n-m we have the
single sequence with'umabm and Ilﬂir:oumsin mx = O. By Cantor's
Theorem B.l, we have

lim u_ =0 i.e. lim b = 0
m=00 m ’ m=00 mm *

In fact, we can say that for n=T(m), where T(m) is an

arbitrary positive function temding to o with m, wk have

the single sequence with umbe (n),n and
lim w sin mx = 0 for every x in (-m,m),
M=00

and by Cantor's Theorem B.l,

| limu_ = lim b = 0,

meco ®  meco T(m),m

It follows from part (11) of Lemma 5,1 that whatever manner
of simultaneous approach to oo we take for m and n, the
séquence has the limit zéro, i.e.

lim b = 0,
M, N=00 ma

Now only the two sequences for o . and &,  are left to
consider and we have

lim mn(°mn°°5 mx sin ny + 4, sin mx sin ny) = 0
m,Nn=00 "

for every (x,y) in R. For x=0, this ylelds

1im e, sin ny =0 for every vy in (~m,m).
m, N=00

A repetition of the argument used above gives 1lim o =0.
S m,n=0m
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This leaves the one final sequence for d ., to consider. From
the above results and the original hypothesis we know

lim 4 sin mx sin ny = 0O
m,Nn=00

for every (x,y) in R. Applying Lemma 5,2, we have

m,n=00W m

This completes the proof of the theorem.

We now give a lemma to be used in the proof of
Theorem 5.2.

- Lemma §,3. If

©
(5.,15) 'Z:ZQdmnsin mx sin nyl < o for all (x,y) in R,

, m,n=1

then

®
(5.6) ) eyl
| m,n=1
~ Proof. We define Q(x,y) vy
: @
(5.17) Ux,y) = 2:: I@mn!lsin mx sin nyl, (x,y) in R.
m, n=l . v

By assumption (5.15), Q(x,y) has a finite value at every
point of R, From (5.17) this function Q(x,y) is the limit

of the sequence of continuous functions
_ 1,
(5,18) Qij(x,y) = § ldmnllain mx sin ny{,

m,n=1

g0 thet by the theorem of Baire (eof. Theorem C.l, p.20) it
29
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follows that Q(x,y) is at most point wise discontinuous with
respect to every perfect set contained in R. 4n application
of Egoroff's theorem (e¢f. Theorem C.2, P.20) gives a plane
set E, with m(E,,)\=lE,,!>4ﬂ‘—-£ , such that the sequence Q’ij
converges uniformly in E, to Q(x,y). Since Q(x,y) is the
limit of the uniformly bounded continuous functions Qij(x,y)
on Ey, Q(x,y) is bounded on E,, say Q(x,y) M on E,. The
partial sums Qij(x,y) being uniformly bounded on E, we may

integrate the series for Q(x,y) term wise over E,. We have

0
}Z:udmn! Isin mx sin nyl d4x 4y < M|B,|.
myn=l
Ea
To prove (5.16) it is sufficient now to show that all the
integrals
Imn = }!sin mx sin nyl dx 4y, (m,n=1,2,...),

E, ,
are bounded away from zero by a positive quantity L. Let

Iﬁn = ysin'mx sin®ny dx ay, (m,n=1,2,.00)0

-5

‘Since Immsilén 1t is sufficient to prove that I; D L.
 Applying the formula 2sin®*X = 1 -~ cos2X, we have

'Ién = % (1—0932mx)(1—oosany)dxdy - * dxdy + I'!

E, E,
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where lim I'* = O,

m,N=0
since
lim cos2mx dxdy = 0, 1lim cos2ny dxdy = O,
m,N=00 : m,N=00
E1 1
lim cos2mx cosa2ny dxdy = O,
m,Nn=00 :
E,
Hence

S 1im I' = L|E,|>L >0.
m,Nn=00 mn i

This completes the proof.
. Theorem S,2. If the trigopometric series

@
(5.19) } (eync08 mx cos ny + by, sin mx cos ny

m,n=0 + ¢ 008 mx sin ny + 4 sin mx sin ny)

 is sbsolutely convergent for gvery point im R, thexm
v 3]

; a
(5.20) > f;m<oo, where /Dmn = a::m"'bﬁn"e:;n*d;n
m,nco
Proof, From the assumption that (5.19) converges

absolutely at every point in R it follows that the two

single series @©
Z l(a.mocos nx + bmosin mx)‘

i‘(a nt0s ny + ¢ sin ny)
n=1

are absolutely eonvergent for every x and y, respectively,
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Hence by Fatou's theorem (cf. Theorem B.3,p.l7), we have

00 00
(5.21) E ﬁno £ and Z: /gn <00 .
n=1

M=l
To shew that
o0
(5.22) > [on <
' m,n=1

we consider the double series

®
(5.83) E (amncos mx ¢os ny + b sin mx cos ny

m,N=l :
’ + o cOS mx sin ny + 4, sin nx sin ny)
.,‘hiﬁh by assumption converges absolutely for every (x,y) in R.

Let y=0 in (5.23), then by assumption
®
(5.24) E_J‘amn°°s mx + b, sin mx{ <oo for every x in (-m,m).

m,n=1

For x=0, this gives
o

(5.25) Z tappl< oo

m’nﬂl

If now we show that

o0
(5.26) ) Ibppl<oo,

m,n=1

it will follow in the first place thgt

. 00 P~
(5.27) ) (ag+o8 )% [la 1+ Jo, <o
in,n-l ‘Muzl »
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Now 00

o
ZlbmnSin mx| = Z ja 008 mx + by sin mx —e__cos mx|
m,n‘l

m,n=1

o8
_A_§ {amneosmx-ebmnsinmxh Z{amncos mx |

m,n=1 m, =l
so that by (5.24) and (5.25) we have

_(5.28) Z-}b simmx| = Z[sin mx | D ](‘oo for ali Xe
; m,n=1

m=1l

Now sin mx=0 for any given m and suitable x, and upon placing

(s ¢]

U"==5|b i,
mn

-

we see. from (5.28) that @

>—'0"‘ jsin mx| <o for all x.
‘e "m
n=1
Hence by Fatou's theorem (B.3) again, we obtain
‘ oo

‘ oo
2@‘1;400, i.e. Z\!bmn§<‘oo,
m=1

m,n=1
from which (5.27) follows.

If now we let x=0 in (5.283) our assumption gives

Z!amnoos ny + ¢ sin nyl< o  for all y.
m, N=1

(5.29)

How Fm'lc sin nyl= Zlameos ny +¢ sin ny - a cos nyl
m, n==1 v m,n=1

lemneos nyi,
m,n=1 =1

v Zl %neosny-rc sinny!-n-i
’
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whenee by (5.25) and (5.29),

[05)
(5.30) ) o l<w.
m,n=1
Since t 00
8 a ) 3
}_'(amn-rb +ep )82 ? (a +b E | !amnl'
m, m, N=l m,n=1 m,n=l

we have by (5.27) and (5.30) that
(5.51) 2 (a2 +b% 4ok )* <o .
mnsl

Wa now write

? ld sinmx sinny|= § lamneoamx cosny+b sinmx cosny

m,n=l m,N=1 ,
= +c cosmx sinny+¢mnsinmxs;nny
~(a, cosmx cosnys+b simmx cosny

+C,, , COSmX sinny) |

which by (5.19) and (5.31) gives

E ld sin mx sin nyl <o for every (x,y) in R.
m, n==l

Applying Lemma 5.3 we have

o)
E la, <o,

m’ n==1

whioh céombined with (5.31) gives (5.22). From (5.22) and
(5.21) we get the desired result (5.20). This éom@letes the

proof of the theorem.
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 Theorem 5.3. Let E, and E, be linesr point sets of

 »gositive measure on the x and y axes, respeoctively, and let
& plane set B of positive measure be determined by the points
Qﬁy;ntegsection of lines parallel to the goordinate axes
grected on the points of E, and E,. If the double trigono-
metric series (5.19) is such thet the goefficients satisfy
Yhe gondition
(5.32) 8 & =P Crn (m,n=0,1,2,...),

egnd if (5.19) is sbsolutely gonvergent in E, thep

Q0

. |
(5:88) ) L <o, [ = ahienhisod sad .

m’nﬂo

2roof. By assumption we have
0]

o ,
= L

gmo(x) s § (gmo&os mx + bmosin,mx)

mal . mﬂl

converges absolutely in the set E, of positive measure and

oo (e 5]
1
? Aon(y) =< E (aonccs ny + ¢,.sin ny)
n=1 Nl

converges absolutely in the set‘E. of positive measure. An
application of Theorem B.4, page 18, to each of these single

series gives

@ oo a
) 3 R o, e n et et
(5’5*) QO £ 00, / /gn <00 , mo amo'l‘bme’ on a°n+°°no

M=l n=1

In order to complete the proof of the theorem we now show

' ﬁhat
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> fuce

n,N=1

follows from the hypothesis that

- (5.,35) Z:jlamncos mx cos ny + b sin mx cos ny

| m,n=1 €08 mX sin ny + 4 sin mx sin nyf< o
in a plane set E with [E]>0. We first show that (5.32)

enables us to write (5.35) in the form |

(5.36) Zf' fcos (mx+X) cos(nya-Y)l<co
m’n‘l
for suitably defined X and Y. In order to write (5.35) in
the form (5.,36) it is seen upon equating coefficients of

corresponding terms that we must have

a cosX cosY e m e cosX sinY
f b = - fmsinx cosY 4 = én sinX sinY,

and hence &y, d =b . op,, which is the hypothesis (5.32),
~ Also if (5.37) is to hold,then

8 ]
amn"'ci:m = fnmcos'x, a® +bp = fmncos’Y.

We now define {X{[,|Y{ by the relations

1 1
c08X=Co8X, = ll—'-—’(a;n-rc;m)? cosY=cosY = L(aﬁn*bﬁn):
fon » |
g0 that ‘ +c2 + : L1
hadh sin Xl %n mn bmn dnn 8in®Y = %mn*%mn

ln [ fon

and we choose +X and +Y so that
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2 a
sink = L(b) +a> )°, sin¥ = (o, +ay )",

fim In
8 B 3 ]
Hence the relation /omnﬂ ap +bp +op +dn, is satisfied and
the coefficients have the form (5.37), which is permitted
by hypothesis (5.32). From (5.37) we write
Amn(x,y)a f;n(cosmx cosny cosX cosY-sinmx cosny sinX cosY

~cosmx sinny cosX sinY+sinmx sinny sinX sinY)
,,/a (cosmx cosX—sinmx sinX)(cosny cosY-sinny sinY)
mn

= f9 cos (mx+X) cos(ny+Y),
mn

gso that (5.35) may be given the form (5.36) under the con-
dition (5.32). We now define Q(x,y) by

@ @ ' |
Ux,y)= 2::lﬁmn(x,y)i = 2::,ﬁmlcos(mx+x)cos(ny+Y)l on E.
m, n=1 m,nul

From the absolute convergence of this series on E, Q(x,y) has

a finite value at every point of E. Now let

i,
Qij(x,y) = Z:: ﬁ;nlcos(mx+x) cos(ny+y)}.

n,n=1

are evidently continuous on the set E and since

%3

Q(st) = lim Qij(x’y)
i, J=00 ‘

it follows that Q(x,y) is a function of Baire's class 1 on E.
From the theorem of Baire (of, Theorem C.l,p.20) we have

y Q(x,y) is at most point wise discontinuous withvreespect to
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every perfect set contained in E. We mey therefore apply
Egoroff's theorem (e¢f. Theorem C.2,p.20) to the sequence
Qij(x,y) end the funetion Q(x,y). This gives a plane set E;
contained in E, with [E;}> 0, such that the sequence Q,ij(x,y)
converges uniformly in E; to Q(x,y). Q(x,y) being the limit
of the uniformly bounded continuous functions Q,i j on E;, is
bounded on E, say Q(x,y) M; end the partial sums Qij being
uniformly bounded on E;, we may integrate the series for

Q(x,y) term wise over the plane set E;. We have

®
E fm feos (mx+X)cos (ny+Y) fdxdy < M|E, {.

m,n=1 E
0
To prove the convergence of E m it 1s sufficient now

to show that all the integrals

Tin = S glcos(mx-rx)cos(ny-r’f)ldxdy, (m,n=l,2,60.),
E;
are bounded from below by a positive quantity L. Let

Iz;m =8 gicos'(mx-rx)cos‘(ny-ﬂ)ldxdy, (m,n=1,2y¢00)0
Es
8ince Inm->- Ix;m’ it is sufficient to prove that I} >L.
_Applying the formula 2co0s*x=1+c082Xx we obtain

It % (1+cos2mx cos2X—sin2mx sin2X)(l+cos2ny coszY

E3 -sin2ny singY)dxdy
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whence |
LI § ' 1t
It % dxdy + ,
E;
where Iéﬁ is the sum of eight integrals, each of which tends

to zero as m,n tend to oo, since

lim cos2mx dxdy = O, lim sin2mx dxdy = 0,
E

lim cosZ2mx cos2ny dxdy=0, lim sinZ2mx cos2ny dxdy=0
i, =00 m,N=00
Es B

lim cosg2mx sin2ny dxdy=0, 1lim sin2mx sinZny dxdy = O,
mn,;ne=0 m,n=00 '
B By

Consequently

lim I' =4 dxdy = £|Bz|>1L >0,
m, N=00 mn 4 %
Eg |

This completes the proof since all I} are bounded away from

Zero,

- Iheorem S5,4. If the double c¢osipe serigs
; 0
(5.38) ) @&, cos mx cos ny
m,n=0
is absolutelx convergent at & Eoin (x4,74)» x;,ytﬁo(mod w),
\‘:,ana if the coefficients are such that

lim ja, ,i=0, 1im lam!so for every i and J,
M=o

(5.39) laml-!am,n“!-c’, fapnl-lages , nl =0,
| gamn!-!am,n+1!—lam-px:nl*la‘m-f-a,n-i-z’—'}0:
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e}
m,n=0
Progf. Since cos(—x)=cos x we may assume 04 X, 2T,

0< yy <1 without loss of generality. By hypothesis

(5.41) _5: fa_ Ileos mx, Jlcosny,l <.
m,n=0 ’ .
For n=0, we have 2
T T Z fa  flcosmx, < o,
© m=0

and by (5.39) we know Iamol—-lam,,,,ol_éo, so that we may
apply Fatou's theorem (e¢f. Theorem B.5,p.19) for the single

‘oosine series., This yelds i‘

!amol £.00 .
M=]

Similarly, for m=0 in (5.38) we have by Fatou's theorem that

(¢ 2]
Zlacn!<oo-

n=1
Since cos®mx, cos®ny, < jeos mx,|jeos ny,l, it follows

 from (5.41) that @
Z‘ fa  lcos*mx, cos®ny, <o0o.
m,nﬁl

Substituting cos*mx,= J;zé(l+coszmx1), cos®ny,= %(hoosznyd

glves P _
X § la; [(1+cosamx,) (1+00s2ny])< @
m,n=1
or o
{5.42) % Z !amn!(1+0082mx,_+0082ny1+0082mx1 cos2ny, )< oo,
m’nﬂl
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~ From a gheorem given by H., Geiringer*® we have

o 00
/‘_Aamn!coszmx,_ oonverges, 2 :lemnloos:any', converges,

»mﬂl n=l

m :
Z:lamnlcoszmxi cosgny, converges.
m,n=1

Combining this with (5.88) we get 0

thamnl<oo.

m,n=l

. |
) laggl< o,

m,n‘o

Collecting results yields

and the theorem is proved.

,""Geiﬂringer [25,p.69] gives the following theorem: If amn)o,

and if lim =0 lim a, =0
m=w&mj ’ N=00 in ’

813 T 84, j4a T Q4a,J t Bi4s,Jes 20,

then

}: 8, nCOSHX cosny converges for every xs2mmrr, y#2nm,
Z am_nsinm:: cosny converges for every x and for y#2nnm,

Z 8y, SO SmX sinny converges for every y and for xg2mm,

Z a-mnsinmx sinny convgrges for every x and every y.
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CHAPTER VI
ABSOLUTE CONVERGENCE OF DOUBLE FOURIER SERIES

6.4, Lipschitz conditions end ebsolute convergence.
The substance of the following Lemma 6.1 is found in Hobson

[37,p.714] .

each variable, and integrable in the sense of Lebesgue. We
'amploy the notation of (2.10) and suppose the double Fourier
series of f(x,y) is given in (2.11)' with the coefficients
defined in (2.12). Let G(x) and H(y) be defined by the

expressions 4
G ‘ = o y - ( X}
(x) =L ) fix,y) &y - g
v
(6.1)
L - "oo
Hy) = = | f£lx,y) ax 8
=
and let
‘5.1)'_ F(X,Y) = f(x,y) -“iaoo - G(x) - H(Y),

then G(x), H(y) and F(x,y) are integrable and the Fourier
series corresponding to G(x), H(y) and F(x,y) are

o)
G(x) ~ Ao (x) = ﬁ‘ %’(amocos mx + bp.sin mx)
M= Mae]l

(6.2) {H(y) ~ ﬁkon(y) = Z Jai(aonces ny + e_ sin ny)
n=1 n=l

' [0} ,
F(X,Y)fv}fﬂmn(x,y}s Y lapqcosmx cosny+bypsinnx cosny
- myh=l m,B=l  +ep, cosmxsinny+d sinmxsinny)
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Progof. By definition, the single Fourier series of

G(x) is rr o n
(6.3) G(x)~~ lzg G(u)du + % G(u)cosmu cosmx du
L1 M=l| i
o
+ % G(u)sinmu sinmx dul.
oo
Since

v ]
[;os ku du = %sin ku ==§ sin kmr = 0, (k=0,1,2,..)
-1

)

(6.4

sin ku du = -.%eosku - %(GOSKR-OOSKW):O,
' -y

the determination of the Fourier coefficients of (6.3) for

the G(x) given in (6.1) is as follows

" Tt
i | I i - & a
= G(u)§u = — f(u,v)av &a,, u
- 1 =T '
T 1
= %;. J[ Jj f(u,v)dudv - i;ago du,
v 2y '

and by (2.12)

= g'a" - %aoo B‘O,
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also 1

% G(u)cosmu du = %J\ éﬂ f{u,v)dv ~ %a“ cosmu du
S 1

&

=

111 i
= %#. f(u,v)cosmu dqudv -~ iﬂ-a“ cos nmu du
-rr

and by (2.12) and (6.4)

= %amo' (m>0).
Likewise

o

Y G(u)sinmu du= 1 J"[- f(u,v)dv - J---a,,c, gin mu du, m>0,

= l—é.;, £(u,v)sinmu dudv - l—a fsin mu du
1
and by (2.12) and (6.4),
-
rr
Yoy

L G(u)sin mu du = %bmo’ m >0,

so that upon substituting these values for the coefficlents,

the Fourier series (6.3) of G(x) becomes

o) o0
G(x) Z‘%‘(amo“s mx + b sin mnx) = ZAmo(x).
. M=l Me=]

A similaer calculation of the coefficients of the Fourier
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series of H(y), T ® v
"\
(6.5) H(y)~r 1= H(v)av+ > L H(v)cosnv cosny dv
an T v
= n=1 2
1Y

-t-% \ H(v)sinnv sinny dv ,

iy

o ©
H{y)~ E -lzé(aancos ny + ¢ sin ny) = g A.on(y)

n=1 n=1

yvields

Finally, with the use of (6.1)', a similar calculation for
' the Fourier coefficients of F(x,y) ylelds

QO
F(x,y)~> Z A {x,9) .

m,n=1
Lemma 6,2. Let uy, be any double sequence of constants,
umn_-}_ 0, then
| v 2 .2 |
(6.8) Zu;nsin'mt sin®nw < K, [ t1%7Jwl '5), 0<x <1, 0<f <1,
 m,n=1

implies the following three inequalities:! with any given
integers M,N

M o
(6.7) NN Tm n*ul o+ Z ur £ K, M—zdﬁﬁzﬁ
m,n=1 - M+l,N+1
M,N
(6.8) Z ut W'n' LK, 2R (B 1-£)
m,n=1
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+1 v+l
2 ~-1238 -1
(6.9) 2\ u;n_éK‘ 2—2(0(/,4 +79 v), (/u,v-o,l,z,...).’
Z : v v

M=2 ,N=2
where K,,Ks,K3 and K, are constants depending only oncX and,g.
Proof. In order not to interrupt the subsequent
argunent we first interpose the following 3 |
for any integers M,N with m<M,n <N and t,w,é)f,

such that . . .
PR P | § L0 _ 0
te f2 Tl wef s led

(6.10)
it is known that sin mt)-%t for 0<mt<§
sin nw> 3%‘1 for O0< nw< §.

We now show that (6.6) implies (6.7). Let (6.6) be satisfied
~and let M,N be any integers. Next allow S> 0, £>0 to be

such that
L0 o8 B 2 A Z 0.
., M_2X<M+l, i.e m<5 oM
(6.11)
: e : .e. L1 <4 T,
N&gg< N, te. s 4
We have
k ® &
2 2
i u;nsin'mt sin'nw.‘-_z up sin*mt sin*nw<K 6] fw] F
m,n=1 m,nN= :
: Hence .'] K
2 A
§ u;msin'mt sin®nw <K, |t} ‘w!z.e’
m,n=1 ‘ '

~and upon integrating this inequality over (0,0; §,&) we get
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3 S € Sa°\+1 28+ 1
j j ux;nsin‘mt sin®nw dtdw< K,< —
0

m,n=1 (2ate1) (28 -Fl)‘

Letting j— ®, k— o we see that

w A 1 1
20( 4 2
(6.12) 7_‘ j Su;msin’mt sin®nw dtdw<Kg § o & A .

m,n=1% g

Now consider a single term of the left side of (6.12). 4n
application of (6.10) gives

§¢
$ ¢
| )| sin®mt sin®*nw dtaw > (£28)*(2n)* t*whataw>—Lm*n®d €’
| o LA 144
00 0 0
' M=l,2,..0,M
n==l,2,..u,N,
_end by using (6.12) it follows that
M.N M,N § d
1 2 e0a (0r? s it s
(6.13) s u® m*n 78 <« ) Yo sin®mt sin®*nwdtdw
m,n=1 m,n=1 0°0
2o+l 283 +1
<K, d g
or
M,N "
8. 2 23
(6 014) J 5 ? u;nm'n' < KQ J g .
m,n=1

We now estimate the second part on the left side of (6.7).
We thus consider m>M, n>N (i.e. m=M+l,...; n=N+l,...),

which combined with (6.11) gives “ e o
2 > P 2",
2(M+1) g, ne> ey >k
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In facs, 'upon plécing

! , : P ["] ) q p
‘ we have
| p£EL_<psl, wé2Tp, p>‘m;;"§—'
(6,15)
qfai."g<?"l: nt= ng q>§%,

Then making the change of variables tag, w-%f, dt:%dx, dw-%dy

- we see that 5 ¢ mS né

(6.16) j' j sin®t sin®*nw dtdw= m;E] j 8in®x sin®y dxdy
0 °0 0 ‘0
mS nt
= %ﬁ- 1 sin®x dx sin®y ay |.
0 0
Since, by (6.15), mS) %P’ né > %q, it follows that
md 121 ne¢ | g
sin®*x dx>p | sin®*x dx, sin®y dy >q | sin®*y ay
0 0 0 0

~go that (6.16) gives, on using (6.15) and evaluating the

o I
integral,S ¢ 3 2 .
(6.17) sin®mt sin®nw dtdw> P2 sin®*x sin®y dxdy=290
IR | mn © 16mn
0 <0
0 “0
Aws N o - &

—

lSmnu? 16

This gives, after multiplying by wh and summing,
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(l.ls)» L—Z 5_\ mSELT“mn j }‘sm nt sinaw dtdm

m=M+1 n=N+1 M+1,N+1

eX+l 26 +1
£Ked gﬁ .

The combination of (6.13) and (6.18) ylelds

u,N = A+l 22 +1
3 3
) Twrawtmti T ) wt SEexs g
m,n=l M+1l,N+1
whence, by (6.11),
M,N oy
-2, .~ s 8.8 . » 20( 3ﬁ
M aN § uppmnt 4 ? Won LKg M

~and the inequality (6.7) is proved.
Now to show that (6.6) implies (6.8) we need only to.

show that (6. 7) implies (6.8) since (6.6) implies (6.7).
However, (6.8) follows immediately from (6 7) by using only
the first part of the left side of (6.7) and consequently
(6.6) implies (6.8). Likewise, we now show that (6.9) is a
conséquenee of (6.7) by using only the second part of (6.7)
so that (6.6) also implies (6. 9) This may be seen by

 placing M=2’-1, N=2"-1, and noticing that

(2#21)F7¢ (37T R (27-1)°F £ (3)2F g

whence

A ut - ) ul 2K (2#1)7  (27-1)
M+l,Nal z‘ﬁzv | '
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Ke 2 S (,w,v::o,l,z,...),

which is the desired inequality (6.9).
We now give a second proof that (6.6) implies (6.8).

Let M,N be given integers. Then on taking taz.i'{ﬁ w«.aﬁ'ﬁ

we have from (6.6) that

M,N
2, _ 2R —2X 28
s SO in®BX <K, (I 1)L x M@ N
) et B T <TG R 2 K
m,N=l1:

and since - . T . o N
: sin”® sin or m n<
: &E)ﬁts 2N >N' ) s

it follows that

M,N M,N s
) up, EED 2 ) bt B ew® Wox, u N F
whence
M,N
. s 2(1-K) 2(1-p4)
u?* m* n® <K, N =
s mn
m,n=1

Lemma 6,3. If f(x,y) is in the Lipschitz class
: Lip S;l(d,ﬁ, Ny 1060 | %

T
(6.19) (i‘—'J‘ f!r(::-m y+k -f(x-h y-o-k)-f(x y—-ic)-s-f(x-h,y-lc)ldxd
. 124

4K°§h1°‘ uclﬁ for 0<A&£1,04 841,
then

i )
{6.20) 5 fnm sin®mh sin®nk /—K;lhl lkl B,

m, n=l
where the K's are constants depending only on the function

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



117

f(x,y) and where ﬁm; = aﬁn+bﬁn+oﬁn+%n, with %n,bm,cm,dmn
the Fourier coefficients defined in (2.12).
Proof. We use the following notation
HZ&;gf(x,y) = f(x+h,y+k)-f(x-h,y+k)-£(x+h,y-k)+f (x-h,y-k)
~with f(x,y = ia o + G(x) + H(y) { (x,vy), aé in Lemma 6.1.
From Property 2, page 23, it follows that

?

?
NaaGlx) =0, AuE(Y) =0,
s0 that

A',f(x,y) = F(xsh, 7+)F (x-h, y+k)=F (x4, y-k) +F (x-h, k)
From the double Fourier series expansion for f(x,y) wehave
. ’ o)
s ‘é&lafl“ }Z:Kémn|§osm(x+h —cosm(x—htlbpsn(ywk)—cosn(y—k{]
. m,n=1,y Ecosm(x-o-h)-—cosm(x—hj[ginn(y-rk)-sinn(y—k)—J
[éinm x+h)—sinm(x—h:néosn(y+k)—cosn(y—k]
+dmn[%inm(x+h)—sinm(x—h7[éinn y+k)—sinn(y~k L}

Bamnsin mx sin ny sin mh sin nk

»a=1 -b_sin mx cos ny sin mh sin nk
-G, ,CO8 mX sin ny sin mh sin nk
+d ¢os mx ¢os ny sin mh sin nk:Il
02)
(6.21) -4 Zsm mh sin nk L, (x,y)| ,
m,n=1

- where L (x,y)-amnsin mx sin ny - b, sin mx cos ny

- ¢ __cOoS8 si 4 ocos cos
o mx nny + n®° mx COS ny.
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Now let M off
L :
I,= y Lo (x,y) dx dy

LR

then
™ T
- ]

Imn- é., f E&;msin mx sin®*ny + b;nsin'mx cos*ny

8 & L s
S S menQOB‘mX sin®ny + dpncos'mx cos*ny

2
-28 mnbmnsin mx sinny cosny
+2amndmnsin mx c¢os mx sin ny cos ny
*?‘bm.nemn‘?’in mx cos mx sin ny cos ny

. 3
2bmndmnsin mx cos mx cos®ny

. v
-2 cmn dnm cos"mx sin nyﬂ dx dy

= I;‘.’Ig"’Is"‘Ig"‘I"‘IQ‘PIQ‘FI.“‘I.-’I;Q »

and AT LT
I, = &= ' gin®mx sin®ny dxdy
i e &mn -
2 Sw
n m .
E 3
= sin®mx dx 5 sin®ny dy
= =
2 n 113
= S (Smx - sipgmx)( —(Zay - sipeny) - ap,
16" n ‘ -t n =1

end similarly since

v Hi

L) sin*uau =1, & | costku au =1, (k=0,1,2,...),

"‘T -

- . s '
~ We have I.ab;m, I.ne;n end I,=d . The remaining integrals
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 IgyI¢,I9,I4,1s,and I, contain an integral of the form

2

o _ -
X =L sin®kul =
p sin ku cos ku du zk"sin ku o,
. L

hence are all equal to zero, so that

t
B 3 8 3 f
, (6.22) Iin = 8 * bmn oo 4+ @mn = /i;n
Squaring (6.21) and integrating over R we have in view of

{6.22) that

" @ ™ T
¢ . 2 -
-7 = | m,n=l I o
00
 } 8 .
= 16 § sin®mh sin®nk Imn
m,n=1
@
A . . )
(6.25} = 16 E f;nsin>mh sin®nk.
| m,n=1

By the hypothesis (6.19) the left hand side of (6.23) is
less than or equal to K:lhlz !klzfs> 80 that we have

©
Z fon sin®mh sin®nk £ K, Iu1 2% 1126
m,n=1 ' ‘
and the inequality (6.20) is proved.
~ Lemma 6,4, Let f(x,Y)EQ(x)W(y), where Q(x)#0,W(y)$0.
If the Fourier series corrasﬁoﬁdiﬁg to Q{x) and W(y) are
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o0
Q.(x).ru %og., + }__{(cxmcos mx +& sin mx)
=

(6.24)
. ®
W(y) ~ %—o\; + T(qécos ny +gr'lsin ny},
' n=1

then the double Fourier series of f(x,y) is

eo] &%) .
f(x,y)fu Z A (x, Y);Zlmn'(ocmeosmx‘r‘emsinmx) (O(ncosny-a-/&nsinny)

m,n=0 m,n=0

Ao= %:;, A = =4 )\mnsl,m>0,n>0,

mo on &

(6.25)

L1
03

Ko X +-»‘-—-9- 2(0{ cosmx’;-fmsinmx)

4 fom
z O(ncos ny +48 nsin ny)ﬁ
N=l

@ ;

1 t
(O(mcosmx-r gﬂsinmx) (ﬁ'ncosny-,&n sinny)
n,n=1

(6 36) /D ff , where [jza +b. +e‘ +d..‘ faao( +,3 f;o('-fﬁ:

mnmnmnmnmm

Procf. By the definition of single Fourier series
 eoefficients, we have
L w
-1 - !
b Q{u)eos mu du, ﬁm %,- 5 Q(u)lsin mu du

= S =n

S
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11 T
'

'
X, = % j W(v)ecos nv dv, ,Bn = -ﬁ j W(v)’sin nv dv,

<

[

and by the definition (2.12) for the double Fourier coeffici-

ents L S < ‘
a = i Q(u)W(v)cos mu cos nv du dv, m=0,n=0
mn  d
v &
221 o

1 Ly - '
p Q(u)cosm du = W(v)cos nv dv oéno(n.

w——

1P
‘. ]
bmn" X g‘ j Q,(u)w(v)‘ sin mu cos nv dudv u(@m " m=0,n=0,

A y t
6 =t Q(u)W(v) cos mu sin nv dudv =Q§n}@n, m=0,n>0,

AT
t
A= 11;: S' J- Q{u)W(v) sin mu sin nv dudv ’ﬁm IEn’ m=0,n>0.,
= o~

FProm these relations we see that for m>0, n>0,

4 % &
'L-, Amn(x,y)aamcos mx cos ny + bmnsin mx ¢os ny

Amn

+ cos mx sin ny + d;,.sin mx sin ny

Cmn

] .
= O‘ma'(ncos mx 6o0s ny +ﬂm0’\nsi_n mx cos ny

] | §
+c><m5 nCOS nX sin ny +vﬂmﬁnsin mx sin ny
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=(Xy 008 mx +(gmsin mx)’ (O(;lcos ny +.?8;sin ny),
- hence
o)

Z‘Amn(x, y)= Z ')‘mn (4 cosmx+£ sinmx) (A oosny-c-ﬂnsinny

m,n=0 m,n=0

Also a
‘ ,Omns ar +b7 +e) +dp = oﬂ"cx"-pﬁmcx" ;1‘,@1'1%#1;,31'1'
. ’)("“.ﬂf ') ”{O‘f'..
m n - n m/n
Lemma 6,5. If f(x,y) is in the Lipschitz class
Lipse (KXjp), i.e. |
i | i pY

Y

.. o
i’»} I£(x+h,y)=2(x,y) 1Pax| <Kin]“uniformly in y,

A
and again letting f(x,y) ; %&ogéﬂ' )+H(y)+F(x,y) as defined
in Lemma 6.1, then G(x) is in the Lipschitz elass Lip(°<,p)
(ef.Def.12,p.10). Likewise if T(x, y) is in Lip, (X ;p),
then H(y) is in Lip(<Alp). |

&gg_ﬁ_. By the definitions of G(x) and H(y) given in
Lemma 6.%, we have i

v , 1

G(x)= 32? f~(x,Y)‘dy - {‘aoo ) H(y).a %ﬂ.
and thus o ™
G(xeh)= L ) £(x+h,y)ay - Jaco, H(y-vk)el‘a# £ (x,y+k)ax- Ja,,,

<
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P
[ Geon, y) £ (x, 1] @y

s0 that

» mxm)—-a(x)_}? -

i
o P
A %; !f(x-c-h,y).-f(x,y')lw ’
o -7

p

[H(y+k)=H(y) !p I S [f(x,y-rk —f(x,y]dx
v

= If X Y+k)—f(x.y)!dx ,

and

~ 1‘1’ % T " P %
éa. 5 ja(x+h)-G(x) 1Pax < ;ZF de -lz; jlf(x-o-h,y)—f(x,y)lhdy

. iy
Lj HH(y+k) - (y) Ipdy 63’@ (x,y+k)=f (x,y) fdx)| |

By the Minkowski inequality (2. 24 , We have

1 — 1
m L. m L o |P
,, 25“. ]‘G(x-«-h)-G(x)l dx| < o |av|ER l‘f(x+h,y)-f(x,y)‘l dx
.—Tr . -t
" i n o —HX
p. \? . . o |?
‘ %ﬁ' iH(y-rlc)'-H(Y)‘l ay| £ = |ax|oo I£(x,y+k)=f( ,y)l ay| .
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Now since f{x,y) is in Lip,,(X;p) the first inequality
vkbecomes "

™ % T
%ﬂé j‘ i‘G(x-a-h)‘-B(X_)_ !‘pdx = %Tf (K!vhllo()dy = K‘l‘hl‘°§,
-7 24

which by Def.12, page 11, means G(x) is in Lip(=X;p).

Likewise f(x,y) in Lip.a(cA;p) gives

N

L3

T o
, P
= S E(y+x)-a(y) 1Pay) < 35 j (<1ef™ Yax = Kif™

=~

and H(y) is also in Lip(c(;p).

Lemma 6,6, Let F(t,w) be a periodic function of
period 2m in each variable an& integrable in the sense of
kLebesgue, then for finite constants a,b we have

=8 p—Db PR 1

I = F(t,w) atdw = j F(t,w) dtdw,
~r—a —7-b 27 S

Proof. We’ have from the periodicity that

F(t,w)=F(t+20,w)=F(t,w+2r)=F(t+2r,w+2rr), We write

v m—a -, fr=b =8 =T
I = F(t,w)dtdw + j 3 F(t,w)dtdw

/S =7 S—-b
-t f=b -1 p-
+ F(t,w)dtdw + F(t,w)dtdw=I +I,4I5+I ..
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,Hdw =8/ T =8 (=17
I, = F(t,w)dtdw = - F(t,w+2dk)dtaw
~1  J~1=b | -7 ~r1-b |

and on letting w+2m=y, t=x, dw=dy, dt=4dx, then

t—8a 1
I, zj; f F(x,y) dxdy.

Likewise /= —-b -7 L TT=D
I = F(t,w)dtdw = F(t+2mr,w)dtdw
ety ad =11 -8 )= |

and letting t+2n=x,w=y, dt=4dx, dw=dy, then

T P u=b
Iz = F(x,y) dxdy.
r—a J—7
Also -1 (= -7 =1
I, = F(t,w)dtdw = F(t+2m,ws2mr)dtaw
~{7—8 4 ~1T—D —T=—8 $=1T~D

and letting t+2m=x, w+2m=y, dt=dx, dw=dy we obtain

s
I, = F(x,y) dxdy.
=8 “rr—b =& =D N Gd -Vl 1]
Collecting we have I= F(x,y)dxdy+£ TF(x,y)dxdy‘
r-b
Flx,y) dxdy + F(x,y dxdy'
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‘80 that AP 1 |
I = f j F(x,y) axdy.

-—1"—{"

This completes the proof,

Lemme 6,7. If f(x,y) is in the Lipschitz classes

(6.27) Lipoin x: }f{x+h,y)-f(x,y) 1 <KIa]® uniformly in y,

(6.28) Lipg in y:
and if G(x) and H(y) are as defined in (6.1), the G(x) is in

[£(x,y+k)-£(x,7)1 #KIk|® uniformly in x,

Lip =K and H(y) is in Lipg.
Broof. We shall first show that G(x) is in Lipx, 1i.e.

(6.29) JG(x+h)=G(x) 1< K[n]™ uniformly in (-m,m).

On integrating the inequality in (6.27) with respect to y

over the interval (-,m), we have
(6.30) i j- lf(x-rh,y)-f(x,y)!dyf: K..L_L_ L dy = th(

By the definition of G(x ) in (6.1) we see that

G(x+h)-G(x) = ;l_. J; f(x+h,y)dy -1 § f(x,y) d
: a2

-1‘2-1; [£(x+h,y) -f(x,y]dy,

and
{6 (x+h) —G(x)!= p E‘(x-c»h,y -£(x, v)]a ‘l-i!f(xm )=t (x,y)ldy

5
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‘which by (6.30) gives the desired result (6.29). A similar
"',argument shows that (6.28) implies H(y) is in Lipg .

, egrem 6.1. If fx,y) is in sach of the three
Llpschitz classes
Lip Sy (X, =x:12) 8
o AT | L
3 s 2
- V| I£(xeh, y+k)~f (x—h, y+k)~F (x+h, y=k )+ (x=h, y-k ) | “dxdy

-1 -0

Lip (;2): T %
10 . , 2
(6.32) L jlf(x-o-h,Y)-f(X,Y)! ax| <Kin|*unifornly in v,

¥

Lipea(o¢j2): .
a n %
(6.33) é—ﬂj lf(x,y-rk)—»f(x,y)‘lzdy <Klkf & wpiformly in x,
v
®ith § < <1, then the double Fourier seriss (2.11)' of
£(x,y) With the coefficients defimed im (2.12) copverzes
absolutely in R. Foro = L the double series mey mot
gggvegge absolutely.

Proof. In view of the hypothesis (6.31) we may have
by (6.20) of Lemma 6.3 and (6.8) of Lemma 6.2,

-2 X
/I:n £Ks 2 prv), ( Ly 7=0,1,2,.4).

msz\’&' N=3

Ehan by Schwarz's inequality

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



2,“.1 l "2;,,4-1"1 2V+l_1 .L f‘- 1 2 *l-l ‘é
.
' ‘maa-"‘ nga _m=2 M n=2v B mazlk n=3v _
e
LK, pa= N rv(d- o
Therebre, *
00 © -1
Z:/ﬁn"z,z Z: Z:\/cnm*K‘E EB#(-—-o(v%-a)
m",nal =0 v=0 o Ju=0 v=0

and the double series converges since o<>%. To show that
~ the complete double series of coefficientis is absolutely

convergent, it must now be shown that

Z": fao and . ﬁgn
m=1

n=1
are convergent. Applying the hypothesis (6.32) we have in
view of Lerma 8.1 and Lemma 6.5 that G(x) is ixi Lip(cx:2).
o Also by (6.33), Lemma 6.1 and Lemma 6.5‘H(y) is in Lip(g(;2).
It is also seén by Lemme 6.1 that the single Fourler series'
corresponding to G(x) and H(y) are |

' fo.e) s
G(x) ~ E ',é(amccos mx + b sin mx), /am<> = 8&:10 + b::xo’
Mm]

R:15 ) oV }i_:l(ao cos ny + o_ sin ny) /D - a;n + 0 .

n=1 on
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Consequently, since G(x) and H(y) are in Lip(X ;2) which
class is included in the class ‘Lip,(o'\;é.), (cf.Def.l4,p.ll),
we may apply Theorem 4.3(ef. page 13) for ot >%. This gives

oo 00
z ;.@0<oo, / ,/§n<°°'
m=l n=l
Gdllecting results we have o
P o
, /mn
m,nsc

which completes the proof of the theorem except for a

''Gegenbeispiel'' for $he case X = %.

Gegenbeispiel to Theorem 6.1. Let £(x,y)=Q(x)W(y),
where o '
(6.34) Qlx)~ g m-(%"' ) cos{m log m + mx)
m=2 .

ai:[ °Sm%*d cos mx - W sin mﬂ
m L

and where similarly

D\ —($+x)
(6.35) W(y)~ 2 n cos(nlogn + ny).
' : n=2 '

These series (6.,34) and (6.35) are Fourier series in the

's‘,ense that the Fourier coefficients are as follows

8o =8, =b,=b,=0,
ak,zﬂ{kmm. bk'W' K>3,
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By Lemma 6.4 we have the double Fourier series of f(x,y) is

—(F+ )
f(ix,y)v (mn) cos(mlogm + mx) cos(nlogn + ny)

m,n=2

and

£ - al 4D sck +a% = (al+b?)(atsbd) = —~i
~ (mn

so that —($+ 4
| (= (mn) :

mn
It has been shown by Hardy and Littlewood [35] that the
functionssQ(x) and W(y) are in Lipx, (X > 0), and conse-
quently are in the more general class Lip(o{;2). From the
Property 5, page 24, it follows that f(x,y) is in the class

' ; Lip Sya(A, Aj2) and thus f(x,y) satisfies the hypothesis

(6,31) of the theorem. From the above definition of f(x,y)

we &8lso have

L % m %

[ 2 2 i 2
i !f(x-rh,y)-f(x,y)‘! dx| = W(y) 12?5 l»‘Q(x-rh)-Q(x)»l‘ dx

Zr v
and since rr £

%;y lQ(x-«-h)‘—Q(X)’lzdx f‘—thio%
Z

it follows that

Lo\ jelon,y)-tlxy)1%ax] £0(5) € In] Fex,gnl ™,

ot
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so that f(x,y) satisfies the hypothesis (6. 58) Likewise

f(x,y) satisfies the hypothesis (6.33). However, foroA = l

it is immediately obvious that
@ o)
B/ DSE T
m,n=2 m,n=2
We, therefore, have a function f(x,y) satisfying the hypothe—
sis of the Theorem 6.1 with the series of Fourier coefficients
of £(x,y) not absolutely convergent when o{ = %1.

Remark. It will be seen later that thiz '‘'gegenbei-
‘a’piel" enables us to give a stronger result than is obtained
here since the funection f(x,y) as defined here actually be-
longs to a narrower class of funetions than is considered in

this Theorem 6.1,

Theorem 6¢2. If f(x,y) is in sach of ihe three
Lipschitz glesseg |
(6.36) Lip Sya (XK, A)¢
© H£(xeh, yok) = (x-h, y+k) = (xeh, y-k) +f (x=h, y=k) [ £K0n] “Je} =,
(6.37) Lipx in x¢ |f(x+h,y)-L( ,y)l‘Kihl‘>< uniforml .y in in Y,
(6.38) Lip« in y: lf(x y-rk)-f(x,y)l‘-K!klo( uniformly in x,
 with K a oconstent depending only on f(x ,y) and with % AL,

‘then o

Z /9 L0, f = ap +bpo+op +dnn .
m,n=0
Far A = 211, Xhe geries Zof‘( ,‘Q mey pot converge.
' m,n=0
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Remark. From (i) of R2, page 26, and from the assump—

tions (6.37) and (6.38) it follows that f(x,y) is in Lip(*,x,
and by Property 1, pagé 23, f(x,y) is a continuous funetion

in the two variables in R,

Proof of Theorem 6.2. The classes (6,36), (6.37) and

(6.38) are included in the more general classes of Theorem 6.1

> fan

m,n=0

and

follows as a special case of the Theorem 6.1. _
Gegenbeispiel for Thegrem 6,2. The funétion used as
a gegenbelspiel for Theorem 6.1 may also be used here. Since
- Ql{x) and W(y) are in Lip o we mave by Property 5, page 24,
_thatvf(x,y) is in class Lip S,,(X,o{) end thus (6.36) holds.
It may also be shown by an argument similar to that emyloyad
fér Theorem 6.1 that f(x,y) satisfles (6.37) and (6.38) and
thus is a function satisfying the hypotheseé of Theorem 6.2
_ﬁhose serie# of Fourier coefficients does not converge
agsolutely 1if oA = %.
' Remark. Theorem 6.2 reduces to.the Bernstein theorem
(ef. Theorem A.1l,p.l2) if f(x,y) is simply a function of omne
- variable only. To see this 1et. 7
P oo
fix,y) = glx)~ %a“ + %Z(amooos mx + b sin mx),

' m=1l

which is what the double Fourier series (2.11)* reduces to

“when we place n=0, Now from (2.12) and the definition of
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‘the Fourier coefficients of a function of one variable we

have R - o

80" o7 g(u)lcos mu dudv o g(u) cos ;nu {(v)| du
1 v -n
11 1T

"‘% g(u)cos mu du = 2a,, where a = % g(u)cos mu du

= =y

and similarly 111
byo=2by, where b = % g(u) sin mu du, m=0,1,2,...

-1t

Thus the double Fourier series is seen to reduce to the
~single Fourier series of g(x). Now for f(x,y)=g(x), the
~ hypothesis (6.37) in Theorem ‘6.2 becomes simpiy |
fe(xen)g(x)] €K™,  (3<=<l)
which is the definition of g(x) in the class Lip<X and gives
the hypothesis of the Bernstein theorem with >-§.

 Theorem 6¢3. If f(x,y) is in sach of the three
Lipschitz classes |
{6.39) Lip S4.(A,3;2)1

T A1 %

. 2
,%;, If (x+h,y+k)~£ (x~h, y+k)=F (x+h, ¥~k ) +F (x-h,y-k) | dxdy
v 2 c>(
xinf %kl #,
(6.40) Lipso(ctj2) in x?
o 2 =<
%‘ﬁ y {f{x+h,y)-f(x,y)] ax| <Klh{  uniformly in y,
4 .

.
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(6.41) Lipo,,(ﬂ :2) in y:
ATt pY
2

']3':'1-;" lf(x,y-rk)—f(x,y)!ady _‘:K!Klg uniformly in x,

4T .
with %—<0(£- 1, %< ﬁf.—l, then the double Fourier series (2.11)!
of f(x,y), with coefficients given in (2.12), converges
_absolutely in R, If KX = % and /6’ > %, the double series of

Fourier coefficients may not econverge absolutely.

Proof. Let ,
o min(d,lg)-e?)%,

then (6.39) implies Lip S,,( ¥, ¥;2) in R, i.e. (6.31);
‘similarly ('6.40) implies Lipso( ¥ $2) in x in R, i.e. (“6.52),‘ |
‘and finally (6.41) implies Lipos( ¥ ;2) in y in R, 1.e.(6.33),
~ We thus have the hypotheses of Theorem 6.1, whence the double
Pourier series of f(x,y) converges absolutely in R.
Gegzenbeispiel for Theorem 6,3. Let f(x,y)=Q(x)W(y),
where Q(x) is as defined in the "gegehbeispiel" for Thé

Theorem 6.1, and where

oo
Wiy)~ gf + Z (&)n ﬁi cos ny, W(y)=y* for -n<y<m.
n=1
It may be shown as in Theorem 6.1 that this funection f£(x,y)
‘satisfies (6.39), (6.40) and (6.41), the hypotheses of
. Theorem 6.3. Bj Lemma 6.4, f(x,y) has the double Fourier

series
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f(X,Y)’~'E—Q(x % E (~l """" cqs(mlogm+mx)cos ny,
M=2 n=1 ns
VAR Y5
/amn ¢<ml+2d>(nf)) Gn = —-i———- (m,n=2,5,...)o
1 .
TN .
m n
Hence ® (s9)
E::: - g
=)
m,n=2 m,n=2 ma* Py
and for A= %, this becomes
o' @ 00
ﬁ = .:.L: é‘.— = Q0
Z mn z ,mz :n'
m,n=2 n=2 Nn=2

~ Theorem 6.,4. If f(x,y) is in each of the three
Lipachitz classes
(6.42) Lip S;;(o(,'g
lf(x+h,y+k)—r(x-h,y+k)-—f(x+h,y—k)+f(x-h,y—k )1 £K}n] *k?
(6.43) Lip ok in x: J2(x+h,y)=£(x,y) [ <KIn[™ wniformly in v,
(6.44) Lif £ in y: 1f(x,y+k)~(x,y)1<Kiki? uniformly in x,
mith <ot 1, $< 21, then she double Fourier sexies (2.11)"
~of £(x,y), with coeffioients in (2.12), couverzes gbsolutely
inR. Ifcl-%end @> §, e double series of Fourier
- gogfficients may not gonverge absolutely. (As in Theorem 6.2,
the f(x,y) here must be continuous in (x,y))
Ezggt. Since the Lipschitz classes in (6.42) (6.43)

and (6.44) are included in the more general classes of
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i‘heorem 6.3 the result of this theorem follows as a special
case of Theorem 6.3. The gegenbeispiel used for Theorem 63
may be employed here to obtain a stronger result since the

- f£(x,y) defined there belongs to the narrower class of func—
tions }in Theorem 6.4, The value of B3 is {3 =l and as has
bern ‘seén the series of Fourier coefficients does not converge
absolutely if ol = %

Remerks. From Rl and R2, page 26, we see that the
conditions (6.43) and (6.44) in Theorem 6.4 when taken to—
gether are equivélent to the single class of functions
Lip(x, ﬁ’ i.e.

{f{x+h, y+k)~f(x,y)l4- K(lh! + !kl'e) for all points of R.
An equivalent theorem could, therefore, be stated with £(x, y%
'in the two Lipschitz classes Lip S,,{(¢, @) and Lip(=,2).
It is of interest here to point out the k:ndwn relations |
between these two classes., . Property 4, page 24, shows that
the class Lip S,af N,TE’) contains functions not in the class
Lip(, ) end Lemma 3.3 shows that a function in Lip(, )
for 0<% 1 is in Lip S,.( X, 5 ) forox = ¥+ ¥&. I£ ¥ =§,
A=2Y, 0Lk £1, then a function in Lip( o4st) is in

Lip Sia (%:225) .

Theorem 6,5. If f(x,y) is in each of the three
Lipschitz classes
(6445) Lip Spa( K, Ok;z):
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P i
i 2 2
Faan {£{x+h, y+k)~f (x=h,y+k)=f (x+h,y-k)+f (x-h,y-k) ]| dxdy

4ar®
o <kinl™ 1|~
(6446) Lipio(=X;2)2
,., }
1 2 oL
- If(x+h,y)-f(x,y)] ax| <XKn{ =~ uniformly in vy,
A o
(6447) Lipoa(ot;2)?
" ‘ 1

| 2
. 2
J’zF I£(x,y+k)-f(x, 7)1 dy | £K|k|®° uniformly in x,

rt

with 0L oA <1, and if A >-—2-, then ©® A
M OcHEh M B AT B Y Lo,
m,n=0

]
?vhane /p _a? 4b® 4c® 448 For A= —2_, the series
mn

mn oo omnmn’  aolsl’
oo A
? ’Dmn may diverge.
mn=0

(Note: 1 >—-—-3-—- and A =1 implies X > 35, so that Theorem 6.1

is included in Theorem 6.5)

Proof ¢of Theorem 6,5. From the hypothesis (6.45) we
are able to apply Lemma 6.2 and Lemma 6.3, which yields

Zrﬂ Y—' /a < x, 2 2 e ’(}*' v=0,1,2,+00) 0

mazM nnz
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Then writing A

p=7%9_1, Y = fam>

+1

m =211 = 2™ n, = 2"z = 27

(]

‘in the inequality (2.23), page 21, we obtain

zp.-l-l__l 2v+l-—l . %

7‘ Z /Mézu(k%)zv(l-%) - Zv fmn '

muzf“‘ Ilaa maz'“ N=2

_[ (}.c.-r-v)(l‘-'s][ - Ao

£K! z(}**v)[l—(dﬁﬂ.
Hence . 1
= 52
) 2‘? 3 z: z: e
m,na}. v=0 m=2 Ne=
2 -l 2 —-1
E Z\ 2(/u+v)>[l—(°a+%)7\j~
m=2/ n=2"

and the series on the right converges &ince A > .é—c%_]—, i.e.
+

(X 4 %) A <0, so that
A
[Jmn <® .
m’n=1
Now from the hypotheses (6.46) and (6.47) together with
~ Lemma ‘6-.1 end Lemma 6.5 it follows that G(x) and H(¢) as

defined,in Lemma 6.1 are in Lip(c{;2) and consequently in
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the more general class Lipa(o\j2). Thus an application of

~ Theorem A.3, page 13, yields

0
jxk A A ey
) for A > & _,
L ko™ Lol F ATy

Collecting results we have
=2 A
214 /o T -r
mn
m,n=0
The !''gegenbeispiel'' for Theorem 6.1 with o« = %
shows that
L A
E /;n may diverge if A = —& _, for in
2A +1
n,n=0
that case A =1, which is the condition treated there.

This completes the proof of the theorem.

Theorem 6.6+ If f(x,y) is in each of the three
Lipgchitz glasses |
(6448) Lip Sy,(t,A)s
If(x+h, y+k)-F (x-h, yok) £ (x+h, y=k) +£ (x-h, yk ) | <K [R5 1™,
(6.49) Lip=¢in x: If(x+h,y)~(x,y) 1< Kinl ™ wniformy in v,
(6.50) Lip A in y: ff(x,ysk)—(x,¥) [£KIk]® wniformly in x,
Bith 0 < K41, gud if 7L>§.;%.]__”, them
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Prgof. This theorem is a special case of Theorem 6.5,
- since the result was obtained there for a more general calss
of funetions. The ''gegenbeispiel’! for Theorem 612 may be
used here to show that for A = 55%?.[ the series

00 A

), [m

m ) nﬂo

may diverge.

We now introduce the definition of ''modulus of
continuity of f(x,y)'' which is to be used in the sequel.

Definition. The modulus of continuity() ,,(h,k) of
f(x,y) in R is defined as

(Di1alb,k) = Max!Auf(xi,yJ)l for all(xi,yj) in R
with !‘xi“—xi[.éh, lyj,,_,-yj[é;k, where
’A:.n.ffxiyy'j)[=lf(xi+1:Yj+z)"f(xi-!':.an)”f(xisyj-u.)“'f(xi’Yj)!0

Theorem 6.,7. If f(x,y) is in each of the three

Lipschitz classes |

(6,51) Lip Sia(X,2)3

FAuat (x, 750, k) =12 (xeh, yok )~ (x, y+k) = (x40, ¥) 42 (x,7) | £ KInf 11
(6.52) Liped in x: |£(xeh,y)=(x,y) [ <K[n]™ uniformly i v,
(6.53) Lip R in y: If(x,y+k)ef(x,y) 1< KIkl® uniformiy in x,
Witho<> 0,2 > 0, and if £(x,y) ig of bounded variation H
(of. definition page 42), then the double Fourler series (2.11)'
of £(x,y) With goefficients in (2.12), convermes sbsolutely

iz R.
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Prgof. We note first that, as in Theorem 6.4, the ‘
oonditions (6.52) and (6.53) together with R2 (page 26) and
'?roperty 1 (page.zz) imply ﬁhat f(x,y) is continuous in (x,y)
in R, The proof of the Theorem 6.7 will be carried out by
applying the method of quadratic fariation of N.Wiener [68]
extended to the two variable case,

’For every pair of integers M,N form the net (xm,yn)

defined by
xm = X + %, Im_1= X#(m"l)ln&, h = %: (m‘1:22°"t‘?M)

Yn =7+ %}E! Ve = Y‘P(n"l)ﬁ, K = ﬁ-, (n=1,2,...,2N).
Let
!Aamfm\j(xm, Yn)' l=!f£5+%, Y"‘%{] -f [x* (m~1 )ﬁ: Y“'%l]
_ ...f x.p%’,, y+(n—l)%J + f[%«;-(m—l)ﬁ,y-r(n—-l)ﬁ]

msl,a,.-.,ZM,' nal,.?,,...,ZN,
and
C\):.:..(h’k) "C&)ta(ﬁp%) 'Max‘Azxfm(xm:yn)l

For fixdd M,N we have

2
F D sty (2, ¥ ) e Ona QI Dty (x5 01, {mal,a, ceey2M

N=l,2,¢..,8N,
whence
A oy T
m,—‘n;’lmufm(xm'yn“ 200 iy m_;;ﬁllAufm(zm,ynu.

Since f(x,y) is of bounded variation H, the sum on the right

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



142
hand side is not greater than a finite constant L for all

~possible nets over R, Thus,

2M, 2N
(6.5¢) ) 1 Auatyylag,u) P2 LOL EE).

m’ nﬂl

From (6.51) we also have

’ oA
)d(%)‘eéK,_M N'G, where K,=K() ’9.

RN SRt

The inequality (6.54) now yields

2M, 2N . g o

O - - -
JIBR VAPESHETERT aP2 5" o’ PR e aL
m,n=1 ‘ : v

Integrating this inequality with respeect to x,y over (0,0;ﬁ,g)

Bives  oy.oN LI I

M{N —-E4l) ~( B4+l
(6.55) ) 5 | Dty (3,7, ) Pty gty E o),
m,n=1 0 ‘0
or 2M, 2N
(6.56) } I, 4Ks () mlpel)
m,n=1

‘Now consider the integrals

oo
M(N .
I = . M=l ,2,¢0,2M
m = G»Aufm(xm,yn)‘l dxdy' {n.-l:a:...:zn,
o Y

ahd make the change of variables
X = u—(m-l)ﬁ, V= v—-(n—l)lﬂq, dx=du, dy=dv,

then
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%
Imn I ‘f(u-rﬁ,w%).—f(u,v%)—f(u%,f)ff(u,vﬂ dudv
(m l (n—l)% m=l,2, voo,gM
nnl,z,...,BN
T o
- [Asof (e, w0, 12 au av.
. ) ‘ 1 ? ’M,N ‘

(m-1 )1% (n-1 )%

Summing these integrals we get

2M, 2N aM, 2N %1 %’i |
: } | 2
Z Ion = Z “Aa.af(uﬂﬂ'%,%)’ dudv
m,n=1 m,n=1 o ‘ '
(m-1)f(n-1)1
& ~2m
2
= !‘A""f(u’v"ﬁ’%” dudv
0
so that by (6.56) we obtain
211 r2n
; ' ‘ 2
(6.,57) 1 = !Auf(u,v;_r[{,%)! dudv< KM (°(+l (ﬁ "'l)
A .

Now making the change of variables
U= x~ g:nf, V=y- %N;’ du=dx, dv=dy,

we have
Tl e
I. = if(x+'-xzﬁ,y+%ﬁ) - f(x - %ﬁ,yﬂ-é)
: . - ) A » _ II_ S+
LzLMT %N- f(x+2M,y ZN) + Tx » ¥ aNH dxdy

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



144
o
al'r-t—‘.?.M 217

2
lz&itf(39 Y:%’%N') | axay.

IL

We now apply Lemma 6.6 with a= —»gs,bz -%ﬁ, which together

with (6.57) gives

Jﬂ '[ !A*if X, Y5 TM I, y)l hdY‘-Kz -(D(+1)N-(l@+l)o
0 0

Lemma 6.3 ylelds

5 f sin*Z sinM £ K, M (X el
M aNn —
m,n=1

With the aid of Lemma 6.2 we get

Jtl v+l
B S Ju(X41)  =v( g41)
- - +
o) L L [ en T T,
| m=2" n=27 -
/u_,v=0,l,2,‘...,
and by Schwarz's inequality
# -1 - )y FAA
Z Z\ P <x, 2 »/~(o<+1 (,g+1)  fusdv

m=2" n=-2

<K, 3-—-;(,0.0<wﬁ) (b yV=0,1,2,.04) 0

Hence Va4l

oMl 2T,

i DN A S I R ’f‘a-—i“(}u.ecwp),

- m,A=l P » V=0 m=2"" n=2 /,g, V=1
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and the double series on the right converges since A > 0,

i&(m.

m,nﬂl

,8> 0, so that

From bounded variation H we have bounded variation im each
variable separately. This fact together with (6.52),(6.53),
Lemma 6.1 and Lerma 8.7 )gives the hypothesis of Zygﬁnnd's
theorem (c¢f. Theorenm A.?,p.ls) for the functions G(x) and
H{y) defined in Lemma 6.1. Hence by Zygmund's theorém the

serles
® [os) .
Z 4 and E /gn are convergent.
n=1 n=1

A collection of results gives

® .
T <o
m,n-O

This completes the proof of the theorem.

Theorem 6.8. If f(x,y) ig ig sach of the three
Lipgchitz classes

(6.59) Lip Saa( X, 8):
[ o f(x,y3h,k) [=1f (x+h, y+k)=F (x, y+k)—F (x+h,¥) 42 (x,7) |

<K Ikl f#,
(6.60) Lip Ain x¢ If(x+h,y)-f(x,7)I<KIn|° uniformly in y,

(6.61) Lip 8 in y: I£(x,y+k)-£(x,y) | £K|k}® uniformly in x,

p————

~withA >0, 8> 0, and if f(x,y) is of bounded variation H,
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) o <a

m,n=0
for every 2\ greater then the larger of the two quantities

: — ; "'.
Seox ond 2+ B

Proof. Since the hypotheses (6.59),
are the same as for Theorem 6.7, we may begin the proof with

(6.60) and (6.61)

the inequality (6.58)
/H»l_l av*l-l

2 ,
\ E : E
> v fmn <K, 2‘_/“‘(0&*1)‘ Z—V(’B +l)’:

(/U.,V=0,l,2,...).

Then by inegquality (2.23), page 21, with
= g)l = A
P=X=h %n P mn

v+l v v
Firaz® ng=z 12 +le2

m° ==2F+]:a.—2
we obtain
}l--i-l
2 L A (A e1) — Av(gal)
. ‘

Z‘ L f z,h(l--- J+v(1%) X
f*E ] 1 - e

<K, 2
cn 2,“‘ -1 2 -1
_)—‘ /” S )_‘ [z ZK.z"E" aig]\} - 247]
n, n,]_ /b’vgg M= n 2 ,VOO

)

‘anﬁ the series on the right converges snce
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Now for A > _..B__ A D> —-3—- the hypotheses (6.60) and (6.61),
together with Lemma 6.1, Iimma 6.7 and the bounded variation
in each variable from definition H, eneble us to apply
Theorem A.l4, page 15, to G(x) and H(y). This gives

o5 A ®
? /” < and > A <o,
mo on
mal n*l

g0 that from the above result it foddows that

2 Lo

m’n=

and the theorem is proved.

6.B. Double harmonic functions gnd gbsolute convergence.
ggfin’it;on. Let £(x,y) be a continuous periodiec
function of period 2 in each .variable whose double Fourier
 series (2.11)' has the coefficients 8mn s Pmn s Oy 9 &y d@fined
in (2.12). The double harmonic function G(r, s,x,y) associat—

ed with f(x,y) is defined as fallows.

(6.62) G(r,s,x,y)= laoo-r 1 Z:‘rm(a&mcog mx + b . 8in mx)’

m=1

®
+ % 2 ésn(aoncos ny + ¢ sin ny)
Ne= :
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+ rrmsn(amncos mx ¢os ny + b sin mx cos ny

m,n=1 +0  cos mx sin ny + 4 sin mx sin ny)»
with 0<r<l, 0<s8<1l, < x<mn, T<y<mn, and

(6.63) &(1,1,x,y)=f(x,y), G(r,s,x,y) continuous for r<l,s<1.

Lemma 6,8. If G(r,s x,y) 1s the double harmoniec
function associated with f(x,Y) and if f(x,y) is inthen

Lipschitz class Lip Su(o{,,g
‘K (x,y5%, W)l:ﬁf(x-&t,}fﬂﬂ)-—f( 9Y"'W)-f(x+t:y +f( ’Y)!‘Klt! hﬂB
with 0Lxr< 1, 0<ﬁ4 1, and X a constant clepending only on

the function f(x,y), then

QS

F—-l
S %0y (l—-s)’ uniformly in(x,y),

l( M(K, A, F 2Ty 8) (l-—r)

ith
v ~ u ¢ L024K
oF %

| Proof. With 0<r<l1l, 0<8<1 it has been shown in
(4.52) and (4.53} that G(r,s,x,y) has the double Poisson

integral form

G(r,s,x,y .ﬂl.___)..u._ﬁ_).j . £lu,v) dudv .

EL—Zr cos(u-x) +Jﬂ@-2s cos(v—y)-;s']

Now in the notation of (4.46), page 79, we have

™ A

(6.64) g-fi - - {l=x*)U=st)2x flu,v) sin(u=x) 4 4¢
x 4n JAPWAN
Lo Sy

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



149

and , T A1
(6.65) f(u;v)sin£u~x)vsin(v—yliudv.
S
We use the notation
T,
(6.66) H = f(u v) ‘sin(u—=x) sin(v-y} audv.
A\ ‘
=

Introducing the change of variables u=t+x,v=w+y, du=4dt, dv=4dw,
and writing D,=1-2r cos t + r®, Dg=1-2s cos w +s*, D=D;D,,
the integral H takes the form

=X ,X~Y
H = sin ¢t sin w f(x*t,y+wl ataw,
DC

r—x -y

which by Lemma 6.6 may be written

M LM
H = gin t _si f B, +%) 3taw.
Dl
oy Zay
We now introduce
(6, s? J: g;g_§*§13_§ &’(x vit, w) atdw = H;l1~l,+1a,

where
14

L1
sint sinWe(x,yew)dtawa | —SiBY 4% _SLowe(Z, Jew ],
D* : li—zr oost+r!]‘ l-2s cosw +si]2
“n gy
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PR
I, = £lnt Sinfe(xet,y)ataw
D
= =y
ﬂ
W at | —sipwdw ==
ﬂ-—zr cost+ri]s [1-28 cos w +8%)®
-7
A0
Is = ) %Mf(x’y) dtdw
a4 |
i ™
= f(x,y)n| —sint 4t __sinw dw
[Z_L-Zr cos ¥ +t‘ﬂ . [J?—-Zr cost+ r¥]®
- ~r
Since i
(6.68 _____Ln__..._..udu INEEEE SRS —
l—ar cosu+T?] ? 2r(1-2r cosu+r®)
—Y

it follows immediately that I;=I ;=I;=0 and thus J=H-I,-Ia+I;=H,
and by (6.65) and (6.66) we may write ’

(6.69) G _ __u_;_m_.lﬂ._.z_u.z_ﬂuJ
Qxy

int si
Sﬁ ﬁ“gfg:‘nﬂa’(x,y;t,w)dtdw.

Applying the hypothesis
L (x,y58,m) 1 < KI61 wl®,
_We obtain
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owl +l
|Jl < x S 11 lwl'ﬁ - dtdw
[1-2:' cost+rs] * [L-2s cosws s¥*
1 1
+7* g B avaw

0 D-—Zr cost+r? *[1-2s cosw +s¥]®
Sinoell—r >_§_(1-r), l—s>.]2,i(l—s), sin%tfi;t, sin%wa%w,

then . | _
1-2r cost + r° =(1-r)%4r sin‘%t) %B—l—r)"-rrtﬂ

1-28 cosw + 8" =(1-s)®+4s sin'%w) %f[(l-s)'-a—swﬂ ,
and ™

X+ 1
7} <1024 K P wf*” avam
v | Bl—r +rt'ﬂ E(l—-s tiswi]s
£1B028 X 57 wB* avan
b % [(1-r)*+rt*]® [(1-s) *+ow*]*

We now make the substitution

s 2 , 3 . L
ut = —EE . g L S g - IoF qu, dw = 1=E gy,
(l—'r) (1'—'3)' T 3%

so that (1-r)*+rt®=(1-r)"(1-u*), (l—-s)'-;-sw':(l-s)'(l—v'),

[l—-r)ow'l o+l ,B+1 _ ﬁ-l-l g+l
i‘(o(«c»l)‘ ? (76 +l) ’

and
lné 1024 K(l-—r)q. il-slp "3Jmf O(-t-l v B+ dudv.
. f(q +l *()E +1 (14-11‘ (1+V')'
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Therebre, by (6.69)

Eﬂ‘::—)-u——llﬂ4m(1{ X, ,T,8) 1—1~)°<"l(1--s.)ﬁ"l

0 x’ly

uniformly in x and vy,

where ' ® A0 oAsl 1
M - 1024K(ler)(dss) j gy By
£ L(1va®) 1ev o

#* o+ o
Now consider the integral in M and use the inequalities
*H & (14ur) ) 2— -9-‘-—;-l= -?-’-%2\_%1, l+u'é(lgo-uf) 3

ahd symmetric inequalities for v and /3 , then

00 00

L 8

S‘ f a2 +1 ﬁ +'l'dud;wr < ('J.:tu‘)‘s’% ‘(‘l-w‘fﬁ_t"_ dudv
(1+u®) '(l.-c-v‘) 5 (1+u®)* (1av®)?

IN

@®
(1+u®) (1+v* 4°
o o ) )‘
‘and thus

a< 1024 K(la7)(1l+s )'(g_:)g 256 K{lsr)(ls+s) « 1024 K
B < @ e _°_‘ 2 A
n*r¥ s rs r® s¥

With the aid of Lemma 6.8 we now give a second proof

‘of Theorem 6.4.
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Proof ¢of Theorem 6.4. Let G(r,s,x,y) be the double
harmonic funtion associated with f(x,y) in (6.62). By

Lemma 6.8 we have

00
3 )
'592-5& Zmnrmsn(amnsin mx sin ny - by cos mx sin ny
m,A=1
.. —-cmnsin mx cos ny + 4, cos mx eos ny)( A
‘ ol £-1
< M(1-r) (1-s) uniformly in (x,y) in R.

Squaring and integrating this inequality from O to 2m we get

an., am
1 gag|e 2(*-1)  2(g-1)
purs ——-——-QnJ Axdy £ M'(l—r)y ,(1-3). /3 ,
0 Y0 '
whence
(¢ 0] | .
Z m‘n.rmszn(&;n+b£n-&0;n;d;n)_‘:M‘(l-l')z(o‘-l)(1“8)2(’8—1),0
myn=1
Hence o 2
| 2: /amnm‘n‘rzmsan < M’h(l—r)Z(D\"l) (l—s)z(ﬁ -1 )_‘.
m,n=1 ' ‘ '

On putting r = 1 -/%-L, 8§ =1 ~ %—’, we obtain
v
- A -
E n'n®/ gm‘}f(l ) 201-2)
m,n=1 mn ’

- and by Schwarz's inequality we get
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Consi der

2lo1,2%9 k2P a = |
' m%b f z: v JED n® 1pPt P
m,nsl }uvgl m__,g/’L - fmn
(a2 0,b>0),
i,k
. ;'—\ (e -1) a—l)-a-(v—-l)(b-l)-t- /k( - X ) .pv(—_’e)..-...a(i-.,./s
- - X
Jas V=1
i,k 4 2
; \2}},(.-0(4»&) D;V(‘— ﬁ'.‘b),
Jay V=1
whence upon taking a=b=0,
i k
27-1,2 -1 k
m’nﬂl /481 vsl

The series on the right converge sinmed > %i, B > Jzi, and

thus 0

) fon o

m,Nml
With G(x) and H(y) as given in (6. 1) it follows from (6.43),
(6.44) and Lemma 6.7 that the Bernstein theorem A.l, Page 12,
may be applied to G(x) and H(y). This gives

o0 0
;£o<°°’ l\jﬁﬁ

Nm=l

which combined with the above result gives

me<oo.

m,na()
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Lerma 6,9. If G(r,s,x,y) is the double harmonic
function associated with f(x,y),’ and if
O (3 ,m) bl (oo, o) =2 (, ) L €K O] T+ il
uniformly in (x,y) in R, with« > 1, then

,qax:(; <M(K,r,s,el)" (3.—-1‘)-»1(l--—s)":L Bl-—r)"‘ +(1-s )“_] uniformly

in R, where M< 826 K (l¢

. L, with L the larger of the

, -3 -
two quantities r * and s * .

Proof. We write

t = u-x D, = 1-2r costs+r®
D= D;'D‘o
§ = v-y Dy = 1-28 cosw+s® :

As in the proof of Lemma 6.8 we get the expression (6.69)

2e L(;_:_m_s_lﬂ
9x2y ot

o pen
£ L &L:%;’M T (x+t,y+w) dtdw,
We introduce

J = L §“1'1%;—”:§‘1"""'EX'(x,y;t,w) dtdw = H - I,

where

where

I= j; élgi:QlEE f(x,y) dtaw.

By (6.68) we see that I=0, and hence J=H.
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Using the inequalities

—~r>L(1-= -s>L(1-~ g2l iwal
1 r>z(1 r), 1 s>g(l s)‘, sinzt- 4't;, sinaw..‘w

N ‘ )
and the hypothesis |0 (x,y;t,w)] % (161wl ™),

we get
Y 8%
71 £ 1024 K tw (6% ew ™) avaw
| [(1-r) +r‘~=j *[(1-8)"+sw")
-
<1024 K + w (% "m"()w dtdw ]

b “o [(1-r)*+rt*) *[(1-s)%+sw*]®

We now make the substitution

s _ o TH L Bt
u = v e »
(l—r_)" (1-s)*
 Hence \
‘ w ~
oA -2
l«Tl < 1024 X (Q=x) ;gq(‘*lv dudy

r%%l 8(1 B)‘ 0“0 (l*u.)§(l*v‘).

, 1024 K (1 g) J‘ [ u v> audy

rs%-o-l (1-r) (l+u' (l+v‘)

21, (1-m) > B -e) P L) P ee) X T,

where

(o 0] Q0
. l02¢ K  u®'v quav . 256Kn® .5
| (14u®)? (14v*)? s
0 70 » :
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~end o el e(
L, = LoasK .g____*___y..__ < 256Kn® . &3
reitl (1+u®)*(14v*)® T8

If now we call I the larger of the two quantities r *, s

2

we have | ,
j7| £ 886 """")ffzi'l:érzB:L-r)°"+(1-s)°‘] .
Therefore,
lé%ﬁ £ 256 K L (1) (1+8) (1-1) "L (1-8) 2 [(a-0) % (2s]

u(K,r,8, ) (1-0)7 (1-8) " [1m) s (1007,
~where M = 256 K L (l+r)(l+s), and L is the larger of the

X o
two, quantities r . 57w,
Theorem 6,9. If f(x,y) is im the Lipschitz classg

Lip(o, A): I (xen,yok)-£ (x,7) [£K(In] T 41kl *) umiformly 1m
R, with * > 1, then the double Fourier geries of f(x,y)
gogverges absolutely in R.

i Proof. For r<l, s<1, Lemma 6.9 gives

26 E mn rmsnlamnsin mx sin ny - bp,cos mx sin ny
Axy m, n==1

-enmsin mx cos ny + 4. cos mx cos nyl

< M(l—r)-l(l—s.)ul[:(l-r).u4-(1—8 )°_7, (M independent of x,y).

Squaring and integrating this inequality froni 0 to 2m, we get

o
‘X:m"n‘rzms fm; é_-M,_(l—r)—z(l-—s)_a[(l—r)°k+(1-s)°‘,]z,
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and placing , -
T =1 “/‘JL’ 8 = 1 —~ -;
we get
JarV 8 2
PUIY X - A
) ' m*n /I’mél&i1 v [,u v .
m,n=1
Applying Schwarz's inequality we have
2 ¥ 33 "
E Imn @njﬁ M,/_‘-v‘ D,C +v*°(] ,
m,n=1
- or 3}*—2v . ) e
v)[ - -cA
2 m [ <M, g* M [2 + 2 V—J.

}Now we consider

Z‘ n®n / Z‘i‘ lma-lnb-l?n ﬁm

- m,n=l /{A’v’l M na
i
< M, Zk\ (}*—l)(&"1)"‘("—1)(}3’1).}:/&”{2 +2"‘°‘ﬂ
M'Vs:l
i

K /,,(a+’.')+v(b4%)—a—b[—

/> —d\v]
_ é_ M‘ 2 2 +2 .

m,N=1 /(,.,v-=1

Hence

| Z‘ i f\ a}(/uw) -o\}&*z—xv]
m,n=1 /:,_-v'-:l

and thus
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Qo

IALS

m,N=l
since the above series on the right converges for™ > 1,

Now from Rl, page 26, f(x,y) is in Lip X in x and f(x,y) is

in Lip A in y. By Lemma 6.7 it follows that G(x) and H(y)

as defined in Lemmsa 6.1 are in Lipo{. We, therefore, may

epply Bernstein's Theorem A.l, page 12, which yields

o0 Q0
z : /fno <@ eand Z__:\ fon <
n=1 . n=l

Collecting results we have
0

;E:: f;m.<0°’

m, nao

and the theorem is proved.
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