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ABSTRACT

A 3rd order theory of folding of viscous multilayers 
indicates that forms of folds are controlled by the behavior 
of layer contacts or interbeds, the relative stiffnesses of 
the multilayer and confining media, and the scale of the 
folding. A 2nd order analysis shows that asymmetry of folds 
is determined largely by the behavior of layer contacts and 
the sense of layer-parallel shear during folding.

Localization or distribution of slip at layer contacts 
partly determines shapes of folds in multilayers. Kink or 
box folds form if slip is localized along short segments of 
layer contacts; slip is localized if interfaces or thin 
interbeds have adhesional strength or some other nonlinear 
resistance to slip. Concentric or chevron folds form if 
slip is distributed all along layer contacts; slip is 
distributed if interfaces have low adhesional strength or 
constant resistance to slip.

Relative stiffnesses of the multilayer and media also 
determine fold shapes. Parallel folds, such as concentric 
and kink folds, form in finite multilayers confined by soft 
media, and constrained, internal folds form in multilayers 
confined by stiff media.

The ratio of fold wavelength to multilayer thickness 
largely determines whether folds are parallel or similar.
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Parallel —  concentric or kink —  folds form if the ratio 
is one or larger. Similar —  box or chevron —  folds form 
if the ratio is much smaller than one.

Asymmetric aids form in multilayers subjected to 
combined layer-parallel compression and shear; compression 
produces folding and shear produces asymmetry. The theory 
shows that the sense of asymmetry can be reversed by 
changing the behavior of layer contacts. If resistance to 
slip is constant, folds have drag-fold asymmetry. If 
resistance to slip is variable, folds have monoclinal 
kink-fold asymmetry.
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INTRODUCTION

High above the Juniata River, in the central 
Appalachians of Pennsylvania, roadcuts through the southeast 
limb of the New Bloomfield anticline expose a particularly 
rich assortment of folds: tightly folded chevron folds and
more open, concentric-like folds, both with the sense of 
asymmetry of drag folds; and a kink-like fold with the sense 
of asymmetry of a monoclinal kink fold.

The spatial associations of folds with different forms 
and of folds with opposite senses of asymmetry pose the two 
fundamental questions on which I focus my research:
1. What physical characteristics of this sequence of recks 
and what conditions of folding allow kink-like, chevron, 
and concentric-like folds to develop in such close 
proximity? Why should styles of folding change so abruptly 
locally?
2. How can folds with opposite senses of asymmetry form on 
the same limb of an anticline under the influence of the 
same sense of shear stress?

I approach these questions from two perspectives: 
detailed observation of folds in order to determine 
deformation mechanisms responsible for different folds and 
asymmetries; and theoretical analyses of folding in order to 
investigate effects of different rheological and dimensional
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parameters on fold form and fold asymmetry. The 
descriptions of field examples are presented in Chapter IV; 
the theoretical analyses are presented in Chapters I, II, 
and III.

The theory of folding of viscous multilayers assumes 
that folds grow from initial, low-amplitude, sinusoidal 
perturbations in layer interfaces. Distinct, non-sinusoidal 
forms develop as the folds grow to higher amplitudes. 
Previous theoretical analyses of single- and multi-layers 
have been largely restricted to infinitesimal amplitudes and 
thus can only describe initial, sinusoidal fold forms. In 
order to study forms of folds, therefore, I first had to 
extend the theory of folding of viscous multilayers to 
higher amplitudes. This analysis forms the basis of 
Chapter I, in which I develop a 3rd order analysis of 
multilayer folding that can treat relatively nigh-amplitude 
folding (maximum slopes of 25-30° in some problems).

My field studies of the folds in Pennsylvania indicate 
that the slip between layers was an important deformation 
mechanism in the development of those folds. Furthermore, 
in some folds, layers slipped along only part of their 
contacts. Previous analyses could not address localized 
slip because they were restricted to either bonded contacts, 
for which no slip takes place at layer contacts, or to free 
slip at contacts, for which the layers slip everywhere along 
their contacts. Therefore, I decided to incorporate drag

pr-Si
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along layer contacts into the 3rd order equations which 
describe the development of fold form. In Chapter II, I 
model localized slip between layers by describing contact 
behavior with a powerlaw rheology.

The 3rd order theoretical analysis of viscous 
multilayers with various resistances to slip at layer 
contacts (Chapters I and II) can be used to derive virtually 
all the basic fold forms: parallel, concentric-like and
kink; similar, chevron and box; and constrained. These 
forms are all the result solely of layer-parallel 
compression and are symmetric.

Asymmetry of folds is produced by a layer-parallel 
shear stress acting in conjunction with layer-parallel 
compression. However, prior to my research, no equations 
existed that could describe the growth of an asymmetric fold 
from an initial, symmetric perturbation. By including 
layer-parallel shearing deformation in my theoretical 
analysis, I develop a comprehensive theory of asymmetric 
folding in Chapter III.

On the basis of the theoretical analyses developed in 
Chapters I, II, and III, I can answer the questions 
originally posed by the field examples. The theory 
indicates that properties of contacts or of thin interbeds 
between layers play a critical role in determining both the 
form and the sense of asymmetry of a fold. Thus even 
subtle changes in the lithology of the rock section being
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folded on the limb of the anticline in central Pennsylvania 
can produce spectacular changes in the forms and asymmetries 
of the folds which develop.

r:
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CHAPTER I

PARALLEL, SIMILAR, AND CONSTRAINED FOLDS
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ABSTRACT

Theoretical analysis of folding of viscous multilayers with free 
slip or bonding at layer contacts indicates that folds in such 
multilayers can be described in terms of three end-members: parallel, 
in which orthogonal thicknesses of layers are largely preserved; 
similar, in which vertical thicknesses of layers and shapes of 
successive interfaces are essentially constant; and constrained, in 
which amplitudes of anticlines and synclines decrease to zero at upper 
and lower boundaries. Constrained, internal folds form if the 
multilayer is confined by rigid media; parallel, concentric-like folds 
form if the multilayer is confined by soft media, provided soft 
interbeds are sufficiently thin for the stiff layers to fold as an 
ensemble. Similar, sinusoidal or chevron folds form throughout much of 
the thickness of a multilayer, for any stiffness of confining media, 
provided wavelengths of folds are short relative to the thickness of the 
multilayer or soft interbeds are sufficiently soft and thick for the 
stiff layers to act independently. The analysis shows that multilayer 
folds may have the same form regardless of whether the layer contacts 
are freely slipping or bonded.

The forms of folds in multilayers confined by media with different 
viscosities above and below depend on the viscosity contrast of the

!
! media. For no medium above and a rigid medium below, the forms are

concentric-like in the upper part and internal in the lower part of the
multilayer. For no medium above and a soft medium below, the folds are

| concentric-like throughout the multilayer.

r
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The theory indicates that a useful way to analyze forms of folds in 
rocks or in experiments is in terms of component waveforms, as defined, 
for example, by Fourier series. The distributions of amplitudes of 
component waveforms throughout the multilayer appears to be diagnostic, 
reflecting contrasts in properties of the multilayer and its confining 
media. Analysis of a large fold in the central Appalachians, 
Pennsylvania, and of a smaller fold in the Huasna syncline, California, 
indicates that at least three component waveforms are required to 
produce the gross forms of those folds.

The theory closely predicts wavelengths and shapes of folds 
produced in analogous elastic multilayers, indicating that 
nonlinearities in material behavior, which are inherent in the elastic 
material but are absent in the viscous material, are less significant 
than nonlinearities in the boundary conditions, which are the same in 
elastic and viscous materials.

f
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INTRODUCTION

This chapter investigates systematically how forms of folds in 
viscous multilayers are controlled by contrasts of interbedded layers, 
by relative stiffnesses of multilayers and confining media, and by 
amounts of growth of folds. The multilayers investigated are simple, 
repetitive stacks of layers, so many of the classical fold forms, 
including sinusoidal, internal, chevron, and concentric-like, develop. 
Using the theoretical analysis I can determine the types of conditions 
responsible for these forms as well as for forms that have yet to be 
named.

Certain classical fold forms, such as kink and box folds, are 
conspicuously absent in the multilayers analyzed in this chapter. Kink 
folding does not develop under the conditions —  linear behavior of 
layers and freely slipping or bonded contacts between 
layers —  considered here but will be investigated in Chapter II.

The study reported here focuses on the causes of different fold 
forms in multilayers. Previous studies are restricted to 1st order 
accuracy in the maximum slope of layering, and such studies necessarily 
focus not on fold form but on dominant wavelengths and initial, 
selective amplification of perturbations. Fold form develops at 
moderate to high amplitudes, so the theoretical analysis presented here 
is carried to 3rd order accuracy. The layers are assumed to be viscous 
because higher-order analysis of folding of viscous layers is simplest.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



9

The 3rd order analysis allows one to follow the initiation and evolution 
of the classical fold forms, described by complex waveforms, from 
initial perturbations, described by simple, sinusoidal waveforms.

In conjunction with the 3rd order analysis, I describe a method of 
transforming arbitrary constants into particular interface stresses.
The transformation reduces the number of arbitrary constants that need 
to be determined from four per layer to one or two per interface and 
thus considerably reduces the work of solving particular problems. 
Another new feature I introduce is a remarkably simple method of 
computing preferred wavelengths from dominant wavelengths for single 
layers or multilayers.

However, most methods used in my study of multilayer folding were 
introduced into folding theory by others. The modern, 1st order theory 
was developed by Fletcher (1974, 1977) and was extended by him to 2nd 
order to study the shapes of single-layer folds to small, but finite, 
amplitude (Fletcher, 1979, 1982). Smith (1975, 1977) independently 
developed the same theory. Ramberg (1970) and Smith (1979) previously 
used eigenvalues and eigenvectors in folding theory to study initial 
growth of perturbations. The method of analyzing component waveforms in 
an interface between layers was previously used by Stabler (1968) and 
Hudleston (1973).

My investigation is also related to a much broader group of 
previous studies of infinitesimal-amplitude folding. Biot (1957, 1959,

r
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1961, 1963, 1965a, 1965b) developed folding theory and showed how to 
determine dominant wavelengths and characteristic initial amplitude 
distributions for various boundary conditions. His methods are 
essentially to 1st order accuracy in maximum slopes of elastic or 
viscous layers (Fletcher, 1977; Johnson, 1977). Biot’s analysis of 
"internal instability" (1963, 1964, 1965a), in which folds develop in a 
multilayer confined above and below by rigid media, was a major 
contribution to folding theory; his method of treating multilayers as 
homogeneous, anisotropic media is still being developed (Latham, 1985a, 
1985b). Ramberg (1959, 1962, 1963a, 1963b, 1964, 1970), who initiated 
folding research at about the same time as Biot, also developed a theory 
roughly to 1st order accuracy (Fletcher, 1977). Ramberg studied folding 
of multilayers with various configurations to explain drag folds, the 
simultaneous growth of folds with different wavelengths, and the 
parameters that control wavelengths of folds in multilayers. Johnson 
(1969) used elementary folding theory of multilayers to explain 
different distributions of fold amplitudes in the Carmel Formation,
Utah, and Johnson and Page (1976) used the theory to derive wavelengths 
and three-dimensional shapes of folds associated with the Huasna 
syncline in central California. Johnson and Honea (1975) developed 1st 
order theory for elastic materials to investigate the transition from 
sinusoidal to concentric-like to chevron forms in elastic multilayers 
but found that the transitions can be understood only qualitatively in 
terms of the 1st order analysis.

r-
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This chapter is organized unconventionally, so I will mention the 
sequence of presentation. First I describe the results of my 
theoretical studies of fold form via representative examples of folds 
that developed in repetitive multilayers at moderate amplitudes; this is 
essentially a summary. Then I analyze the fold forms geometrically in 
terms of variables specified by the theory; this provides a method of 
studying multilayer folds in general. Only then do I present the 
essential steps in the 3rd order analysis and explain the methods 
developed in the course of my research. After the basic solutions have 
been derived, I discuss the extraction of eigenvalues and eigenvectors 
which provide dominant wavelengths and shapes of perturbations that grow 
most rapidly during layer-parallel shortening. Then I show how to 
compute preferred wavelengths and amplitude vectors; these correspond to 
wavelengths and shapes of folds that have grown the most after certain 
amounts of layer-parallel shortening. Finally, I show how fold forms in 
selected multilayers change during growth of the folds. In the 
Discussion, I examine two field examples of large folds, one in 
Pennsylvania and one in California, and deduce some of the conditions of 
folding from the shapes and wavelengths of the folds. I also compare 
wavelengths and shapes of small folds produced experimentally in elastic 
multilayers with wavelengths and shapes of folds produced theoretically 
in viscous materials.

Thus, those interested primarily in fold forms and how one applies 
the theory to folds could read the first two sections and then skip to
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the Discussion. Those interested primarily in the theoretical methods 
could skip the first two sections and read the central part of the 
paper.

EXAMPLES OF THEORETICAL FOLD FORMS

Terminology
The simple multilayers I analyze consist of stiff layers and soft 

interbeds; they are confined above and below by media that may have 
different stiffnesses (Fig. 1). In all examples I will discuss, the 
folding is a result of layer-parallel shortening.

Layers are separated from neighbors by viscous films (Fig. 1C).
The films are very thin, so they can deform only in simple shear. By 
specifying the relative viscosity of the films, one can model free slip 
( y ^ « y 2), viscous drag (p^.<y2), or bonded contacts (u .̂>m 2); the symbols 
are defined in Fig. 1.

For the example shown in Fig. 1A, the thicknesses of stiff and soft 
layers are the same, the viscosities of the media and the soft layers 
are the same, and the viscosity ratio of stiff to soft layers is ten.
In other examples each of these parameters may be different.

In all the theoretical folds; each interface is initially perturbed 
into a first cosine waveform. The folds are a result of the growth of 
the first waveform as well as of the spontaneous initiation and growth 
of second and third cosine waveforms which have wavelengths that are

F "
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Figure 1. Representative multilayer. A. Simple multilayer, composed 
of alternating stiff and soft viscous layers, confined above with a halfspace of viscosity yy and below with a halfspace of viscosity u .
The multilayer, of total thickness H, is_subjected to mean horizontal stretch, S , and mean vertical stretch, S . The stretch is defined as 
the ratio of final to initial lengths of a material line element. For the incompressible materials treated here, S = 1 / S . B. Segment of representative layer, showing relation between horizontal ^-coordinate and and n-coordinates tangential and normal, respectively, to interfaces. £, is height of top interface; £. is height of bottom interface. C. Representative element including parts of soft layer, with viscosity y ? and vertical thickness ji2, and stiff layer (yx, h^), 
as well as thin interlayer film of viscous material C y ^ » - For the 
example shown in Fig. 1, = h.2» Py = \  = V2> and = 10» ^heviscosity of contact films is so high that the stiff and soft layers are bonded together and the media are bonded to the multilayer.

r
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one-half and one-third, respectively, that of the first waveform. The 
amplitudes of the first cosine waveforms are initially very low; the 
maximum corresponds to a slope angle of one degree; the others are 
scaled according to the specification of an eigenvector of amplitudes, 
which describes the relative amplitude of the first waveform at each 
interface. For each multilayer there is a dominant wavelength, the 
wavelength of the first waveform that grows most rapidly. The 
eigenvector of amplitudes corresponds to the dominant wavelength and 
thereby defines the multilayer fold form which amplifies most rapidly.

I broadly classify theoretical folds I have studied into parallel, 
similar, and constrained. In parallel folds (Van Hise, 1896), 
thicknesses of layers measured normally to layering tend to be 
preserved. In similar folds (Van Hise, 1896), thicknesses of layers 
measured parallel to axial planes tend to be preserved, so shapes of 
successive interfaces can change only slightly. In constrained folds, 
both normal and vertical thicknesses are variable, and amplitudes die 
out systematically toward boundaries. Idealized concentric and kink 
folds are examples of parallel folds; idealized chevron and box folds 
are examples of similar folds. Constrained folds are generally unnamed. 
Biot termed one type "internal instability" (1964).

Fold Forms
Two of the broad groups of folds, parallel and constrained, are 

results of differences in properties of confining media, as can be 
illustrated by examining .fold forms produced in multilayers comprised of

rr1
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identical stiff layers with free slip at contacts (Fig. 2). The 
multilayers shown in Fig. 2, locations Al, A2, and A3, are confined by 
identical upper and lower media Cliy = Py) ranging from soft 
(Vy/Uj = 0*1) at loc. Al to rigid (Uy/Ui -*■ “ ) at loc. A3. In each case, 
the middle interface remains essentially a simple cosine waveform, which 
was the waveform used to seed the fold, but the other interfaces change 
shape during folding. For the multilayer confined by soft media 
(Fig. 2, loc. Al), the top interface has broad crests and narrow troughs 
whereas the bottom interface has broad troughs and narrow crests, and 
the ensemble of interface waveforms defines a fold of concentric-like 
form. Amplitudes of waveforms are nearly constant throughout the stack 
of layers because the multilayer is weakly constrained by soft media.

The distribution of amplitudes is quite different for the 
multilayer confined by very stiff media (Fig. 2, loc. A3). The 
amplitudes are zero at the upper and lower contacts of the multilayer 
and are maximal at middepth, so the fold is of the broad group of 
constrained folds. In this particular multilayer, interfaces near the 
upper boundary define broad, flat crests and narrow, puckered troughs, 
and the ensemble of interface waveforms defines an internal fold form, 
which is the high-amplitude analogue of the sinusoidal fold that Biot 
(1964) terms "internal instability." Finally, for the example where the 
media have intermediate stiffness (Fig. 2, loc. A2), the fold form is 
intermediate between the concentric-like and the internal fold forms.

Increasing the number of layers in the multilayer confined by stiff 
media produces an ensemble of interface waveforms dominated by limbs and
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Figure 2. Array of fold forms, according to 3rd order analysis, of 
multilayers composed of identical stiff layers with free slip at contacts and confined by various media. A. Multilayers confined above 
and below by identical viscous media, ranging from soft (u l)/p 1 = 0.1), 
loc. Al, to rigid Ciiy/yj “ )» loc. A3. Fold form at loc. Al is parallel, concentric-like; that at loc. A3 is constrained, internal.B. Multilayers unconfined above but confined below by viscous media.

jr.-

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



CO

■o

CM
•o■o

■o

<  03

r
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.

^



19

intervening flats. The multilayer shown in Fig. 3 is composed of 40 
identical layers with free slip at contacts. The limbs are shortest at 
the upper and lower edges of the multilayer and gradually lengthen to a 
maximum at middepth. The intervening flat at a crest is insignificant 
in the lower part of the multilayer and broadens to a maximum width near 
the top of the multilayer.

Elements of both the concentric-like and the internal fold forms 
may be blended within one fold if a simple multilayer is confined by 
media of different stiffnesses above and below. The three multilayers 
shown in Fig. 2, Iocs. Bl, B2, and B3, are composed of identical layers 
with free slip at contacts and are unconfined above. For the multilayer 
shown at loc. Bl, the medium below is much softer than the layers 
(uL/ u 1 = 0.1). The ensemble of interface waveforms assumes a 
concentric-like form, much like that shown at loc. Al. The multilayer 
shown at loc. B3 is rigidly confined below. The top interface has a 
well-developed arc-and-cusp structure, with rounded crests and pointed 
troughs. The lower interfaces have broad, flat-bottomed troughs and 
narrow pinches as crests. The form of the ensemble of waveforms is a 
hybrid, the upper few interfaces resembling the concentric-like form and 
the lower interfaces resembling the internal form. The lower medium for 
the multilayer shown at loc. B2 has the same viscosity as the layers.
The ensemble of interfaces shows a concentric-like form in crests, but 
the troughs are flattened in the lower part of the multilayer; the 
anticlines appear to be unconstrained and the synclines relatively 
highly constrained in this multilayer.
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Figure 3. Constrained fold form in thick multilayer composed of 
identical stiff layers, with free slip at contacts, and confined by very stiff media. Ratio of fold wavelength l to total multilayer thickness H is L/H = 0.3. Constrained form characterized by short limbs, narrow anticlinal hinges, and flat synclinal hinges near bottom of multilayer; nearly sinusoidal form at middepth; and short limbs, narrow synclinal hinges, and flat anticlinal hinges near top.

r
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All three of the broad groups of fold forms —  parallel, 
constrained, and similar —  can be produced in identical multilayers 
containing many layers and confined by soft (Fig. 4A) or stiff (Fig. 4B) 
media. The similar form develops near middepth in the multilayer, 
provided the fold wavelength is short, relative to the total thickness 
of the multilayer, as will be shown in Chapter II. The fold form in the 
multilayer confined by soft media (Fig. 4A) consists of essentially 
similar, sinusoidal folds near middepth and parallel, concentric-like 
folds near the upper and lower boundaries of the multilayer. These fold 
forms have been observed experimentally (Currie and others, 1962; 
Ramberg, 1963b; Johnson and Ellen, 1974). The fold form in the 
multilayer confined by stiff media (Fig. 4B) consists of essentially 
similar, chevron folds near middepth but has constrained, internal folds 
near the upper and lower contacts with the stiff media. These folds 
also have been observed experimentally (Honea and Johnson, 1976; Latham, 
1979).

Interbedding of stiff and soft layers in a multilayer introduces 
several degrees of freedom in fold form. Even in simple, repetitive 
multilayers such as those being considered here, shapes of individual 
stiff layers can be quite different from shapes of soft interbeds, and 
changes in thicknesses of soft interbeds can significantly affect the 
multilayer fold forms. If soft interbeds are relatively thin, the stiff 
layers cooperate and interact to produce parallel or constrained 
multilayer forms. If soft interbeds are thick, however, the stiff
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Figure 4. Parallel, similar, and constrained forms, according to 3rd order analysis, in thick identical multilayers (59 layers) with free 
slip at contacts and confined by soft (Py/p, =0.1) media (Fig. 4A) or rigid (yy/vi, “ ) media (Fig. 4B). Ratio or fold wavelength L to total multilayer thickness H is L/H = 0.06. Similar, sinusoidal (Fig. 4A) or chevron (Fig. 4B) folds form at middepth. Parallel, concentric-like folds form near boundaries of multilayer and soft media (Fig. 4A); constrained, internal folds form near boundaries of multilayer and rigid media (Fig. 4B).

r
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layers act independently and the multilayer fold form defined by the 
ensemble of stiff layers becomes similar. Johnson (1970, p. 149; 1977, 
pp. 188, 384) has shown that the critical spacing for marked interaction 
of stiff layers is on the order of the wavelength L of folds in stiff 
layers, that is, hz/L = 1. Thus I define the degree of independence of 
stiff layers, cj, of a multilayer as

d = (h2/L) (1 - (la)

in which un is the normal viscosity. The normal viscosity of the 
multilayer is the weighted average viscosity of stiff and soft layers,

Pn = [l/(h1 + h2)] (h^j + h2y2) (lb)

in wnicn subscripts 1_ and 2 refer to stiff and soft, respectively. If cj 
is zero, the stiff layers will behave as an ensemble, whereas if c[ is 
significantly greater than zero, say on the order of 0.5 or larger, the 
stiff layers will behave weakly as an ensemble and the folds in stiff 
layers will be independent.

The form of the ensemble of interfaces in a multilayer with low 
degree of independence of stiff layers, a, will closely resemble the 
form in a multilayer composed entirely of stiff layers (cl = 0) if the 
ratios of viscosity of media (py or Py) to normal viscosity, pn , of the 
multilayer are nearly the same. In ail three multilayers of 
interbedded stiff and soft layers shown in Fig. 5, _d is low and the 
normal viscosity is
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Figure 5. Fold forms of selected multilayers composed of alternating 
stiff and soft layers (p2 = u /10). A. Viscosity of soft media same as 
viscosity of soft interbeds; rree slip at contacts. Concentric-like fold form nearly identical to that in same multilayer, but with bonded contacts, shown in Fig. 1 and intermediate between those shown in Fig. 2, Iocs. Al and A2. B. Viscosity of stiff media same as viscosity of stiff layers: bonded contacts. Fold form intermediate between constrained form shown in Fig. 2, loc. A3, and that shown at loc. A2.C. Multilayer with free upper surface, stiff lower medium; bonded contacts. Fold form intermediate between those in Fig. 2, Iocs. B2 and B3.
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Pn = (l/2)(y1 + p2) = 0.55 p x 

because h x = h 2 and px = 10 p2

The forms of ensembles of interfaces in multilayers shown in Fig. 5 
can be predicted in terms of the six forms shown in Fig. 2 and the 
viscosity ratio Py/Pn or Py/Pn of the upper or lower medium to the 
normal viscosity. The multilayer shown in Fig. 5A has a viscosity ratio 
of Py/Pn = = 0.18, which is intermediate between those for Fig. 2,
Iocs. A1 (P|_/Pn = 0.1) and A2 (Py/Pn = 1.0). The form of the ensemble 
of interfaces in the multilayer shown in Fig. 5A is correspondingly 
intermediate between those shown in Fig. 2, Iocs. A1 and A2. Similarly, 
the multilayer shown in Fig. 5B has a viscosity ratio of 
Py/Pn = Py/Pp =1.8, which is intermediate between the viscosity ratios 
for the multilayers shown in Fig. 2, Iocs. A2 and A3; the multilayer 
fold form is also intermediate. The multilayer shown in Fig. 5C also 
has the viscosity ratio Py/Pn =1.8, but it is unconfined above. This 
multilayer has a viscosity ratio and fold form intermediate between 
those for multilayers shown in Fig. 2, Iocs. B2 and B3.

The change of multilayer fold form with increasing independence of 
stiff layers is demonstrated in Fig. 6 by comparison of three 17-layer 
systems in which the thicknesses of soft interbeds are one, three, and 
five times that of the stiff beds, and in which c[ = 0.034, 0.184, and 
0.430, respectively. For the multilayers shown in Fig. 6, the form of 
the ensemble of interfaces is parallel, concentric-like if d is low
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Fioure 6. Forms of folds in multilayers that differ only in thickness of soft interbeds, illustrating effect of degree of independence of 
stiff layers, d, eq. Cla). Viscosity of media same as that of soft Ihterbeds (p2 = yj/10). A. Closely-spaced layers with low d_ fold as ensemble into concentric-like form. B. As degree of independence of increases, the stiff layers begin to fold as individual layers rather than as an ensemble. C. For large d, individual layers fold virtually independently, forming an overall similar fold throughout most of the 
thickness of the multilayer.
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(Fig. 6A); as d increases, the fold form becomes more nearly similar in 
form (Fig. 6C).

Thus, three broad, end-member fold shapes can be recognized in 
simple, viscous multilayers folded to moderate amplitudes. For 
multilayers composed of identical stiff layers or stiff layers and thin, 
soft interbeds, in which the wavelength is roughly equal to the 
multilayer thickness, the multilayer fold shape is a parallel, 
concentric-like fold if the viscosity ratio 1̂ / 1̂  (or Hy/un ) is much 
less than unity (Fig. 2, loc. Al; Fig. 5A; Fig. 6A) and is a 
constrained, internal fold if the viscosity ratio is greater than unity 
(Fig. 2, loc. A3; Fig. 3; Fig. 5C). For multilayers composed of thin 
stiff layers ard truck soft interbeds, and for multilayers composed of 
stiff layers folded at short wavelengths, the multilayer fold shape near 
middepth tends to be a similar, sinusoidal (Figs. 4A, 6C) or chevron 
(Fig. 4B) form even to moderate amplitudes, regardless of the relative 
stiffness of confining media.

If stiff layers interact to fold as an ensemble, multilayer folds 
may have virtually the same form regardless of whether the layer 
contacts are freely slipping or bonded. For example, the multilayer 
shown in Fig. 6A is identical to that shown in Fig. 5A except that 
contacts are bonded for the former and freely slipping for the latter; 
the fold forms are both concentric-like. Furthermore, a multilayer 
composed entirely of stiff layers, with free slip at contacts, and 
confined by soft media (Fig. 2, loc. Al) also folds into a

r
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concentric-like form. However, as will be shown in following pages, 
folds grow much faster for multilayers with free slip at contacts than 
for multilayers with bonded contacts, particularly if the viscosity 
contrast of stiff layers and soft interbeds is low.

GEOMETRIC ANALYSIS OF FOLD SHAPES

Multi-interface fold forms are defined by an ensemble of interface 
forms: the fold forms depend on the shapes of all the individual
interfaces and on the distribution of amplitudes of those shapes. For 
example, the essential feature of the internal fold (Fig. 2, loc. A3) 
is that amplitudes of anticlines and synclines decrease to zero at upper
and lower boundaries. A concentric-like fold, which can form in a
softly confined multilayer in which stiff layers interact (Fig. 2, 
loc. Al), or in a softly confined single stiff layer, is characterized 
by an internal transition from wide crests and narrow troughs on the 
upper interface to narrow crests ano wide troughs on the lower 
interface.

The shape of each interface, according to the 3rd order analysis of 
folding, results from the summation of first, second, and third 
component waveforms. Each waveform is characterized by an amplitude and 
a wavelength; positive amplitudes are shown in Fig. 7. The height of a 
single interface is described by the function

5 = jA cos(ftx) + 2A cos(2&x) + 3A cos(3&x) (2)

F
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Figure 7. First, second, and third component waveforms. Each is a pure 
cosine wave. Wavelength of second component waveform is one-half that of first, and wavelength of third component waveform is one-third that of first. All amplitudes are positive.
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in which S, is the wavenumber

l = 2ir/L

L_is the wavelength of the first waveform, and .A_are amplitudes of the 
various component waveforms. The wavelength of the second component 
waveform is one-half that of the first, and the wavelength of the third 
component waveform is one-third that of the first. The combination of 
the first, second, and third component waveforms in eq. (2) produces the 
resultant waveform of a single interface.

Four illustrations of the addition of two component waveforms to 
produce a resultant waveform are shown in Fig. 8. Column 1 contains 
four identical first component waveforms of positive amplitude VA. Each 
of these first waveforms is added to a second or third component 
waveform, of positive or negative amplitude, + 2A or +3A, respectively, 
shown in column 2. Column 3 shows the resultant waveforms. Comparison 
of row A and row B, or row C and row D, demonstrates that the nature of 
the effect of adding a second, or third, component waveform to the first 
depends on the signs of their amplitudes; however, the magnitude of the 
effect depends on the relative magnitudes of their amplitudes.

The shape of an individual layer is defined by the shapes of the 
upper and lower interfaces of the layer; the shapes of the upper and 
lower interfaces are each determined by three component waveforms. The 
heights of the top (_t) and bottom (_b) interfaces of a layer are 
described by the functions,

r
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Figure 8. Shapes of individual interfaces determined by addition of two component waveforms. First component waveforms of positive amplitude in column 1; second and third component waveforms of positive or negative amplitude in column 2. Each row, A-D, illustrates the addition of a waveform in column 1 to a waveform in column 2 to produce a resultant waveform in column 3. A. Second waveform of positive amplitude sharpens crests and broadens troughs. B. Second waveform of negative 
amplitude sharpens troughs and broadens crests. C. Third waveform of positive amplitude sharpens crests and troughs and decreases slope at inflection points. D. Third waveform of negative amplitude broadens crests and troughs and increases slope at inflection points.

T~- ■
f

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



38

= h/2 + /^cosCttx) + 2Aj.cos(2&x ) + 3Â .cos(3S.x ) (3a)

C b = -h/2 + ^ c o s O l x )  + 2Abcos(2ix) + 3Abcos(3&x) (3b)

in which h is the mean vertical thickness of the layer and .A. , are —  l— t , b
amplitudes of various component waveforms.

One way to determine the shape of a layer is in terms of eqs. (3), 
where, for example, one sums the component waveforms in the bottom 
interface, eq. (3b), to produce a resultant bottom interface waveform. 
The pair of resultant interface waveforms, eqs. (3a) and (3b), defines 
the shape of the layer. Alternatively, the equations for the individual 
interfaces, eqs. (3), could be added and subtracted to produce two new 
equations which describe the shape of the layer:

(^t + ^b)/2 = Z = jAgCOsUx) + 2Aacos(2i,x) + 3Aacos(3S,x) (4a)

Equation (4a) describes the variation in average height Z of the 
layer with horizontal distance x_ along the layer, and eq. (4b)

(Ct - Cb) = h = h + 2 1Ascos(&x) + 22Ascos(2£x) + 2 3Ascos(3£x) (4b)

in which

(4c)

describes the variation in vertical thickness fi with horizontal
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distance x. The pure folding mode is the shape of a layer with only one 
wavelength and for which is zero (Fig. 9A); the pure pinch-and-swell 
mode results if A is zero (Fig. 9B).a

Various layer shapes are produced by the addition of a
pinch-and-swell mode to a folding mode; four examples are shown in
Fig. 10. Column 1 contains the folding mode component of the first
waveforms, chosen because XA^ is almost always the dominant coefficient
in eq. (4a). Column 2 contains four possible pinch-and-swell
components, positive and negative contributions of the first and second
component waveforms, chosen because ,A and ,A tend to be much laraerx—s S
than A in eq. (4b). Layer shapes resulting from the addition of theS
modes shown in columns 1 and 2 are shown in column 3. The folding modes
„A and .A of the second and third waveforms have the same effects on 2—a 3-q
the shape of a single layer as the amplitudes 2ift and 3A have on the 
shape of a single interface (Fig. 8).

The shapes of folds in multilayers analyzed in this chapter are 
determined primarily by the distributions and relative magnitudes of 
amplitudes of the first and second waveforms, XA and 2A, within the 
ensemble of interfaces. The distribution and magnitudes of amplitudes 
within a multilayer depend, in turn, on the stiffness of confinement of 
the whole multilayer and on d, the degree to which the stiff layers can 
act independently.

Each multilayer shown in Fig. 11 consists of all stiff layers 
(d = 0) confined by identical media (Uy = t^). The stiff layers

C~"
}■'
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Figure 9. Shapes of single layers with only one wavelength. A. Pure folding mode, for which A is positive and Pl is zero. B. Pure 
pinch-and-swell mode, for which A is zero and A is positive. Terms are explained in eq. (4c) and text.
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Figure 10. Shapes of single layers as determined by addition of a pinch-and-swell mode to a folding mode. Folding mode component of first waveforms in column 1; pinch-and-swell mode components of first or second waveforms of positive or negative amplitudes in column 2. Each row, A-D, illustrates the addition of a folding mode in column 1 to a pinch-and-swell mode in column 2 to produce a layer shape in column 3.
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strongly interact, so the distributions of amplitudes depend primarily 
on the stiffness of confinement of the multilayer. The distribution of 
first-waveform amplitudes XA in column 1 reflects a folding mode of the 
entire multilayer. Although the magnitudes change from interface to 
interface as a function of the confinement, the signs of jA^ are 
positive on every interface. For example, the amplitudes are nearly the 
same for every interface in a multilayer with soft confinement (loc. Al) 
but die off to zero at the edges of a multilayer with very stiff 
confinement (loc. Cl).

The distribution of second-waveform amplitudes 2A in column 2 
reflects a pinch-and-swell mode of the entire multilayer. In the 
pinch-and-swell mode, the amplitudes of the second component waveform, 
2A^, are negative in the top half of the multilayer, positive in the 
bottom half, and zero at middepth. The amplitudes increase to maxima at 
the edges of the softly confined multilayer (loc. A2) but go through 
maxima halfway between the edges and middepth of the very stiffly 
confined multilayer (loc. C2).

The multilayer shapes that result from addition of a folding mode 
in column 1 to a pinch-and-swell mode in column 2 are shown in column 3. 
In a softly confined multilayer, the multilayer fold shape is a 
concentric-like fold (loc. A3); in a very stiffly confined multilayer, 
the fold shape is an internal fold (loc. C3). The components of a 
concentric-like fold in a multilayer, Fig. 11, row A, correspond to the 
components of a concentric-like fold in a single stiff layer,
Fig. 10, row D.

r
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Fold forms in column 1 differ from their counterparts in column 3 
because of the addition of a pinch-and-swell mode in column 2. The 
effectiveness of the pinch-and-swell mode in modifying the shape 
produced by the pure folding mode depends on the strength of the second 
waveform, measured as the ratio of the amplitude of the second waveform 
to that of the first on the interface _i with the maximum amplitude of
the second waveform. In column 2, (2Ai^maxAAi is approximately -0.25

*for all three modes; in loc. A2, the maximum 2A^ occurs on the top and 
bottom interfaces, but in loc. C2, on the two interfaces halfway between 
the edges and middepth of the multilayer. The fold form shown in
column 1 would also be the resultant fold form if the strength of the
second waveform in column 2 were equal to zero, that is,
^ “i^max^i^i = ^  s ‘:ren9^  the second waveform were between
zero and -0.25, the resultant multilayer fold shapes would be 
intermediate between those shown in columns 1 and 3.

The differences between the concentric-like and internal multilayer 
fold forms shown in Fig. 11 are a result of different distributions of 
amplitudes of first and second waveforms throughout the multilayer. 
Although the 3rd order analysis of folding determines these amplitude 
distributions, it reveals very little about which parameters control the 
distributions. For this purpose, the elementary folding theory of 
multilayers (£.£., Johnson and Page, 1976; Johnson, 1982) provides 
significant insights. The elementary folding theory indicates that, to 
2nd order, the height of interfaces above middepth in a multilayer 
confined by media above and below is, approximately,
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Figure 11. Shapes of multilayers as determined by addition of a 
multilayer pinch-and-swell mode to a multilayer folding mode.Multilayer folding mode of first waveforms in column 1; multilayer pinch-and-swell mode of second waveforms in column 2. Confinement 
ranges from soft CPy/vij = 0.1) in row A to stiff (yi/Uj = 1.0) in row B to rigid (vii/yj -*• °°J in row C. Multilayer fold form in loc. A3 is concentric-like; form in loc. C3 is internal; form in loc. B3 is intermediate.

r
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S = z + jA cos(cz£L/2H)cosUx) + 2A sin(czJU_/H)cos(2£x) (5)

in which z is the distance above middepth, H is the total thickness of 
the multilayer, and £  is constraint.

I define the constraint operationally as

c = (2/it) cos" 1 (6)

where ^  is the amplitude at the upper or lower edge of the multilayer 
(z = ±H/2) and is the maximum amplitude. Constraint may be 
different at the top and bottom of the multilayer if the confining media 
have different properties.

If 2A is zero, eq. (5) approximately describes the distribution of
amplitudes of first waveforms shown in column 1, Fig. 11, for values of
£  of nearly zero, 0.5, and 1.0. Similarly, if XA is zero, eq. (5) 
approximately describes the distribution of amplitudes of second 
waveforms shown in column 2, Fig. 11. However, eq. (5) is based on a 
theory that approximates the behavior of a multilayer by selecting a 
representative element consisting of an entire stiff layer with half of 
a soft layer both above and below. Such approximations allow the 
distribution of amplitudes of interfaces to be treated as a continuum 
and expressed by a continuous function such as eq. (5). Because the 
elementary theory describes the position of a line at middepth in a 
stiff layer rather than describing the positions of the upper and lower 
interfaces of each stiff layer, the results cannot be used to determine 
fold shapes of individual layers.

r
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Constraint, £, will be used as one of the parameters in the 
description of multilayer fold forms. Constraint ranges from zero to 
unity, depending on the viscosity of the confining media, ym , the normal 
viscosity of the multilayer, yn , eq. (lb), and the 
wavelength-to-thickness ratio of the folds. The derivation of c is 
presented by Johnson and Page (1976), where variable £  there is the 
inverse of £  here:

c tan(cir/2) = (ym/yn )(H/L) (7a)

The relation is nonlinear. For small values of £, however,

c = /(2/Tr)(ym/yn J(H/L) ; c «  1 (7b)

Furthermore, the wavelength-to-thickness ratio, L/H, itself is a 
function of the constraint (Johnson and Page, 1976). According to 
elementary multilayer folding theory, the dominant wavelength for soft 
media depends on N^, the number of pairs of stiff and soft layers, 
y 1/y2, the viscosity ratio, and h 1/h2, the thickness ratio of stiff to 
soft layers. The functional relation is given by Johnson and Page 
(1976). Here, the solution is presented graphically (Fig. 12B) by 
relating the dominant wavelength ratio for soft media to the dominant 
wavelength ratio for rigid media, which is

(L d/ H ) R = 2n V(l/NpTr) V t y / ^ y J U / U + h ^ ) 3} (7 c )

The constraint for multilayers confined by soft media can be determined 
for the dominant wavelength of folds by writing eq. (7a) in the form,

£
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Figure 12. Graphs for determining constraint and dominant wavelengths according to elementary multilayer folding theory. A. Relations 
between constraint, £, and ratio of dominant wavelength to total thickness of rigidly confined multilayer, (L ./H)R , for various ratios of viscosity of media, y , to normal viscosity, yn , of multilayer. 
Equations for (L^/VOp ana yn are given in text. Values of for
several multilayers composed of identical stiff layers but containing different numbers of stiff layers indicated at top of figure.B. Relation between dominant wavelength for multilayer confined by soft media, Cl V H ) s , and dominant wavelength for same multilayer confined by 
rigid media, TL^AOp, for various values of

r
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c tan(cir/2) = Cum/un )/CLd/H)s

and using Fig. 12B to determine the dominant wavelength ratio for soft 
media.

Relations between the constraint, £, corresponding to the dominant 
wavelength for a multilayer confined by soft media, the viscosity ratio 
Pm/un » ar,d the dominant wavelength for the same multilayer confined by 
rigid media, (l_d/H)R , are shown in Fig. 12A. Examination of Fig. 12A 
and eq. (7c) indicates that constraint will increase if any one of the 
following happens: the viscosity of the medium, Vm/yn > increases; the
number of pairs, N^, of stiff and soft layers increases; the relative 
viscosity, of stiff layers decreases; the relative thickness,
h2/hi, of soft interbeds increases.

One can use Figs. 12A and 12B as follows. For given properties of
a multilayer, one computes the dominant wavelength ratio for rigid media
using eq. (7c). Then one uses Fig. 12A to determine £  by interpolating
between curves of constant relative viscosity of media, y /y . Them n
constant £  provides information about fold shape. One uses Fig. 12B to 
compute the dominant wavelength ratio for soft media, again 
interpolating between curves of constant relative viscosity of media.
The dominant wavelength ratio provides information about the size of the 
multilayer folds confined by soft media.

The relation for the dominant wavelength ratio for multilayers 
confined by rigid media, eq. (7c), simplifies markedly if the multilayer 
is composed solely of stiff layers, with free slip at layer contacts:

r
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CLd/H3R = 1.9 VTi/n) (7d)

as Biot (1964) showed. Here N is the number of layers. Wavelength 
ratios of folds in such multilayers with ten to 500 layers are indicated 
near the top of Fig. 12A.

The most important insight from the elementary theory is that the 
shapes of multilayer folds can be expressed, approximately, in terms of 
the constraint, c. The strength of the second waveform, 
and the degree of independence of stiff layers, c[, have already been 
identified (Fig. 11; eq. la) as significant parameters. Simple 
multilayers with low degree of independence of stiff layers and with the 
same constraint and strength of the second waveform will have the same 
shapes, as defined by the ensemble of interfaces, whether the multilayer 
consists solely of stiff layers or consists of interbedded stiff and 
soft layers.

Therefore, folds with a wide range of shapes can be classified in 
terms of constraint and strength of the second waveform (Fig. 13). Each 
row of fold forms in Fig. 13 is for a certain value of constraint:
£  = 0.05 for row A, £  = 0.50 for row B, and £  = 1.0 for row C. Each 
column of fold forms is for a different strength of the second waveform:
(j£Ai)max//iAi = 0 for column ^2Ai^maxAAi = ■0*15 for column 2> and
(,A.l /,A. = -0.25 for column 3. The fold shown in loc. A1 is2 l max i i
virtually similar, whereas that shown at loc. Cl is the constrained form 
that Biot (1963, 1964, 1965a) termed "internal instability." The fold

r
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Figure 13. Multilayer fold forms corresponding to a range of values of 
constraint and strength of the second waveform. Constraint, _c, ranges from 0.05 in row A to 0.50 in row B to 1.0 in row C; strength of the 
second waveform, U^i^max^iAi ’ ran9es ^rom zero c°lumn 1 to -0.15 in column 2 to -0.25 in column 3. The fold form at loc. A1 is similar; the fold forms at Iocs. A2 and A3 are concentric-like; the fold forms in 
row C are constrained.

r
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shown at loc. B1 is intermediate. All three examples in column 1 are
for zero amplitudes of the second waveform, but the folds would look
nearly the same even if the maximum amplitudes of second waveforms wc_o
up to five or seven percent of amplitudes of first waveforms; I have
found that the effect of the second waveform is visually unrecognizable
until LA.) /,A. is at least +0.08. The folds shown at Iocs. A2 and 21 max i i
A3 are concentric-like folds, those shown at Iocs. C2 and C3 are 
internal folds.

Figure 14 shows fold forms derived to 3rd order accuracy in maximum 
slopes of interfaces for multilayers unconfined above and confined below 
by a soft (Fig. 14A), stiff (Fig. 14B), or very stiff (Fig. 14C) medium. 
The strength of the second waveform, ( A . ) m„v/.A., is zero in column 1, ̂ 1 IMqX  ̂ X
-0.15 in column 2, and -0.25 in column 3. The strengths of second 
waveforms of other folds formed under similar conditions can be 
estimated by comparison with the folds shown in Fig. 14.

The forms of folds shown in Fig. 14, Iocs. A3, B3, and C3, are 
influenced by all three component waveforms. Although the signs of XA 
and 3A are positive and the sign of 2A_ is negative in all three 
examples, the relative magnitudes of the amplitudes differ. The 
amplitude ratios, or relative strengths of the component waveforms, for 
the top interface shown in Fig. 14, loc. A3, are:

2A/xA = -0.17; 3A/rA = 0.02; 3A/2A = -0.12

whereas at loc. B3 they are:
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Figure 14. Fold forms of multilayers unconfined above but confined below. Forms derived by 3rd order analysis. Identical stiff layers. Lower medium ranges from soft (y, /u1 = 0.1) in row A to stiff ( u / u  = 1.0) in row B to rigid t u -*• °°) in row C. Column 1 shows interfaces composed of only first waveforms; 2A. = 3A. = 0. Columns 2 
and 3 show interfaces composed of first, second, and third component waveforms at two stages of deformation of the same multilayers. For example, shortening of the multilayer shown at loc. Cl results in the fold form shown at loc. C2, and further shortening of this same multilayer results in fold form shown at loc. C3.
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2A/jA = -0.22? 3A/1A = 0.05; 3A/2A = -0.21

and at loc. C3 they are

2A/ 3A = -0.28; 3A/1A = 0.08; ' 3A/2A = -0.29

These results indicate that the flattening produced in the upper 
interface by the second component waveform is greater at loc. C3 than at 
loc. A3. Yet the form of the upper interface at loc. C3 is more rounded 
than that at loc. A3. The reason lies in the relative strength of the 
third component waveform. In loc. A3, the amplitude of the third 
waveform is only -0.12(2A), whereas at loc. C3 it is -0.29(2A). The 
third waveform has a positive amplitude, so it sharpens crests and 
troughs, as shown in Fig. 8. Thus, it is the relative strength of the 
second waveform and the relative weakness of the third waveform that 
produces the flattened crests in the top interface shown in loc. A3, and 
it is the relative strength of both the second and third waveforms that 
produces the arc-and-cusp structure in the top interface shown at 
loc. C3. The form of the top interface shown at loc. B3 is 
intermediate, and the relative strength of the third waveform is 
intermediate between the values for the multilayers shown at Iocs. A3 
and C3.

This completes my presentation of the essential results of the 
analysis of fold forms in simple, repetitive multilayers of viscous 
materials. In following pages I present the theory and then, in the 
Discussion, apply the theory to some large folds in rocks and to some 
small folds in experimental multilayers.

!T"u.
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THEORY OF FOLDING OF VISCOUS MULTILAYERS

Solution for Constants
The analysis of folding of multilayers begins with an explanation 

of steps in the derivation of arbitrary constants that must be evaluated 
in order to compute the growth rates of perturbations in interfaces of 
layers. A representative layer is considered in some detail, but only 
final results are presented for confining media.

The height of each interface, between layers or between a layer and 
a confining medium, is described by the relation,

b = + h/2 + j A ^ c o s U x )  + 2A t>bcos(2&x) + 3At bcos(3ix) (8)

plus other trigonometric terms if the analysis is carried to an order 
higher than 3rd. Here _t refers to top and t) to bottom interfaces of a 
layer. The first term in eq. (8) gives the mean height of the upper 
C+ h/2) and lower (- h/2) interfaces. Trigonometric terms describe the 
variation of the height of the interface about its mean position.

Initially, each interface is a simple first cosine waveform and 
2̂ -t b = ^ = 3— t b’ However» as the first waveform grows, the second and 
third waveforms develop spontaneously, so the complete analysis must 
consider all three waveforms.

The mechanical problem is to determine the amplitudes, ^A^ b, as 
functions of time. It is formulated by separating components of 
velocity and stress within a layer into mean and perturbed values

F
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(Fletcher, 1974, 1977). The mean values of stress and velocity are 
those that solve the problem describing the uniform deformation of a 
layer with planar interfaces. The perturbed values of stress and 
velocity are those that must be added to the mean values in order to 
match stresses and velocities at perturbed interfaces between layers or 
between a layer and a confining medium.

This analysis considers multilayers subjected to uniform shortening 
parallel to layers and uniform thickening normal to layersj the rate of 
shearing deformation is zero. The mean stresses and velocities within s 
layer are

\ = x3xx t9 a )

x z = ^ z z + ^ z ^  = - z0xx  (9bJ

5xx -  2l,5xx -  P l9 c )

5 zz -  - 2* * x  -  P (9 d )

5 xz  = 0 t9 e )

P = - C5xx+5z z)/2 ( 9 f )

in which ^  is layer-parallel deformation rate. For the incompressible 
viscous material, Dxx = -D • This completes the solution for the mean
flow, which is exact.

The total velocities'and stresses are the sums of the mean ana 
perturbed values:
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The perturbed values satisfy the biharmonic equation in the stream 
function,

V*l|J= 0 (11a)
where

vx = -Olp/32) : vz = (alp/ax) (lib)

The solution is,

v = -[{-a+.d+.b(j£z)} .S + { .b+.c+.d(j£z)}.dsin(jJlx) (12a)
J J J  J J J J  J

v7 = [{ja+jb(j£z)}jC + {jC+jd(j£z)}jS]cos(jSx) (12b)

a¥Y = -2jw£,[(.a+2.d+.b(j£z)},S + (,c+2 .b+.d(j£z)} .c]cos(j£x)-p (12c)
A A  J J J  J J J J  J U

a zz = 2J^At{ja+jb(jAz)}js + (jC+yj(j£z)}jC]cos(j£x)-po (12d)

a = -2ju&[{*a+.d+.b(j&z)}-C + { -c+.b+.d(j£z)} .s]sin(j£x) (12e)
J J J  J J J J  J

in which

.5 = sinh(j£z) ; ,C=cosh(j£z) (12f)J J
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and j = 1, 2, and 3 (results summed). Here jS, 2a, 3a, tb ....  2d, 3d
are twelve arbitrary constants.

The arbitrary constants are eliminated by means of velocity and 
stress boundary conditions. In accordance with the coordinate system 
shown in an inset in Fig. 1, with coordinate £  normal to and js parallel 
to an interface, the velocity and stress components normal and parallel 
to an interface are:

vp = [ v ^ c o s O )  - [vxlc sin(0) (13a)

vg = [vx]^cos(0) + [v^sintOj (13b)

°nn = tazrlccos2(e) + [axx]^sin2(0) - 2[axz]^cos(0)sin(0) (13c)

cfns = [u2Z-axx]^cos(0)sin(0) + [cos2(0)-sin2(0)] (13d)

in which [ ] indicates that the quantity is to be evaluated at the
interface, z = £, and

cos(0) = 1 / /  l+(8^/3x)2 ; sin(0) = cos(0) (3c/3x) (13e)

where 0 is the slope angle (Fig. 1).

In solving for the constants, eqs. (9) and (12) are substituted 
into eq. (10), z is replaced with ^  and eq. (8), at the top and

F
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bottom of a iayer, respectively, and eq. CIO) is substituted into 
eq. (13), maintaining a certain order of approximation in the results.

In the 3rd order analysis, terms containing powers of C1A&) up to 
CXAA)3 are maintained, but terms of higher order, such as (^8,)**, are 
omitted. The quantity C XA£) is the maximum slope of the first waveform, 
so the analysis is accurate to 3rd order in the maximum slope of the 
first waveform. Terms containing (^80(^8.) are maintained, but terms 
of higher order, such as (XA8,)2(2A8,), C1A8,)(3A8,), (22A8,)2, and (33A8,)2, 
are omitted, so the analysis is accurate to 1st order in maximum slopes 
of the second and third waveforms.

Each of the arbitrary constants, xa, 2a, ... 2cJ, ^d, in eqs. (12) 
is actually a composite of constants, each of which is proportional to 
1st or higher order in (XA8,), (22A 8.), or (33A8,). It is helpful to 
rewrite the composite constants in a way that indicates explicitly their 
dependencies on orders of approximation. The following notation has 
proven to be convenient: the leading subscript indicates the waveform
with which the constant is associated; the leading superscript indicates 
the product of maximum slopes that enters the expression for that 
constant. For example,

xa = ja + 12a + “ Ja

in which ja is for the first waveform (subscript " l " ) and is to 1st 
order in (XA8,) (superscript "l"); “ a is also for the first waveform, as 
is M Ja, but “ a is to order (XA8,)(22A8.) (superscript ,*12*’) and ‘“ a is 
to 3rd order in (XA £) (superscript "ill"). Similarly, is for the
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second waveform (subscript of **2” ) and is to 1st order in (%Ajt), 
whereas “ a is to 2nd order in (jAJl). This notation increases the 
number of constants, but it markedly simplifies the maintenance of 
correct orders of approximation.

The number of arbitrary constants for multilayer problems can be 
extremely large: even for 1st order analyses there are four constants 
for each layer, so for ten layers and two confining media, there are 44 
arbitrary constants. For 3rd order analysis, of ten layers and two 
media, there are 352 constants. Therefore, I have devised a method of 
solution that reduces the number of independent constants for an entire 
multilayer by about half, from four per layer to two per interface for 
each waveform and each order of approximation. However, I wish to 
emphasize that the method involves no special assumptions and therefore 
in no way compromises the stated accuracy of the solution.

Two sets of constants, sigma and tau, are introduced via the 
expressions,

+ (?c. k+ 11J ^  J  cos(3£,x)3 t,b 3ut,b 3ut,b (14a)

(14b)

r. ■
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in which the numeric subscripts and superscripts indicate waveform and 
order of approximation, as described above. These constants reduce the 
total number that needs to be determined because the constants for the 
top of one layer are identical to the constants for the bottom of the 
overlying layer.

To solve for the constants .a, .b, .c, .d, I equate (14a) to (13c)j-  J~ J~
and (14b) to (13d), after eqs. (13c) and (13d) have been expanded and
expressed to 3rd order accuracy. Then I use the resulting expressions
to eliminate constants .a ... .d in eqs. (13a) and (13b).J- J-
Equations (13a) and (13b), now in terms of sigma and tau, provide the 
boundary velocities that must be satisfied at each interface. The final 
results are:
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( V t . b  = ^ z )t,bcos(et,b ) -  C,x)t,bsinC8t,b )

+ ( ( i v ' t v y w 2 1 +  c ; y ‘i y “ ! V k

4 (W “ !AP K ‘S2) * (i V “ V n ! V k

* - i l V ’I W 2)

* i,. v “ V 2k * t ; y “ V c‘SI)]

~ V t , ^ 2  ̂̂ iApk ~ I V i ^  ♦ I V  ? !*p( is2^

- c ^ j / z j ’ t i y . c * )  * {XpC.s^) ± j y ^ * )  ± ;xm c1s 1c)J} coscix)

+ { t |A m+ “ AraK 2C-) ♦ C2,Xp+‘ ‘ Xp)2k ♦ C J A p + 'J / y t ^  ? ( t V ‘ ;xm)2k

* c , \ , b« [ ! v  - i v . c2) * t v  * i y i s2d ) cos(2£x)

+ { i : y i; v 1" Am K .ci) + y P+1t y " ! y 3k 

± c ; y ‘; y ‘' i y ‘.s‘5 * ( t y i y y v 312 

+ 3 v t>bt/2)[(t y " V 2k • (t y " w 2)

* ( t y " V 2k * 1 t y  % K *s2)]

+ ^ A . b ^ i y  - i v . c2) * i v  ^ l y . s ' d

-  V t , b V2)2C; V . c2) * t y v ^

± jApCjS2) + 11Xm(31S 1C+2k)]} cos(3ix) (15a)

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



68

Cvs>t,b 2 ' V t . b 51" ^  + t V t .b 005^ , ! ) 5 

*{ '(W “ ! V <  * C i y ' f X ^ J y t . C 1)

1 t : v ‘i v " V k * ( : v ‘V ‘“ V l‘S 2)
+ + (lxp'*‘lxp)(4!s2c-2k)

* (lV"Ap)(3«s,) 1 tsv“v(w +2k)]
-  ( A . b ^ ^ l V 3 ! 0 ' !  + lA p ^ . S ^ + k )  ♦ JA pO .S 1) ±  ;x |n(2, s i c - k ) ]

♦ iA,b«*)‘[!VAc) * W.t') * IV.V̂ ± V‘s!)]} sinC!x) 

M - W  + (?V”W 2> i < W k ± <!V"V(<S!)
+ C1At>t,^)[;XpC1S lC-k) + ;xmc 1S 1C->-kj] }sin(2£x)

+{ -t;v‘V ‘“V3k+ ̂VlV'SW2’
* tlV‘!V“SV3k i (5v‘V “V(»s2)
+ (int ,bA/2)[(‘v “ Aii.)(xc!) - t V “ V w *s *c'6k)

± l.V'iŷs2) ± CiV“VW2S,c*a<)]
- (.At,b*^J[!V.c2J - lApK^.c-ao i jyjS*) + ;xm(21s1c*3k)]

+ ( A , b M!J2Ci y > s .c-2k> + ! V 3 ic2>

± iAm C1S 1C+2kj ± |X C3lS 2)]} sin(3*x) (15b)
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in which the upper sign in + or + corresponds to the top and the lower 
sign to the bottom of the layer. The dimensionless wavenumber, J<, is

k = nh/L (15c)

in which ji is vertical thickness and I. is wavelength of the first wave­
form, and

jS = sinh(jk) ; = cosh(jk) (15d)

in which is waveform.

The lambda constants in eqs. (15a) and (15b) are given by:

h n _ = - - - - - - - - - - - - - - - - - - - - -  ; j = 1, 2, or 3 (no sum) (16a)
J p ’ bjrtCjSjC i j*)]

in which p£ is unit weight (density times acceleration of gravity).

jXp,m[4jM C jSjC + jk)] = [jTt ± jTb - ^ x x ^ J At 1 Cl6b)

1 2k)] = [“ °t ± “ °b + 1 !A b)]/4^
+(3£/4)(lAt + xA b)(JX )(1S 1C-k)

+ (3£/4)(1At + 1A b)(lXm )(1S 1C+k) (16C)
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“ xp,»C2CA c 4 2k)] = l " Tt  4

-  ( j / A X ^  ± ,Ab ) [ ; A p ClS lC-3k3 + ;x m( 4 ,c j ) ]

-  ( « / 4 ) t ,A t  ? . A ^ t j A J ^ C + J k )  *  ; x p C*l S *X l

‘ iA p ^ tz e .S .C  t  k ) ]  .  ( “ „ t  t  - C b )/2M<1 -  « D x x [C 1At K ,A t ) ±

- ( 3 V 2 X 2At ± 2A b)CiXp)C1S 1C-k)

- (3V2H2At + 2Ab)(iXm)(1S1C+k)

li \ , M i sic T k ^  = (1iTt 1 i xb)/2ll£
- 2JK,At ± * jXm (2C2)]

- 2 * ( , \  4 . V [t V A «  +

+ (V2)(2At i ^[{ji^s.c+ao - ixm(2Ic2)3

+ («/2)(2At + j A ^ E ^ C ^ C - * )  - JXpC2,S2j]

‘“ " p . m k W  4 k)] = f ' K  4 “ !%)/2u»

- (A2/e)t,A2 ± .AjptjA^S.C-Sk) + ;Xm(62C2)]

- U 2/8X,A2 5 JA*j[;AmC1SlC+5k) + ;XpC62S2j]

tlfti)

( i V W ]

(16e)

CISC

(16g)
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" i Xp,mC2t isic ? k>] = [ ‘ " Tt  * “ lTb + ^ ^ x x ^ t  1 iflbd /2u«

- 2t(,At i ^ [ “ A p C ^ C )  + “ Xm C!C 2)]

-  *  .Ab) [ " V a Sa« + “ V a s^

- U M M . A j  i 1AJ)[J^(«IC1) - lXp C1S 1C-7kj]

- U V i B X ^ *  + ^ y C ^ ^ s 2) - IX^jSjC+Vk)]

‘?Ap>„l2(,S,C ± 3k)] = C“ at ± » ffb)/6ul

+ ± (,«„)(/„)]

+ ± iAb)(jXp)C2S2C-2k)

+ C A £ / ^ K 1At + 1AbK | x m K 2s2c+2kD 

+ (5«/6)(2At ± aAb3CiAp)(1S 1C-kD 

+ C 5 VS 6 K aAt T 2AbK ^ m )(1S lC-Hk)
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" V X V  * 3k>] = (‘a*t * ‘W /6»l

- (2J/3)C,At ± ,Ab)[|Ap (2S2C-4k) + |Xm (32C!)]

- C 2 ^ H , A t ; ,Ab)[‘Am (2S 2C+Ak) + JXp(32S !)]

- U / 6 H 2At i 2A b)[;Ap (lSlC-5k) + [ X ^ ^ C 2)]

- U / 6 ) C 2At + 2A b3[;Am C2S 1C+5kJ a- 1 X ^ 6 ^ ) ]

“ iAp,mt2(»S .C 1 3k)] " (1“ °t *
+ (4il/3)(1At ± 1A b)(“ Xp)(2S2C-2k)

+ (42/3)(1At + 1Ab)(“ Xm )(2S2C+2k)

+ C£2/2A)(1AJ + XA2) [ ^ ( 5 ^ 0 - 9 ^  + jXm (141C2)]

+ C£Z/24)C1A^ + 1A^)[11Am C51S 1C+9k) + ^ ( l ^ S 2)]

" i Xp,mC2(:sS 3C ? 3k>] = [‘“ xt 1 " l Tb - * , A ^ / 6 u A

- ( 2 V 3 K xAt ± jAb)[“ ApCjSjC-Ak) + “ Xm (32C 2)]

- C2£/3)C1At + 1Ab)[“ Am C2S 2C+Ak) + “ Xp(32S 2)]

- ± 1A y [ 11Am (21C 2) + ^ ( 5 ^ 0 - 3 ^ ]

- U 2/8)(tA2 + 1A ^ [ ; A p (21S 2) + 2Xm C51S 2C+3k)]

i
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Equations (15) are the boundary velocities at the top and bottom of each 
layer.

The boundary velocities for semi-infinite media are (U for upper 
medium, L for lower):

lv n>U,L -  ‘ 5zJu,Lcost9U,L) -  ( V u , L SinteU,L)

iA j,L  *  + 11 *̂ Vj»L ■ + ! ^U,L^

* q Au , L ^ 2 ^ i >U,L^ "  ̂ * *AU , L ^  cos(tx)

“au ,l + “ au , l  -  cos(2tx)

+ U Au ,L + 13AU,L + ‘% . L  " 3 ^iAU,LA'/,2̂ 3 AU tL + ' z ^ l j  

- 3 f!« U >L*/ 2 K !XU,L) - (>flU,L<t/2)![!AU,L 5 3(;xUjL)]}cos(3<tx) (17a)
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(vs V  = ( ^z) UiLslnC«UfL ) + ^ x ) U,LcosCeUlL )

+{ iXU,L + iXU,L + iXU,L 

+ ^iAU,L£//2 ^ ^ 2 \ ! , L  + i2^U,L^ + 4 ^2XU,L + l2XU,L^ 

“ ^2AU , L ^ 2 ^ ^ \ l , L ^  * 2 ^ iXU,L^

+ ^i\),L^2^  iAU,l_ + iXU,L^ sin(A)0

{ 2X(J,L + X2XU,L ? ^iAU , L ^ iXU , L ^  sin(2&x)-  r  2  +

-I 3i + 1 2 ^  « 1 1 11+ i 3a u ,l 3a u ,l 3au ,l

+ ^iAU , L ^ 2\j,L + 12AU,L^ ? 4C 2XU,L + 2XU,L^

^2AU , L ^ 2  ̂ Aj,L ■ 2 ^1XU,L^

+ CiAUfL«/2)2[ } ^ fL + 3(11XU>1_)]} sin(3£x)

in which

jAU,L = ^jaU,L " P9(jAu>L)]/C2j^) ; j = 1,2,or 3 (no sum)
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A2AU,L “ ^ z aU,L + 2^ ^ 2^xx^iAU,L^2^ 4y1, + ^3S,//4̂ i AU , L ^ i XU,L^

i 1 
2 \ j , L  = ^ 12TU,L^AU '̂) "  ^

‘ i \ l , L  -  '  4 ® x x ' . AU , L ) ' , AU ,L ) *  ^ C i V J ' l V ’

12
i X(J,L = "  2 S,^ i AU , L ^ 2 AU,L + 2XU,L^

+ («/2)(2au>l)[;aU j L ± 2(;xUiL)]

“ l ^ L  = t “ I°U ,L /2 A «  -  *  6( ! XU ,L ) ]

" ! V  = [ , 1 ‘. t U ,L +  5M(l*)Dxx(.AU,L)*]̂ 'l!l- 2 « . V l K 1 JAU) L *  1

i  ( i ' / bjc.a ± ;xUjL]

iA,

12
3

U ,L  *  t i !,U ,L/6 l l , l )  + W 'W ) i5x x t A j , L K A j , L ) + t A l l /3« i V K ^

+ (5«/6k 2aUjL)(;xU;L)

XU,L = ^13XU,L/̂ 1^  ~ (25/3)( + 3 ^2XU,L^

-  ( ̂ /6 ^ 2 Au , L ^ iAU,L + 6 ^ iXU,L^
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V  -  ( ‘ “ 0 U ,L /S ,,W  + W * ^ « . AU i L ,C “ XU ,L )

+ (S-2/ 2 4 K 1A(JjL )2[5( (18k)

3 U ,L  jU x x l » U ,L ; J/OM

- (2 i/5K 1Au L̂ )[1^ u L̂ + 3(1*XUjL)]

± ( fi,2/8)(1Au ^ ) 2[2( (1811)

The values of the constants are determined as follows. The normal 
velocities are equated at each interface, so for a layer _i and an 
overlying layer 1+1,

i n ' A  = l ^ A  (19a)

The difference in tangential velocities at common interfaces 
depends on the type of film assumed. In general, the difference in 
velocity for layers i_ and i+1 is,

in which h^ is the thickness of a film separating layers, and is the
coefficient of viscosity of the film. The first term in brackets in 
eq. (19b) is for a film of powerlaw fluid, where B and m are parameters 
that describe the fluid. The second term is for a film of viscous 
fluid. Powerlaw films are analyzed in Chapter II; in this chapter, only

i+11- s JbA > b  - i(vs>t - h f [Cl/BKons)IOnS ltn,-1) - U / M f) o j  (19b)
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free slip or bonding of contacts will be considered. To use eq. (19b), 
substitute eq. (14b) into the right-hand-side of eq. (19b), maintaining 
3rd order accuracy. For bonded contacts, and (3 are very large, and 
(19b) becomes

i+ltvs>b = itvs>t (19b,:i
Then eqs. (19a) and (19b1), applied to each interface in the 

multilayer, provide sufficient equations to determine all the constants,
iTt’ iat’ ll2Tt " s V  lls°t 3Tb’ 3ab’ for the top ^  and 
bottom (b) of each layer.

For free slip at contacts, a = 0, so all the taus are zero and’ ns
eq. (19b) is indeterminate. In this case, only eq. (19a) is necessary 
to solve for the constants Jcr̂ ., *0^ ... *0 .̂, ... ll|^.

Growth Rates of Component Waveforms
After the constants have been determined, the growth rates of 

waveforms in all the interfaces are computed. To do this, one 
calculates the rate of change in height of an interface,

0&/3t) = [ v ^  - t v ^ O c / a x )  (20)

in which C is given by eq. (8).

To 3rd order in the maximum slope of the interfaces, eq. (20) 
provides the following expressions for the rates of growth of 
amplitudes:
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d ^iAt , b ^ cEx 1 ~ *-iA t,

+ WxAKiiv'iV'Ŵ )* c;v,V “iVk 
* (iv“v‘“v(>s2) ?
+ t ,flt >ty 2)[' V “ V 2k - t ; v “ v t acIJ

+ i i V ‘!i,>2k * t i y “ y  («s,)]

-  ^ y ^ i y  - i v . cl) ? i y ? i v . s2):i

- ( l / 2 K 1Atib»/2)! [iAm (lC2) + !Ap(2,S1C-k)

± lApC.s*) ± *1y 2 1s 1ctk)] 1

dtA,b)/<fix = - ‘A.t/V

+ f ^ x x 5x> H V ' X K . 1' ) + < W 2k

i t V ' V ^  ♦ (2iy ‘lAm)2k 

+ ̂ iftt , b ^ * y  " + l y  * iXp^is2^  i
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= - '»At , A >  

+ ( ^ x x 5x) t q v “ V , ‘i W 2>+t ! y " V ,1S V 3k

± (;V”V >VC» 11 (.V1V J3k

+ 3(1At|bV2)[(3Ap+‘jAp )2k - C f V “  W >

* <-lV“ AJ 2k + ( ? y “ \p )C2S2)]

+ 3(2At,bl/2)[lApk - !Xb (.C!) * *Amk - iXpfiS2>] 
- (3/2)C1At _t,V2)! [!A„(,Ci) + |Ap (2IS 1C-k)

t iAp(1S!) ± ;Am(21S1C+k)] } (21c)

The identity

( ^ x )  ^ x  = Cxxdt t22)
has been introduced so that eq. (21) can be integrated with respect to 
stretch (final length over original length) rather than time.

This completes the derivation of the basic equations. For further 
details one may consult the appendices.

r:--
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Eigenvalues, Eigenvectors, and Dominant Wavelengths
Dominant wavelengths and fold shapes for multilayers are determined 

using the eigenvalues and eigenvectors of the system of eguations that 
describe the growth of amplitudes of first waveforms, eg. (21a). First, 
eqs. (19a) and (19b) are written for each interface as a single set of 
simultaneous equations:

sijSj = ainAn t23a)
in which S. represents a column vector of sigma and tau values, . is J J
the matrix of coefficients, is the amplitude of the first waveform in 
interface n, and a^n is a matrix of coefficients. Here ranges from 
one to twice the number of interfaces, and £  ranges from one to the 
number of interfaces. Summations are implied in eq. (23a). The matrix 
— in con^a^ns amplitudes of the first waveform, so eqs. (23a) are 
nonlinear.

Then eqs. (23a) are solved for the sigma and tau values

(23b)
in which

(23c)

By substituting the sigma and tau values, eqs. (23b), into the 
growth-rate equations for the first waveform, eqs. (21a), the 
growth-rate equations can be written in the form

= [l+1)in]An (24a)
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in which £ in is the amplification factor
(24b)

and c ^  is the matrix cf coefficients of sigma and tau in the right-hand 
sides of eqs. (21a).

Dominant wavelengths and fold shapes occur for the maximum growth 
rate of the first waveform, found by computing the maximum eigenvalue,

+ 1, that satisfies the equations

eigenvalue is one plus the maximum amplification factor for the 
particular wavelength of the first waveform selected. The wavelength of 
the first waveform that maximizes the eigenvalue is the dominant 
wavelength; the amplitude distribution that corresponds to the maximum 
eigenvalue is the eigenvector. Therefore, the eigenvalues and 
eigenvectors determine both the dominant wavelength and the amplitude 
vector corresponding to the dominant wavelength for a multilayer. In 
the linear analysis, both results are functions only of thickness and 
viscosity ratios of layers, properties of contacts between layers, and 
properties of the media, but in the nonlinear analysis, they are 
functions also of the maximum slope of the first waveform. In 
Chapter II, eigenvalues and eigenvectors are determined to 3rd order in 
maximum slopes of interfaces, but here they are determined only to 1st 
order.
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Figure 15 shows representative multilayers with bonded (A^C) or 
freely slipping (C)-G) contacts at interfaces. The first five
multilayers (A.-E) are composed of interbedded stiff and soft layers with
a viscosity contrast of ]iy]i2 = 10, whereas the last two (F^G) are 
composed entirely of stiff layers. The viscosities of the media, pm , 
are indicated below the multilayers. The eigenvectors are represented 
in the figure by plotting the relative amplitudes of interfaces on the 
horizontal axis; amplitudes are normalized to a maximum of unity. The 
multilayers shown in Figs. 15A and 15D are identical, except contacts 
are bonded for the former and are free to slip for the latter. Those 
shown in Figs. 15B and 15E are also identical except for properties of 
contacts. Comparison of the amplitude distributions in these two pairs 
of multilayers shows that, for interbedded stiff and soft layers, the 
variation of amplitude with interface position is much smoother for 
bonded contacts than for free slip at contacts. In multilayers that 
slip freely, the amplitudes change markedly between tops and bottoms of 
soft layers but change smoothly with position in the multilayers 
composed of identical layers (Figs. 15F and 15G).

The amplitude vectors in Fig. 15 reflect the constraints imposed on
the various multilayers. Values for the constraints were calculated 
with eq. (6) and are indicated below the multilayers. The lowest value 
of constraint is c - 0.33, for the multilayer of interbedded stiff and 
soft layers with bonded contacts and confined by soft media (Fig. 15B). 
The same multilayer, but with free slip at contacts (Fig. 15E), has a

T ~ "
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Figure 15. Eigenvectors of amplitudes for a variety of multilayers, A-G. Maximum amplitudes normalized to unity. Horizontal length of TnTerface proportional to amplitude at that interface. Properties of layers and media indicated in each diagram. Values for the constraint, £, for each multilayer were calculated with eg. (6).
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constraint of £ ~  0.49, so the constraint depends not only on the 
wavelength and the ratio of normal viscosity to media viscosity, Pn/ym > 
but also on the properties of the contacts.

The rate at which a first waveform in a multilayer grows is 
determined by jgmax, its maximum amplification factor (eigenvalue minus 
one), which depends on wavelength and on the properties of the 
multilayer. In Fig. 16, the wavelengths are normalized with the 
thickness of a stiff layer. The curves labeled A through G correspond 
to the multilayers shown in Figs. 15A through 15G, respectively. The 
peak of a curve indicates, for a particular multilayer, the dominant 
wavelength ratio, (L/hj)^, and the maximum amplification factor, 5max» 
which is the rate of growth of that dominant wavelength ratio. In 
general, for otherwise identical multilayers, the maximum amplification 
factor is larger for lower values of constraint (shown by comparison of 
curves A and B, D and E, G and F) or for free slip, rather than bonding, 
at layer contacts (shown by comparison of curves Â  and £, B and E). The 
dominant wavelength ratio is larger for lower values of constraint, but 
slightly smaller for free slip at contacts, compared to bonded contacts.

The significance of the amplification factor is made clear by 
writing an approximate relation for the growth rate of the amplitude of 
a perturbation in an interface

dA/d5x = (A/5x)(l + q) (26a)

If I assume that £  changes insignificantly as the multilayer is 
shortened, then

r
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Figure 16. Relations between amplification factor, }q, of first waveform and logarithm of ratio of wavelength to thickness of stiff layer, (L/hx), for several multilayers. Amplification factor determines rate of growth of first waveforms. Computed to 1st order accuracy in maximum slopes of first waveforms. Dominant wavelength ratio, (L/t^) ., 
is wavelength ratio corresponding to peak of curve. Letters near curves identify multilayers shown in Fig. 15.

r
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A/AQ *  (l/§x)(1+q) = S^1+q) (26b)

in which §2 is the mean thickening of the multilayer, A^ is the initial 
amplitude, and A/AQ is the amplification of the perturbation. Suppose 
the stretch is two, so the multilayer has doubled in thickness. Then, 
for £  = 6.3 (Fig. 15B), A/Aq = 158, whereas for £  = 29 (Fig. 15E),
A/Aq = 109.

Dominant wavelengths for multilayers can be determined to 1st order 
accuracy according to the theory presented here by using plots such as 
those in Fig. 16. Approximate values of dominant wavelengths for 
multilayers can be computed using the elementary folding theory 
(Fig. 12B, eq. 7c) presented by Johnson and Page (1976). Figure 17 
compares the results of the two methods. Figure 17A compares dominant 
wavelength ratios for multilayers of identical layers, with free slip at 
contacts, confined by rigid (p^Pi °0 or by stiff (Pm/Px = D  media. 
There H is the total thickness of the multilayer and N is the number of 
stiff layers. Dominant wavelengths computed with the two theories agree 
closely for N greater than six. The elementary theory underestimates 
dominant wavelengths for stiff media and overestimates dominant 
wavelengths for rigid media. Figure 17B compares dominant wavelengths 
computed with the 1st order analysis and the elementary analysis for 
multilayers with viscosity ratios of p x/p 2 = 10, thickness ratios of 
hi/h2 = 1 and confined by rigid (Pm/Pi °°)> stiff (Pm/p! = 1)> °r s°ft 
(Pn/Pj = 0-13 media, for numbers of stiff layers IN ranging from two to 
eight. For soft media, the elementary theory overestimates wavelengths,

F '
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Figure 17. Comparison of relations between dominant wavelength ratio, 
T l/E jL , and number of stiff layers, N, according to elementary and 1st 
order folding theories. A. Multilayers composed of identical stiff layers. Media range from stiff, y = y 1? to rigid, ij “>.B-. Multilayers composed of interbedded stiff and soft layers. Media range from soft, y = y2, to rigid y “ .

r
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but closely estimates them for N greater than four (total number of 
layers greater than nine). For stiff to rigid media, the elementary 
theory underestimates dominant wavelengths.

According to Fig. 17, then, elementary theory (Fig. 12) can be used 
to estimate dominant wavelengths for simple, repetitive multilayers. 
Figure 12B will provide accurate estimates for multilayers with five or 
more layers if the layers are identical and the media are either stiff
or soft, or if the layers are interbedded stiff and soft materials and
the media are soft. It will provide poorer estimates of dominant 
wavelengths if the layers are interbedded stiff and soft materials and 
the media are stiff to very stiff.

Amplification and Preferred Wavelengths
Amplification of perturbations is computed in the nonlinear,

3rd order analysis by numerically integrating eqs. (21) for all three 
waveforms. At each step in the integration, the constants tau and sigma 
must be recomputed because they depend on the amplitudes themselves.
The integration is begun with a small maximum slope of the first 
waveform (I use one degree) and with the eigenvector of amplitudes for
the initial wavelength ratio. The initial amplitudes of the second and
third waveforms are zero, so these waveforms develop spontaneously as 
higher-order effects of the solution. The final result of the 
computation is an amplitude vector for each of the three waveforms. The 
three amplitude vectors are used in the equation for the heights of 
interfaces, eq. (8), and shapes of interfaces are drawn (£.£., Figs. 1 
through 6).

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



92

To compute the preferred wavelength, that is, the wavelength of 
perturbations in the first waveform that has grown the maximum amount 
during a given amount of shortening (Fletcher, 1974), one performs the 
integration indicated above for a range of initial wavelengths and 
determines the wavelength that corresponds to the maximum amplification. 
In this way, one computes the preferred vector of amplitudes of the 
interfaces as well as the preferred wavelength corresponding to a 
certain amount of stretch. For each value of stretch there is a 
different preferred wavelength (Fletcher, 1974). The wavelengths of 
folds shown in Figs. 1, 2, 3, 5, and 6 are the preferred wavelengths of 
the first waveforms.

The computation of preferred wavelengths can be laborious using the 
method outlined above. In the course of this investigation, a very 
simple method of estimating preferred wavelengths for single- or 
multi-layer folds has been developed. The method assumes only that the 
relation between amplification factor for the first waveform and 
logarithm of the wavelength-to-thickness ratio, (L/h^, is symmetric 
about the logarithm of the dominant wavelength ratio ( L / h ^ .  For 
multilayer folds, the method assumes the above plus that the 
amplification factor changes insignificantly as the amplitude vector 
changes during growth of the fold. Examination of Fig. 16 indicates 
that the first assumption is very nearly satisfied for several 
multilayers. Computations of amplitude vectors suggest that the second 
assumption also is satisfied. As will be shown, the preferred 
wavelength ratio is simply related to the dominant wavelength ratio:
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(L/h^p = (L/h,)d (5X ) (27a)

The initial wavelength ratio, which is the wavelength of the 
perturbation that becomes amplified the most, is

O - Z M o  ~  (5z5 5 5z = 1/5x (27b)
The proof is as follows. The growth-rate equation for amplitude,

A, of the first waveform in any interface is determined by an equation 
of the form

[dJLn(A/A0)/dfcn(5x)] = (1+Jq) (28a)

in which is initial amplitude of the first waveform in the interface 
and (1+Jq) is the maximum eigenvalue. The current wavelength ratio, 
(L/hl) , is related to the initial wavelength ratio, (L/h1)Q, through 
the stretch, 5^:

(L/h1)c = (L/h1)0 (Sx)2
SO

d«n(Sx ) = (1/2) dJln(L/h1)c (28b)

Upon substitution of eq. (28b), eq. (28a) becomes

[d*n(A/A0)/d«n(L/h1)(J = (l+|q)/2

The value of £n(A/Ao) is the area under the curve relating (l+Jq)/2 
and Sn(L/h ). Examples of such curves are shown in Fig. 16. Because 
the curves are symmetric, the area is maximized if the wavelength ratios 
satisfy the following condition:
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^n(L/h1)d - itnCL/h 1Dq = AnO./!^) - A n k / h ^  (28c)
or

(L/h^p (L/h1)o = (L/h^J (28d)

Equations (27) are derived using the definition

(L/h1)0 = (L/h^ptSI) (28e)

in eq. (28d).

Equation (27a) is simpler than the relation derived by Sherwin and 
Chappie (1968) from an approximate, thin-plate analysis of single-layer 
folding:

(L/h^p =  (L/h1)(j s/[SJ(§J+l)/2] = (L/h1)d Sx V [ ( S x+Sz)/2] (29)

which reduces to eq. (27a) for small strains; (S +S )=2. Furthermore,X z
comparison of preferred wavelengths computed using the exact, 1st order 
analysis of single layers with those computed using both eq. (27a) and 
eq. (29) indicates that the simpler relation, eq. (27a), more closely 
approximates the results of the exact theory; indeed, no error was 
detected in eq. (27a), but results of eq. (29) differ slightly from 
those of the exact analysis. Equation (27a) is approximate only insofar 
as the relations between amplification factor and logarithm of 
wavelength ratio deviate from perfect symmetry about the dominant 
wavelength ratio and the eigenvector is different from the preferred 
vector of amplitudes.
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Once the dominant wavelength has been computed using either the 
elementary theory or the 1st order theory, it is a simple matter to 
compute the preferred wavelength using eq. (27a) and to determine the 
corresponding fold form. First the dominant wavelength is calculated, 
starting with the estimate provided by Fig. 12B and using a computer 
program to solve eqs. (16). Then the value of stretch, 5 Z, to which the 
multilayer will be subjected is selected by solving the equation

( . W ) / < . flo V = 5z2t‘lq)

in which (,A £) is the final maximum slope and (,A I ) is the initiali—max i— o o
maximum slope. The quantity 1+jq is the eigenvalue for the dominant 
wavelength. For example, for a final maximum slope angle of 20°, an 
initial maximum slope angle of 1°, and an eigenvalue of 10, a stretch of 
§ z= 1.32 would be computed, and a value of 1.4 esimated. Using the 
estimated value of stretch, the initial wavelength-to-thickness ratio, 
(L/h1)Q, is computed with eq. (27b), and a computer program is used to 
solve eq. (25) for the eigenvector of initial amplitudes. Then these 
data are entered into a computer program that numerically integrates 
eqs. (21) for the growth rates of the amplitudes of component waveforms. 
The latter program provides results at many intermediate steps in the 
integration so that the evolution of the fold form can be followed. The 
computer programs are presented (in Microsoft BASIC) in the appendices.
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Distributions of Amplitudes
In the complete 3rd order analysis the distributions of amplitudes 

of the first, second, and third waveforms are determined as a function 
of the amount of shortening or thickening of the multilayer. The 
normalized amplitude vectors shown in Figs. 15B and 15E reflect the 
distributions of amplitudes of the first waveform in these two 
multilayers before shortening (5 = 1.0); amplitudes of the second and 
third waveforms are zero. The interfaces are therefore pure cosine 
waves; the fold forms corresponding to these amplitude vectors are 
similar and resemble a very low-amplitude analogue of the fold form 
shown in Fig. 11, loc. Al. Normalized amplitude vectors for these same 
two multilayers after shortening show growth of all three waveforms 
CFigs. 18A and 18B, columns 1, 2 and 3, respectively). Distributions of 
relative strengths of second and third waveforms (columns 4 and 3, 
respectively) indicate the influence that these waveforms have on 
modifying the original, similar fold shapes. Each set of amplitude 
vectors corresponds to a concentric-like fold form, transformed from the 
initial fold form by the development of a strong second waveform. The 
fold form for the multilayer with bonded contacts (Fig. 18A) is shown in 
Fig. 6A and that for the multilayer with free slip at contacts 
(Fig. 18B) in Fig. 5A.

The distributions of amplitudes in Figs. 18A and 18B can be used to 
analyze the resultant fold forms shown in Fig. 6A and Fig. 5A, 
respectively, just as the’ diagrams in Fig. 11, columns 1 and 2, were
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Figure 18. Distribution of amplitudes of first, second, and third waveforms for multilayers of interbedded stiff and soft layers confined by soft media (multilayers B and E, Fig. 15). Amplitudes in columns 1, 2, and 3 represent amplitude vectors; those in columns 4 and 5 represent distributions of relative strengths. Locs. A1 and Bl: amplitudes offirst waveforms normalized to maximum of one. Locs. A2 and 
B2; amplitudes of second waveforms normalized by maximum amplitude of first waveform. Locs. A3 and B3: amplitudes of third waveformsnormalized by maximum of first. Locs. A4 and B4: amplitudes of secondwaveforms normalized by amplitudes of first waveforms in same interfaces. Amplitudes of second waveforms range up to -0.27 to -0.29 that of first waveforms. Locs. A5 and B5: amplitudes of thirdwaveforms, normalized with first in same interface; negligible because they are less than O.IO^/O. C. and D. Vectors of average sums, .A , and differences, .A , of amplitudes of first, second, and third  ̂waveforms, calculated according to eq. (4c). Normalized by maximum amplitude of first waveform. Dominance of 2A vector over 2A^ vector 
indicates that the layers behave as an ensemBle.
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used to geometrically analyze the resultant fold forms in Fig. 11, 
column 3. As discussed in conduction with Fig. 11, the distribution of 
jA amplitudes defines the multilayer folding mode of the first waveform; 
this distribution is represented by the amplitude vectors in Fig. 18,
locs. A1 and Bl. As in Fig. 11, column 1, amplitudes of the first
waveform are positive throughout the multilayer. The distribution of 
,A_ amplitudes defines the multilayer pinch-and-swell mode of the second 
waveform; this distribution is represented by the amplitude vectors in 
Fig. 18, locs. A2 and B2. As in Fig. 11, column 2, amplitudes of the 
second waveform are negative in the top half of the multilayer, zero at 
middepth, and positive in the lower half of the multilayer. Vectors of 
amplitudes of the third waveform are shown in Fig. 18, locs. A3 and B3. 
In addition, the vector of amplitudes XA_ (column 1) contains information 
about the constraint of the multilayer, and the vector of amplitudes 
(column 2) plus the distribution of relative strengths (column 4) 
together indicate the strength of the second waveform. The strength of 
the second waveform is a single number used to characterize the 
multilayer, (2A^)max/ XA^; the relative strength of the second waveform 
refers to the ratio (2A/ jA)^ on any interface.

Calculation of the constraint of each multilayer using eg. (6) is 
straightforward because the guantity (1Ae/ 1Am ) is the component plotted 
in Fig. 18, locs. A1 and Bl, at the edges of the multilayer: the fold
form is more highly constrained in the multilayer with free slip
(£ = 0.59) than in the multilayer with bonded contacts (c = 0.43).
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However, neither vector of XA amplitudes corresponds to a constrained
fold form because the amplitudes do not approach zero at the upper and
lower edges of the multilayers. The amplitude vectors in locs. A2 and
E2 indicate the interface for which 2A is maximum: for both
multilayers, 2Afnax occurs on the outermost interfaces. The strength of
the second waveform, (2A.) v/,A., can be read directly off those same

*  i  rricix * 1
interfaces in Fig. 18, locs. A4 and B4: the strength of the second 
waveform is about -0.25 in both multilayers. A strength of magnitude 
0.25 indicates that the effect of the second waveform is visually 
recognizable in the resultant fold form. Because the second waveform is 
strongest on the outer interfaces, flattening of crests and sharpening 
of troughs is greatest at the top of the multilayer, as noted in the 
fold forms, Fig. 6A and Fig. 5A. The strength of the third waveform, 
(3Ai)maX/iAi» is only about 0.05 (Fig. 18, locs. A3 plus A5 and B3 plus 
B5), so it does not have a noticeable effect on the fold form. The 
combination of a strong second waveform pinch-and-swell mode (Fig. 18, 
column 2) and the first waveform folding mode (Fig. 18, column 1) 
produces a concentric-like fold, as it did in Fig. 11, row A.

Figures 18A and 18B analyze the behavior of a multilayer, defined 
by an ensemble of interfaces. One can, instead, study the behavior of 
individual layers within the multilayer. For this purpose, each layer 
is analyzed as though it were a single-layer fold by calculating its 
folding and pinch-and-swell modes using eq. (4c). Plots of those 
calculations as vectors of the average sums and differences of interface

r -
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amplitudes are shown for the multilayer with bonded contacts in Tig. 18C
and for the one with free slip at contacts in Fig. 18D. The relations
between position within the multilayer and amplitude of the
oinch-and-swell mode for the first waveform, .AV.A,,, . show that the’ i— s i—max
soft layers accommodate much more thickening and thinning than stiff 
layers in the multilayer with free slip (Fig. 18, loc. Dl). Both the 
stiff and soft layers accommodate thickening and thinning in the 
multilayer with bonded contacts (Fig. 18, loc. Cl).

For simple, repetitive multilayers, the shapes of amplitude vectors 
for the first waveform reflect the constraint provided by upper and 
lower confining media (Fig. 15). Identical upper and lower media 
provide identical constraints, resulting in amplitude vectors that have 
symmetry about middepth in the multilayer (Fig. 19). Figure 19 shows 
normalized amplitude vectors and distributions of relative strengths for 
three multilayers of identical stiff layers with free slip at contacts 
and confined identically above and below by either soft (yVy, =0.1)IM 1
(Fig. 19A), stiff ( l y ^  = 1*0) (Fig. 19B), or rigid ( l y ^  ®)
(Fig. 19C) media. The corresponding fold forms are shown in Fig. 2, 
locs. Al, A2, and A3, respectively. The distributions of amplitudes of 
first waveforms (column 1) clearly reflect the differences in constraint 
for the three multilayers. The amplitudes of second waveforms 
normalized by the amplitudes of first waveforms in the same interface 
(column 4) show the relative strengths of the second waveforms. In all 
three examples, the second waveforms have little effect on the shapes of
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Figure 19. Distributions of amplitudes for multilayers confined above 
and below by soft (Um/Vx = 0.1) (A), stiff (v l A ^  = 1-05 (B), or rigid -*■ °°) (C) media. Amplitude vectors of Tirst waveforms (column 1) 
rerlect degree of constraint.
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interfaces near middepth and greater effect near the top and bottom of 
the multilayer.

Upper and lower confining media with different viscosities provide 
different constraints on simple, repetitive multilayers; symmetry of the 
amplitude vectors about middepth of the multilayer is lost. Figure 20 
shows amplitude vectors and distributions of relative strengths for 
multilayers with a free upper surface and confinement below by media 
ranging from soft = 0*1) CFig. 20A) to rigid CMm/Mx “0
(Fig. 20C). The corresponding forms of the folds are shown in Fig. 14, 
Iocs. A3, B3 and C3, respectively. The differences in constraint 
provided by the lower media are evident in the plots of normalized 
amplitudes of the first waveforms, 1A/1Amax (column 1). Amplitudes of 
the second and third waveforms in columns 4 and 5 are normalized by 
amplitudes of the first waveform in the same interface, indicating the 
relative strengths of the second and third waveforms in each interface. 
The distribution of relative strengths of the second waveform are 
distinctly different for the different confining media. For a soft 
medium, the distribution is essentially a linear function of depth 
(loc. A4), passing through zero slightly above middepth. For stiff 
lower media (loc. B4), the amplitude ratios pass through zero well above 
middepth, so flattened crests occur only in a few interfaces near the 
free upper surface of the multilayer.
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Figure 20. Distributions of amplitudes for multilayers unconfined above 
and confined below by soft (yVvi! = 0.1) (A), stiff = 1.0) (B),or rigid °°) (C) medium. Multilayers composed of identicalstiff layers. Relative strengths of second waveforms significant in upper and lower parts of all three multilayers. Relative strengths of third waveforms significant only in top interface in multilayers confined by stiff or rigid medium.

r
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Evolution of Fold Forms
Thus far the forms of multilayer folds have been discussed as 

though they were determined by a two-stage process: the initial form
determined by the eigenvector of amplitudes of the first waveform, and 
the final form determined by the vectors of amplitudes of first, second, 
and, in some cases, third waveforms. The fold forms, however, evolve as 
the folds grow, so a fold that is virtually a similar fold at low 
amplitudes may become a parallel fold at moderately high amplitudes. 
Furthermore, the fold may remain essentially similar for much of the 
deformation history and then suddenly transform into a parallel form 
with only minor additional deformation. In this section, the growth 
rates of maximum amplitudes of component waveforms will be compared for 
shortening of multilayers B and E (Fig. 15). Then three or four stages 
of folding will be examined for two simple multilayers, one confined by 
soft media (the concentric-like fold form) and the other confined by 
rigid media (the internal fold form).

One measure of the growth of a fold form is the continuous increase 
in maximum amplitudes with increasing thickening. Although such 
information does not itself convey the form of the fold, it can document 
the evolution of a known form or allow comparison of growth rates of 
different fold forms. For example, Fig. 21 shows amplitude ratios for 
second and third waveforms and maximum slope angles of the first 
waveform as a function of thickening, 5 , for a multilayer with free 
slip at contacts and a multilayer with bonded contacts. The 
eigenvectors for the two multilayers are shown in Figs. 15E and 15B,
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Figure 21. Relations between amplitudes of three waveforms and mean thickening for multilayers of interbedded stiff and soft layers confined 
by soft media. One multilayer (E, Fig. 15) has free slip at contacts, the other (B, Fig. 15) has bondeH contacts, is maximum slopeangle of first waveform. Maximum slope angle and amplitudes of second and third waveforms grow much more rapidly in multilayer with free slip than in multilayer with bonded contacts.
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respectively. The amplitude ratios are the maximum amplitude of the
second waveform, ,A , or of the third waveform, divided by the’ 2—max 3— max
maximum amplitude of the first waveform, 1A(n . The value of maximum 
slope angle of the first waveform, !emax» is related to the maximum 
amplitude of the first waveform

i®max - (31)
All the waveforms increase in amplitude more rapidly with 

thickening, 5 , in the multilayer with free slip (Fig. 21, curve E) than 
in that with bonded contacts (Fig. 21, curve B). For example, a maximum 
slope angle of 16 degrees is reached at a stretch of 5 = 1.16 for the 
multilayer with free slip at contacts but not until a stretch of 
§ z = 1.45 for the multilayer with bonded contacts. In both multilayers, 
the initial maximum slope angle of the first waveform is one degree. For 
free slip at contacts, the slope angle increases slowly with stretch up 
to §z of about 1.05, then rapidly up to Sz of 1.12, and then more slowly 
thereafter. The reduction in amplification of the first waveform, 
reflected in the tailing off of the upper part of the curve for 1emax in 
Fig. 21, is absent in the 1st order analysis and is therefore a result 
of the 3rd order corrections. Calculations to 3rd order accuracy 
indicate that, if thickening were continued, the first waveform would 
stop growing and then would decrease in amplitude; however, the decrease 
in amplitude apparently is an artifact of the 3rd order analysis and 
would vanish in a still higher order analysis. Presumably a higher 
order analysis would show that the growth rate of the first waveform
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decreases to nearly zero when its amplitude reaches relatively large 
values (corresponding to slope angles on the order of 25 to 30 degrees, 
depending on the multilayer). Subsequent amplification would be purely 
kinematic.

Ratios of ,A__w/.Am_v and ,A__w/,Am_v are plotted in Fig. 21 2 max i max 3 max i max r 3
because it is the relative magnitudes of the second and third waveforms
that determine non-sinusoidal fold shapes, as shown for second waveforms
in Fig. 13. The amplitude maximum of the second waveform is much larger
than that of the third for these multilayers. For free slip (curve E),
the amplitude of the second waveform is negligible, less than
0.10(iAmax), until the maximum slope angle in the first waveform is 10
degrees (5 =1.12). By the time the stretch reaches 1.17, though, the
amplitude of the second waveform is about O ^ t j A ^ ^ ) ,  and the maximum
slope angle is 16 degrees. At that same stretch value, the amplitude of
the third waveform is only 0.05(,A ), so its effect on fold form isi-max
negligible.

The second waveform is somewhat weaker in the multilayer with 
bonded contacts (curve B, Fig. 21). It is negligible until the first 
waveform reaches a slope angle of about 16 degrees (as compared to 
10 degrees for free slip); its amplitude reaches O ^ K ^  ) when the 
maximum slope angle is about 25 degrees (as compared to 16 degrees for 
free slip), near the upper limit of validity of the 3rd order analysis. 
The amplitude of the third waveform in Fig. 21 is always negligible, 
less than 0*1°(1A(nax)» for slope angles within the limits of the theory.

T "
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The development of a particular fold form can be followed by 
comparing the distributions of amplitudes, rather than just maximum 
amplitudes, at various stages of growth. A concentric-like fold will 
develop in a multilayer composed of 17 identical layers confined by soft 
media (1^/^ = 0*1) (fig- 22). The initial interface form was 
sinusoidal; amplitudes of second and third waveforms were zero. The 
initial shape of the fold was defined by an eigenvector of amplitudes of 
first waveforms with a maximum slope angle of one degree near middepth. 
The amplitude component of the eigenvector for the top and bottom 
interfaces was 0.937 times the component at middepth, so the initial 
form was essentially similar.

With thickening of five percent (5 = 1.05, Fig. 22A), the maximum 
slope angle increased to 5.63 degrees. The fold form remained 
essentially similar, with equally wide interface crests and troughs, 
because the amplitudes of the third waveform were still nearly zero and 
the amplitudes of the second waveform remained negligible, reaching at 
most 0.05 times the amplitude of the first waveform in the same 
interface (Fig. 22A).

As the multilayer was shortened and thickened to 6.4 percent 
(S = 1.064, Fig. 22B), though, the amplitude of the second waveform 
increased to about 0.09 times the amplitude of the first waveform in the 
top and bottom interfaces, and its effect on interface shapes became 
evident. The crests broadened and the troughs narrowed in interfaces in 
the upper half of the multilayer, so the overall form of the ensemble of
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Figure 22. Three stages in growth of parallel, concentric-like fold in multilayer consisting of identical stiff layers confined by soft media. Amplitudes of first, second, and third waveforms shown beside corresponding fold. Initial form consisted of first waveforms with 
maximum slope angle of one degree. A. After thickening of five percent, the maximum slope angle of the first waveform was 5.63 degrees, and the waveforms remained essentially cosine waves. Maximum amplitude of second waveform about 0.05 that of first.B. After thickening of 6.4 percent, the maximum slope angle was eight degrees, and the maximum amplitude of the second waveform had reached about 0.09 that of the first. The concentric-like form has just begun to emerge. C. After thickening of eight percent, the maximum slope angle was 10.6 degrees, and the second waveform was strong (maximum amplitude 0.16 that of first). The fold form had become 
clearly concentric-like.

r
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Figure 23. Three stages in growth of constrained, internal fold in 
multilayer confined by rigid media. Amplitudes of first, second, and 
third waveforms shown beside corresponding fold. Growth of fold much slower than that shown in Fig. 22, so thickening of multilayer during 
growth is marked. Initial cosinusoidal waveforms with maximum slope angle of one degree. After thickening of 33 percent, low-amplitude folds shown in A have developed. Form remains essentially sinusoidal because second waveform is still weak, as indicated to right in A.After thickening of 48 percent the fold shown in B develops. The second waveform is significant, with a maximum amplitude of about 0.16 that of the first waveform in the same interface. After thickening of 
62 percent as shown in C, the characteristic pinches and flats have become well-developed in interfaces near the top and bottom of the multilayer. The second waveform is strong near 1/4 and 3/4 depths, where its amplitude is up to about 0.13 that of the first waveform in the same interface. The third waveform remains insignificant during all three stages of folding shown.
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interfaces began to appear concentric-like. At this stage, the maximum 
slope angle of the first waveform was about eight degrees.

The broadening and flattening of crests in upper interfaces became 
even more evident as thickening increased to eight percent (s = 1.08, 
Fig. 22C). The maximum slope angle of first waveforms was about 
10.6 degrees, and the ratio CjA/ jA) in the top and bottom interfaces 
increased to 0.16. As thickening increased further, to ten percent 
(5 = 1.1), the maximum amplitude of the second waveform became about 
0.25 that of the first waveform (Fig. 2, loc. Al), and the fold assumed 
a strong concentric-like form.

Amplitude vectors for the first and second waveforms are compared 
in Fig. 24A for the three stages of deformation shown in Fig. 22. The 
three normalized amplitude vectors for the first waveform are virtually 
identical (Fig. 24A) although the magnitudes of the maximum amplitudes 
increase from 0.33 to 0.45 to 0.52 of the current thickness, _hx, of a 
layer (Fig. 22). The shaoe of the normalized amplitude vectors for the 
second waveform remains essentially linear throughout folding although 
the magnitudes of the amplitudes increase with increasing deformation. 
These amplitude vector shapes together are diagnostic of the 
concentric-like fold form.

For the multilayer confined by soft media, the normalized amplitude 
vectors (Fig. 24A) closely resemble the distribution of relative 
strengths of amplitudes (Fig. 22). The strength of the second waveform,
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Figure 24. A. Amplitude vectors for three stages of folding of a parallel, concentric-like form, shown in Fig. 22. B. Amplitude vectors for three stages of folding of a constrained, internal form, shown in Fig. 23. Amplitude vectors of first waveform are essentially identical in form although different in magnitude. Shapes of amplitude vectors for second waveform, normalized with maximum amplitude of first waveform at each stage of folding, remain fairly constant although magnitudes of elements increase with increasing deformation. The distributions of amplitudes shown in Figs. 22 and 23 indicate the strength of the second waveform compared to the first in each interface, whereas the distributions shown here indicate the change in amplitude of second waveforms from interface to interface. Amplitude vectors in A are diagnostic of the concentric-like form; those in B are diagnostic of the 
constrained fold form.

rrE
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^2Ai^maxAAi* ec1uals the maximum relative strength of the second 
waveform, C2A^/1A^)max, and both are calculated at the outermost 
interfaces. This will not be the case for the second waveform in the 
multilayer confined by rigid media, as will be shown next.

A constrained, internal fold form will develop if the same 
multilayer of identical layers with free slip at contacts is confined by 
rigid “0 (fig* 23) rather than soft media. The initial forms
of interfaces were cosine waves, with maximum slope angle of one degree 
near middepth. As the multilayer shortened and thickened, the first 
waveform amplified and the second and third waveforms developed 
spontaneously. The amplitudes of the second waveform were essentially 
negligible for thickening up to 33 percent (Fig. 23A): the relative
strength of the second waveform reached a maximum of only 0.075, near 
the boundaries; the strength of the second waveform was only 0.056, 
calculated at 1/4 and 3/4 depth. The fold form was controlled by the 
first waveforms, cosine waves with amplitudes that varied essentially 
cosinusoidally with vertical distance above and below middepth. The 
maximum slope angle of interfaces, near middepth, was about 9.4 degrees.

As thickening increased to Sz = 1.48 (Fig. 23B), the maximum slope 
angle of the first waveform increased to about 20 degrees. The strength 
of the second waveform, calculated at depths of 1/4 and 3/4, increased 
to 0.12; the relative strength of the second waveform increased to a 
maximum of about 0.16 near the upper and lower, rigid boundaries.
Second waveforms widened anticlines in the upper part and synclines in
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the lower part of the multilayer. Interfaces near the top of the 
multilayer had broad crests and narrow, pinched troughs; those near the 
bottom of the multilayer had broad troughs and narrow, pinched crests. 
The internal fold form had thus begun to form.

With further thickening, 5 Z = 1.62 (Fig. 23C), the maximum slope 
angle of the first waveform reached 25.A degrees. The strength of the 
second waveform was 0.20 at 1/4 and 3/4 depth; the ratio ^ A / ^ )  reached 
a maximum of 0.27 near the upper and lower boundaries. The third 
waveform never developed sufficiently to affect fold form. At 1/4 
depth, the crests were broad and the troughs were narrow. Near the 
upper interfaces, the crests were flat and the troughs were narrow 
pinches, as is characteristic of the internal fold form.

Amplitude vectors for the first and second waveforms are compared 
in Fig. 24B for the three stages of deformation, thickening of 33 
percent (5 = 1.33), 48 percent, and 62 percent (§z = 1.62), shown in 
Fig. 23 for a multilayer confined by rigid media. As in the case of the 
multilayer confined by soft media (Figs. 22, 24A), the three normalized 
amplitude vectors for the first waveform (Fig. 246) are virtually 
identical, although the magnitude of the maximum amplitude increases 
from about 0.22 to 0.36 to 0.39 times the current thickness of a stiff 
layer (Fig. 23). The shape of the amplitude vectors for the second 
waveform remains the same throughout deformation, although the 
magnitudes of the normalized amplitudes increase with increased folding. 
These amplitude vector shapes together are diagnostic of the internal 
fold form.
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The strength of the second waveform in a rigidly confined 
multilayer is calculated at 1/4 and 3/4 depth, where 2A is maximum 
(Fig. 24B). However, the relative strength of the second waveform,
(2A/ xA)f is maximum near the upper and lower rigid boundaries (Fig. 23).

DISCUSSION

The theoretical analysis indicates which parameters determine fold 
forms and how fold forms evolve in repetitious multilayers composed of 
alternating stiff and soft viscous layers with bonded contacts or free 
slip at contacts or composed of all stiff layers with free slip at 
contacts. Three end-member forms can be recognized in these multilayers 
on the basis of theoretical analysis: parallel, constrained, and 
similar. Parallel, concentric-like forms develop after folds have grown 
to moderate amplitudes in multilayers confined by soft media. Large 
folds formed in layers near the ground surface will tend to be of this 
type because the viscosity of the overlying medium (air) is essentially 
zero. Constrained, internal forms develop in multilayers confined by 
very stiff media. Similar forms result if fold wavelengths are short 
relative to thicknesses of multilayers. For example, similar folds of 
low amplitude (sinusoidal) and high amplitude (chevron) occur in 
multilayers in which stiff layers are widely separated by soft 
interbeds. Similar, chevron folds occur at high amplitudes in thick 
multilayers composed only of stiff layers.

The 3rd order theoretical analysis has been motivated by structural 
analyses of fold forms in a variety of tectonic environments (£.£.,
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Van Hise, 1896; Kuenen and DeSitter, 1938; Hudleston, 1973; Bayly, 1974; 
Chappie and Spang, 1974; Ramberg and Johnson, 1976; Johnson and Page, 
1976; Suppe, 1983), and by experimental or 1st order theoretical 
analyses of fold forms in a variety of experimental or theoretical 
materials (£.£., Ramberg, 1963a, 1963b; Weiss, 1968, Ghosh, 1968;
Cobbold, Cosgrove, and Summers, 1971). Folds in rock and in 
experimental materials form in multilayers with more complex dimensional 
and rheological properties than those analyzed theoretically. However, 
by focusing on the gross forms of both the theoretical and actual folds, 
the origins of the gross forms can be understood. In this section, 
forms of some large folds in the central Appalachians will be compared 
with forms of folds in simple multilayers, and wavelengths and forms of 
smaller folds in central California will be compared with those produced 
theoretically in multilayers with analogous dimensional properties and 
rheological contrasts. Finally, selected experimental folds will be 
examined in light of the theory.

Berry-Buffalo Syncline and Tuscarora Mountain Anticline
In order to estimate the forms of large folds in an area northwest 

of Harrisburg, Pennsylvania, a composite down-plunge cross section of 
the Berry-Buffalo syncline and the adjacent Tuscarora Mountain anticline 
has been constructed (Aytuna, 1984) using parts of three 15-minute 
quadrangles mapped by the Pennsylvania Geological Survey and 
measurements of bedding attitudes at strategic locations (Fig. 25A).
The cross section shows only parts of the folds, but an estimate of the 
gross forms of the folds is shown in Fig. 25B.
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Figure 25, Some large folds in the central Appalachians, Pennsylvania.
A. Composite, down-plunge cross section of Berry-Buffalo syncline and Tuscarora Mountain anticline (from Aytuna, 1984, Ch. I, fig. 10A).B. Gross form of the folds in A.
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The largest folds in the central Appalachians, including the 
Berry-Buffalo syncline, have wavelengths of 11 to 18 km and involve 
rocks from the Cambrian to the Pennsylvanian. Intermediate-sized folds 
have wavelengths of about 3 km and are best developed at the levels of 
the Tuscarora, Juniata, and Bald Eagle Formations of Late Ordovician and 
Early Silurian ages, shown as the lowest layer of the cross section in 
Fig. 25B. The wavelengths of the large folds shown in Fig. 25 appear to 
be controlled by the Devonian, Catskill and Trimmers Rock formations, 
whereas the wavelengths of folds in the Tuscarora Sandstone and Juniata 
Formation appear to be controlled by the thicknesses of those units as 
well as by the occurrence of relatively soft units above and below 
(Nickelsen, 1963; Aytuna, 1984).

Although folds of at least two very different wavelengths are 
present in the central Appalachians (Fig. 25A), the 3rd order analysis 
presented here deals only with simple multilayers in which all folds 
have the same wavelength, so my results relate only to the gross forms 
of the large folds (Fig. 25B). The large folds formed just below the 
ground surface and are underlain by the Reedsville or Martinsburg 
Formation, which probably behaved much as a soft to moderately stiff 
medium. Therefore, among the 3rd order theoretical models, the one that 
relates most closely to the conditions inferred for these folds is that 
shown in Fig. 14, loc. A3: a multilayer with no medium above and a soft
medium below. The gross fold forms also correspond: the flattening
which is apparent in the Berry-Buffalo syncline (Fig. 25A) is present
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also in Fig. 14, loc. A3, which shows flattening of crests and 
sharpening of troughs in the upper part of the multilayer and flattening 
of troughs and sharpening of crests in the lower part of the multilayer.

Thus, the gross form of the large Appalachian folds is reproduced 
by folding of a theoretical multilayer subjected to the same idealized 
conditions of confinement as inferred for the actual folds. The 
correspondence between the theoretical fold forms and the gross form of 
the actual folds would presumably improve if the theoretical multilayer 
represented more closely the actual structural-lithic units. Other 
physical parameters of the fold forms, such as wavelength-to-thickness 
ratio, could then be compared. However, a complex multilayer, designed 
by examination of the stratigraphic section, is required to model the 
central Appalachian folds CAytuna, 1964). Another discrepancy between 
the actual and theoretical fold forms is that the slopes of limbs in the 
Appalachian folds are much larger than those in the theoretical 
multilayer, which are at the limit (~20°) allowed in the 3rd order 
analysis. A theoretical solution carried to a higher order of accuracy 
in the maximum slope of the layering would permit limb dips in the 
resulting theoretical fold forms to approach those in the actual folds.

The preceding discussion illustrates that one way to analyze an 
actual fold form is to idealize its conditions of folding and determine 
the corresponding theoretical fold form, for which the distributions of 
amplitudes are known. This method is relatively simple but limits the 
accuracy of the analysis to that of the existing theoretical models. An
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alternative procedure would be to analyze the shapes of actual interface 
waveforms. This method would identify the number of component waveforms 
and perhaps suggests the order of accuracy required adequately to 
describe the fold.

In the theoretical analysis I derive amplitudes of component 
waveforms in interfaces between layers and compute the theoretical fold 
forms by synthesizing the waveforms. One can reverse the process for 
fold forms in the field or laboratory by performing least-squares 
analyses of each interface using Fourier series. If the origin of 
coordinate x_ is selected at the axis of the Tuscarora Mountain anticline 
(Fig. 25A), the height of each interface can be described by a 
cosinusoidal Fourier series

r = r + A cos(£x) + „A cos(2£x) + .A cos(3£x) + ... A cos(n£x) (32)0 1 * n

in which £ is the mean height for that interface, ^A are amplitudes of
component waveforms, and £ = 2ir/L, in which I. is the wavelength of the 
first waveform. Stabler (1968) and Hudleston (1973) explain the 
application of Fourier analysis to determination of interface shape.

Using least-squares analysis, I determined amplitudes of the first 
five component waveforms in eq. (32) that best describe the forms of 
individual interfaces shown in Fig. 25B; I sequentially recombined those 
component waveforms to discover the contribution of each one to 
interface form (Fig. 26). In the fold form determined by the first
waveform alone (Fig. 26A), each interface shape is purely cosinusoidal,
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Figure 26. Results of Fourier analysis of gross fold form shown in Fig. 25B. A. Form according to first waveform. B. Form synthesized from first and second waveforms. C. First, second, and third waveforms.D. First through fourth waveforms. E. First through fifth waveforms. The gross form of the large folds in Fig. 25B is reproduced with the first through third waveforms, C; the fold with shorter wavelengths in Silurian and Ordovician rocks do not appear until the fourth and fifth 
waveforms are added, in D and E.

r
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and the fold form poorly matches the gross form constructed on the basis 
of field information (Fig. 25B). Summing the first and second waveforms 
in each interface produces a fold form in which the crests are flattened 
and the troughs are sharpened in upper interfaces (Fig. 26B). Summing 
the first through third waveforms (Fig. 26C) further sharpens the 
synclines but rounds the anticlines. The fourth waveform re-flattens 
the crests and produces waviness in the lower two interfaces (Fig. 26D), 
and the fifth waveform has insignificant effect on fold form (Fig. 26E). 
On the bases of this analysis of component waveforms and the high slopes
of the actual interfaces, I would suggest that a theoretical analysis
carried to at least 4th order in maximum slopes of the first waveforms 
would be required to simulate closely the forms of folds shown in 
Fig. 25B. This example from the Appalachians serves to illustrate, 
however, that the gross forms of the folds can be understood using the 
3rd order analysis and some deductions about the conditions of folding.

Folds in Riverbank Exposure, Huasna Syncline
Figure 27A is a composite, down-plunge cross section of the 

southern end of the Huasna syncline, centered about 15 km north of Santa 
Maria and 20 km southeast of San Luis Obispo, California (Johnson and 
Page, 1976). The Huasna syncline is about 30 km long and 12 km wide and
plunges 20 to 30 degrees at its southern end. At midlength, the
syncline is exposed within Pliocene sandstones, where it is broad and 
open, with gently dipping limbs. In the southern part (Fig. 27A), it is 
exposed within Oligocene to Pliocene rocks and ranges from an open form
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Figure 27. Forms of folds in southern end of Huasna syncline, California, as determined by constructing a down-plunge cross section (from Johnson and Page, 1976, fig. 6). A. Down-plunge section, showing folds with several distinct wavelengths. B. Ideal form of folds in Riverbank Exposure, showing how the folds probably would appear had they not formed near the crest of a larger anticline. Solid lines are relatively well-controlled contacts; dashed lines are estimated.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



A

EXPLANATION
_ _ .  CO«1ACT:DOTTI0 W H IM  CtTIMAI 

>» tO « »  L M tO f iaV I(M N G .W N IM
SO U TH W EST

Tit.m MiTIRIf RH 
Tm p t POMT t » t  * «  
Toima

RIVERRANK EXPOSURE

n/
Im pv

'  THE E A G LE

F v M  
w

Tfr»m*o

B

500m

RIVERBANK EXPOSURE

r
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



134

with gentle limbs in Pliocene rocks to a tight chevron-like form in 
underlying Middle Miocene rocks.

At either side of the axis of the Huasna syncline, within the 
Monterey Formation, are smaller folds with wavelengths on the order of 
one-half to one km. I will analyze the folds labeled "Riverbank 
Exposure" in the left half of the structural section (Fig. 27A) because 
their good exposure along the bank of the Cuyama River and in road cuts 
permits observation of fold form and measurement of folding parameters. 
The idealized shapes of these folds are nearly classic concentric-like 
forms, with open outer arcs and sharply bent layers in cores (Fig. 27B). 
The forms grade upward, toward the contact with the Pliocene Santa 
Margarita Formation, into smooth, broad warps with narrow pinches; they 
grade downward, in the lower part of the Monterey Formation and the 
upper part of the Point Sal Formation, into intense and chaotic folding 
similar in scale to that at The Eagle (Fig. 27A).

Field study of the rocks involved in the Riverbank Exposure folding 
(Johnson and Page, 1976) indicates that folding in the Monterey was 
controlled by structural-lithic units which are 30 to 40 m thick, 
bounded by gouge zones 1 to 3 cm thick, and composed of lithologic 
layers which are only 0.5 to 8 cm thick. In addition, there are small 
faults oriented at an acute angle to bedding which accommodated 4 to 
10 cm of reverse slip and which are spaced 30 to 35 m apart. The 
spacing between crests of the anticlines is about 500 m, and about 1.2 
km of section is involved in the folding, so the ratio of wavelength to
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total thickness, (L/t-l), for the Riverbank folds is about 0.42. The 
structural units involved in the folding shown in Fig. 27B: are
relatively massive sandstone below (Vaqueros Fm.); overlain by 
interbedded soft shale and siliceous shale and dolomite (Point Sal Fm.), 
containing numerous surfaces and zones of slip; which, in turn, are 
overlain by predominant siliceous shale and porcelanite (Monterey Fm.) 
with surfaces of bedding-plane slip spaced 30 to 40 m apart; all of 
which is overlain by relatively massive sandstone (Huasna member, Santa 
Margarita Fm.) (Johnson and Page, 1976).

These field observations, which suggest that the multilayered rock 
behaved much as a series of stiff layers between which slip was
accommodated in thin shear zones, can be represented theoretically as a
simple, repetitive multilayer. There is no reason to suspect 
significant differences in viscosities of layers, so I assume that 
u, = u2. I assume that layer contacts were frictionless, for example as 
a result of high pore-water pressure. I also assume that the rocks 
above and below behaved as homogeneous, viscous media, with thicknesses 
somewhat greater than the wavelength of the folds, so I treat the media 
as infinite half spaces.

According to eq. (7d), for these conditions, the dominant 
wavelength for rigid media would be

(Ld/H)R = 1.9 Vi/M

where N is the number of'layers. The field observations indicate that
= 30 to 40 m, so I assume h = 35 m. The total section involved in

r
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R = 0.33. Using this 
value, and assuming that the media have the same stiffness as the 
layers, = 1, one computes the dominant wavelength for stiff media,
according to Fig. 12B, as = 0.38.

On the other hand, if the medium below is one hundredth as stiff as 
the layers,

ym = Ĉ U + \)/2 = (yi + O*01^)/2 ~ 0*51 !̂

and Um/Pn = 0.51. According to Fig. 12B, (L^AOg - 0.43. Thus
is estimated as 0.38 to 0.43. This range includes the measured 

value of 0.42.

If the low-angle faults are included as boundaries between 
structural-lithic units, then the average thickness of units would be 
estimated to be on the order of 15 m, and the number of layers would be 
about 80. In this case, the dominant wavelength ratio would be 0.27 if 
the upper and lower media were both stiff. This is much smaller than 
both the ratio of 0.38 computed for 34 layers and the observed ratio of 
about 0.42.

The wavelength of the folds in the Riverbank Exposure may be closer 
to the preferred wavelength than the dominant wavelength, because the 
wavelength of the perturbation that amplifies the most for a given 
amount of stretch is the preferred wavelength. However one needs to 
know or to be able to estimate the shortening in order to compute the

folding is about H = 1200 m, so N = 34, and CLVH)

r
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preferred wavelength. I do not‘know the amount of shortening 
responsible for the folds in the Riverbank Exposure, but the amount 
should not be less than the difference between the wavelength, L, and 
the arclength, s. According to estimates from Fig. 27B, (s-L)/s = 1/7 
to 1/11, so the amount of shortening was 9 to 14 percent. Let us assume 
15 percent. Then the stretch 5^ = (1.0- 0.15) = 0.85 and, according to 
eq. (27a), the preferred wavelength ratio is

(L /H)s = 5x (Ld/H)s = 0.85(Ld/H)s = 0.32 to 0.37
This is somewhat lower than the ratio of 0.42 observed in the structural 
cross section. It would seem, then, that the average number of 
structural units involved in the folding was even less than the 34 units 
estimated by examination of part of the section involved in the folding.

The folds in the Riverbank Exposure (Fig. 27B) appear to be 
hybrids, reflecting an overlying confining medium with properties 
similar to those of the stiff layers and an underlying medium that is 
soft. These conditions most closely match those for the theoretical 
multilayer shown in Fig. 14, loc. B3, turned upside down because the 
multilayer shown at loc. B3 is confined by a stiff medium below and no 
medium above. The fold forms in Fig. 27B also resemble closely those 
in loc. B3.

The component waveforms needed to describe the form of the 
reconstructed Riverbank Exposure folds (Fig. 27B) can be identified 
using eq. (32) and the method described in the preceding example. Data

r
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only from the observed contacts, represented by solid lines in Fig. 27B, 
were used in the Fourier analysis. Fourth and fifth waveforms 
contribute insignificantly to the correspondence between the 
reconstructed form (Fig. 27B) and the synthesized form (Fig. 28).

Experimental Folds in Elastic Multilayers
Folds with a wide range of forms have been produced in multilayers 

composed of materials with a variety of properties, including rubber, 
gelatin, paper cards, potter's clay, modeling clay, silly putty, 
foliated rocks and single crystals (e.g., Kuenen and DeSitter, 1938; 
Currie, Patnode and Trump, 1962; Ramberg, 1963b; Ghosh, 1968; Donath, 
1968; Weiss, 1968; Hudleston, 1973; Johnson, 1977; Latham, 1979). Here 
consideration will be restricted to multilayers of elastic materials, 
for two reasons: First, the conditions of the experiments are known.
Second, using the same materials to produce fold forms of various types 
provides experimental control; the possibility that the fold forms are 
solely a result of peculiar properties of the layers themselves, such as 
plastic or brittle yielding, can be eliminated. The experiments show 
that fold forms can be changed merely by changing certain experimental 
conditions.

Fold forms developed in experimental multilayers consisting of 
stiff rubber strips and soft gelatin are shown in Fig. 29. Column 1 
shows fold forms produced in multilayers with free slip at interfaces or 
in multilayers of interbedded stiff and soft materials with bonded 
contacts. Column 2 shows fold forms produced in multilayers of
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Figure 28. Fourier analysis of first three waveforms for folds in Riverbank Exposure, Fig. 27B. Only solid lines in Fig. 27B used for analysis. A. First waveforms only. B. First plus second waveforms.C. First through third waveforms. The second waveform flattens crests or troughs of several bedding surfaces, and the third waveform primarily rounds troughs and sharpens crests in the bottom bedding surface.

r
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Figure 29. Fold forms developed in experimental multilayers consisting 
of stiff rubber strips and soft gelatin. Drawn from photographs. Two stages (I, IIj in the development of the folds are shown for each multilayer. All subjected to layer-parallel shortening and layer-normal thickening. Column 1: Multilayers with lubricated contacts orinterbedded stiff and soft layers. Loc. Al, stiff layers with lubricated contacts confined by rigid media. Loc. Bl, interbedded stiff and soft layers confined by rigid media. Loc. Cl, interbedded stiff and soft layers. Thickness ratio h2/h = 3. Confined by medium-soft media. 
Loc. Dl, interbedded stiff and soft layers confined by soft media. Thickness ratio h = 1. Column 2: Multilayers of stiff layers infrictional contact with one another. At loc. A2 the media are rigid, and at loc. D2 the media are soft. At loc. D2, the upper half of the multilayer is composed of thin layers and the lower half is composed of thick layers.
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identical layers with significant contact strength (friction), making 
slippage difficult. The latter folds are kink-like, a form that I 
investigate in Chapter II by treating contact strength via a film of 
powerlaw material at layer contacts.

All the theoretical forms described in this chapter have been 
derived by assuming zero slip at contacts (bonded) or free slip at 
contacts (zero friction), and none of the forms resembles the kink-like 
folds shown in Fig. 29, column 2.

The two figures at loc. A1 show two stages in the development of 
folds in a multilayer consisting of 68 rubber strips confined by stiff 
media. The contacts between strips were lubricated with silicone 
grease. As the multilayer was shortened parallel to layers, folds 
initiated and grew near the right-hand end of the multilayer (stage I), 
but with further shortening folds developed throughout the width of the 
multilayer (stage II). The form of the folds is nearly identical to the 
ideal constrained, internal folds (Fig. 2, loc. A3), particularly in the 
example with 40 identical stiff viscous layers (Fig. 3).

In elastic materials, the wavelength of the fold is essentially the 
dominant wavelength; the concept of a preferred wavelength is 
irrelevant. Therefore, wavelengths of these experimental folds will be 
compared to dominant wavelengths predicted by theory. According to the 
elementary theory, eq. (7d), the dominant wavelength ratio should be,

(Ld/H)R = 1.9 V lAi = 0-23; (N = 68)
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if contacts between layers were frictionless. The 
wavelength-to-thickness ratio for folds shown at middepth in Fig. 29, 
loc. Al, stage I, is about 0.26. The average wavelength ratio for the 
four complete anticlines at middepth in Fig. 29, loc. Al, stage II, is 
about 0.24; the ratio for only the two larger anticlines on the right is 
about 0.26. Thus the observed wavelengths closely correspond to, but 
are slightly larger than, the dominant wavelengths predicted by the 
elementary theory. The 1st order part of the exact theory developed 
here would predict the same dominant wavelength as the elementary theory 
(Fig. 17A).

Figure 29, loc. Bl, shows two stages in the development of folds in 
a multilayer of interbedded stiff and soft layers confined above and 
below by essentially rigid media. The folds in stage II are internal 
folds (£.£., Fig. 2A), with the characteristic flats and pinches near 
the upper and lower boundaries of the multilayer. The contacts are 
bonded; the modulus ratio of the stiff and soft layers is G j/G2 = 45; 
and the thickness ratio is hj/hj = 1. Assuming a viscosity ratio of 

= 45, the normal viscosity of the multilayer (eq. lb) is

Vh/U j = [l/(h1+h2)l [h,+(u2/ii1)h2] = 0.51

and the dominant wavelength ratio is, according to the elementary theory 
(eq. 7c),

(L(j/H)R = 1.9 2/l/Np V ^ / p ^ / U + h / l j ) 3 = 0.34

r
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in which N^ is the number of pairs of stiff and soft layers (Np = 16). 
Compared to the exact, 1st order theory presented here, the elementary 
theory slightly underestimates the dominant wavelength ratio for a 
viscosity ratio of stiff to soft layers of ten (Fig. 17B), so it 
presumably underestimates the wavelength ratio for a viscosity ratio of 
45. The average wavelength ratio for the three anticlines at middepth 
in Fig. 29, loc. Bl, stage I, is 0.36, and that for five anticlines at 
middepth in stage II is 0.35, so the elementary theory, again, slightly 
underestimates the wavelengths in the elastic materials.

Figure 29, loc. Cl, shows folds in a multilayer of interbedded
stiff and soft layers confined by moderately soft media: G j/Gj = 67 and
G./Gm = 28. The thickness of soft layers is three times the thickness i m
of stiff layers: h 1/h2 = 1/3. The 3rd order theoretical fold form that
is most closely analogous to the fold form shown in Fig. 29, loc. Cl, is 
shown in Fig. 5B. In the theoretical fold, however, the ratios are 
M j/Uj = 10 and = 10> so the contrast in material properties is
much stronger in the experimental example than in the theoretical 
example. Nevertheless, the tendency for the fold form to be similar if 
the degree of independence of stiff layers, ci, is large (Fig. 5), is 
apparent in the experimental folds, Fig. 29, loc. Cl, even though d_ is 
only about 0.20.

The dominant wavelength is calculated by assuming that h2/h 1 = 3; 
Vi,/um = 28; v1/]i2 = 67; and that N = 8. In order to use Fig. 12B to 
compute the dominant wavelength for soft media, eq. (7c) must first be
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used to compute the dominant wavelength for the same multilayer confined 
by rigid media. According to eq. (lb), Up/Uj = 0.26, and according to 
eq. (7c), (Ljj/^R = 0.33. The ratio of normal viscosity of the 
multilayer to viscosity of the media is Pn/Pm = 7.3, so according to 
Fig. 12B, ( L ^ g  =  0.62 (0.906) » 0.56. The factor 0.906, which 
corrects for the thickness of the multilayer, is required because 
elementary theory assumes soft interbeds on either side of stiff layers, 
whereas in the experiment outer stiff layers contact the confining 
media. The wavelength ratio of low-amplitude folds shown in Fig. 29, 
loc. Cl, stage I, is about 0.53, so the elementary theory narrowly 
overestimates the wavelength for these folds.

Finally, the form of experimental folds in a multilayer composed of 
16 stiff and 15 soft layers confined by soft media (Gx/G2 = 22 = G 1/Gm>
hi/h2 = 1) is a nearly perfect concentric-like form (Fig. 29, loc. Dl). 
Contacts between layers are bonded, so the experimental conditions are 
most like the theoretical conditions assumed in the derivation, to 3rd 
order accuracy, of Fig. 1. The concentric-like form was shown to be 
characteristic of multilayers with low cl, confined by soft media, and 
folded to moderate amplitudes. At loc. Dl, d = 0.05, as compared to 
6 -  0.20 for the folds shown at loc. Cl.

The wavelength of the experimental folds is analyzed by assuming 
that Uj/u,, = 22 = Uj/Pfn* Thus, Un/Uj = 0.52 and, according to eq. (7c), 
(Lc|/H)r = 0.33. Further, Pp/t^ = 11.4, so according to Fig. 12B,
(Ld/H)s = 0.70 to 0.74. Measurements of folds shown in Fig. 29,
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loc. Dl, result in a calculated wavelength ratio of 0.73 to 0.74, 
essentially the same as the dominant wavelength ratio computed with the 
elementary theory.

The results presented here indicate that fold forms in viscous 
materials are nearly identical to those produced experimentally in 
elastic materials, including experimental folds shown by Currie,
Patnode, and Trump (1962), Ramberg (1963b), and Johnson and Honea 
(1975). The close correspondence of fold forms indicates that the forms 
are controlled largely by nonlinearities in equations that describe 
boundary conditions at contacts between layers, which are the same for 
elastic and viscous materials, rather than by nonlinearities in the 
material behaviors, which exist for elastic materials (Johnson, 1977,
Ch. 10) but not for viscous materials. One significant difference 
between folding of elastic and viscous multilayers is that the chevron 
form typically is weakly developed at the preferred wavelength in 
viscous materials (Figs. 1, 2, and 5), whereas it can be strongly 
developed in elastic materials (Fig. 29, loc. Dl; also, Johnson and 
Ellen, 1974, fig. 20). Although the chevron form can be produced in 
viscous multilayers if wavelengths of folds are relatively short 
(Fig. 4B), a strong chevron form probably generally reflects some kind 
of yielding within layers at hinges, a phenomenon that is lacking in the 
viscous material but is possible in elastic, elastic-plastic, and 
nonlinear fluid materials (Johnson, 1977).
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ABSTRACT

Different forms of folds can be produced by shortening 
of identical viscous multilayers merely by changing the 
wavelengths of folds and the behavior of layer contacts.

Theoretical analysis presented here shows that the 
folds are kink or box forms if slip is localized along short 
segments of layer contacts; slip is localized if interfaces 
have finite adhesional strength or some other type of 
nonlinear resistance to slip. The folds are concentric-like 
or chevron forms if slip is distributed all along layer 
contacts; slip is distributed if interfaces have low 
adhesional strength or constant resistance to slip.

The theory also shows that different forms of folds can 
be produced in identical viscous multilayers by changing the 
wavelength of folds relative to the thickness of the 
multilayer being folded. Parallel folds, including kink and 
concentric-like forms, develop if the thickness of the 
multilayer is on the order of the folding wavelength.
Similar folds, such as box and chevron forms, develop if the 
thickness of the multilayer is large compared to the folding 
wavelength.
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INTRODUCTION

Several quite different methods of research have 
focused on causes of kink folds, which are bands or, more 
typically, sets of bands of finite width within which 
foliated elements are rotated relative to those outside the 
bands (Fig. 1). One method is experimentation and is 
represented by a relatively rich literature (Paterson and 
Weiss, 1966; Ghosh, 1968; Donath, 1968; Weiss, 1968;
Johnson, 1970; Ellen, 1971; Cobbold and others, 1971; 
Scofield, 1975; Ramberg and Johnson, 1976; Reches and 
Johnson, 1976). The experiments, which have involved such 
diverse materials as phyllite, decks of paper cards, 
plasticene, rubber, potter's clay, and cardboard, 
demonstrate that kink folding can occur as a result of 
layer-parallel compression of strongly foliated materials 
with a variety of properties and subject to boundary 
conditions ranging from rigidly confined to softly confined. 
In addition to indicating the general conditions necessary 
for kink folding to occur, the experiments provide 
opportunities to observe the inception, growth, and 
propagation of kink bands.

Another method of research is field observation, which 
has largely verified that the kinds of structures observed 
in experiments closely resemble those observed in foliated
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Figure 1. Kink fold near Northumberland, Pennsylvania at the 
confluence of the east and west branches of the Susquehanna 
River in the central Appalachians. The short limb of the 
fold defines the kink band, which dips steeply to the right. 
Beds within the kink band are rotated relative to those 
outside the kink band.

r
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materials in the field (e.g., Dewey, 1965; Clifford, 1968; 
Anderson, 1968; Ellen, 1971; Ramberg and Johnson, 1976).

A third method is theoretical analysis. To date, 
theoretical analyses of kink folding have followed two 
directions. One, introduced by Biot (1965a), treats 
multilayers as continua and investigates conditions under 
which the differential equations governing such continua 
have different types of solutions. For example, Biot 
(1965b) suggested that folds of "the first kind"
(sinusoidal, internal instability) form in materials in 
which the normal modulus (of elasticity) is greater than the 
shear modulus and that folds of "the second kind" (kink) 
form in materials in which the shear modulus is greater than 
the normal modulus. The latter conditions are associated 
with the existence of two or four real characteristics, 
which allow certain discontinuities to exist. Thus, the 
Biot approach recognizes that kink folds form in highly 
foliated materials and represents the foliated materials by 
anisotropic elastic materials.

Biot's approach to kink folding was followed 
subsequently by Johnson (1970), Cobbold and others (1971), 
Ellen (1971), and Latham (1985a, 1985b). Ellen (1971) 
recognized that real characteristics could not exist for the 
simple elastic materials discussed by Biot, so he analyzed 
elastic-plastic materials. Latham (1985a, 1985b) reworked 
the Biot method and concluded that four real characteristics
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can exist in layers of powerlaw rheology. Latham (1985a) 
added couple stresses to the behavior of the fundamental 
element of the foliated material in order to account for 
bending resistance. Biot's approach was the basis for a 
discussion of relations between lines of discontinuity and 
various kinds of faults, folds, and flexures (Johnson and 
Ellen, 1974) and for studies of conditions that favor 
folding on the one hand and faulting on the other (Johnson, 
1980; Latham, 1985b).

The second theoretical approach to kink folding treats 
multilayers as stacks of discrete layers with contact 
strength. This approach originated during a study of axial 
fracturing and subsequent faulting by buckling of bands 
containing small columns of rock in granite (Peng and 
Johnson, 1972) and was subsequently applied to research on 
fold forms (Hcnea and Johnson, 1976; Reches and Johnson,
1976; Collier, 1978). Layers were assumed to behave as 
elastic materials. Contact properties were represented by 
simple adhesion or by Coulomb strength, involving both 
adhesion and friction. Honea and Johnson (1976) showed that 
finite adhesional contact strength can result in the 
development of kink forms in elastic multilayers by allowing 
slip to occur only locally along layer contacts.

My research follows this second theoretical approach.
I consider multilayers composed of discrete layers so that I 
can investigate details of fold form. This has an advantage
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over the Biot approach, which focuses on the characteristics 
that the theory generates rather than on fold form. The 
Biot approach, however, has the advantage of being able to 
investigate discontinuous structures. I treat linear 
viscous layers because the folding of viscous material is 
easier to analyze than the buckling of elastic material and 
because viscous material probably more closely resembles the 
behavior of rocks than does elastic material. I model 
nonlinear resistance to slip at layer contacts either by 
representing the rate of slip at contacts as a nonlinear 
function of the contact shear stress or by including thin 
interbeds of nonlinear material between thick viscous 
layers. My models of nonlinear resistance to slip at 
contacts closely relate to adhesional contact strength, 
which is a highly nonlinear resistance to slip.

My theoretical analysis differs from that of Honea and 
Johnson (1976) in that it can model nonlinear resistance to 
slip at contacts using folding theory derived to 3rd order 
accuracy in slopes of interfaces. As a result, I can 
describe both the development of localized slip at layer 
contacts and the consequent evolution of a conjugate, 
kink-like fold from an initial, sinusoidal perturbation.

Methods of analyzing the folding of viscous layers to 
1st order accuracy were developed by Biot (e.g., 1959, 1961, 
1965a), Ramberg (e.g.-, 1962, 1970), Fletcher (1974, 1977), 
and Smith (1975, 1977). First order analyses provide
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dominant wavelengths and amplitude distributions for the 
initial perturbation. However, they are restricted to 
infinitesimal amplitudes and thus can only describe the 
initial, sinusoidal shape of the perturbation.

Study of non-sinusoidal fold forms requires higher 
order analyses. Fletcher (1979, 1982) extended the 1st 
order analysis to 2nd order accuracy in maximum slopes of 
interfaces of a layer. As a result, he was able to describe 
the evolution of a concentric-like fold from a sinusoidally 
perturbed single layer. My analysis of folding of viscous 
multilayers in Chapter I extends this method to 3rd order 
accuracy. The 3rd order analysis can treat relatively 
high-amplitude folding (maximum slopes of 25-30° in some 
problems).

Previous theoretical analyses of single- or multi-layer 
folding of viscous materials were unable to address 
localized slip because they were restricted either to bonded 
contacts, for which slip is zero, or to free slip, for which 
layers slip everywhere. By characterizing the behavior of 
layer contacts as a resistance to slip, I am able to model 
localized slip at layer contacts in addition to zero slip 
and free slip at contacts. In this chapter I incorporate 
the general model of contact properties into the equations 
which I have derived to 3rd order accuracy to describe the 
development of fold forms in viscous multilayers.

One purpose of this chapter is to investigate not only
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the conditions under which kink-like folds will form, but 
also the conditions under which they will not form. Honea 
and Johnson (1976) attempted to determine conditions under 
which idealized "kink folds" would develop on the one hand 
and "sinusoidal folds" would develop on the other. More 
recently, Latham (1985b) has used Biot's model (1965a), with 
powerlaw rheology of layers, to suggest conditions under 
which folds of various forms should develop. Latham (1985b) 
suggests that two parameters control fold form: "intrinsic
anisotropy" and "induced anisotropy." Intrinsic anisotropy 
is defined as the ratio of the averaged normal modulus to 
the averaged shear modulus of the multilayer, and induced 
anisotropy is related to the power of the exponent of the 
powerlaw materials composing the multilayer. Latham 
suggests that, for low intrinsic anisotropy and low power, 
the folding is passive (kinematic). If intrinsic anisotropy 
is high and power is low, the folding is "similar"
(actually, a combination of chevron folds and the pattern 
Biot terms "internal instability"). If intrinsic anisotropy 
is low and power is high, the multilayer faults or shears 
within narrow zones. Finally, if both anisotropy and power 
are high, kink folds form. These qualitative results are 
consistent with those suggested by Honea and Johnson (1976) 
and Johnson (1980).

As in the work by Honea and Johnson (1976), I  focus on 
the properties of contacts between layers as the most likely
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seat cf different forms of folds. I describe the behavior 
of contacts with a powerlaw model. My results will show 
that it is the nonlinear behavior (powerlaw exponent > 1 .0 ) 
of the layer contacts that is responsible for the kink-like 
and box forms. Increasing the powerlaw exponent enhances 
the kink-like appearance of the theoretical fold forms.
Linear behavior (powerlaw exponent = 1.0) of contacts 
results in sinusoidal, concentric-like, and chevron fold 
forms. Thus the power of the powerlaw exponent plays a 
critical role in the development of fold form, as noted by 
Latham (1985b).

The chapter is organized as follows. First, I describe 
the properties of contacts between layers and present the 
results of my theoretical analysis of fold forms in viscous 
multilayers by describing and geometrically analyzing the 
fold forms that develop for different types of layer 
contacts. Then I present the theoretical model. The 
influence of contact properties on fold form is investigated 
by solving equations for multilayers of infinite thickness. 
Analysis of multilayers with finite thickness shows the 
effect of confinement on the forms and growth of folds. The 
focus will be on multilayers with localized slip at layer 
contacts, but results for multilayers with bonded or 
frictionless contacts are presented for comparison.
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THE REPRESENTATIVE MULTILAYER

Ths simple, repetitive multilayers I analyze in this 
chapter consist of identical layers of constant coefficient 
of internal viscosity (Fig. 2). Each multilayer is confined 
above and below by infinitely thick, viscous media and 
subjected to uniform rates of horizontal shortening and 
vertical thickening. The contacts between the top layer and 
the overburden and between the bottom layer and the 
substratum are frictionless, allowing free slip there.

Initial perturbations of interfaces between layers are 
positive cosinusoidal waveforms. The amplitudes and 
wavelengths are selected on the basis of an analysis of 
eigenvalues and eigenvectors, as will be explained in 
following pages. The maximum slope angle of the 
perturbation is initially one degree.

The model I have selected for contact properties 
relates rate of slip, 5v,, between layers to magnitude of 
shear stress, , applied at contacts (Fig. 3). Each layer 
contact is represented by some specified resistance to slip 
described for the general case by a powerlaw relationship 
between the rate of slip and the contact shear stress.

If the powerlaw exponent is one, the resistance to slip 
is constant all along the layer contacts, and the rate of 
clip is a linear function of the contact shear stress

r -
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Figure 2. Representative multilayer. Simple finite 
multilayer containing an initial, low amplitude perturbation 
and subject to uniform rates of horizontal shortening,
-d xx , and vertical thickening, d „  . Multilayer, of total 
thickness H, consists of identical layers, of individual 
thickness h and coefficient of internal viscosity p*, and is 
confined above and below by infinitely thick media with 
coefficient of internal viscosity pm.
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Figure 3. Powerlaw relationship between rate of slip, Svs, 
and shear stress, cr̂s, at layer contacts for several values 
of the powerlaw exponent, m.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



m = i

1 .5 H

m=2

m = 3
co
COo m = 5
w++CO 1.0w
S3®£
CD

m=io

m = 5

m = 3
COc6 m=2

0 .5

0.5
6 v s Rate of Slip

r
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



168

(m = 1, Fig. 3). Resistance to slip ranges from infinite, 
in which case contacts are bonded, to zero, in which case 
contacts slip freely. Constant, finite resistance to slip 
produces slip which is distributed along layer contacts.

If the powerlaw exponent is greater than one, the 
resistance to slip varies with position along the contact, 
and the rate of slip is a nonlinear function of the contact 
shear stress (m > 1, Fig. 3). Nonlinear resistance to slip 
is closely related to adhesional contact strength and 
produces slip which is localized along layer contacts.

EXAMPLES OF FOLD FORMS

Different fold forms can be produced in identical 
viscous multilayers merely by changing the behavior of 
contacts between layers. Fold forms generated theoretically 
in multilayers with free slip at contacts and with localized 
slip at contacts (m = 2.0) are compared in Fig. 4. The form 
of the multilayer with free slip at contacts (Fig. 4A) is 
concentric-like; the form of the multilayer with localized 
slip at contacts (Fig. 4B) is kink-like. Thus a slight 
change in contact properties (from m = 1 . 0 to m = 2 .0 ) 
markedly changes fold form.

In the concentric-like fold (Fig. 4A), the upper 
interfaces define broad, rounded anticlines which are 
separated by narrow, -sharpened synclines; these forms change 
gradually down through the multilayer until, at the lower
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Figure 4. Effect of rheology of layer contacts on fold forms 
in simple finite multilayers confined by soft media 
(|am/}a1 = 0.01). Each multilayer has folded at its preferred 
wavelength ratio, {L/H)p, where H is the total thickness of 
the multilayer: (L/H)P is 1 . 2 for the multilayer with free
slip at contacts (Fig. 4A) and is 5.5 for the multilayer 
with localized slip at contacts (Fig. 4B).
A. Concentric-like fold form in multilayer with free slip 
at contacts. B. Kink-like fold form in multilayer with 
localized slip at contacts.

F
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interfaces, broad, rounded synclines are separated by 
narrow, sharpened anticlines. The interfaces at middepth 
are of approximately sinusoidal shape. The axial planes of 
these folds are vertical; the inflection surfaces dip toward 
axial planes in anticlines and away from axial planes in 
synclines.

In the kink-like fold (Fig. 4B), the inflection 
surfaces are inclined to the vertical, as in the 
concentric-like fold, but both the inner and outer arcs of 
anticlines and synclines are flattened and the limbs are 
straightened and steepened. The form of each limb resembles 
a monoclinal flexure and is strikingly similar to the 
"kinkform" derived by Honea and Johnson (1976) for elastic 
multilayers with adhesional contact strength.

Different fold forms also can be produced theoretically 
by changing the wavelength of folds relative to the total 
thickness of the multilayer being folded, as illustrated in 
Fig. 5 for two multilayers with free slip at contacts 
(Fig. 5A) and for two multilayers with localized slip at 
contacts (Fig. 5B). Folds in multilayers with very low 
ratios of wavelength to total thickness (L/H << 1) are shown 
in column 1 ; folds in multilayers with wavelengths on the
order of the multilayer thickness (L/H a 1) are shown in
column 2. The fold wavelength is 12 to 13 times the
thickness of a single' layer, (L/h) = 12 to 13. in all four
examples.

r ■
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Figure 5. Effect on fold form of wavelength L relative to 
total thickness H of multilayer.
Wavelength-to-total-thickness ratio, (L/H), is very low in 
multilayers shown in column 1 and approximately equal to 1 
in multilayers shown in column 2 .
Wavelength-to-single-layer-thickness ratio, (L/h), is 12 in 
all four multilayers. A. Free slip at contacts. Chevron 
folds form in multilayers of infinite thickness (loc. A 1 ) ; 
concentric-like folds form in multilayers of finite 
thickness (loc. A2). B. Localized slip at contacts. Box 
folds form in multilayers of infinite thickness (loc. B1) ; 
kink-like folds form in multilayers of finite thickness 
(loc. B2).

F
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The folds In very thick multilayers (column 1) are 
similar in form because the shape of each layer must be 
identical to that of its neighbors. The folds in thin 
multilayers (column 2 ) tend to be parallel in form and 
reflect the tendency for individual layers to maintain 
uniform orthogonal thicknesses.

The parallel, concentric-like fold, which develops in 
thin multilayers with free slip at contacts (Fig. 5, 
loc. A2), is absent in the corresponding very thick 
multilayer (Fig. 5, loc. A1). Instead, the folds are 
similar, chevron folds.

A parallel, kink-like fold develops in thin multilayers 
with localized slip at contacts (loc. B2), whereas a 
similar, box fold, a kink-like fold with vertical inflection 
surfaces, develops in the corresponding very thick 
multilayer (loc. 231) .

Hybrid forms of folds with short wavelengths develop in 
thick multilayers: layers at middepth fold as though the
multilayer were infinitely thick; layers near top and bottom 
are affected by the relative viscosity of the confining 
media. Thus in a finite multilayer composed of 59 layers 
with free slip at contacts, chevron folds develop at 
middepth (Fig. 6A ) . In the same multilayer with localized 
slip at contacts (m = 2) (Fig. 6 B), box folds develop at 
middepth. Because these multilayers are confined by rigid 
media, fold amplitudes must die out at upper and lower
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Figure 6 . Hybrid fold forms in thick (59 layers) viscous 
multilayers confined by very stiff media (p^/p, = 1 0 0 0 ).
A. Free slip at contacts. Wavelength-to-total-thickness 
ratio, (L/H), is 0.06. Chevron folds form at middepth; 
constrained folds form in upper and lower quarters.
B. Localized slip at contacts. (L/H) = 0.14. Box folds 
form at middepth; kink-like folds form in upper and lower 
quarters.

r
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



176

B

r
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission

^99999999999999999



177

interfaces. Accordingly, the chevron folds blend into 
constrained folds in the upper and lower quarters of the 
multilayer (Fig. 6A), and the box folds become kink-like in 
the upper and lower quarters of the multilayer (Fig. 6B ) .

GEOMETRIC ANALYSIS OF THE FOLD FORMS

The fold forms which develop in simple multilayers with 
free slip at contacts and with localized slip at contacts 
(Figs. 4 through 6 ) can be described in terms of differences 
in amplitudes and wavelengths of component waveforms at 
layer interfaces. A fold form is a pattern defined by the 
shapes of all the layer interfaces in a single- or 
multi-layer. The shape of a single interface in a 
multilayer is a resultant waveform which can be described by 
the superposition of component waveforms. The component 
waveform is a single sinusoidal or cosinusoidal waveform and 
is the fundamental element of shape.

As the typical multilayer containing solely a first 
cosinusoidal waveform is shortened, cosinusoidal second, 
third, and fourth waveforms spontaneously develop. The 
wavelength of the second waveform is L/2, one half that of 
the first waveform; the wavelength of the third is L/3; and 
the fourth is L/4.

The mode of the first waveform. the component waveform 
of wavelength L, is the pattern defined by the first 
waveforms in the entire collection of interfaces, and for
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conditions studied here it is always a folding mode: the
sign of the amplitude of the first waveform is the same 
throughout the multilayer (Fig. 7A). The mode of the second 
waveform is a pinch-and-swel1 mode: the sign of the
amplitude of the second waveform in the upper part of the 
multilayer is opposite that in the lower part (Fig. 7B).
The mode of the third waveform is a folding mode; the sign 
of the amplitude of the third waveform can be positive or 
negative (Fig. 7C), depending on the conditions of folding. 
The fourth waveform forms a pinch-and-swel1 mode 
(Fig. 7D).

The fold form in a finite multilayer with free slip at 
contacts (Fig. 5, loc. A2) essentially reflects the 
contributions of only first and second waveforms. Figure 8A 
shows part of the fold train from Fig. 5, loc. A2, and 
Fig. 8B shows the first and second component waveforms 
individually for each interface. The concentric-like fold 
form shown in Fig. 8A is the result of the summation of the 
waveforms shown in Fig. 8B. On the uppermost interface, for 
example, the second waveform reduces the upward deflection 
in the anticline and increases the downward deflection in 
the syncline. At the inflection point of the first 
waveform, the second waveform deflects the interface upward. 
The second waveform, therefore, flattens the peak and 
sharpens the trough produced by the first waveform and moves 
the inflection point closer to the sharpened trough. At the
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Figure 7. Modes of component waveforms. A. Folding mode 
formed by first component waveforms (wavelength L) with 
positive amplitudes. B. Pinch-and-swell mode of second 
component waveforms (wavelength L/2 ) with negative 
amplitudes in upper half of multilayer and positive 
amplitudes in lower half of multilayer. C. Folding mode of 
third component waveforms (wavelength L/3) with negative 
amplitudes. D. Pinch-and-swell mode of fourth component 
waveform (wavelength L/4).
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Figure 8 . Effect of second component waveform on form of 
fold. A. Concentric-like fold form in finite multilayer 
with free slip at contacts. Shape of each interface is 
resultant waveform produced by addition of first and second 
component waveforms. B. Individual first and second 
component waveforms at each interface.
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lowermost interface the effect of the second waveform is 
reversed because its sign is opposite. There the peak is 
enhanced and narrowed and the trough is reduced and 
broadened. Thus the concentric-like fold shown in Fig. 8A 
reflects the superposition of a positive, cosinusoidal, 
folding mode and a negative, cosinusoidal, pinch-and-swell 
mode.

Analyses of very thick multilayers are ideal for 
illustrating effects of third waveforms on the shapes of 
folds because second and fourth waveforms cannot develop in 
such multilayers. Because the amplitude of each waveform is 
constant throughout an infinitely thick multilayer, the 
third waveform has the same effect on the shape of each 
interface. Parts of the fold trains in infinitely thick 
multilayers with free slip at contacts and with localized 
slip at contacts (Fig. 5, Iocs. A1 and B1} are shown in 
Fig. 9, Iocs. A1 and B1, respectively. The first and third 
waveforms, shown individually for each interface in Fig. 9, 
Iocs. A2 and B2, are both cosinusoidal.

The amplitude of the first waveform has a positive sign 
in both infinitely thick multilayers; the amplitude of the 
third waveform has a positive sign in the multilayer with 
free slip (Fig. 9, loc. A2) and a negative sign in the 
multilayer with localized slip (Fig. 9, loc. B2).

The fold in the infinitely thick multilayer with free 
slip is a chevron fold. The third waveform sharpens the
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Figure 9. Effect of third component waveform on form of 
fold. Shape of each interface shown in column 1 is 
resultant waveform produced by addition of individual first 
and third component waveforms at that interface, shown in 
column 2. A. Chevron fold form in infinitely thick 
multilayer with free slip at contacts results from addition 
of first and third component waveforms which both have 
positive amplitudes. B. Box fold form in infinitely thick 
multilayer with localized slip at contacts results from 
addition of first component waveform with positive amplitude 
and third component waveform with negative amplitude.

r
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



1 2

r
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



3}

186

fold at crests and troughs of the first waveform, decreases 
the upward deflection on either side of a crest, and 
decreases the downward deflection on either side of a 
trough. Thus the hinges sharpen and narrow and the limbs 
straighten and lengthen to produce the chevron shape as a 
result of the superposition of the first and third component 
waveforms.

The fold in the multilayer with localized slip at 
contacts (Fig. 9, loc. Bl) is a box fold. The amplitude of 
the third waveform has the opposite sign, so it flattens 
crests and troughs produced by the first waveform, increases 
the upward deflection on either side of the crests, and 
increases the downward deflection on either side of the 
troughs. The net effect of the combination of first and 
third component waveforms is the box fold, characterized by 
flattened and broadened hinges, shortened, straightened, and 
steepened limbs, and vertical inflection surfaces.

The degree to which a second or third waveform will 
modify the shape of the interface is determined by the 
relative amplitudes of the combining waveforms. Parts of a 
concentric-like fold (Fig. 5, loc. A2) and a kink-like fold 
(Fig. 5, loc. B2) are reproduced in Fig. 10, Iocs. A1 
and Bl, respectively, and analyzed in terms of 
amplitude-to-thickness ratios of first, second, third, and 
fourth component waveforms (,A/h, 2A/h, 3A/h, and *A/h) 
(column 2) and amplitude ratios (2A/,A), ( 3 A / 1 A ) ,  and
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Figure 10. Relative amplitudes of component waveforms in 
finite multilayers. Ratio of wavelength to thickness of 
single layer, (L/h), is 12 for fold forms shown in column 1. 
Amplitude-to-thickness ratios for component waveforms on 
each interface are shown in column 2 ; individual amplitude 
ratios for each interface are shown in column 3.
A. Concentric-like fold form in finite multilayer with free 
slip at layer contacts. The maximum amplitude of the second 
waveform, 2̂ ,3*, which occurs on the outer interfaces, is 
six times larger than 3^,3* (loc. A2) and 1 0 . 2 0  times as 
large as ,A,ax (loc. A3). B. Kink-like fold form in finite 
multilayer with localized slip at layer contacts. The 
maximum amplitude of the third waveform, which occurs at 
middepth, .is -0.06(^3,) ; is i0.15(3A„,aJ  (loc. B3) .

F
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UA/jA) (column 3).
That the concentric-like fold form is a consequence of 

the development of a strong second waveform is demonstrated 
by the geometric analysis in Fig. 8 and by the analysis of 
relative amplitudes in Fig. 10, Iocs. A2 and A3. For the 
fold form shown in Fig. 10, loc. Al, the absolute magnitudes 
of the amplitudes of the second waveforms are much larger 
than those of the third (loc. A2), and the largest 2A is 
about ?0.2(,A) on the outermost interfaces (loc. A3). The 
third waveform slightly sharpens crests and troughs of the 
first waveforms in the upper and lower interfaces of the 
multilayer.

That the kink-like fold form with flattened hinges and 
straightened limbs is a consequence of the development of a 
strong second waveform and a strong third waveform with a 
negative amplitude is demonstrated by the geometric analysis 
in Fig. 9B and by the analysis of relative amplitudes in 
Figs. 10B and 10C. The largest 2A is about ?0.15(,A) on the 
outermost interfaces; the largest 3A is about -0.06(jA) at 
middepth. The third component waveform x*ith negative 
amplitude produces the flattened hinges and straightened 
limbs, and the second waveform produces the inclination of 
the axial planes to the vertical. The inclination of the 
axial planes differentiates the box from the kink-like fold.
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ANALYSIS OP FOLDING

I showed the different forms of folds which develop in 
multilayers with free slip and with localized slip at layer 
contacts and analyzed the forms in terms of their component 
waveforms in preceding pages. Here I will derive the 
theoretical model of slip at contacts and explain, by means 
of analytical expressions which describe the folding, how 
the signs and amplitudes of component waveforms depend on 
variables such as the rate of slip at layer contacts, the 
wavelength-to-thickness ratio, and the number of layers.

Properties of Laver Contacts
The behavior of layer contacts is modeled by a powerlaw 

relationship between rate of slip, Sy„, and magnitude of 
shear stress, <rn, , applied at contacts between layers:

Sv„ = (vns/3 c) | an8/pc | > (l)

where (3C is a material constant and m is the powerlaw 
exponent, also assumed to be a material constant. The 
relationship between rate of slip and contact shear stress 
is illustrated for several values of m in Fig. 3.

The coefficient of contact viscosity, S, is the local 
slope of the curve describing slip at that contact and is 
itself an inverse powerlaw function of the contact shear 
stress:
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S = (pc/ m ) (2)

Contact viscosity Increases as the shear stress decreases. 
Combining eqs. (1) and (2) gives

= mS (<5 v8) (3)

The coefficient of contact viscosity, times the power m, is 
thus the resistance to slip at layer contacts.

The coefficient of contact viscosity, S, essentially 
controls the contact properties of the multilayers I 
analyze. According to eq. (2), E depends on both |3C and m. 
Suppose that <Tt,8/0c is unity, which occurs at the crossover 
point shown in Fig. 3. Then the slope of the curve, the 
contact viscosity, simplifies at that point to pc/m (eq. 2 ). 
At the crossover point, S is inversely proportional to m and 
proportional to 0C. The effect of the power m for other 
conditions depends upon whether the state of stress 
corresponds to a point above or below the crossover point.
If above, the effect of increasing m is to decrease the 
contact viscosity, and if below, the effect is to increase 
the contact viscosity. The contact viscosity always 
increases with increasing pc, as eq. (2 ) indicates.

A special case occurs for m = 1. Then the contact 
viscosity is equal to 0 C, resistance to slip is constant 
everywhere along a contact, and rate of slip is a linear 
function of the shear stress (Fig. 3). As pc becomes very
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large, the contacts become effectively bonded, and as (3C 
approaches zero, contacts slip freely.

Another special case occurs for m -» co. In general, 
because the powerlaw exponent m is greater than one, the 
rate of slip at layer contacts increases nonlinearly with 
the contact shear stress, eq. (1). As m becomes very large, 
eq. (1) describes a contact with finite strength (Fig. 3), 
as shown by Smith (1979).

Thus, by specifying the coefficient of contact 
viscosity, S, relative to the thickness, h, and the 
coefficient of internal viscosity, p*, of the layers, one
can model free slip (hE << p*), linear or nonlinear viscous
slip (hE < pt), or bonding (hE j p*) at layer contacts.

The nonlinear relation between shear stress and rate of
slip, eq. (1 ), can have a profound effect on fold form by
localizing interface slip. The dependence of the powerlaw 
(m > 1 .0 ) contact viscosity on the local magnitude of the 
contact shear stress, eq. (2 ), causes resistance to slip to 
vary along contacts. At places along layer contacts where 
stress is higher, the resistance to slip is lower, which 
produces a local increase in the rate of slip. As a result, 
slip on the contact becomes localized where the shear stress 
is maximal.

Extension of Coulomb's Law. My study of fold forms in 
multilayers with nonTinear resistance to slip at contacts 
was motivated by studies of folding of multilayers with

r
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Coulomb adheslonal contact strength (Konea and Johnson,
1976; Reches and Johnson, 1976). For example, Honea and 
Johnson (1976) showed that kink forms develop in response to 
layer-parallel compression in multilayers with finite 
contact strength which allows slip to occur locally along 
layer contacts.

Finite contact strength on a plane of potential failure 
commonly is modeled theoretically by Coulomb's Law:

<rno « t (C - ciln tan?) (4)

where is the shear stress at the contact, C is the 
cohesive strength, <rn'n is the effective normal stress 
across the contact, and tan? is the coefficient of contact 
friction. The expression (C - cr^ tan?) is the finite 
contact strength which must be overcome by the shear stress 
for slip to occur between layers.

The shear stress along a cosinusoidally perturbed 
contact varies with horizontal position. According to 
eq. (4), then, local slip could occur along parts of the 
perturbed contact while the rest of the contact remained 
bonded. The disadvantage of the application of Coulomb's 
Lav; to perturbed contacts is that, once the criterion for 
slip is met locally, the behavior of the contact becomes a 
discontinuous function of the stress.

I chose a powerlaw function of the shear stress to 
describe slip at contacts because it can model nonlinear
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resistance to slip but has the mathematical advantage that 
its behavior is a continuous function of stress. In analogy 
with the coefficient of contact friction, tan?, which 
describes resistance to slip if interfaces have a finite 
strength, a coefficient cf contact viscosity, S, describes 
resistance to slip if interfaces have powerlaw or linear 
viscous rheologies.

Various constant and nonuniform resistances to slip can 
be incorporated into the familiar Coulomb's Law, eq. (4), by 
adding a time-dependent term:

<rns = t (C - <j tan?) + mS(Sv8) (5)

where S is the coefficient of contact viscosity, m is the 
powerlaw exponent, and Sv8 is the rate of slip at the 
contact,

3 v„ = (v8)b - (ve)t (6 )

Here, (v8)b and (v8)t are the velocities parallel to the 
interface on either side of the contact (Fig. 2). The rate 
of slip, 3v8, can be expressed by rearranging eq. (5):

3v„ = O n8 ? (C - cn,, tan?) ] / (mH) ;

| ano | i C - itI tan? (7)

Local slip occurs when the equality in eq. (7) is met 
only locally while other portions of the contact remain
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bonded. Local slip on a perturbed interface is possible if 
the contacts are completely described by adhesional strength 
(3v. becomes indeterminate).

Localized slip is the approximation that the powerlaw 
function makes to local slip. Localized slip occurs when 
the inequality in eq. (7) is true everywhere along the 
contact and the local rate of slip is controlled by the 
local resistance to slip, or local contact viscosity, S. In 
this chapter, the rate of slip depends solely on the contact 
viscosity; the contact strength is equal to zero.
Equation (7) then reduces to eq. (3).

Model of Contacts. The rheological model of contact 
behavior is derived by describing the behavior of a thin, 
interlayer film in the limit as the thickness of the film 
goes to zero. The powerlaw formulation of the Reiner-Rivlin 
simple fluid is assumed to describe the interlaver films.
For plane strain, the shear stress parallel to interface 
films of powerlaw r-heology is:

<r„. = P't(D|6 + (8a)

in which D is the deformation rate,

Du = (1/2 )(bv,/dXj + bVj/aXi) (8b)

p 1 is a material constant, and m is the powerlaw exponent, 
also assumed to be a-material constant. The powerlaw fluid 
is treated as a thin film so that it cannot thicken or thin
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significantly.- in which case Dnr, = 0 = D88, and eq. (8a) can 
be written in the form

(<r„./(3) = [2/|an./3|<™-1>) D„s (9)

where 8 is a material constant. The rate of shearing 
deformation is given by the rate of slip, Sv8, between 
adjacent layers across the film and by the thickness, Sn, of 
the film:

Dns = (1/2) (Sv0/5n) (10)

For a powerlaw film, therefore, the rate of slip is

8 v, = [(<rn8/3 ) |<xn6/f3|<""‘>](5n) (1 1 )

By analogy, eq. (1) describes the rate of slip at a 
contact between two layers:

3v8 = (<t.8/3J |<rT,B/ M <m-1> (1)

where 8 C is a property of the contact.
The patterns of slip along layer contacts are quite

different for contacts with different resistances to slip, 
as shown schematically in Fig. 11. The shear stress along 
the upper contact of a cosinusoidally folded layer
(Fig. 11A) within a multilayer varies sinusoidally, to 1st
order, along an interface with a non-zero resistance to slip 
(Fig. 11B):

r
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Figure 11. Variation of shear stress, , and rate of slip, 
gvs, along interface between layers, A. Interface between 
cosinusoidally folded layers. B. Sinusoidal variation of 
aT,„ along upper contact of layer. C., D., E. Variation of 
6vB along contacts with constant resistance to slip (m = 1 ), 
variable resistance to slip (m > 1 ), and strength k, 
respectively. The variation of 5vs along the contact with 
variable resistance (D) resembles that on the contact with 
strength (E ).
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v„B = 4h15)<x(1A£) sin(£x) (1 2 )

The rate of slip at a contact is, according to eqs. (3) and 
(12) ,

Sv. = (1/mS) [4|a1BX)<(1Ajl) ] sin(£x) (13)

For a constant resistance to slip (m = 1), the rate of 
slip varies sinusoidally with position, as shown in Fig. 11C 
and eq. (13). The magnitude of the slip depends on the 
contrast between the contact viscosity, S, and the internal 
viscosity of the layers, p*.

For a nonuniform resistance to slip (m > 1), the 
variation of the rate of slip at the interface is more 
complicated (Fig. 11D) and resembles that in a plastic 
material with strength (Fig. H E ) : a plastic material of
shear strength k will slip locally where the shear stress at 
the contact is equal to the strength; this occurs first, and 
perhaps exclusively, at the inflection points of the fold.
In the nonlinear, powerlaw model, slip is localized in the 
vicinity of the inflection points (Fig. 11D) .

Selection of m . In all of the analyses presented in 
this chapter, the powerlaw exponent m is restricted to 
values of one, two, or three in conjunction with the 
decision to derive an analytical solution for the folding 
accurate to 3rd order in the maximum slope of the first 
waveform. Relative to the center of a layer, the height, £,

r
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of a point along an interface at the top of a layer is 
initially

5 = h/2 + iA cos(ix) (14)

where fi. = 2ti/L and L is the wavelength of the fold 
(Fig. 11A); the left subscript refers to the waveform with 
which the amplitude is associated. The maximum slope of the 
interface is

tan( e )max = ,AS. (15)

where e is the slope angle. The boundary stresses, <rnT, and 
an», and velocities, v* and v«, at a point with coordinates 
(x,z) on an interface are derived in terms of powers of the 
maximum slope, (jAH). The order of approximation of a 
solution is defined in terms of the largest power to which 
the maximum slope is raised (Fletcher, 1977, 1979, 1982).
For a 3rd order solution, then, terms proportional to (iA£),
(tAJL)2, and (iA£ ) 3 are retained.

The 3rd order analysis of an initial, cosinusoidal 
waveform with wavelength L reveals that second, third, and 
fourth component waveforms may develop spontaneously. In 
the solutions presented here, only terms proportional to 
(zAJL) , (3A£), (*A£), or (,AJL)(2A£) are retained.

Increasing the power m beyond three not only increases 
the nonlinearity of the contact behavior but also increases 
the amount of algebra required to solve problems because the
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analytical solution would need to be derived to a 
correspondingly higher order of accuracy. Selection of 
m = 2 or 3 permits an investigation of the fundamental
effects of nonlinearity without posing an intractable
algebraic problem.

Anisotropy. The anisotropy of a multilayer is defined 
as the ratio of the effective normal and shear viscosities. 
For a representative element of a multilayer with nonlinear 
resistance to slip at contacts, the effective shear, p,, and 
normal, p„, viscosities are:

i/p, = l/pt + 1 /(h E ) (16a)

Mr, =  P *  (16b)

According to eqs. (2), (12), and (16), the anisotropy is

Fn/Ha = 1 + (m[4 (jAP.) ] <m'1 V|3} sin""-1 > (£x) (17a)

where

& = (3c)mh/[F1(F*Bxx)<’"-1>] (17b)

For constant resistance to slip at contacts (m = 1), 
the coefficient of contact viscosity, E, is constant. 
Therefore, the shear viscosity, eq. (16a), and the 
anisotropy, eq. (17a), are constant. Anisotropy varies from 
one for bonded contacts to infinity for free slip at 
contacts. The corresponding f ranges from infinity for
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bonded contacts to zero for free slip at contacts.
For variable resistance to slip at contacts, however, 

the contact viscosity and the anisotropy vary with position 
along the interface. The anisotropy of a multilayer with 
nonlinear contact viscosity decreases from a maximum at the 
inflection points, where Ax = in/2 , to a minimum at the 
hinges of the fold, where Ax = in. The maximum 
anisotropy, a,

a =  (  Hn /  )  m a x  = 1 + m [ 4 ( j AA ) ] <™-1 > / p (.18)

According to eq. (18), the maximum anisotropy of a 
simple multilayer with nonlinear contact viscosity is a 
function of the maximum slope at inflection points along an 
interface, the powerlaw exponent m, and the constant p. If 
an initial maximum anisotropy and an initial maximum slope 
are selected for the multilayer, eq. (18) can be used to 
compute the constant $.

Because the maximum slope (tAA) increases during 
folding, the anisotropy increases during folding. Early in 
folding, when slopes are low, the anisotropy is close to 
one, and the multilayer folds slowly as a single, thick 
layer. Later in folding, when slopes are higher, the 
anisotropy is higher, the layers slip relative to one 
another, and the multilayer folds much more rapidly.

r
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Mean and Perturbed Flows
The height of each interface in the multilayer is 

described by the relation

5 *.b = 1 (h/2 ) + iAt,b cos(ix) +

aAt,b cos(2£x) + 3At>b cos(3jlx) (19)

Here, t refers to top and b refers to bottom interfaces of a 
layer, and h is the thickness of a single layer. Initially, 
each interface is a simple first cosine waveform. However, 
as the first waveform grows, the second, third, and fourth 
waveforms develop spontaneously.

The mechanical problem is to determine the amplitudes, 
jAt,b, as functions of time. It is formulated by separating 
components of velocity and stress within a layer into mean 
and perturbed values (Fletcher, 1974, 1977). The mean 
values of stress and velocity are those that solve the 
problem describing the uniform deformation of a layer with 
planar interfaces. The perturbed values of stress and 
velocity are those that must be added to the mean values in 
order to match stresses and velocities at perturbed 
interfaces between layers or between a layer and a confining 
medium.

This analysis considers multilayers subjected to 
uniform shortening parallel to layers and uniform thickening 
normal to layers; the rate of shearing deformation is zero.

I
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T h e  m ean  s t r e s s e s  a n d  v e l o c i t i e s  ( i n d i c a t e d  w i t h  a  b a r )  

w i t h i n  a  l a y e r  a r e

v x = x t>xx (20a)

V ,  = Z  5IZ + ( V j 0 = (vz)„ -  Z  Bxx (20b)

o\x = 2|itDxx - p (20c)

Vz x = “ 2|a1Bxx - p  (20d)

= 0 (20e)

P = - (^xx + o I Z ) / 2  (20f)

in which d „  is layer-parallel deformation rate. For the 
incompressible viscous material, dxx = -dzz. This 

completes the solution for the mean flow, which is exact.
The total velocities and stresses are the sums of the 

mean and perturbed (indicated by a tilde) values:

v x = v x + tfx (21a)

v z = v z + Q z (21b)

f f x ,  = f f . x  + f f x x  (21c)

<*ZZ = ffzz + S zz (21d)

o xz & xt (21e)

The perturbed values satisfy the biharmonic equation in

V
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the stream function,

V4\|> = o

where = -(b^/az)

^  = (bvp/bx)

The solution is

V* = ~[<ja + jd + jb( jJlz)} j S +

{jb + jC + j d (jAz) }jC] sin(jAx)

= [{ja + jb(j£z)}jC +

( jC + jd{  JiLas) >jS]  c o s ( j A x )

= -2jH£[{ja + 2jd + jb( j£z) }jS +

{jC + 2jb + jd(jftz)}jC] cos (j Ax) - f 

ffzz = 2jpA[ {ja + jb(jAz)}jS +

{jC + jd(jAz)}jC] cos(jAx) - p0

ffxz = ~2jpA[ {ja + jd + jb(jAz)}jC +

(jC + jb + jd(jAz)}jS] sin(jAx)

in which

jS = sinh(jAz) ; ,C = cosh(jAz)

(2 2 )

(23a)

(23b)

(24a) 

(24b) 

(24c) 

(24d) 

(24e) 

(24f)

r.-
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and j = 1, 2, 3, and 4 (results summed). Here, ja, jb, jC, 
and jd are arbitrary constants.

The arbitrary constants are eliminated by means of 
velocity and stress boundary conditions. Equation (1), in 
conjunction with eq. (6 ), provides one of the boundary 
conditions at interfaces between layers. Additional 
boundary conditions are provided by equating normal 
velocities, vn, normal stresses, a and shear stresses,

, at interfaces.
The growth rates of waveforms in all the interfaces are 

determined by computing the rate of change in height of an 
interface

(b$/bt) = [vj, - [v„],(as/&x) (25)

in which £ is given by eq. (19). The equations for the 
growth of the component waveforms take the general form:

d(„A)/dSx = +[(„A)/§X](1 + q); n=l,2,3,4 (26)

where sx is horizontal shortening (stretch), h0/h, which 
ranges from one to zero; nA is current amplitude; „A0 is 
initial amplitude; and n denotes the component waveform.
The term (1 + g) is the amplification factor for the 
waveforms. In the case of kinematic amplification, g is 
zero; the kinematic amplification factor is always equal to 
one. Dynamic amplification of the perturbed interface is

PCi?
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represented by g. In this chapter, the term "amplification 
factor" will refer to the dynamic amplification factor, g.

The basic equations are derived in further detail in 
the appendices.

Growth and Shapes of Similar Folds in Very Thick Multilayers 
I showed in previous pages that the geometrical 

differences between forms of chevron and box folds, which 
develop near middepth in thick multilayers or everywhere 
within infinitely thick multilayers, are results of the 
opposite signs of their third component waveforms. Here I 
show that the characteristic shapes of chevron and box folds 
develop spontaneously, even if the initial perturbation in a 
multilayer is simply a sinusoidal shape, and that the 
opposite signs of the third waveforms are results of 
Theological properties of layer contacts.

First I compare amplification factors for the first, 
cosinusoidal waveform in various types of multilayers. I 
briefly discuss dominant and preferred wavelengths, which 
have been investigated at length for various systems in 
Chapter I and elsewhere (Fletcher, 1974, 1977). Then I 
present amplification factors that control the growth of the 
third waveforms. I analyze three multilayers:
1. Multilayers with constant resistance to slip at layer 
contacts. Of these, I consider two special cases:

A. Bonded contacts. The contact viscosity is so high

r
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that layers cannot slip and interfaces between layers are 
merely passive markers.

B. Free slip at contacts. The contact viscosity is so 
low that layers slip freely.
2. Multilayers with variable resistance to slip at layer 
contacts. In this case, slip is localized.

Amplification Factors. The amplitudes of the first and 
third waveforms grow according to the following expressions:

d(1A)/dsx = (tA/SJ[l + }q + “ IqJ (27a)

d(sA)/dSx = U A / s J U  + lq] + (iA/S„)[“ Jq] (27b)

The heights of interfaces, relative to centers of 
layers, are

£ = h/2 + iA cos(£x) + 3A cos(3£x) (28)

The subscripts and superscripts used in eqs. (27) are 
interpreted as follows. The left subscript identifies the 
waveform with which the variable is associated. The left 
superscript indicates the product of maximum slopes that 
enters the expression for that variable. For example,
‘4 a is an amplification factor for the third waveform, and 
it is accurate to 3rd order in (iA&) , the slope of the first 
waveform. The factors ig and lg are accurate to 1st order 
in the amplitudes of the first and third waveforms, 
respectively.
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The full expressions for the amplification factors for 
multilayers with frictionless contacts, localized slip at 
contacts (m = 3), and bonded contacts are compared in 
Table I. All the dynamic amplification factors for bonded 
contacts are zero, so perturbations in the multilayer will 
be amplified solely kinematically. The 1st order 
amplification factors for the first and third waveforms, 
lg and lg, respectively, are both zero for the multilayer 
with localized slip at contacts. Therefore, to 1st and 2nd 
orders, the multilayer behaves as though it has bonded 
contacts. Of the three considered, only the multilayer with 
free slip at contacts has nonzero 1st order amplification 
factors, {g and lg.

Both the multilayer with free slip at contacts and the 
multilayer with localized slip at contacts have significant 
3rd order amplification factors, “ lg and “ lg, which 
drive the growth of the first and third waveforms, 
respectively. Because “ }g and “ |g have opposite signs 
for free slip and localized slip at contacts (Table I), they 
have quite different effects on the folds in those 
multilayers.

For the multilayer with localized slip, the 
amplification factor for the first waveform, “ lg, is 
always positive (Table I) but approaches a limiting value at 
long wavelengths (Fig. 12). There is no finite dominant 
wavelength for which amplification is maximized.

r
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TABLE I

AMPLIFICATION FACTORS FOR INFINITELY THICK MULTILAYERS

Free Slip at Contacts
Localized Slip 

at Contacts (m = 3)
Bonded

Contacts

•!’ ■ + [2k/(x SjC-k)] 0 0

- - [(1A5,)2/2(1SlC-k)2][+ M jSjC)2 

- 2(1S)2(2C/2S)(1S1C-k)

+ (jSjOk + k2]

+ 48[(jA£)2/§](k/jS)2 0

!o - + [6k/(3S3C-3k)] 0 0

" t o  - + [(1A£)2/4(1S1C-k)(3S3C-3k)][- 6(1S3C)(lCsS+1S9C) 

+ 4(1S)2(2C/2S)(33S3C-k)

+ 5(lS1C)k + 3(3S3C)k - 2k2]

- 48[ (jAJl) 2/§] (k/3S)2 0

210



TABLE I continued

where
L is the wavelength of the first waveform

h is the thickness of one layer; h^ is the initial thickness of one layer

k is the dimensionless wavenumber of the first waveform: k = (2Tr/L)(h/2)

S is the horizontal stretch: S = h /h-x — x — o —
S = sinh(nk); C = cosh(nk) n— —  n~

A is the initial amplitude of waveform n tr-o '
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Figure 12. Relationship between amplification factor and 
wavelength-to-thickness ratio (L/h) for first waveform in 
infinitely thick multilayers. A finite dominant wavelength 
exists in an infinitely thick multilayer with free slip at 
contacts but not in one with localized slip at contacts.
The dashed lines indicate combinations of (jM)2/? and (L/h) 
for which eqs. (27a) are not strictly valid. The magnitude 
of the 1st order term in was assumed to be much greater 
than the magnitudes of the higher order terms. In cubing 
<rns , therefore, higher order terms were considered 
negligible. However, magnitudes of the higher order terms 
in ano increase with increasing (i M ) and may become 
significant at certain combinations of slope and low 
wavelength-to-thickness ratio.

i r -fc
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Although finite dominant wavelengths are absent in 
infinitely thick multilayers according to 1st order analyses 
of viscous and elastic multilayers (Ramberg, 1962, 1963,
1964; Honea and Johnson, 1976), they exist to 3rd order 
accuracy in the simple viscous multilayer with free slip at 
contacts. To 3rd order, the amplitude of the first waveform 
is driven by both 1st and 3rd order contributions. The 1st 
order amplification factor for the first waveform, lg, is 
positive and increases indefinitely with increasing 
wavelength; the 3rd order amplification factor for the first 
waveform, lllS» Is negative, and its magnitude increases 
with increasing wavelength (Table I). Together, lg and 
11 }g produce a finite dominant wavelength, Fig. 12.
Several dominant wavelengths for the multilayer with free 
slip at contacts are listed in Table II.

The preferred wavelength-to-thickness ratio is the 
wavelength ratio of the perturbation that has achieved the 
highest amplification, (iA/,A0), for a given amount of 
horizontal shortening, Sx. Preferred wavelength ratios for 
infinitely thick multilayers with free slip at contacts are 
indicated by the peaks of the curves in Fig. 13.

Whereas the magnitudes of the amplification factors for 
the first waveform are important because they determine the 
amplitudes of the folds, the magnitudes and signs of the 
amplification factors for the third waveform are important 
because they determine the forms of the folds. The

F
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Figure 13. Relationship between amplification (iA/iA0) of 
first waveform and wavelength-to-thickness ratio (L/h) for 
selected values of horizontal shortening s, in an 
infinitely thick multilayer with free slip at contacts. The 
(L/h) that has become most amplified after a given amount of 
shortening is (L/h)P, the preferred wavelength ratio.

fr. '
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amplification factors for the third waveform are positive 
for free slip at contacts and negative for localized slip at 
contacts, for all wavelengths (Table I, Fig. 14). According 
to eq. (27b), the positive values of |g + *42 for free 
slip produce a positive third waveform. The result is the 
chevron fold (Fig. 5, loc. A1). On the other hand, the 
negative value of ‘‘ig for localized slip at contacts 
results in a negative third waveform. The result is the box 
fold (Fig. 5, loc. Bl).

Changes in Amplification Factors during Folding. One 
of the interesting results of analyses of folding to 3rd 
order accuracy is that amplification factors can change 
markedly during folding. For example, the amplification 
factor for the dominant wavelength in the case of free slip 
reduces considerably as the maximum slope angle of the 
multilayer increases from 1° to 15° during folding 
(Table II). Values of the amplification factors during 
folding are determined by using values for the current 
amplitudes and wavelength ratios in the expressions in 
Table I. Values for the amplitudes during folding are 
found, in turn, by integrating eqs. (27) with respect to 
horizontal stretch, sx, which is the variable I use to keep 
track of the shortening.

Each instant during the growth of a particular fold can 
be identified by a single point in Fig. 12, and a line 
connecting successive points describes the path of

r
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Figure 14. Relationship between amplification factors lg 
and for the third waveform and wavelength-to-thickness
ratio (L/h) for the first waveform in infinitely thick 
multilayers.
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TABLE I I

DOMINANT WAVELENGTH-TO-THICKNESS RATIOS IN AN 
INFINITELY THICK MULTILAYER WITH FREE SLIP AT CONTACTS

Dominant Fold

Maximum Amplification
Slope Angle Wavelength Factor

tan-^AS.) (L/h)d ^ m a x

1° 85 1100
5° 17 42
7.5° 11 18

10° 8 9
15° 5 3
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amplification factors during folding. Several paths of 
amplification factors for first waveforms are shown in 
Figs. 15A and 15B.

The amplification factor ,g (= }g + lllg) decreases 
sharply as the slope of the perturbation increases in a 
multilayer with free slip at contacts (Fig. 15A) . The 
reason is given in Table I: the positive contribution, }g, 
is independent of slope, but the absolute magnitude of the 
negative contribution, “ 13* increases as the square of the 
slope.

In striking contrast, the amplification factor tg 
characteristically remains nearly constant and then suddenly 
increases with increase in slope of a perturbation in 
multilayers with localized slip at contacts (Fig. 15B). 
Again, the reason is given in Table I: the amplification
factor for the first waveform, 11 lg, is positive and 
proportional to the square of the maximum slope of the 
perturbation.

Paths of amplification factors in multilayers with 
localized slip (Fig. 15B) reflect unstable yielding of 
contacts. As the slope increases, the anisotropy increases 
and the contact viscosity decreases, which further drives 
the folding. Comparison of paths B-B 1 and A-A' (Fig. 15B) 
suggests that a critical slope must be reached for unstable 
yielding to begin. Perturbation A has an initial slope 
greater than the critical value and immediately yields
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Figure 15. Selected paths of progressive change in 
amplification factor tg during folding. A. In an 
infinitely thick multilayer with free slip at contacts, ,g 
decreases as the slope of the perturbation increases.
B. In an infinitely thick multilayer with localized slip at 
contacts, ,g increases as the slope of the perturbation 
increases.

r
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unstably as folding begins. Perturbation B, however, has an 
initial slope below the critical value; shortening (decrease 
of L/h) increases the maximum slope, but yielding is stable 
until the critical slope is achieved, in the vicinity of 
point B".

Evolution of a Box Fold. Examination of several steps 
in the formation of a box fold from a simple, cosinusoidal 
perturbation allows one to correlate the change in form of 
the fold to the change in amplification factors. Analysis 
of the differential equations describing the rates of growth 
of the component waveforms, eqs. (27), reveals how the fold 
form grows (Fig. 16). Analysis of the integrated form of 
these equations reveals how the fold form appears (Fig. 17). 
Each of these approaches will be used to study the evolution 
of the box fold shown in Fig. 5, loc. B1.

The paths of the amplification factors for the first 
and third waveforms, 11 is and l4 3 » are superimposed on 
graphs showing the relationship between amplification factor 
and current wavelength ratio, (L/h)c, contoured for constant 
values of (lAfi.)2/  ̂, in Fig. 16. The material property g is 
constant, so the lines are contours of equal current slope 
and equal current anisotropy.

The paths in Fig. 16 document the continuous evolution 
of the box fold shown in Fig. 5, loc. B1. The five points 
indicated by Roman numerals in Fig. 16 are analyzed in 
Table III. Initial conditions are represented at point I
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Figure 16. Paths of progressive change in amplification 
factors “ }g and “ |g during growth of box fold shown in 
Fig. 5, loc. B1. While the slope and anisotropy remain low, 
the amplification factors increase slowly; at a slope and 
anisotropy between points III and IV, the amplification 
factors begin to increase rapidly, reflecting unstable 
yielding of contacts. As explained in the caption to 
Fig. 12, the dashed lines indicate combinations of (iAi)2/p 
and (L/h) for which the limits of the 3rd order solution 
have been exceeded. Where the paths of the amplification 
factors encounter a dashed line, the equations describing 
the growth of the fold are out-of-bounds because 
higher-order terms discounted by the 3rd order analysis are 
no longer negligible. The essence of the stage V fold form 
is present at stage IV; continuing the folding into the 
dashed region exaggerates the elements sufficiently to make 
the fold form visible for illustration but does not change 
the nature of the effect of the third waveform.

r
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TABLE III

ANISOTROPY AND AMPLIFICATION FACTORS AT
FIVE STAGES IN EVOLUTION OF BOX FOLD SHOWN IN FIG. 5, LOC. B1

Stage SX (L/h) tan-1(jA£) Anisotropy (y /y ) n s Amplification Factors

(1 +  “ j q )  M |q

I 1.0 28.0 1° 1.48 1.48 -0.05

II 0.80 17.9 2° 2.80 2.78 -0.18

III 0.72 14.6 3° 5.77 5.70 -0.46

IV 0.69 13.1 5° 15.29 15.02 -1.34

V 0.67 12.4 14° 97.92 95.87 -8.91

roro
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(Fig. 16, Table III): wavelength-to-thickness ratio
(L/H)0 = 28; maximum slope of the first waveform 

(iA£ ) 0 = tan(l°) = 0.017; (iAfi.)|/f) = 0.01; anisotropy 
oca = 1.48.

Starting from the initial conditions (point I), the 
amplification factors increase slowly early in the 
shortening. When the multilayer has shortened by 20 percent 
(Sx = 0.80; point II, Fig. 16), the wavelength-to-thickness 
ratio has reduced from 28 to 17.9, about one-third its 
original value (Table III). The amplification factors have 
tripled, but folding remains largely kinematic.

As the maximum slope angle of the first waveform 
reaches four or five degrees (between points III and IV,
Fig. 16), the magnitudes of the amplification factors begin 
to increase rapidly with further shortening. Points III 
and IV correspond to shortening of 28 to 31 percent {§„ 
of 0.72 to 0.69) .

Between points IV and V (Fig. 16), the shortening 
increases slightly, from 31 to 33 percent (sx from 0.69 
to 0.67), but the amplification factors for the first and 
third waveforms, ll)S and 1J£g, both increase by an order 
of magnitude (Table III). Folding has become dynamic. The 
rapid increase in amplification factors reflects the 
phenomenon of unstable yielding of contacts, which is the 
driving mechanism of -folding in multilayers with nonlinear 
resistance to slip at contacts.
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The left-hand column in Fig. i7 shows the fold forms 
corresponding to points II to V in Fig. 16. The middle 
column shows the individual amplitude-to-thickness ratios, 
iA/h and 3A/h. The right-hand column shows the ratio 3A/1A 
and demonstrates that the amplitude of the third waveform is 
Increasing relative to that of the first during shortening. 
The ratio 3A/tA indicates the relative strength that the 
third waveform has in modifying the shape of the fold.

Initially, stages I through III, the shape of the 
interfaces is essentially cosinusoidal because the magnitude 
of the ratio 3A/tA is less than 0.04. By stage III, the 
slope has increased from 1° to only 3°, so even the first 
waveform is subtle.

A discernible box fold begins to emerge as unstable 
yielding at contacts begins (between points III and IV). At 
stage IV, the maximum slope angle of the first waveform 
is 5°, 3A/jA = -0.06, and the third waveform is starting to 
flatten crests and troughs and to localize steepening in 
limbs. By stage V, the slope angle of the first waveform 
has increased to 14° and the amplitude of the first waveform 
is 2.5 times that in stage IV, so the fold is quite 
perceptible (Fig. 17). In addition, the strength of the 
third waveform has increased to eight percent,
3A/1A = -0.08. The resultant fold form is a box fold with a 
maximum slope angle of 17°:
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Figure 17. Four stages in evolution of the box fold shown in 
Fig. 5, loc. Bl. A. Fold forms. B. Amplitudes of first 
and third waveforms for each interface. C. Relative 
amplitudes for each interface. At point IV, the slope is 
5°, 3A is -0.06(iA), and flattening of hinges is just 
discernible. By point V, the slope is 14°, 3A is -0.08(,A), 
and flattening of the hinges is distinct.

r
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X--L/4 “  (iAA)[1 - 3(3A/iA) ] (29)

because tan*1 (,Aii) = 14° and 3A/1A = -0.08.
In these ways Figs. 16 and 17 show how a simple, 

cosinusoidal initial perturbation, with maximum slope angle 
of 1°, evolves into a box fold.

Folding of Finite Multilayers
Analysis of folding of infinitely thick multilayers 

allows one to investigate basic causes of similar fold forms 
and to write closed form expressions for amplification 
factors. Investigation of parallel fold types, including 
concentric-like and kink-like folds, requires multilayers to 
be of finite thickness.

Three significant changes occur in the folding of the 
three standard multilayers —  with bonded contacts, free 
slip at contacts, and localized slip at contacts —  if the 
multilayer thickness is made finite:
1. Both even and odd waveforms grow, to 3rd order, in finite 
multilayers. First, second, and third waveforms grow in 
multilayers with free slip or bonded contacts. First 
through fourth waveforms grow in multilayers with localized 
slip if the power, m, is 2. (If m = 3, only the first 
through third waveforms grow).
2. A multilayer with localized slip at contacts has finite 
dominant and preferred wavelengths.
3. A bonded multilayer behaves as a single layer with free
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slip at contacts.
Eigenvectors and Eigenvalues for the First Waveform. 

Each interface in a finite multilayer can have different 
amplitudes of component waveforms, and growth of each 
waveform can, in principle, be affected by all the other 
amplitudes in all the other interfaces. The differential 
equations that describe the growth of the waveforms are 
nonlinear, but the description of amplitude distributions is 
considerably simplified by extraction of eigenvectors and 
eigenvalues from the differential equations for the first 
waveform. Use of eigenvectors and eigenvalues to analyze 
linear differential equations is discussed in Chapter I and 
by Ramberg (1970) and Smith (1975, 1977).

The equations that describe the growth of the first 
waveform in each interface, to 3rd order accuracy, are a 
system of n coupled, nonlinear differential equations:

d(1A 1)/d(£nSx) = ,A, + (jAjHJqu + Mqij + “ Iqijl

i=l,2...n; j=l,2...n (30a)

where n is the number of interfaces in the multilayer 
(summation on repeated indices). Expressions for the g's 
are provided in the appendices.

My approach to the analysis of eqs. (30a) is to 
determine iteratively the eigenvalues and eigenvectors of 
the system of equations. The eigenvalue of greatest

r
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absolute value equals one plus the maximum amplification 
factor, igm«x, for the first waveform for the system of 
layers. The ratio of wavelength to thickness (L/h) that 
maximizes the eigenvalue is the initial dominant wavelength 
(L/h)c. The eigenvector corresponding to the eigenvalue 
represents the relative amplitudes of the first waveforms in 
the interfaces of the multilayer. Thus the amplitude in one 
interface is specified and the eigenvector determines the 
others.

Eigenvectors for finite multilayers confined by soft 
media (R = Pn,edia/|-iiayer. = 0.01) are shown in Fig. 18 for a 
range of initial wavelength ratios. The maximum slope 
was 1°, but each eigenvector has been normalized to 1 .0 . 
These eigenvectors were used to design the forms of the 
initial perturbations in the finite multilayers shown in 
Figs. 4 and 5.

If the contacts slip freely (Fig. 13A), the initial 
perturbation has nearly the same amplitude at every 
interface for all wavelength ratios. If slip at contacts is 
localized (Fig. 18B) or if contacts are bonded (Fig. 18C), 
the eigenvectors vary with wavelength ratio: at low (L/h),
the amplitude of the initial perturbation is much lower on 
the outer interfaces than on the middle interfaces; at 
larger (L/h), the amplitudes become more nearly uniform.

Relationships between amplification factor and 
wavelength ratio are compared for infinitely thick and

r
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Figure 18. Eigenvectors at selected wavelength-to-thickness 
ratios (L/h) for finite multilayers confined by soft media 
(Hm/Hi = 0.01). A. Free slip at contacts. B. Localized 
slip at contacts. C. Bonded contacts.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



O
0 5

II

_ l l «

-

I  1 1 1 1 1 1 1 1 '1— 1 1 1 1 I 1 1 1 1 1 (• p  i  “ i  i  i  |  i  i  i  i 1 t

o

-

CO
-

I ' i  i  — i  i  7  i { 1 1 E !  T  !  i  " !  I F  |  i  > 1 i  |  i  I  1 i

I— i— i— i— i— |— i i "i— r

I— i— i— i— i— |— i— i— i— r

I— i— i— i— i— |— i— i— r

O

I i  i  i  i— | i  r ~ i  r

O
CD

|  r  T "  i  i  | i  i  i  i

O
U )

I— i— i— i— i— |— i— i— r

(— i— i— i— i— |— i— i— i— r

I i i— i— i— |— i— i— i— r

I i i— i— i— |— i— i— i— r

U i
■ o  o  

Z>
r'- £

_ j
o .  

5  <
3 o  

u i  
-  N  

□  
<  

5  
c c

I— I— I— I— I— I— I I I I
o

I— i— i— i— i— |— i— i— i— r I— i— i— i— i— |— i— i— r

x
cs
E

• o <

|— i— i— i— i— |— i— i— i— r

|— i— i— i— i— |— i— i— l— p

O
CO

|— i— i— i— i— |— I— i— i— r I— i— i— i— i— |— i— i— i— r

o  <

ll

|— i— i— i— i— |— i— i— i— rT- ©
II II

3 0 V d U B l N I  

(e=w) uo -o=0 /z(rv l) 

dns 33uj  dns Q 3 zn v o o i

< C Q

3 0 V J U 3 1 N I

a a a N o a

O

II o

if
<E> £ E

r
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



237

unconfined finite multilayers in Fig. 19. For all the 
multilayers considered, amplification factors are higher for 
unconfined finite multilayers than for the corresponding 
infinitely thick multilayers (Table IVa,b). For free slip 
at contacts, dominant wavelength ratios are slightly larger 
in the unconfined finite multilayer than in the infinitely 
thick multilayer (Table IVc,d).

Unconfined finite multilayers with bonded contacts and 
with localized slip at contacts (m = 3) have similar 
dominant wavelength ratios and amplification factors. The 
dominant wavelength ratios are an order of magnitude greater 
than those in the multilayer with free slip at contacts; 
however, the amplification factors are nearly identical 
(Fig. 19, Table IV).

For multilayers with free slip at contacts and with 
bonded contacts, the difference in dominant wavelength ratio 
is a function only of the number of layers in the 
multilayer. Because all the multilayers in this chapter 
have frictionless contacts with the confining media, the 
1 0 -layer multilayer with bonded contacts is equivalent to a 
multilayer consisting of one thick layer with free slip at 
contacts.

Increasing confinement produces lower dominant 
wavelength ratios and lower amplification factors (Fig. 20, 
Table IV). Comparing various multilayers with localized 
slip at contacts to one with bonded contacts, the dominant

r
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Figure 19. Relationship between amplification factor jg and 
wavelength-to-thickness ratio (L/h) for the first waveform 
in infinitely thick and unconfined finite multilayers. The 
dominant wavelength ratio in unconfined finite multilayers 
with bonded contacts or with localized slip at contacts is 
an order of magnitude greater than the dominant wavelength 
ratio in the corresponding multilayer with free slip at 
contacts.
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TABLE IV

MAXIMUM AMPLIFICATION FACTORS AND DOMINANT WAVELENGTH-TO-THICKNESS RATIOS 
IN MULTILAYERS OF FINITE AND INFINITE THICKNESS

a. Maximum Amplification Factors (^) in 
Multilayers of Finite Thickness

b. Maximum Amplification Factors (.q) in 
Multilayers of Infinite Thickness max

0 0.01 0.1
00 (free slip) 1641 118 26
13 1654 29 12
5.8 1647 27 7
1 (bonded) 1642 25 5

a

00 (free slip) 1100
13 12
5.8 5
1 (bonded) 0

c. Dominant Wavelength-to-Thickness Ratios (L/h) d. Dominant Wavelength-to-Thickness Ratios (L/h)^
in Multilayers of Finite Thickness in Multilayers of Infinite Thickness

"~"~a 0 0.01 0.1
00 (free slip) 104 35 16
13 1036 138 18
5.8 1038 154 55
1 (bonded) 1040 165 82

a
00 (free slip) 85
13 OO

5.8 OO

1 (bonded) 0

r  = y , • /y,media layers 
10 layers

a = anisotropy 

m = 3

240
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Figure 20. Relationship between amplification factor ,g and 
wavelength-to-thickness ratio (L/h) for finite multilayers 
confined by soft media (pm/p£ = 0.01). As the anisotropy of 
the multilayer increases, the dominant wavelength ratio 
decreases and its associated ig increases.

F"
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wavelength ratio is always found to be larger —  and the 
amplification factor always lower —  for the multilayer with 
bonded contacts (anisotropy = 1.0). As the anisotropy of 
the multilayer increases (as the (tAil)2/^ ratio increases), 
(h/h)d is reduced and ,gm„  is increased (Table IV).

Amplification Factors for Second. Third, and Fourth 
Waveforms. Equations describing the growth of the second, 
third, and fourth waveforms in a finite multilayer are, to 
3rd order accuracy:

d(2A s J/dUns,) = 2Ai + (zAjHjjqul +

(lAjH'lqu + 114Qi, ] (30b)

d(3A i)/d(£ns)<) = 3A x + (3Aj)[lqu ] +

(iAj)[‘iqu + “ JqiJ (30c)

d(*Ai) /d( £.ns„) = ^  + (4Aj ) U q u  ] +

(iAj)[‘Uqij] (30d)

Expressions for the g's are provided in the appendices. 
Initial growth rates for the second, third, and fourth 
component waveforms are determined by the quantities 
(*23 + “ Jg)/ (4 g + M ig). and (“ Ig), respectively, 
because aAj , 3Aj , and 4A 5 are zero initially. Initial 
values of these amplification factors can be calculated for 
each interface using the eigenvector of values iA; , found by

r
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solving eq. (30a), and are designated 2g, 3g, and 4g, 
respectively.

A critical amplification factor for the development of 
strong concentric-like and kink-like forms in multilayers is 
2g, the amplification factor for the second waveform. 
Relations among 2g, wavelength ratio, properties of 
confining media, and properties of interfaces between layers 
are shown in Fig. 21.

Figure 21A shows that the amplification factor of the 
second waveform can be relatively large for multilayers with 
free slip at contacts, depending on the wavelength ratio and 
the relative stiffness, R, of the confining media. As 
relative stiffness increases from very soft to soft,
R = 0.01 to 0.1, the maximum amplification factor decreases, 
and the corresponding wavelength-to-thickness ratio 
decreases from about 23 to 18.

The amplification factor of the second waveform for the 
multilayers with localized slip depends on the order of 
approximation and the exponential power. For 3rd order 
analysis and power m = 2 , the strength of the amplification 
factor is determined largely by the anisotropy of the 
multilayer, that is, the (tAfi.) <m~l ratio. As anisotropy
increases, the amplification factor increases (Fig. 21B).
For 3rd order analysis and m = 3, the amplification factor 
is very small (Fig. 21A); one would have to perform a 4th 
order analysis to see a strong second waveform for a power
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Figure 21. Relationship between amplification factor 2g for 
the second waveform and wavelength-to-thickness ratio (L/h) 
for the first waveform for unconfined and confined finite 
multilayers. A. Confinement by soft media (Pm/P* = 0.01) 
maximizes 2g for a particular initial (L/h). To 3rd order, 
maximum values of 2g are significantly higher in the 
multilayer with free slip at contacts than in the multilayer 
with localized slip at contacts (m = 3). B. Increase in 
anisotropy of multilayer with localized slip at contacts 
(m = 2 ) increases the maximum valui of 2g.
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ra = 3.
The relative magnitudes of 2g, shown in Fig. 21 for 

finite multilayers with different contact properties, are 
reflected in the corresponding fold forms. The second 
waveform is well developed in multilayers with free slip at 
contacts (Fig. 4A, Fig. 5, loc. A2) and in multilayers with 
localized slip at contacts, provided m = 2 (Fig. 4B, Fig. 5, 
loc. B2). However, the second waveform is poorly developed 
in multilayers with localized slip for the case m = 3 if the 
analysis is carried only to 3rd order accuracy.

The third waveform also is critical to the 
determination of fold form. If the third waveform is 
strong, its sign determines whether the folds will be 
chevron-like or kink-like. Relations between the initial 
amplification factor of the third waveform, 3g, and the 
initial wavelength ratio of the first waveform are shown in 
Fig. 22. The sign of 3g is negative for multilayers with 
localized slip at contacts (Fig. 22). The negative sign 
corresponds to a negative third waveform, which is 
responsible for the box form and the steep limbs of the 
kink-like form (Figs. 5B, 6 B ) .

The amplification factor for the third waveform is 
generally small for the finite multilayer with free slip at 
contacts and consequently has minor € ffect on the form of 
such isultilayers (Fig. 10A). However, for thick multilayers 
and short wavelengths, the amplification factor for the

r
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Figure 22. Relationship between amplification factor 3g for 
the third waveform and wavelength-to-thickness ratio (L/h) 
for the first waveform for unconfined and confined finite 
multilayers. Confinement by soft media (p^/p* = 0.01) 
maximizes 3g for a particular initial (L/h). Maximum values 
of 3g are significantly higher in multilayers with localized 
slip at contacts (m > 1.0) than in multilayers with free 
slip at contacts.
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third waveform becomes large and the chevron form becomes 
distinct (Fig. 5, loc. Al, Fig. 6A).

DISCUSSION

The analysis of folding of multilayers consisting of 
identical viscous layers shows that different fold forms can 
be produced by changing the properties of the layer contacts 
or the wavelengths of the first waveforms. In the 
Discussion I will focus on two aspects of the theoretical 
analysis:
1. The theoretical kink-like folds invariably are pervasive, 
whereas kink bands commonly are isolated.
2. The form of folds generated by a particular theoretical
analysis depends on the combination of the order of 
approximation and the power of the powerlaw contact property 
selected in performing that analysis.

All the folds shown in this chapter are pervasive: 
regardless of contact properties, the waveforms repeat 
indefinitely along each interface. Pervasive folding in 
viscous multilayers with free or localized slip at contacts 
is a result of assumptions that all the interfaces are 
initially perturbed into cosinusoidal waveforms of low 
amplitude and that the powerlaw exponent m is one, two, or 
three. But only the latter assumption is fundamental. One
could relax the first assumption and introduce a local

perturbation into the multilayer. However, unless the

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



251

properties of the multilayer allow the perturbation to grow 
only locally, waveforms would spontaneously grow in the 
multilayer on either side of the local perturbation, 
producing pervasive folds. This was shown by Reches and 
Johnson (1977) experimentally and theoretically for elastic 
materials.

Apparently, the second assumption, that m is one, two, 
or three, must be changed to produce the local deformation 
that characterizes isolated kink bands. Honea and Johnson 
(1976) have shown that a particular form of isolated 
flexure, a "kinkform," can exist in a multilayer with 
finite, plastic, adhesional contact strength. Smith (1979) 
has demonstrated that a powerlaw material behaves as a 
plastic material with strength as m approaches infinity, so 
slip will become local in a multilayer with powerlaw 
rheologv at contacts as the power m increases indefinitely. 
Also, Latham (1985b) concludes that, for multilayers 
composed of powerlaw material, a large powerlaw exponent 
results in local deformation. For these reasons, the 
differences between forms of isolated kink-like folds and 
the pervasive kink-like folds I have investigated can be 
removed by indefinitely increasing the power exponent, m, in 
the equations that describe contact properties between 
layers. We have seen in this chapter that removal of these 
differences is inessential to understanding the general 
conditions responsible for kink folding.

r
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The second aspect of the theoretical analysis that 1 
feel should be discussed is the necessity of selecting an 
appropriate combination of order of approximation, 0, and 
powerlaw exponent, m, to investigate fold form. The fold 
form predicted by the theoretical approximation depends on 
the relationship between the exponent, m, and the order of 
the solution, 0, as follows. (In all examples, the 
multilayers are composed of identical layers and confined by 
soft media.)

1. 0 < m. Folding described by analyses in which the
order of the solution is less than the exponent power is 
purely kinematic; it reflects merely passive deformation of 
interfaces.

For example, 0th order analysis of a multilayer with 
constant resistance to slip at contacts (m = 1) is 
kinematic. A kinematic analysis does not reveal much about 
fold form. It is less obvious, but true, that a 1st order 
analysis cannot be used to investigate fold form of 
multilayers with variable resistance to slip at contacts 
(m > 1). Any 1st order analysis of a multilayer with 
localized slip at contacts (m > 1) is equivalent to a 
kinematic analysis, as is a 2nd order analysis of folding of 
a multilayer with contact behavior described by m = 3.

2. 0 = m. If the order of the solution 0 and the power 
m are equal, analyses of multilayer folding describe the 
growth of essentially similar folds.

r
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If slip at contacts is distributed, a 1st order solution 
for folding of a multilayer with m = 1 produces nearly 
similar cosinusoidal fold forms because no waveforms other 
than the first develop. If slip at contacts is localized, a 
3rd order analysis with m = 3 describes the growth of nearly 
similar, box folds.

3. 0 > m. Analyses of folding in which 0 is greater
than ra can produce distinctly non-similar fold forms, and 
results of these analyses are the ones that provide the most 
information about fold form.

In a 2nd order analysis of folding of a finite 
multilayer for which m = 1, a strong second waveform 
develops which modifies the cosinusoidal shape, resulting in 
a concentric-like fold. A 3rd order analysis of this 
multilayer may produce no new information about fold form, 
because the third waveform is very weak, as shown in 
Chapter I. Under some conditions, though, the analysis 
determines a strong third waveform which further refines the 
fold form to produce a combination of concentric-like and 
chevron forms.

Similarly, a 3rd order analysis of folding for which 
m = 2 describes the development of strong second and third 
waveforms which produce a kink-like fold form in finite 
multilayers.

On the basis of this understanding of my theoretical 
results, I would anticipate that a 4th or higher order

r~
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analysis of multilayers with nonlinear resistance to slip 
described by m = 3 would also produce kink-like folds in 
finite multilayers.
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ABSTRACT

If the orientation of the principal compressive stress 
is oblique to layering, viscous multilayers fold in response 
to the layer-parallel shortening and develop asymmetric 
interfaces in response to the layer-parallel shearing 
deformation. For a given sense of layer-parallel shear 
stress, the sense of asymmetry of folds can be reversed by 
changing only the behavior of the layer contacts: If the
resistance to slip at layer contacts is a constant, the
resistance is the same everywhere along interfaces, and
folds develop the sense of asymmetry of drag folds. If the
resistance to slip at layer contacts is a function of shear
stress, however, the resistance is lower on slopes facing 
one way and higher on slopes facing the other way, and folds 
develop the sense of asymmetry of monoclinal kink folds.

The orientations of axial planes of drag folds and 
monoclinal kink folds differ fundamentally with respect to 
the orientation of layer-parallel shearing. The axial 
planes of drag folds on the limb of a large fold are 
approximately parallel to the axial plane of the large fold, 
but the axial planes of monoclinal kink folds dip toward the 
axial plane of the large fold.
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INTRODUCTION

Folds may have opposite senses of asymmetry for a given 
sense of layer-parallel shear (Fig. 1). The short limb of a 
drag fold (Figs. 1, 2A) faces right in response to 
right-lateral simple shear strain parallel to layering and 
faces left for left-lateral simple shear strain parallel to 
layering. The short limb of a monoclinal kink fold 
(Figs. 1, 2B) , however, faces left for right-lateral shear 
and faces right for left-lateral shear. The central purpose 
of this chapter is to explain the conditions responsible for 
the opposite senses of asymmetry of drag folds and 
monoclinal kink folds.

This research on fold asymmetry is partly motivated by 
my field study (Chapter IV) of minor folds on the southeast 
limb of the New Bloomfield anticline, near the confluence of 
the Juniata and Susquehanna rivers, central Pennsylvania. 
Minor folds with opposite senses of asymmetry (Fig. 3) are 
exposed in adjacent roadcuts on the same limb of the major 
fold. All but one of the minor folds in the northern 
roadcut (on left in Fig. 3) have the sense of asymmetry of 
drag folds because their short limbs all dip toward the 
axial plane of the major anticline. The minor fold in the 
southern roadcut (on right in Fig. 3) has the sense of 
asymmetry of a monoclinal kink fold because its short, steep

I T "
ir
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Figure 1 . Opposite senses of asymmetry of idealized drag and 
monoclinal kink folds. The sense of shear responsible for 
asymmetry of folds is indicated by arrows and implied by 
position in larger fold. The short limb of a drag fold (d) 
faces right in response to right-lateral simple shear strain 
parallel to layering and faces left for left-lateral simple 
shear strain parallel to layering. The short limb of a 
monoclinal kink fold (k) faces left for right-lateral shear 
and faces right for left-lateral shear. Traces of axial 
planes (a) shown for both minor and major folds.

r
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



\
\

\

X  ^

, ^ e 30^'

fH**'&
f\y ve9’it*

jspfl9<

,ev:̂ 5’xcA-



264

Figure 2 . A. Folds with the sense of asymmetry of drag 
folds near the core of an anticline within the Huasna 
Syncline, California (from Johnson and Page, 1976, fig. 8). 
The sense of shear is right-lateral on the left side of the 
drawing and left-lateral on the right. B. Folds with the 
sense of asymmetry of monoclinal kink folds on the east limb 
of the Wills Mountain Anticline, near Pinto, West Virginia. 
The sense of shear is left-lateral on this limb of the 
anticline.
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Figure 3 . Minor folds with opposite senses of asymmetry on 
ths southeast limb of the New Bloomfield anticline, central 
Pennsylvania. The sense of shear is left-lateral on this 
limb of the major anticline. Chevron and concentric-like 
folds with drag fold asymmetry in northern roadcut on the 
left; kink-like fold with monoclinal kink fold asymmetry in 
southern roadcut on the right.

r
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limb dips away from the axial plane of the major 
anticline.

In this chapter, I focus on the sense of asymmetry of 
folds rather than on the forms of asymmetric folds. For 
example, the drag folds in the roadcut shown on the left in 
Fig. 3 are tight chevron folds near the left end of the 
roadcut and relatively open, almost concentric-like folds 
slightly right of center in the roadcut. Yet despite their 
different forms, these folds have the same sense of 
asymmetry. The forms of the relatively open, 
concentric-like drag folds resemble parts of the fold with 
monoclinal kink fold asymmetry (in roadcut shown on right in 
Fig. 3), but these have opposite senses of asymmetry. In 
Chapters I and II, I discuss parameters which control forms 
cf folds. In the following pages, I address the causes of 
opposite senses of fold asymmetry.

PREVIOUS WORK AND STATEMENT OF PROBLEM

Drag Folds
Hans Ramberg (1963) explained that drag.folds develop 

in response to a combination of layer-parallel shortening 
and shear (Fig 4). The shortening is responsible for the 
folding; the shear is responsible for the asymmetry.
Ramberg (1963) reasoned that the formation of drag folds on 
the limbs of large folds requires either that the large and 
small folds grow simultaneously or that the small folds form
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Figure 4 . Minor folds with drag fold sense of asymmetry 
developed in response to layer-parallel shear strain on 
limbs of major fold, according to Ramberg (1963) (from 
Ramberg, 1963, fig. 6).
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first, so that shear on the limbs of the large folds can 
cause the small folds to become asymmetric. According to 
Ramberg (1963), the deformation responsible for the 
asymmetry of drag folds is passive, or kinematic.

Ivar Ramberg and Johnson (1976) applied H. Ramberg's 
concept of drag folding to a field study of asymmetric folds 
in mterbedded cherts and shales of the Franciscan Complex 
and to a collateral experimental study of asymmetric folding 
in elastic multilayers composed of rubber strips or 
interbedded rubber and gelatin strips. In the experiments, 
drag folds formed as a result of layer-parallel shortening 
and simultaneous or subsequent simple shear in elastic 
multilayers composed of stiff layers with lubricated 
contacts or of interbedded stiff and soft layers.
I. Ramberg and Johnson showed that during simple shear, the 
asymmetry of drag folds is produced by passive reorientation 
of layers in limbs much as predicted by H. Ramberg's 
kinematic model.

Other studies of drag folds have been restricted 
primarily to single layers. Ghosh (1966) produced drag 
folds in single layers of modeling clay embedded in putty, 
materials with relatively low contrasts in properties. 
Treagus (1973) theoretically analyzed the effects of shear 
on folding of single viscous layers in soft media and 
concluded that dominant wavelength is independent of shear. 
Manz and Wickham (1978) had difficulty in producing
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experimentally asymmetric folds in ethyl cellulose layers 
and media having viscosity contrasts ranging from 20 to 100. 
Similarly, Anthony and Wickham (1978) were unable to produce 
strong asymmetric folds using finite-element solutions for 
single layers in media with viscosity contrasts ranging from 
17 to 42.

This was essentially the level of understanding of drag 
folding at the time my research began.

Monoclinal Kink Folds
Dewey (1965) recognized on the basis of field study of 

faults and associated asymmetric folds that the sense of 
asymmetry of monoclinal kink folds is opposite to that of 
drag folds (Fig. 1). Subsequent experiments by Weiss 
(1968), Donath (1968), Johnson (1970), Ellen (1971), Cobbold 
and others (1971), Gay and Weiss (1974), and I. Ramberg and 
Johnson (1976), and subsequent field, experimental, and 
theoretical studies by Reches and Johnson (1976), confirmed 
the relation between sense of layer-parallel shear stress 
and sense of monoclinal kink fold asymmetry shown in Fig. 1.

The sense of asymmetry of monoclinal kink folds has 
been explained qualitatively by Reches and Johnson (1976) 
and by Reches (1979) in the context of the theory of kink 
folding developed by Honea and Johnson (1976). They 
considered a multilayer containing various irregularities in 
slope (Fig. 5), with the contacts between layers having
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Figure 5 . The sense and magnitude of the local contact shear 
stress in multilayers with finite strength at layer contacts 
(from Reches and Johnson, 1976, fig. 11). A. The sense and 
magnitude of the local shear stress depends only on the sign 
and magnitude of the local slope if multilayer is subjected 
only to mean horizontal compression. B. Sense and 
magnitude of local shear stress depends also on sense and 
magnitude of mean horizontal shear stress if principal 
compressive stress is not horizontal.
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finite strength, as described by Coulomb's Law.
If the multilayer is subjected solely to mean 

horizontal compression, <rc, the initial irregularities 
produce shear locally at contacts between layers; the shear 
stress is zero where slopes are zero and maximal where 
slopes are maximal. Thus, the shear stresses are largest at 
points a and c (Fig. 5A), but at these points the sense of 
shear is opposite. Contacts yield simultaneously at points 
a and c, and the resulting kink bands are conjugate (Honea 
and Johnson, 1976).

Consider the same multilayer as being subjected not 
only to a mean horizontal compression, <7C, but also to a 
mean horizontal, left-lateral shear stress, t (Fig. 5B).
The magnitude of the mean shear is less than the contact 
shear s trsn^tht so contacts between flat layers remain 
bonded. As a result of superposition of the mean shear 
stress on the local shear stresses produced by the 
interaction of the irregularities (at a, b, c, d, and e) and 
the layer-parallel compression, however, the layer-parallel 
shear stresses are locally Increased to exceed the shear 
strength at points b and c, but locally decreased at points 
a, d, and e (Fig. 5B). Accordingly, yielding will occur 
first at point c, then at point b. Yielding will not occur 
at points a, d, or e for this state of stress. For this 
reason, left-lateral shear stress favors initiation of 
right-lateral kink folding (Reches and Johnson, 1976).
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This was essentially the state of understanding of 
monoclinal kink folds at the time my research was initiated.

Focus of Paper
Together, the studies by Hans Ramberg (1963) on the 

causes of drag folds and the studies by Reches and Johnson 
(1976) on the causes of monoclinal kink folds account for 
the opposite senses of asymmetry of the two kinds of folds. 
Neither of these studies, however, proceeded significantly 
beyond qualitative analysis of conditions causing the 
different kinds of folds or the different senses of 
asymmetry. There was no bridge between the ideas developed 
in the studies of drag folding and those treating monoclinal 
kink folding; there were no equations to describe the growth 
of either type of asymmetric fold from an initial, symmetric 
perturbation.

In this chapter I present a comprehensive, theoretical 
model of asymmetric folding of viscous multilayers. The 
model is designed to include not only the two end members 
considered by Ramberg (1963) and by Reches and Johnson 
(1976), but also to cover the continuum of intermediate 
behaviors.

To determine the conditions under which folds with drag 
fold asymmetry form in preference to folds with monoclinal 
kink fold asymmetry, I consider the folding of simple, 
repetitive, viscous multilayers. As in the work by Honea
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and Johnson (1976) on conjugate kink folding and by Reches 
and Johnson (1976) on monoclinal kink folding, my research 
focuses on the properties of contacts between layers as the 
most likely source for different senses of fold asymmetry. 
As I will show, this requires a 2nd order theoretical 
analysis.

Mean Stresses, Deformation Rates, and Velocities
Components of velocity and stress within the layer are 

separated into mean and perturbed values (e.g., Fletcher, 
1974, 1977); the mean values of stress and velocity are 
those that solve the problem describing the uniform 
deformation of a layer with planar interfaces, and the 
perturbed values of stress and velocity are those that must 
be added to the mean values to match stresses and velocities 
at perturbed interfaces.

The mean stresses and velocities within a layer are:

MEAN FLOW AND CONTACT PROPERTIES

vx = xBxx + 2z£5XI + (vx)Q (la)

V z = Z D zz + ( V j 0 = - Z D XX + (Vz)0 (lb)

=  2\ito xx -  p (lc)

0zz =  -2|at D xx -  p (Id)

(le)
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P = “ (ffxx + v zz)/2 (If)

in which £>u is the mean deformation rate,

= (1/2) ( ftvt/axj + &vj/bXi) (lg)

and is the coefficient of viscosity for a layer. For 
incompressible viscous materials, £>xx = - d zz; for the 
simple shearing assumed here, (&vz/fcx) = 0.

The orientation of maximum compression, <rc, within a 
stiff, viscous layer is defined by the angle e, measured 
clockwise from the x-direction (Fig. 6), which lies in the 
plane of the unperturbed layering. The ratio of the mean 
shear stress, <rxz, to the difference of the mean normal 
stresses, vxx and <rzz, is

*x,/(Vx* - vZI) = -(1/2) tan(2e) (2a)

Within viscous layers, therefore,

= -2h*dxx tan(26 ) :2b)

or

Bxz/Bxx = - tan(2e) (2c)

For the boundary conditions, I have elected to specify 
a combination of uniform, layer-parallel normal deformation 
rate, d xx, and uniform, layer-parallel shear stress, <xXI.
The multilayer and confining medium are allowed to shear in
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Figure 6 . Representative multilayer of total thickness H 
composed of identical layers of thickness h and coefficient 
of viscosity p* and confined by media of infinite thickness 
and coefficient of viscosity ym. Interfaces between layers 
initially perturbed in -O syiumG trie, cosinusoidal waveforms. 
Multilayer and media subjected to uniform rates of 
layer-parallel shortening, d,,, , and layer-parallel simple 
shearing, 5XZ. Orientation of maximum compression, <rc, 
defined by angle e , measured clockwise from the 
x-direction.

r:
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a combination of mean pure shearing, as specified by 
5xx ~ and mean layer-parallel simple shearing, 2bxz.
The mean velocities specified for a layer, eqs. (la) and 
(lb), reflect this choice.

Because cxz is constant throughout the multilayer, the 
mean shearing deformation, £xz, varies locally according to 
the viscosity of the layer. However, an averaged mean 
shearing deformation for the entire multilayer, ( £ X I ) « v e # 

can be related to the mean shear stress through the mean 
shear viscosity, jj., of the multilayer:

j,: = 2jl. ( DXI ) ave (3)

Then, for a principal compressive deformation rate £c 
acting at an angle e 1 clockwise to the layering,

(Dxi)avE/(Dxx - d „) = -(1/2) tan( 2e ' ) (4a)

which is analogous to eq. (2a) for the mean stresses. For 
incompressible materials,

(Bxz)ave/I5xx = - tan( 2 0') (4b)

Combining eqs. (2b), (3), and (4b), a relationship can 
be derived among the orientation of the principal stresses, 
the orientation of the principal deformation rates, and the 
mean anisotropy, a, of the multilayer:

a = tan(251)/tan(2e) (5a)
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According to eqs. (2c) and (4b),

®  ) «v«/  ( ) s1 1 f f layer* ( 5 b )

The mean anisotropy, a, is the ratio of the normal to mean 
shear viscosity of the multilayer.

Properties of Contacts between Lavers
Model of contacts. The model I have selected to 

describe contact properties relates rate of slip, fly., 
between layers to magnitude of shear stress, cna, applied at 
contacts (Fig. 7). If contacts between layers are bonded, 
fly. is zero, and if contacts between layers slip freely,
<rn. is zero. These two end member conditions, bonded 
contacts and free slip at contacts, can be considered 
extremes of either contact strength or contact viscosity.

If, as Konea and Johnson (1S76) assumed, contacts have 
a finite strength described by Coulomb's Law of contact 
friction, then

|<r„. | s C - an7, tan(?) (6)

in which <rnB is the shear stress parallel to the interface, 
is the stress normal to the interface, C is adhesion, 

and ? is angle of internal friction. {Normal stresses are 
negative if compressive.) If the inequality in eq. (6) is 
satisfied, the contacts are bonded, and if adhesion and 
friction are zero, contacts slip freely.
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Figure 7 . Powerlaw relationship between rate of slip, Svs, 
and shear stress, <r„s, at layer contacts for several values 
of the powerlaw exponent, m.

I
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If, as I assumed in Chapter II, contacts have a contact 
viscosity of powerlaw form, then

8v. = <7n./(Sm) (7a)

in which m is the powerlaw exponent and 2 is the coefficient 
of contact viscosity. In this model, the rate of slip is a 
powerlaw function of the shear stress:

Sv. = (a„./pe) | Cn./Pc |<in'1 > (7b)

where pc is a constant. The slope of the relation between 
contact shear stress and rate of slip is the coefficient of 
contact viscosity

dfa^J/dfgv,) = S = (|3c/m) | an./pc | < 1-Tn> (7c)

The contact viscosity describes the resistance to slip at the 
interface. If » is very large, contacts are bended, and if 
S is very small, contacts slip freely.

The powerlaw formulation of contact viscosity, 
eq. (7c), can model resistance to slip ranging from constant 
(m = 1) to highly nonlinear (m -» ®) . A plot of the relation 
between (ff„./3c) and Sv., Fig. 7, shows that the powerlaw 
model of contact viscosity, eq. (7), closely resembles the 
model of contact strength, eq. (6), particularly as the 
exponent m becomes large.

At the crossing point, where the curves for different
powers cross in Fig. 7, the coefficient of contact viscosity
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is

S  =  ( p c / m ) ; ( a „ . / P c )  =  1 ( 7 d )

Thus S at that point is controlled by the parameter pc as 
well as by the power m. The parameter pc plays two roles.
The lower the magnitude of pc, the lower the shear stress 
c„t at which the ratio (an./pe) is unity; and the lower the 
magnitude of pc, the lower the contact viscosity at the 
crossing point. The power m also plays two roles. The 
higher the value of m, the more strength-like the relation 
between rate of slip and shear stress; the higher the value 
of m, the lower the contact viscosity at the crossing point.

Rate of Slip. The rate of slip at layer contacts is

8v. = (v.)b - (v.)t (8)

where (y„)b and (y,)t are the velocities parallel to the 
interface on either side of the contact (Fig. 6); b refers 
to the bottom of overlying layer and t to the top of 
underlying layer.

The shear stress at layer contacts, <rnB, depends both 
on the mean shear stress, <rxz, which is a function of the 
inclination of the principal compressive stress to planar 
interfaces, and on the perturbed shear stress, f, which is 
a function of the local slope of the perturbed interfaces. 
The shear stress at the contact is
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<r„. = ffx* + * (9a)

As shewn in Chapters I and II, f is

f = 0r + jT sin(£x) + zr sin(2£x) + *t c o s ( 2 £ x ) (9b)

whore the constants it, 2t , and £t are amplitudes of the 
perturbed shear stress distribution.

The rate of slip at an interface described by a 
powerlaw resistance to slip is expressed as a series 
expansion to 2nd order of eqs. (7) and (9a) in the perturbed 
shear stress at the interface:

8vs = (l/pc) { | a XI/ 3 c | <m-l> +

[m(m-l)/2] |aXI/Pc| <m'3> (?/3c )2) (10a)

If the powerlaw exponent m is greater than one, the 
rate of slip is a nonlinear function of the contact shear 
stress. If m equals one, eq. (10a) simplifies to a linear 
function of the shear stress

Sv. = (1/Pc) xz + f] (10b)

in which the coefficient of contact viscosity is pr, a 
constant.

Velocity jump at layer contacts. The total mean 
velocity parallel to flat layering, vx, is a consequence of 
both the layer-parallel normal and shearing deformation
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rates, respectively Dxx and E>XI (eq. la). Using eq. (le), 
we can write an expression for vx at the top of a single 
representative layer as

vx = 5xxx + (ffxi/F»)$t + (vx)0 (11)

where §t is the height of the top interface with reference to
the middle of the layer,

£t = h/2 + A cos(ix) + B cos(2£x) + C sin(2fi.x) (12)

and h is the thickness of a layer.
If the mean shear stress, aXI, is zero, the mean 

layer-parallel velocity reflects only the shortening, 
through Exxx. if the mean simple shearing stress is not 
zero, however, a velocity gradient across the layer is 
produced which is inversely proportional to the viscosity of 
the layer. Thus the mean velocity parallel to layering 
increases from the middle to the top of the layer.

At the contacts between layers, there is a velocity 
jump in the x-direction that depends on the rate of slip 
parallel to the contact, eq. (10). The mean part of the 
velocity jump in the x-direction is the difference in mean 
velocities at the top (t) of one layer and at the bottom (b) 
of the overlying layer:

(Vx)b “ (vx).t = (<rxx) $ [ 1/ (Ft) b “ 1/ (F*)»J +

(Vxz/0c)m + M v x)0 <13)

r'
i ' .
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where the last term, M v x)0, acts as a correction to the 
mean velocity jump at the layer contacts.

Anisotropy. I define the anisotropy of a multilayer as 
the ratio of the normal to the effective shear viscosities. 
For a representative element of a multilayer consisting of 
identical viscous layers with powerlaw resistance to slip at 
layer contacts, the effective coefficient of shear 
viscosity, p®, and the normal viscosity, , are:

1/p. = 1/Hjl + l/(Sh) (14a)

Hn = Hi (14b)

in which h is the thickness of a layer and E is the
coefficient of contact viscosity, eq. (7c).

Combined with eqs. (7c) and (9a), eqs. (14) provide an 
expression for the anisotropy, a:

a = Hn/H, = 1 + (Hi/h) (m/Pc) |(v„ + ? ) / M < ’"-l> (15)

According to eq. (15), the value of the anisotropy
depends on both the mean shear stress and on the perturbed 
shear stress. The mean shear stress, 5XZ, in turn, is a 
function of the mean orientation, e, of the layering. The 
perturbed shear stress, f, is a function of the local 
orientation, 0, of the layering.

I define the mean anisotropy, a , of a multilayer as
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the value of the anisotropy calculated with the mean shear 
viscosity:

« = Fn/H. = 1 + (Fi/h)(m/pc) | Vxz/3c I Cw*l> (16a)

or

5 = 1  + (m/g) 12 tan( 2e ) |<v'-1 > (16b)

where

P = Oc)h/[H1|H*5xK/6c|<ro-l>] (16c)

and eg. (2b) has been used to express the mean shear stress 
in terms of the angle e .

According to eq. (16b), the mean value of the 
anisotropy for a multilayer is a function of the powerlaw 
exponent m, the inclination of the layering to the principal 
stresses, 6, and a parameter, g, which is a function of the 
mean deformation rate, £xx, causing folding. Anisotropy 
ranges from one for contacts with infinite resistance to 
slip (bonded) to infinity for contacts with zero resistance 
to slip (free slip). The corresponding value for g ranges 
from infinity for infinite resistance to slip to zero for 
zero resistance to slip.

The mean anisotropy is related to the proportion of the 
mean layer-parallel velocity that is accommodated by a 
velocity jump at an interface compared to the proportion 
that is accommodated by deformation within a layer. For the
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mean value of the anisotropy, eq. (16a) can be rewritten as

a = 1 + (Ft/h)(1/S) (17)

where S is the mean value of the contact viscosity, eq. (7c),
computed assuming zero perturbation. Using eqs. (le) and 
(7a), eq. (17) becomes

a = 1 + m(8vx/Avx) (18)

where 8vx is the mean velocity jump at the interface and 
Avx is the increase in mean layer-parallel velocity across 
the thickness, h, of a layer. If there is no slip at 
contacts, the anisotropy equals one, and all shearing 
deformation is accommodated within the layer. If there is 
zero resistance to slip at contacts (free slip), the 
anisotropy is very large and much of the shearing 
deformation is accommodated as slip at the interfaces.

Thus we have seen two ways of understanding the mean 
anisotropy of a multilayer composed entirely of stiff, 
viscous layers. Equation (18) shows that the anisotropy is 
related to the partitioning of shearing between the layers 
and the interfaces. Equation (5b) shows that the anisotropy 
is also related to the difference in orientations of 
principal far-field deformation rates and principal 
far-field mean stresses.
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GEOMETRIC PROPERTIES OF ASYMMETRY

Although fold form is a property of the entire package 
of interfaces in a multilayer, asymmetry is a property of a 
single interface. Each interface in a multilayer can have a 
different strength of asymmetry and, in some multilayers', a 
different sense of asymmetry.

The waveform one observes in an interface is a 
resultant waveform, defined here in terms of cosinusoidal 
and sinusoidal component waveforms. Differences in the 
sense and strength of asymmetry which develops at interfaces 
in simple multilayers with constant or variable resistance 
to slip at contacts can be understood in terms of 
differences in the amplitudes, signs, and wavelengths of the 
component waveforms.

I define the asymmetry, A, operationally to be the 
difference in the lengths of the left- and right- dipping 
limbs of an interface waveform divided by the sum of the 
lengths of the left- and right- dipping limbs, with both 
sets measured parallel to the wavetrain (the x-axis in my 
analyses) (Fig. 8):

^ =  (^LD —  ^ R d ) / ( ^ L D  +  ^RD ) ( 1 9 )

The lengths of the liinbs are measured from crests to troughs, 
which are defined as positions of zero slope on the
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interface waveform.
If the shape of an interface (Fig. 8) is described by 

an equation of the form,

§ = h/2 + A cos(£x) + B cos(2£x) + C sin(2£x) (20a)

the positions of crests and troughs can be derived from

(ai/bx) = 0

= -(A £) sin(JLx) - (2B£) sin(2£x)

+ (2C£) cos(2£x) (20b)

Let two troughs and a crest be defined by the positions

£x, = et; £x2 = 7T + e z; £x3 = -n + e3 (21)

in which zlt gz> and e3 are:

c, = sin'1(2[(C/A) cos(2Gi) - (B/A) sin(2Gt)]} (22a)

e2 = e3 = sin-1(-2[(C/A) cos(2e3) - (B/A) sin(2c3)]} (22b)

Using eqs. (21) to describe the lengths of the left- 
and right- dipping limbs on the interface, the asymmetry, k 

(eq. 19), becomes

a = (e, - E z)/n (23a)

Asymmetry, A, is determined by substituting into eq. (23a) 
the values for e,, g 2, and e3, obtained by solving
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Figure 8 . Asymmetric interface waveform. Lengths of left- 
and right- dipping limbs designated as XLD and XRD, 
respectively.
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eqs. (22). Table I lists the asymmetry, A, computed using 
eqs. (22), for various values of C/A and B/A.

A 1st order approximation to A can be derived as 
follows. The 1st order approximations to eqs. (22) are

e , * 2(C/A)/(1 + 4 (B/A)] (24a)

ez = £3 * —2(C/A)/[1 - 4 (B/A)] (24a)

Substituting eqs. (24) into eq. (23a), we find

A « (4/n)(C/A)/{1 - [4(B/A)]2) ; (B/A|<<(1/4) (23b)

The 1st order expression in eq. (23b) indicates the nature of
the dependence of A on C/A and B/A.

The magnitude, or strength, of asymmetry A increases 
as the disparity in the lengths of the fold limbs increases 
(eq. 19). The strength of the asymmetry also increases as 
the ratios of amplitudes of the component 'waveforms, C/A and 
B/A, increase (Table I, eq. 23b). If C is zero, the 
asymmetry A is zero and the waveform is symmetric. If C is 
nonzero.- the magnitude of asymmetry increases with the 
amplitudes B and C.

I have arbitrarily defined the sign of the asymmetry A 
to be positive if the left-dipping limb is longer than the 
right (Fig. 8). A positive sense of asymmetry corresponds 
also to a positive C/A ratio but is independent of the sign 
of the B/A ratio (eqs. 22, 23b).

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



297

TABLE I

ASYMMETRY A CORRESPONDING TO VARIOUS 
RATIOS OF AMPLITUDES OF COMPONENT WAVEFORMS

C/A 0A

0.05 0.063
0.10 0.119
0.15 0.167
0.20 0.207
0.25 0.239
0.30 0.265

0.05 0.073
0.10 0.133
0.15 0.180
0.20 0.217
0.25 0.247
0.30 0.271

0.05 0.123
0.10 0.179
0.15 0.216
0.20 0.245
0.25 0.268
0.30 0.289
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Interfaces in a multilayer drift, or undergo a phase 
shift, in response to layer-parallel shear. The drift is 
measured by a phase angle. <f>, which necessarily enters the 
trigonometric terms used to describe each interface shape 
(eg. 20a) in the multilayer. If the phase angle is the same 
on all interfaces, the resultant waveforms are in phase 
throughout the multilayer. If the phase angle varies from 
interface to interface, the resultant waveforms are out of 
phase.

The height of a single interface subjected to a phase 
shift is

5 = h/2 + A cos(£x+<p) + B cos (2Jlx+2<#>)

+ C sin(2£x+2<M (25a)

As in the previous example, eq. (20b), the positions of peaks 
and troughs can be determined by the relation

(b$/bx) = 0

= -(Afi.) sin(£x+d>) - (2BJL) sin( 25.x+2<f>)

+ (2CS.) cos(2JLx+2(f>) (25b)

The amount of phase shift has no affect on asymmetry.
Although the asymmetry of a composite waveform in an 

interface can be described quantitatively by the operational 
asymmetry, A, effects of various component waveforms on
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interface asymmetry and shape can be best appreciated 
visually. Illustrations of the addition of component 
waveforms to produce a resultant waveform are shown in 
Fig. 9. Column 1 contains four identical first component 
waveforms of positive amplitude A. Each of these first 
waveforms is added to a second component waveform of cosine 
or sine form and amplitude B or C, respectively, shown in 
column 2. Column 3 shows the resultant waveforms.

The effects of the second waveform depend on the sign 
of its amplitude and whether it is a sine or cosine wave. 
Addition of a cosinusoidal second waveform (rows A and B) to 
a cosinusoidal first waveform produces a symmetric resultant 
waveform. For example, the second component waveform shown 
in loc. A2 has a positive amplitude and sharpens the crests 
and flattens the troughs defined by the first waveform, as 
shown in loc. A3. Addition of the cosinusoidal second 
component waveform moves the inflection points of the first 
component waveforms closer to the sharpened crests but does 
not affect the positions of the crests.

Addition of a sinusoidal second component waveform 
(rows C and D) to a first component waveform produces an 
asymmetric resultant waveform. For example, a sinusoidal 
second component waveform of positive amplitude C (loc. C2) 
steepens the dip and decreases the length of right-dipping 
limbs, and shallows the dip and increases the length of 
left-dipping limbs (loc. C3). A sinusoidal second component

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



300

Figure 9 . Asymmetry and shapes of interfaces determined by 
addition of two component waveforms. Cosinusoidal first 
component waveforms of positive amplitudes in column 1; 
cosinusoidal and sinusoidal second component waveforms, of 
positive or negative amplitudes, in column 2. Each row,
A-D, illustrates the addition of a waveform in column 1 to a 
waveform in column 2 to produce a resultant waveform in 
column 3. Addition of a cosinusoidal second waveform 
(rows A and B) to a cosinusoical first waveform produces a 
symmetric resultant waveform. Addition of a sinusoidal 
second waveform (rows C and D) to a cosinusoidal first 
waveform produces an asymmetric resultant waveform.
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waveform with a negative amplitude C (loc. D2) produces a 
resultant waveform with the opposite asymmetry: steeper, 
shorter left-dipping limbs and shallower, longer 
right-dipping limbs (loc. D3). Addition of the sinusoidal 
second component waveform moves the positions of the crests 
closer to the inflection points on the steepened limbs but 
does not affect the positions of the inflection points.

The effectiveness of a second component waveform in 
modifying the interface shape produced by the first 
component waveform alone depends on the relative strength of 
the second waveform. The relative strength of the second 
waveform at an interface is measured by the ratio of its 
amplitude to that of the first waveform on that interface. 
The relative strength of the second cosinusoidal waveform in 
Fig. 9, loc. A3, is B/A =0.20; in loc. D3, the relative 
strength of the second sinusoidal waveform is C/A = -0.20.

As the strength of the second sinusoidal waveform 
increases, the shape of the interface becomes more 
asymmetric. Asymmetry is difficult to recognize visually 
when the C/A ratio falls below about 0.08, that is, when k 
is less than about 0.1.

Nine resultant waveforms produced by adding a positive 
sinusoidal second waveform to a positive cosinusoidal first 
waveform are shown in Fig. 10. The strength of the second 
waveform, C/A, and the operational asymmetry. k, for each 
interface are indicated to the right of that interface. At

I'
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Figure 10. Values of asymmetry. A, for various interface 
waveforms. Asymmetry A increases with increasing strength 
of the sinusoidal second component waveform, measured by 
ratio C/A, where C is the amplitude of the sinusoidal second 
waveform and A is the amplitude of the first waveform. 
Asymmetry is difficult to recognize visually if A is less 
than about 0.1.

r
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a C/A ratio of zero, the interface shape is symmetric.

ANALYSIS OF ASYMMETRY IN INFINITELY THICK MULTILAYERS

I will show that jumps in the mean layer-parallel 
velocities across interfaces are responsible for the 
spontaneous development of the first and second waveforms 
that produce both the drift and the opposite senses of 
asymmetry described in preceding pages.

I will first analyze infinitely thick multilayers. 
Equations that describe folding of multilayers are greatly 
simplified when adapted to infinitely thick multilayers 
because no terms are needed to account for media or for 
differences among layers. Fold forms are similar, and each 
interface in an infinitely thick multilayer can be described 
by a combination of two folding-mode waveforms, A cos (Six) 
and C sin(2£x). B, the amplitude of the cosinusoidal second 
component waveform, is zero. Asymmetry is the result of 
growth of C, the amplitude of the sinusoidal second 
waveform.

The mean velocity parallel to layering offsets each 
interface an identical amount from its neighboring 
interfaces, introducing a phase shift, <f>, between pairs of 
neighboring interfaces. Every interface, therefore, 
continues to bear an identical relationship to the center of 
its underlying layer, and the height of each interface can
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be written as

§ = h/2 + A cos(£.x+<f>) + C sin{ 2£x+2<f>) (26)

The equations for growth of the two component waveforms and 
the phase angle are

dA/dsx = -(A/5,) (1 + }q) (27a)

dC/dSx = -(C/sx) (1 + fq) + (A/sx) 4q (27b)

dtf/dSx = -(1/3X) r (27c)

Sx = hD/h = L/L0 (27d)

where sx is the horizontal stretch (shortening); A and C are 
current amplitudes; r is a drift factor; and g is an 
amplification factor. Expressions for the amplification 
factors are presented below; I will discuss each set, 
eqs. (28), eqs. (29), and eqs. (30), in following pages.

I consider three infinitely thick multilayers which 
differ only in the nature of the rate of slip at layer 
contacts:
1. The Ramberq model of drag folds. (Bonded contacts). The 
rate of slip at layer contacts is zero, and the interfaces 
serve only as passive markers.
2. General drag fold model. The rate of slip at layer 
contacts is a linear function of the contact shear stress.
3. Monoclinal kink fold model. The rate of slip at layer

r
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Variable Resistance to Slip at Contacts (m > 1.0; a  > 1.0)

= [2k/(1S1C-k)](l - jF) (30a)l
\q = [4k/(2S2C-2k)](l - 2F) (30b)

“ q = - (A£) tan(20) [l + [*q/(16m)] {4m + u [2(2S/jS)2-1] + 4(k/1S)2(a-l)u[2(2S2C/k)-(1S1C/k)-l]

- 4m(m-l)[jF/tan(20)]2} j (30c)

r =-• -2k tan(20) [1 + (a-l)u/m] (30d)

u =

wnere

(1/M)2 - m{l - (m-1) [1F/tan(20)]2} 

(l/A£)2 + 3/4 + (a-l)k(1S1C+k)/(JS2)
(30e)

S2
F =n

n
s2 + (a-l)2nk( S C-nk) n n n

tan(26) - -(1/2) 5XZ/(V V

C = cosh(nk); S = sinh(nk) n n
k = TTh/L 308
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contacts is a nonlinear function of the contact shear 
stress.

Ramberq Model
I first investigate asymmetry in the case of an 

infinitely thick multilayer composed of identical layers 
with bonded contacts. The multilayer behaves as a 
homogeneous, viscous material, and interfaces are merely 
passive markers. Horizontal compression, parallel to 
interfaces, amplifies perturbations in interfaces 
kinematically, as shown in Chapter I. With the addition of 
mean simple shear parallel to flat interfaces, both 
asymmetry and drift develop kinematically, as indicated by 
the non-zero amplification factor, lig, and drift 
factor, r, egs. (28).

I identify the model of passive interfaces subjected 
both to layer-parallel shortening and shear with Ramberg's 
model because both ascribe the development of asymmetry to a 
kinematic superposition of shear strain onto folds (Ramberg, 
1963).

The equations for kinematic folding are relatively 
simple and can be written completely here. From eqs. (27) 
and (28), we find

dA/ds„ = -(A/sJ (31a)

dC/dSx = -(C/sJ - (1/sJ A (AS.) tan(20) (31b)
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d(f>/dSx = (l/sx) 2k tan(20) (31c)

in which

k = nh/L Old)

Integrating eqs. (31), we obtain:

A — A0/sx (32a)

C = (Aq/2) (A0S.0) tan(20) (1 - §2)/s? (32b)

<p = -k tan( 2e ) (l - sjj) (32c)

The first waveform amplifies only in response to 
layer-parallel shortening (eq. 32a). Both the amplitude C 
of the second waveform and the drift are zero without 
layer-parallel shear (e = 0) (eqs. 32b,c). The amplitude 
of the second waveform depends on the square of the 
amplitude of the first waveform —  the square of the 
perturbed thickness of the layer —  whereas the magnitude of 
the phase angle depends on the mean thickness, h, of the 
layer. Therefore, layer-parallel displacement of a point by 
the second waveform depends on the position of that point on 
the perturbed interface, but the lateral displacement caused 
by the drift is the same for every point along an interface. 
The second waveform changes the shape of the interface, but 
the drift does not.

The strength of the second waveform, C/A, indicates
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the magnitude of the asymmetry. According to eqs. (32a) 
and (32b),

(C/A) = (1/2) (A0JL0) tan( 25) (1 - 3g)/S| (33a)

A 1st order approximation to the operational asymmetry, A, 
can be derived from eqs. (33a) and (23b)

A « (2/k ) (AoA0) tan(25) (1 - §*)/§? (33b)

The sense of asymmetry of folds is determined by the 
sign of C/A, relative to the sense of layer-parallel shear 
stress. For passive interfaces, the sign of C/A, eq. (33a), 
and of A, eq. (33b), is positive if the layer-parallel 
shear is positive (right-lateral) and negative if the 
layer-parallel shear is negative (left-lateral). Thus, the 
sense of asymmetry recorded by a passive interface must be 
that of a drag fold; this is consistent with the result 
Ramberg (1963) obtained.

The phase angle, <#>, enters the argument of the sine and 
cosine functions to describe the drift of waveforms. The 
phase shift can also be expressed as an angular drift, <f>, 
which is the inclination after deformation of a line that 
was originally vertical. The relationship between $ and <#> 
is:

tan($) = - (*/!) (2/h) = - <f>/k (33c)

The angular drift, eq. (33c), can be expressed in terms of
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5 for passive interfaces by using eg. (32c)

tan($) = tan(2e) (1 - §<;) (33d)

According to eq. (33d), the angular drift of passive 
interfaces is positive (right-lateral) if the layer-parallel 
shear is positive, and it is negative (left-lateral) if the 
layer-parallel shear is negative.

Kinematic growth of both component waveforms during 
layer-parallel shortening and shearing of an infinitely 
thick multilayer with bonded contacts is analyzed in 
Fig. 11. The multilayer contains an initial, symmetric, 
cosinusoidal perturbation (Fig. 11A) with a maximum slope 
of 20°. The orientation of the principal compression is 
e = 40° clockwise with respect to bedding.

Kinematic amplification of the first component waveform 
results solely from the layer-parallel compression (eq. 32a, 
Fig. 11B). Deformation resulting from the mean, 
layer-parallel shear stress produces drift and asymmetry of 
interface waveforms (eqs. 32b,c). The effect of 
superimposing the drift on the first waveforms (Fig. 11B) is 
shown in Fig. 11C: each interface waveform is symmetric but
offset from its neighbors. The asymmetry is added in 
Fig. 11D: each resultant interface waveform is asymmetric,
with the short, steep limb dipping to the right. During 
deformation of a multilayer subjected to layer-parallel 
shortening and shearing, A, C, and <p grow simultaneously,

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



313

Figure 11. Analysis of kinematic growth of component 
waveforms and phase angle during layer-parallel shortening 
and shearing of infinitely thick multilayer with bonded 
contacts. A. Initial, symmetric perturbation consists of 
first component waveforms. B. Kinematic amplification of 
first waveforms in response to layer-parallel shortening 
maintains symmetry of interfaces. C. Drift of waveforms 
shown in B results in offset of neighboring, symmetric 
interfaces. D. In addition to producing the drift shown in 
C, layer-parallel shearing deformation causes waveforms at 
bonded contacts to develop the sense of asymmetry of drag 
folds.

F
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transforming the fold form shown in Fig. h a  directly into 
that shown in Fig. 11D.

Kinematic growth of A, C, and <f> according to the 
H. Ramberg model is closely related to, but not equivalent 
to, simple shear strain of passive folds, which is the model 
of drag folds analyzed by I. Ramberg and Johnson (1976).
Here I briefly examine kinematic amplification resulting 
solely from simple shear.

In simple shear, the deformed position (x,z) of a
material point with initial position (X,Z), is

x = X + Z tan(y) (34a)

z = Z = h/2 + A cos(£X) (34b)

where ^ is the angle of simple shear strain, h/2 is the mean
vertical distance from the origin of coordinates, and 
A cos(AX) is the initial shape of a symmetric, passive 
perturbation. The angle of simple shear strain, y, is the 
angle of inclination resulting from simple shear of an 
initially vertical line in homogeneous material. Thus, 
although is closely related to the drift angle, <f>, 
eqs. (33c,d), <f> is not equal to ^ because $ arises from 
compression as well as from shear; $ would equal vj/ if Dxx 
were zero (sx = l).

The simple shear strain of pre-existing, passive, 
symmetric waveforms produces asymmetric interface waveforms
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(Fig. 12A) which are virtually identical to waveforms 
produced by kinematic amplification of perturbations 
subjected simultaneously to layer-parallel normal and 
shearing deformations (Fig. 12B). Figure 12A shows a 
multilayer subjected to simple shear strain, with vj> = 20°. 
Figure 12B shows the same multilayer kinematically deformed 
by layer-parallel compression and simple shear; sx is 0.97 
(three percent shortening), e is 40°, and $ is 20°. Both 
sets of interface waveforms are asymmetric, and both have 
the sense of asymmetry of a drag fold.

General Drag Fold Model
Drag folds occur in identical multilayers in which the 

resistance to slip at contacts is constant. The coefficient 
of contact viscosity, S, which reduces to a constant for 
m = 1 (eq. 7c), can range from infinity (bonded contacts) to 
zero (free slip). The corresponding mean anisotropy of the 
multilayer, a, can range from one for bonded contacts to 
very large for free slip (eq. 17). Viscous slip, which is 
characterized by a constant, finite resistance to slip at 
contacts, is a behavior intermediate between these two 
extremes.

A sinusoidal second component waveform and fold 
asymmetry are consequences of layer-parallel shear stress. 
The second waveform starts to grow as a 2nd order 
interaction between the mean layer-parallel velocity and the

r
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Figure 12. Simple shear strain of symmetric waveforms (A) 
and layer-parallel shortening and shearing deformation of 
symmetric perturbation (B) produce virtually identical 
resultant waveforms with drag fold asymmetry. Multilayer 
shown in B is analyzed in Fig. 11.
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perturbed interface (eq. 29b). Once growth of a second 
waveform has been initiated, both the layer-parallel 
compression, through the amplification factor |g, and the 
mean shear, through the amplification factor li2 » promote 
its continued development.

Growth of the second waveform in an infinitely thick 
multilayex- is driven by a discontinuity in the mean 
layer-parallel velocity, vx, at each interface. The mean 
layer-parallel velocity jump, in turn, is driven by the mean 
shear stress (eq. 13). If contacts are bonded, the v x 
discontinuity can arise only if the layers have perturbed 
interfaces and different viscosities. If the layers have a 
finite resistance to slip at contacts, however, a 
discontinuity in v x can also be generated by slip at 
interfaces.

The sense of asymmetry of the resultant waveform at an 
interface with constant resistance to slip is always the 
asymmetry of a drag fold. The amplitude of the second 
waveform, C, takes its sign from that of the mean shear 
stress because in the expressions for l±g, the coefficient 
of the mean shear stress is positive for all wavelengths and 
anisotropies (eq. 29c).

The Ramberg model of bonded contacts correctly 
determines the sense of asymmetry of drag folds at 
interfaces with viscous slip, but considerably 
underestimates the magnitude of the asymmetry. The strength

r
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of the second waveform, C/A, and the magnitude of the 
asymmetry, A (eqs. 22, 24a), increase with anisotropy 
(curve m = 1, Fig. 13A) . For anisotropy of a = 2.0,
C/A = 0.113, and the asymmetry is A = 0.133; for anisotropy 
of a - 8.3, C/A = 0.3, and A = 0.265. The strength of the 
second waveform, C/A, is about 0.063 and the corresponding 
asymmetry is A = 0.078 for the Ramberg model of drag 
folding (a = 1.0. Fig. 13A).

The increase of the phase angle, <p, in multilayers with 
finite, constant resistance to slip at contacts is 
controlled by a drift factor, r, eq. (29d). The value of 
the drift factor for interfaces which accommodate 
deformation by slip is greater than the kinematic value 
produced by deformation that is confined to layers 
(eq. 28d). The drift factor increases in magnitude with 
anisotropy and is inversely proportional to the wavelength 
of the first waveform, eq. (29d). The factor u, eq. (29e), 
limits the growth of the phase angle at large slopes and 
anisotropies: u is always positive, ranging from one to
zero for slopes ranging from 0° to 45° and approaching zero 
as anisotropy becomes large.

Neither asymmetry nor drift develops, to 2nd order, in 
multilayers with free slip at contacts. In the limit of 
very large anisotropy (free slip), the contacts offer no 
resistance to slip, so the contact viscosity is zero and the 
contact shear stress is zero.
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Figure 13. Relations between sense and strength of asymmetry 
A, strength of second waveform, C/A, nonlinearity of 
contact behavior, m, mean anisotropy, a, and orientation of 
maximum compression, e. A. Strength of asymmetry a 
increases with a for constant resistance to slip at 
contacts (m = 1) and is maximized at intermediate value of 
a for variable resistance to slip at contacts (m > 1). 
Monoclinal kink fold asymmetry can develop if contacts have 
variable resistance to slip. B. Tendency toward drag fold 
asymmetry increases with e . Strength of asymmetry 
increases with e for constant resistance to slip at 
contacts and decreases with 0 for variable resistance to 
slip at contacts.
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Growth of the first cosinusoidal component waveform is 
a function of the layer-parallel compression and the 
anisotropy of the multilayer. Therefore, the amplification 
factor for the first waveform, Jg, reduces not only to that 
for bonded contacts if the anisotropy is one but also to 
that for free slip at contacts if the anisotropy is very 
large:

bonded contacts: !q = 0

viscous slip: }q =

free slip: }q =

2k ( : s 2)

.<iS!C-k> .

2k

{(1S2)+(a-l)2k(1S1C-k)}_

( j S j C - k )

(35a)

(35b)

(35c)

For viscous slip at contacts, the amplification factor for 
the first component waveform, eq. (35b), is intermediate 
between the amplification factors that would occur for the 
two end members, eqs. (35a, 35c). As the anisotropy of the 
multilayer increases, increases.

Monoclinal Kink Fold Model
Folds with monoclinal kink fold asymmetry occur in 

multilayers with variable resistance to slip at layer 
contacts. Variable resistance to slip is modeled by a 
powerlaw rheology for which the powerlaw exponent, m, is
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greater than 1.0. According to this model, eq. (7c), the 
contact slipperiness (the inverse of viscosity) is

1/S = ( m / 0 c) |ans/Pc|Cm-1> (36a)

Using the expression for the contact shear stress, eq. (9), 
the expression for the contact slipperiness can be expanded 
to

1/S = 1/5 + (1/5)(m-1)(f/ffxi) + ... (36b)

in which the mean contact slipperiness, generated solely by
the mean shear stress, is

1/5 = (m/pe) |a*z/f3j<"’-l> (36c)

The perturbed shear stress in eq. (36b) can be replaced by a 
sinusoidal function of x, sin(£x), and the expression 
for contact slipperiness becomes:

1/S = 1/5 + (1/5 ) (m-1) ( }t/cFxz ) sin(JLx) (36d)

Equation (36d) holds one of the keys to understanding
different senses of asymmetric folding, as I will explain in
following pages. The equation shows that the slipperiness 
consists of two terms: The first term is a mean value, 1/5,
and is constant along interfaces between layers. The second
term, a perturbed value, is nonzero only if m is greater 
than 1.0. The effect of this term is to reduce the 
slipperiness on limbs facing one way and to increase the
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slipperiness on limbs facing the other way.
The contact slipperiness is used in the expression for 

anisotropy, eq. (15). The mean value in eq. (36d) 
determines the mean anisotropy, eq. (16a). The form of the 
perturbed value in eq. (36d) indicates that anisotropy to 
first and to higher orders of approximation will be a 
function of the local slope of interfaces between layers and 
therefore will be a function of position along layer 
contacts.

The rate of slip at layer contacts is expressed in 
terms of contact shear stress in eq. (10a), which can be 
rewritten as

Sv. = (a„/Sm) + (1/S)<* + [ (m-1)/2 ] (f/cxz) f } (37a)

A more general expression incorporating the form of eq. (37a) 
is

5v„ = (Sv,) o + (Sv,,), + (Sv.)* (37b)

The 0th order contribution to the rate of slip,
(eq. 37a), is proportional to the mean contact slipperiness 
and to the mean shear stress and can be expressed in terms 
of mean anisotropy, eq. (17):

(5v„)0 = (axz/Sm) = (v„)(h/|i4)(«-l)/m (38a)

In a 0th order analysis, therefore, the rate of slip is 
proportional to the slope of a straight line on a plot in
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stress and slip space (Fig. 7) that connects the point at 
the origin of coordinates to the point that represents the 
contact shear stress and rate of slip. The slope of that 
line is Em.

The Oth order rate of slip contributes to the growth of 
the phase shift, eq. (30d). Because the drift factor r is 
inversely proportional to m, drift of contacts with variable 
resistance to slip is less than that of contacts with 
constant resistance to slip, eq. (29d), for low slopes of 
the first waveform; the rate of growth of <#> is essentially 
kinematic if m is large.

The 1st order, perturbed contribution to the rate of 
slip is proportional to the magnitude of the perturbed shear 
stress:

(SvJj = (a-l) (h/n*) ( Jt) sin(Jlx) (38b)

The constant of proportionality is the mean contact 
viscosity, 5, which is the local slope of the curve that 
relates 8ve and , Fig. 7. In a 1st order analysis, then, 
the slipperiness is constant everywhere along perturbed 
interfaces and is determined by the mean inclination, e, of 
the far-field stresses in stiff layers.

To 1st order, the rate of slip is proportional to the 
mean anisotropy. In this respect, multilayers both with 
linear and nonlinear contact properties behave alike.
Folding occurs to 1st order in an infinitely thick
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multilayer because the mean shear stress lowers the 
resistance to slip at layer contacts. Without 
layer-parallel mean shear stress, the resistance to slip 
would be infinite to 1st order, as noted in Chapter II for 
multilayers subjected solely to layer-parallel shortening.

The 2nd order contribution to the rate of slip in 
eg. (37a) is:

(8v„)2 = (1/2) [ (1/S) (m-1) (\x/dxz) sin(ix) ] (}t ) sin(ilx)
(38c)

According to eq. (38c), 2nd order folding of multilayers 
with variable resistance to slip at contacts is controlled 
by a 1st order perturbed slipperiness, eq. (36d), which 
varies with the local slope of the perturbed interface.

The rate of slip at interfaces will be different on 
limbs facing in opposite directions, according to the 2nd 
order analysis. The local resistance to slip depends on the 
relative signs of the mean shear stress and the perturbed 
shear stress. The sign of the perturbed shear stress,
}t sin(Ax), is a function of the sign of the slope of the 
first cosinusoidal waveform. The resistance to slip is 
lower on positive slopes of the first waveform if mean shear 
stress is positive because the positive mean shear stress 
and the positive perturbed shear stress together produce a 
higher contact shear stress. The resistance to slip is 
higher on negative slopes of the perturbation because the

r- . . . .7L
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mean and perturbed shear stresses have opposite signs.
Using a trigonometric identity, the 2nd order 

contribution to the rate of slip (eq. 38c) can be rewritten:

(8v«) 2 = (1/4) [ ( l / S ) ( m - l ) ( | r / 5 „ ) ]  (It) [1 - cos(2Ax)]
(38d)

By increasing the magnitude of the factor u, eq. (30e), the 
x-independent term in eq. (38d) strengthens the terms in 
eq. (30c) which promote drag fold asymmetry.

The sinusoidal second component waveform that produces 
monoclinal kink fold asymmetry is driven by the x-dependent 
term in the 2nd order contribution to the rate of slip, 
eq. (38d). The last term in 42» eq. (30c), can be 
expressed as

42 = • • •
-[l/(A5KX)]{iq/(S4(5-l)k]> (1/5 ) (in-1) ( }t /5 xz ) (}t )

(39)

which makes clear its dependence on the 2nd order rate of 
slip, eq. (38d). Because the sign of the last term in 42 
is opposite to those of the rest of the terms in 42* 
eq. (30c), the last term can reverse the sign of the 
amplitude C of the second waveform and thereby produce the 
monoclinal kink fold sense of asymmetry.

Thus, for a positive sense of mean shear stress, 
monoclinal kink fold asymmetry can form because the 
resistance to slip is lower on positive slopes and higher on
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negative slopes.
The asymmetry, A, of folds in infinitely thick 

multilayers with variable resistance to slip at contacts is 
a function of the strength of the second waveform, C/A, 
which in turn depends on the mean anisotropy, a, the degree 
of nonlinearity of the resistance, m, and the orientation, 
e, of principal stresses in stiff layers (Fig. 13). The 
strength of the asymmetry, A, is indicated by the strength 
of the second waveform, C/A, and the sense of asymmetry is 
indicated by the sign of C/A relative to the sign of the 
mean shear stress. Figure 13 was constructed for a positive 
mean shear stress, so a positive C/A in that figure 
indicates the sense of asymmetry of a drag fold and a 
negative C/A indicates the sense of asymmetry of a 
monoclinal kink fold. For all the relations shown in 
Fig. 13, the multilayers are infinitely thick and consist of 
identical layers. The initial wavelengtn-to-thickness ratio 
is 35, the initial slope of the first waveform is 1°, and 
the final slope is 15°.

The strength of the second component waveform, C/A, is 
plotted in Fig. 13B as a function of the powerlaw exponent 
m for different magnitudes of the mean shear stress, as 
measured by the inclination e of the maximum compressive 
stress, cc. For a given mean layer-parallel compression 
and shear stress, corresponding to an inclination of 
e = 11°, for example, fold asymmetry progresses from drag
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asymmetry (C/A > 0) to zero asymmetry (C/A = 0) to 
monoclinal kink asymmetry (C/A < 0) as the power m is 
increased (Fig. 13B). For e = 7°, the sense of asymmetry 
reverses (C/A = 0) at m = 1.4; for 5 = 11°, C/A = 0 at 
m = 1.95; and for S = 15°, C/A = 0 at m = 2.6.

As the relative magnitude of the mean shear stress is 
increased, that is, as § is increased, fold asymmetry tends 
toward drag fold asymmetry for any value of m (Fig. 13B) .
For constant resistance to slip at contacts (m = 1), the 
sense of asymmetry is that of a drag fold and the strength 
of asymmetry increases with increasing magnitude of the mean 
shear stress. For variable resistance to slip at contacts 
(m > 1), the sense of asymmetry is that of a monoclinal kink 
fold, and the strength of asymmetry decreases with 
increasing magnitude of the mean shear stress.

Relations between the strength and sense of the 
asymmetry and the anisotropy, a, are shown for different 
values of m in Fig. 13A. As the anisotropy increases, the 
strength of the asymmetry increases for constant resistance 
to slip at contacts (m = 1). For variable resistance to 
slip at contacts (m > 1), in contrast, the strength of the 
monoclinal kink fold asymmetry is maximum at an intermediate 
value of anisotropy. For the conditions assumed for 
construction of Fig. 13A, asymmetry is maximum at a « 3.
As the multilayer anisotropy is increased beyond three, the 
strength of the asymmetry decreases.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



331

For variable resistance to slip at layer contacts (for 
example, m = 3) and ldw anisotropy*~(a « l, Fig. 13A) , the 
mean resistance to slip is high, so the contact behaves as 
though it were bonded all along its length. Consequently, 
the component waveform of amplitude C is initiated 
kinematically. The sign of dC/dt is positive, and the 
resultant waveforms have the asymmetry of drag folds.

As anisotropy increases slightly (1 < a < 1.3), the 
mean resistance to slip decreases, but the total resistance 
is distinctly lower on slopes facing one way and higher on 
slopes facing the other way. The component waveform with 
amplitude C grows more slowly than it did kinematically.
The resultant waveform still has the sense of asymmetry of 
drag folds, but the strength is weaker.

As the anisotropy increases beyond about 1.3, the 
amplitude, C, of the second waveform becomes negative 
because the sign of dC/dt becomes negative; the sense of 
asymmetry of monoclinal kink folds develops.

At an even higher anisotropy (a a 5.5), the mean 
resistance to slip may be sufficiently low so that the 
difference in resistance to slip on the two sets of slopes 
is negligible. Then the sign of dC/dt will become positive, 
and the sense of asymmetry of interface waveforms will 
become that of a drag fold.

Figure 14 shows boundaries between domains of drag fold 
and monoclinal kink fold asymmetries, as the sense of
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Figure 14. Domains of combinations of 
thickness-to-wavelength ratio, h/L, and orientation of 
maximum compression, e, which favor development of 
monoclinal kink fold or drag fold asymmetry in infinitely 
thick multilayers. Domain boundaries are defined by the 
dC/dt = 0 contour.
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asymmetry varies with thickness-to-wavelength ratio, h/L, 
and orientation of maximum compression, 5. The domain 
boundaries are defined as conditions at which dC/dt = 0.
The sign of dC/dt depends on the sign of the mean shear 
stress. For positive §, corresponding to a positive mean 
shear stress (Fig. 14A), the dC/dt = 0 contour encloses a 
region of negative values of dC/dt. For negative mean shear 
stress (Fig. 14B) , this region contains positive values of 
dC/dt.

Only the positive state of mean shear stress will be 
shown in following figures. The discussions will apply 
equally to the negative state of mean shear stress if 
appropriate sign changes are made.

In Fig. 15, the nonlinear contacts are described by 
m = 5. To focus on the dependence of mean anisotropy, a, 
on 6, I rewrite eq. (16b) as

a - 1 = R | tan( 2e ) I'"-15 (40a)

where
R = (m/S) (40b)

and g is defined in eq. (16c). For the construction of 
Fig. 15, R was selected to be 50 and m = 5.

The parameters that control the sign of dC/dt can be 
investigated in more detail by making assumptions which 
further simplify eq. (30b). At long wavelength, L, the
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Figure 15. Domains of monoclinal kink fold and drag fold 
asymmetries for positive orientation of maximum compression, 
e , in infinitely thick multilayer with variable resistance 
to slip at contacts (m = 5) .
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parameter k becomes small, and for small k, sinh(nk) 
approaches nk and cosh(nk) approaches unity. Thus, for long 
wavelengths, *ig becomes

Ramberg model (bonded) (eq. 28c):

‘iq = ~(A£) tan(2§) (41a)

Constant resistance to slip (eq. 29c):

4q = "(AI) tan(26) [1 + R(ll/4 + 2R)] (41b)

Variable resistance to slip (eq. 30c):

liq = - (A£ ) tan(2e) {l + R | tan( 2 e ) | <1"-1 > [ 1 + 7/(4m)

+ (2R/m) |tan(2e) - (m-1)/tan2 ( 2e ) ] } (41c)

for the three models of contact slip I have considered.
These are the terms that are responsible for the initiation 
of a second sinusoidal waveform, which, in turn, determines 
the asymmetry at interfaces.

Let us examine the term in braces in eq. (41c) for the
model of variable resistance to slip. The first term, "I",
is the kinematic amplification factor resulting from 
shearing deformation within a layer. It is the only term 
considered in the Ramberg model, eq. (41a). The other terms 
in eq. (41c) represent dynamic amplification factors 
resulting from slip at layer contacts.

The first three terms within brackets in eq. (41c),
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1 + 7 / (4m) + (2R/m) |tan{25) |

are a result of the constant, mean resistance to slip. The 
sign of these three terms is always positive, so they always 
enhance the kinematic term, that is, these three terms 
always contribute to growth of the waveform that causes the 
fold to have drag asymmetry. If m = 1, these terms simplify 
to a constant, (11/4 + 2R) , as indicated in eq. (41b). 
Furthermore, if m becomes very large, these terms approach 
unity.

The last term in brackets in eq. (41c),

- (m-1)/tan2 ( 2e)

results from the perturbed resistance to slip at contacts and 
produces unequal rates of slip on interface limbs with 
different slopes. This term, which is negative for all
values of m and e , can reduce and even reverse the sign of
the amplification factor, making dC/dt negative and
producing interface waveforms with the sense of asymmetry of
monoclinal kink folds. The magnitude of the term is 
relatively large for low inclinations of the principal 
compressive stress and decreases, slowly at first and then 
sore rapidly, for increasing e.

The domain of monoclinal kink folding described by the 
^C/dt = 0 contour for' long wavelengths (left side of 
Fig. 15) can be explained using eq. (41c) for fixed m and R.
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If the maximum compressive stress is parallel to the 
layering, 9 is zero and the mean anistropy is ci = 1, so 
dC/dt is kinematic and positive.

If the maximum compression is inclined to layering, 9 
is nonzero. For non-zero values of 9, the sign of 
eq. (41c) depends on the interplay between eqs. (40a) and 
(40b). Initiation and growth of the second waveform will be 
zero when the term in brackets in eq. (41c) is zero, which 
occurs for conditions satisfying

1 + R[ 1 + 7/(4m) ] | tan{2§ ) + ( 2R2/m) | tan( 29 ) 1 >>

- R(m-l) |tan(29 ) |<""3> = 0 (42a)

For relatively small values of 9, the negative term in 
eq. (42a), proportional to |tan(29 ) |(m-35, dominates; this 
term produces monoclinal kink asymmetry. At relatively high 
values of 9, the other, positive terms in eq. (42a) 
dominate; these terms produce drag fold asymmetry. Thus, 
the lower part of the loop, near h/L = 0.01 (Fig. 15), is 
the transition between bonded contacts, with 9 = 0 ,  and 
monoclinal kink fold asymmetry, with 9 small. The upper 
part of the loop is the transition from monoclinal asymmetry 
to very easy slip at contacts.

Monoclinal kink fold asymmetry develops in multilayers 
with initial conditions plotting within the domain where 
dC/dt < 0. Contours of C/A corresponding to final slope
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values of (AH) = tan(15°) have been plotted in Fig. 16 
relative to the initial dC/dt = 0 curve (Fig. 15). The 
degree of asymmetry which develops at the interface is 
larger for longer wavelengths and for values of 5 plotting 
closer to the middle of the domain. However, the shortening 
required to produce the slope of (AI) = tan(15°) for points 
near the bottom of the domain is much larger than that near 
the top of the domain.

The effect of m on the position of the dC/dt = 0 curve 
is illustrated in Fig. 17. For a powerlaw exponent m = 3, 
the sign of eq. (41c) is negative for very small e. As m 
is made larger, a larger value of 6 is required to reverse 
the sign of eq. (41c), and the interval of e values for 
which dC/dt is negative is reduced (Fig. 17). Thus, for 
larger values of m, the domain of monoclinal kink fold 
asymmetry shifts to higher e values and operates over a 
narrower range of e values.

In the limit of very large m, which describes contact 
strength, the range of monoclinal kink asymmetry becomes a 
single value of § below which the contacts remain bonded 
and at which monoclinal kink asymmetry develops. This is 
the critical angle for unstable yielding of contacts, 
discussed by Reches and Johnson (1976).

Equation (42a) can be simplified and rearranged for 
large m to give an upper limit to the 8 at which drag fold 
asyrametry will occur:

r~. ■ . . .K-
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Figure 16. Contours of C/A, the strength of the second 
sinusoidal waveform, for final slope values of 
(Ail) = tan(15°) at interfaces with monoclinal kink fold 
asymmetry in multilayers with variable resistance to slip at 
contacts (m = 5).
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Figure 17. Effect of exponent m on position of dC/dt = 0 
curve defining domain boundaries.
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1/R = | tan( 2e ) | <n,-3> [m - tan2 (25)]

Equation (42b) is possible only if

tan(25) s %/m

Thus

0 « 45°

which gives the maximum 5 for drag fold asymmetry.

ASYMMETRY IN FINITE MULTILAYERS

Analysis of folding of multilayers with a finite number 
of layers enclosed by media of infinite thickness is more 
complicated than analysis of infinitely thick multilayers. 
For example, each interface in a multilayer of finite 
thickness can have a unique phase angle and set of 
amplitudes of component waveforms which determine its 
asymmetry. In principle, some interfaces in a finite 
multilayer can have one sense of asymmetry and others can 
have the opposite sense of asymmetry. However, the 
explanations of asymmetry of interfaces in infinitely thick 
multilayers apply equally to asymmetry of interfaces in 
finite multilayers.

The simple, finite, repetitive multilayer I analyze has 
a total thickness H consisting of 11 identical layers of
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thickness h and coefficient of viscosity y* and is confined 
above and below by thick media with coefficient of viscosity 

(Fig. 6). The multilayer is subjected to a combination 
of layer-parallel compression and simple shear. The 
interfaces between layers are .initially perturbed into 
cosinusoidal waveforms, the amplitudes of which are 
determined by an analysis of eigenvalues and eigenvectors, 
as explained in Chapter I . The eigenvalues determine the 
dominant wavelength for the multilayer. Each interface, 
originally described by a cosine wave of amplitude A, 
evolves, according to my 2nd order analysis, into a waveform 
containing two cosine waveforms and one sine waveform:

§tlb = 4 h/2 + Atib cos (SLx+4>t, b) + Bt,b cos ( 2lx+2<t>t, b)

+ Ct,b sin( 2fi.x+2cf>t ,b) (43)

in which t is top and b is bottom of a layer.
In following paragraphs I will determine the conditions 

under which folds with drag asymmetry and monoclinal kink 
fold asymmetry develop in finite multilayers; I will examine 
the effect that layer-parallel shear can have on dominant 
wavelengths of multilayer folds; and I will analyze some 
examples of theoretical asymmetric folds in finite 
multilayers.
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Domains of Asymmetry
Through study of Figs. 15, 16, and 17, I showed 

conditions under which folds with monoclinal kink asymmetry 
will develop in finite multilayers, primarily emphasizing 
effects of inclination, 0, of the far-field compression, 
that is, the relative magnitude of the layer-parallel shear 
stress, and the ratio of layer thickness to wavelength, h/L.
I showed that the boundary between the two types of 
asymmetry is unbounded for long wavelengths.

A similar diagram for a finite multilayer with 11 
layers is shown in Fig. 18. The same material constants 
were assumed as in Fig. 15, the boundary from which has been 
superimposed in Fig. 18. The two contours of dC/dt = 0 
closely correspond for short wavelengths (right-hand end) 
and diverge markedly for h/L ratios smaller than 0.05, that 
is, for wavelengths L greater than 20h. Thus, except for 
long wavelengths, the discussion of conditions of sense of 
asymmetry of waveforms in interfaces of infinitely thick 
multilayers applies to multilayers of both finite and 
inf ini te thicknesses.

Dominant Wavelength
A spectacular effect of layer-parallel shear on folding 

of finite multilayers with variable resistance to slip at 
contacts is the reduction of wavelengths of folds that 
develop in such multilayers. If layer-parallel shear stress
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Figure 18. Comparison of positions of dC/dt = 0 curves for 
finite multilayer confined by soft media (Mw./p* = 0.1) and 
for corresponding infinitely thick multilayer (Fig. 15). 
Domain of monoclinal kink asymmetry for finite multilayer is 
limited to wavelengths shorter than the dominant wavelength 
for bonded contacts (anisotropy a = 1).

r
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is zero, the contacts between layers are bonded, and the 
multilayer folds as a thick unit, as discussed in Chapter I. 
If, on the other hand, layer-parallel shear stress is 
relatively high, the contacts are virtually free to slip, 
and the multilayer folds as though contacts were 
frictionless.

1 measure the resistance to slip in simple multilayers 
by the anisotropy for linear contact behavior and by the 
mean anisotropy for nonlinear contact behavior:

a = 1 + (m/hPc); linear (m = 1; eq. 16a)

a = 1 + R |tan(2e)| <— »>; nonlinear (m > 1; eq. 40a)

where R is defined in eqs. (16c) and (40b). As the 
anisotropy approaches one, the contacts are bonded, and as 
the anisotropy approaches infinity, the contacts slip 
freely.

The marked effect of anisotropy on amplification 
factor, }g, for the first waveform, as a function of 
thickness-to-wavelength ratio, h/L, is shown in Fig. 19.
For a a l, }g a 4, and for a « 100, !g s 27. The 
viscosity ratio of media and layers for Fig. 19 is 
Ftn/F* = 0.1. The relations between Jg and h/L (Fig. 19) 
depend only on anisotropy and are thus valid whether the 
contacts between layers have constant or variable 
resistances to slip.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



351

Figure 19. Increase in amplification factor for the first 
waveform, }g, and decrease in dominant wavelength with 
increasing mean anisotropy, a, of multilayer.
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The peaks of the curves correspond to the dominant 
wavelengths. The dominant wavelength for the multilayer 
with the highest resistance to slip at layer contacts (mean 
anisotropy closest to 1.0), according to Fig. 19, is about 
95h. The dominant wavelength decreases as the anisotropy 
increases. The dominant wavelength for the multilayer with 
the highest anisotropy, a = 102, is about 18h (Fig. 19).
Thus there is a five-fold decrease in wavelength as the 
anisotropy increases from about 1 to 100.

According to Fig. 19, however, multilayers fold at the 
dominant wavelength corresponding to free slip at contacts 
for mean anisotropies greater than about 5. As the 
anisotropy changes from 5 to 1, the dominant wavelength goes 
through a transition from that of nearly free slip at 
contacts to that of bonded contacts.

The relations between dominant wavelength and 
anisotropy for multilayers confined by media ranging from 
very soft to very stiff are shown in Fig. 20. For stiff 
media, the dominant wavelengths are smaller for low 
anisotropy than for high anisotropy, although the variation 
is small. For very soft media, h^/Fi = 0.01, anisotropy 
ranging from 1 to at least 14 affects the dominant 
wavelength, although the effect is greatest for anisotropies 
between 8 and 12. For soft media, pm/p* = 0.10, the change 
in dominant wavelength is drastic for anisotropies between 1 
and 4, as noted earlier.
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Figure 20. Comparison of change in dominant wavelength with 
increasing anisotropy for finite multilayers confined by 
media ranging from very soft (p^/p* = 0.01) to very stiff
(Pm/Pj = 10) .
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The relation between the dominant wavelength of the 
first waveform and the sense of asymmetry of folding on the 
middle interface of 11-layer multilayers is shown in 
Fig. 18 dominant wavelengths are shown as functions of
tan(2@), rather than of anisotropy, and R was assumed to be 
50 for the analyses.

Figure 18 shows that the domain of monoclinal kink fold 
asymmetry is limited to wavelengths shorter than the 
dominant wavelengths for bonded contacts. As the anisotropy 
of the multilayer increases, the dominant wavelength becomes 
shorter; at an anisotropy of 1.2, the curve for dominant 
wavelength crosses into the domain of monoclinal kink fold 
asymmetry. The decrease in dominant wavelength with 
increasing anisotropy is most dramatic in the vicinity of 
the wavelength which is halfway between those for bonded 
contacts and free slip at contacts. The dominant wavelength 
decreases from 55h at an anisotropy of 2.0 to 25h for an 
anisotropy of 2.6. Dominant wavelengths in multilayers with 
anisotropies greater than about 10 fail outside the domain 
of monoclinal kink asymmetry. Interface waveforms in these 
multilayers have the asymmetry of drag folds.

Once the dominant wavelength has been determined for a 
multilayer, the preferred wavelength can be calculated 
according to the method described in Chapter I. The 
wavelengths of folds I will show in following pages are at 
or near the preferred wavelengths corresponding to the
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anisotropy of the multilayer.

Examples of Asymmetric Folds
I have shown that interfaces with different senses of 

asymmetry can be produced in simple multilayers of infinite 
or finite thickness by changing the behavior of layer 
contacts. Two finite multilayers are shown in Fig. 21 which 
differ only in the behavior of the contacts. The 
multilayers in row A, Fig. 21, have constant resistance to 
slip (m - 1) at layer contacts. The multilayers shown in 
row B, Fig. 21, have variable resistance to slip (m = 5). 
Both multilayers in column 1, Fig. 21, were subjected to 
right-lateral sense of layer-parallel shear, and both 
multilayers in column 2, Fig. 21, were subjected to 
left-lateral sense of layer-parallel shear.

If resistance to slip at layer contacts is constant 
(m = 1; Fig. 21A), interfaces exhibit both a relative offset 
and an asymmetric shape. For the right-lateral sense of 
shear shown in loc, A 1 , the sense of asymmetry is that of a 
drag fold because the short limb on the interface waveform 
dips to the right; the sense of relative offset of 
interfaces is right-lateral because each layer has shifted 
to the right compared to the layer below. For the 
left-lateral sense of shear shown in loc. A2, the sense of 
asymmetry is that of a drag fold because the short limb on 
the interface waveform dips to the left; the sense of
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Figure 21. Sense of asymmetry in finite multilayers with 
constant resistance to slip (m = 1) (row A) and variable 
resistance to slip (m = 5} (row B) at contacts. Multilayers 
with constant resistance to slip at contacts have drag fold 
sense of asymmetry because the short limbs on interface 
waveforms dip to the right for right-lateral sense of shear 
(loc. A1) and to the left for left-lateral sense of shear 
(loc. A2). Multilayers with variable resistance to slip at 
contacts have monoclinal kink fold asymmetry because short 
limbs dip to the left for right-lateral sense of shear and 
to the right for left-lateral sense of shear.
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relative offset of interfaces is left-lateral.
If resistance to slip at layer contacts is variable 

(m > 1; Fig. 21B), the sense of asymmetry is reversed. The 
interfaces shown in loc. B1 have the sense of asymmetry of a 
monoclinal kink fold because, for the right-lateral sense of 
shear stress applied to the multilayer, the short limbs on 
the interface waveforms dip to the left. The individual 
interfaces appear to be approximately in phase. For the 
left-lateral sense of shear shown in loc. B2, the fold has 
the sense of asymmetry of a monoclinal kink fold because the 
short limb on the interface waveform dips to the right.

The strength of the asymmetry of folds with monoclinal 
kink fold asymmetry increases with m, the powerlaw exponent 
describing nonlinear contact behavior. The sense of 
asymmetry in the three multilayers shown in Fig. 22 is that 
of a monoclinal kink fold, but the strength of asymmetry of 
the fold in Fig. 22C (m = 7) is stronger than that in Fig. 
22A (m = 3). The asymmetry is weak (A = -0.05) for the 
fold shown in Fig. 22A, strong (A = -0.14) for the fold 
shown in Fig. 22B, and very strong (A = -0.20) for the fold 
shown in Fig. 22C.

The apparent offset of layer interfaces, on the other 
hand, decreases as the power m increases (Fig. 22).
Relative drift of layer interfaces is reduced for larger m 
(eg. 30d). In addition, the cosinusoidal second waveform of 
amplitude B is stronger for the multilayer shown in Fig. 22C

n •
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



I

361

Figure 22. Increase in strength of asymmetry a of folds 
with monoclinal kink fold asymmetry with increase in 
powerlaw exponent m describing nonlinear contact behavior.
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than for the one shown in Fig. 22A. This component 
waveform, which tends to maintain the uniform orthogonal 
thickness of a finite multilayer (discussed in Chapter II), 
reduces the relative drift between layer interfaces.

DISCUSSION

The 2nd order analysis of viscous multilayers subjected 
to principal compression oblique to layering demonstrates 
that layer-parallel compression causes folding of the 
multilayer and that layer-parallel shearing causes 
individual interfaces to drift and to develop asymmetry. 
Although properties of the layers and the layer contacts 
control the wavelength and rate of growth of the folds, 
properties of the layer contacts control the sense and 
strength of drift and asymmetry.

Each increase in the order of accuracy of the solution 
adds to our understanding of the effects of layer-parailel 
compression and shear on multilayer folds:
1. Oth order solution. An analysis carried to 0th order 
accuracy reveals that the mean shearing deformation causes 
interface waveforms to drift. The sense of drift is always 
the same as that of the mean layer-parallel shear stress. 
The amount that the drift exceeds the kinematic value, the 
value in a homogeneous material, is a function of the 
anisotropy and the nonlinearity of the multilayer. The 
drift increases with anisotropy and decreases with
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nonlinearity (with m). For large m, the amount of drift 
reduces to the kinematic value.

Layer-parallel compression produces kinematic 
shortening of layers.
2. 1st order solution. The 1st order analysis shows that 
folding of multilayers is a result of layer-parallel 
compression. For multilayers with the same anisotropy, the 
wavelength and rate of growth of the folds are the same 
whether contact behavior is linear or nonlinear. For 
nonlinear contact behavior, however, the mean shear stress 
reduces the resistance to slip at layer contacts. This, in 
turn, increases the anisotropy and rate of growth and 
shortens the dominant wavelength of the fold.
3. 2nd order solution. To 2nd order, two additional
component waveforms develop spontaneously. The 
layer-parallel compression initiates a second cosinusoidal 
component waveform which tends to maintain uniform 
orthogonal thickness of layers (Fletcher, 1974). The 
layer-parallel shear stress initiates a second sinusoidal 
component waveform which causes the resultant waveforms at 
interfaces to become asymmetric. Contacts with constant
resistance to slip (m = 1) develop the sense of asymmetry of
drag folds; contacts with variable resistance to slip
(m > 1) develop the sense of asymmetry of monoclinal kink 
folds.
4. 3rd order solution. Here I anticipate effects of mean
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shear which would be revealed by an analysis carried to 3rd 
order accuracy. In a 3rd order analysis, the shape of an 
interface will be determined by component waveforms of three 
different wavelengths

$ = A cos(£x+<#>) + B cos(2£x+2tf>) + C sin( 2tlx+2<f>)

+ D cos (3£.x+3<f>) + E sin( 3&x+3<p) (44)

The cosinusoidal third component waveform of amplitude D 
arises as a result of layer-parallel shortening; the 
sinusoidal third component waveform of amplitude E is a 
result of layer-parallel shearing deformation.

To 3rd order, the behavior of layer contacts affects 
fold form as well as fold asymmetry. The effect of contact 
properties on fold forms resulting solely from 
layer-parallel compression is investigated to 3rd order 
accuracy in Chapters I and II. A suite of fold forms, 
including sinusoidal, concentric-like, and chevron folds 
(Fig. 23A), can be produced in viscous multilayers with 
constant resistance to slip between layers. The multilayers 
may be confined by stiff or soft media and may consist of 
all stiff layers or of interbedded stiff and soft layers, 
provided the layer contacts or the soft interbeds behave 
linearly. A different suite of fold forms, including box 
folds with vertical axial planes and kink-like folds with 
inclined axial planes (Fig. 23B), can be produced in
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Figure 23. Effect of contact properties on theoretical fold 
forms produced solely by layer-parallel compression (e = 0 )  
and determined to 3rd order accuracy. A. Constant 
resistance to slip at contacts. Chevron folds form in 
multilayers of infinite thickness (loc. A1); concentric-like 
folds form in multilayers of finite thickness (loc. A2).
B. Variable resistance to slip at contacts. Box folds form 
in multilayers of infinite thickness (loc. Bl); kink-like 
folds form in multilayers of finite thickness (loc. B2) .
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otherwise identical multilayers by imposing variable 
resistance to slip between layers. Resistance to slip 
between stiff layers may be provided by thin interbeds with 
nonlinear properties or by nonlinear contact viscosities. 
Moreover, isolated kinlc folds presumably can occur if the 
resistance to slip is highly nonlinear, as in the contact 
strength assumed by Honea and Johnson (1976).

Multilayers with constant resistance to slip at 
contacts develop concentric-like and chevron folds, to 3rd 
order, as a result of layer-parallel compression, and 
develop drag fold asymmetry, to 2nd order, as a result of 
layer-parallel shear. I anticipate that an asymmetric 
chevron fold form, much like that shown in Fig. 24A, would 
develop in thick, viscous multilayers with constant 
resistance to slip at contacts subjected to principal 
compression oblique to layering. I simulated this fold by 
adding the 3rd order solution for a chevron fold form 
(Fig. 23, loc. Al), produced by a positive amplitude D of 
the third cosinusoidal component waveform, eq. (44), to the 
2nd order solution for drag fold asymmetry (Fig. 21, loc.
Ai) .

Multilayers with variable resistance to slip at 
contacts develop kink-like and box folds, to 3rd order, as a 
result of layer-parallel compression, and develop monoclinal 
kink fold asymmetry, to 2nd order, as a result of 
layer-parallel shear. I  anticipate that an asymmetric

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



369

Figure 24. Anticipated effects of layer-parallel shear 
stress on 3rd order theoretical fold forms. A. Asymmetric 
chevron fold form in thick viscous multilayer with constant 
resistance to slip at contacts. B. Asymmetric kink-like 
fold form in finite viscous multilayer with variable 
resistance to slip at contacts. Fold forms in A and B 
simulated by adding 3rd order solution determined for 
layer-parallel compression alone (Fig. 23, Iocs. A1 and B2, 
respectively) to 2nd order solution determined for 
combination of layer-parallel compression and shear 
(Fig. 21, Iocs. A1 and B 1 , respectively).
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kink-like fold form, much like that shown in Fig. 24B, would 
develop in a finite multilayer with variable resistance to 
slip at contacts. I simulated this fold form by adding the 
3rd order solution for a kink-like fold (Fig. 23, loc. B2), 
produced by a negative amplitude D of the third cosinusoidal 
waveform, eg. (44), to the 2nd order solution for monoclinal 
kink fold asymmetry (Fig. 21, loc. B1).

A consistent difference I have observed between folds 
with drag and those with monoclinal kink asymmetry is the 
orientation of the axial plane of the fold relative to the 
orientation of the simple shearing deformation. The trace 
of the axial plane of a drag fold is reoriented, with 
respect to a line perpendicular to the direction of 
layer-parallel shearing, in the same sense as the simple 
shearing deformation. As a result, a drag fold on the limb 
of a large fold (Figs. 1, 2A, 3A) has an axial plane which 
is approximately parallel to the axial plane of the large 
fold. The trace of the axial plane of the monoclinal kink 
fold, on the other hand, is oriented in the opposite sense. 
Consequently, the axial plane of a monoclinal kink fold on 
the limb of a large fold (Figs. 1, 2B, 3B) dips toward the
axial plane of the large fold.

The different inclinations of the axial planes of drag
folds and monoclinal kink folds is a fundamental distinction
which appears even in- a Oth order analysis of the effects of 
layer-parallel shear. To Oth order, interfaces at contacts
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with constant resistance to slip develop a sense of relative 
offset, due to drift, which is the same as the sense of 
applied mean shearing stress. The amount of relative offset 
is less at contacts with variable resistance to slip in an 
otherwise equivalent multilayer, and approaches kinematic 
values for large m. The trace of the axial plane, which is 
defined by a line connecting corresponding hingepoints on 
successive interfaces, is initially normal to layering. As 
a result of the shearing deformation, the trace of the axial 
plane is inclined from the vertical a maximal amount for 
linear contact behavior and a minimal amount for highly 
nonlinear contact behavior.

The sinusoidal third component waveform of amplitude E, 
eq. (44), probably contributes to differences of dips of 
axial planes of asymmetric folds. The trace of the axial 
plane in the kink-like fold shown in Fig. 25 is inclined in 
a direction opposite to that in Fig. 24B. I reversed the 
plunge direction of this line by adding a third sinusoidal 
component waveform of positive amplitude E to the fold form 
simulated in Fig. 24B. For the fold shown in Fig. 25, I 
removed the drift to emphasize the inclination of the axial 
plane. Thus I anticipate that a 3rd order analysis of 
layer-parallel shear stress will produce the diagnostic, 
opposite inclinations of axial planes in drag folds and 
monoclinal kink folds, that are observed in nature.
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Figure 25. Asymmetric kink-like fold form with trace of 
axial plane oriented, with respect to a line perpendicular 
to the direction of layer-parallel shearing, in the opposite 
sense as the simple shearing deformation. Fold form 
simulated by adding anticipated 3rd order effect of 
layer-parallel shearing deformation to fold form shown in 
Fig. 24B.
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ABSTRACT

Among the variety of fold forms which occur on the 
southeast limb of the New Bloomfield anticline, two are 
particularly intriguing because they have opposite senses of 
asymmetry. One fold form has the sense of asymmetry 
associated with drag folds —  its short, steep limb dips 
toward the axial plane of the major anticline. The other 
fold form has the sense of asymmetry associated with a 
monoclinal kink fold —  its short, steep limb dips away from 
the axial plane of the major anticline.

The folds occur in the Upper Devonian Trimmers Rock and 
Brallier formations and are exposed in roadcuts on 
Highway 22/322, six km north of the confluence of the 
Juniata and Susquehanna Rivers in central Pennsylvania. The 
monoclinal kink fold occurs within units of massive 
siltstone, each about 20 m thick, alternating with units of 
massive mudstone or interbedded mudstone and siltstone. The 
drag folds occur lower in the section in an interbedded 
siltstone and mudstone sequence.

The exposures of complete, small-scale folds occurring 
in adjacent roadcuts within the same stratigraphic unit 
present an excellent opportunity to investigate deformation 
mechanisms responsible for different senses of fold 
asymmetry. Both fold forms consist predominantly of

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



379

straight segments separated by relatively narrow hinge 
zones. Layer-parallel slip is a common deformation 
mechanism in both types of asymmetric folds. The slip 
surfaces within the chevron folds, with drag-fold asymmetry, 
occur in both limbs and in hinges; the slip surfaces within 
the monoclinal kink fold are more prevalent in the hinges 
and on the short, steep limb.

Enigmatic folds occur in rocks between the chevron 
folds and the large monoclinal kink fold. On the one hand, 
these folds have the asymmetry of drag folds and their axial 
planes are subparallel to the axial plane of the major fold. 
On the other hand, the concentration of slip surfaces in 
short limbs of these folds is the same as that in the 
monoclinal kink fold. I  tentatively interpret them to be 
kink folds, part of a conjugate set, that formed at a 
different time than the chevron and monoclinal kink folds.
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INTRODUCTION

It is generally assumed in structural geology that 
parasitic folds that form on the limb of a developing larger 
fold tend to be asymmetric because they are subjected to 
simple shearing by the larger fold. This assumption is 
substantially correct because it does not specify the sense 
of asymmetry. On the other hand, Pumpelly's Rule (Wilson, 
1960) of structural geology states that parasitic folds have 
the sense of asymmetry of drag folds and therefore can be 
used to infer the location of structural features of the 
large folds. Pumpelly's Rule can be quite misleading 
because monoclinal kink folds develop a sense of asymmetry 
opposite to that of drag folds in response to the same sense 
of shear.

According to theory presented in Chapter III, folds in 
multilayers with constant resistance to slip at contacts 
develop the sense of asymmetry of a drag fold, but folds in 
multilayers with variable resistance to slip at contacts 
develop the sense of asymmetry of a monoclinal kink fold. 
Thus, the theory indicates that a difference in properties 
of thin interbeds or of contacts between layers can cause 
fold asymmetry to be opposite in different parts of a rock 
section being folded. Pumpelly's Rule is therefore valid 
only for multilayers with certain physical properties.
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In this chapter I describe small folds in the Trimmers 
Rock and Brallier formations within the southeastern limb of 
the New Bloomfield anticline (Fig. 1), in central 
Pennsylvania. Study of the small folds was part of the 
motivation for the theoretical analysis of fold asymmetry 
presented in Chapter III; examination of the small folds 
provides an opportunity to apply some of the results of the 
theoretical analyses presented in Chapters I, II and III. 
After describing the small folds I will use the observations 
and the results of the theoretical analyses to estimate the 
conditions responsible for the folding.

STRATIGRAPHIC AND STRUCTURAL SETTING

Small, asymmetric folds, with wavelengths of 10 to 60 m 
and with opposite senses of asymmetry, are exposed in a 
series of roadcuts along Highway 22/322 on the east side of 
the Juniata River, a few km northwest of its confluence with 
the Susquehanna River in central Pennsylvania. The outcrops 
expose part of the southeast limb of the New Bloomfield 
anticline (Fig. 1), a large, first order fold* with a 
wavelength of 15 km. At the Juniata River, the anticline is

♦Orders of folds should not be confused with order of 
approximation used in the theoretical analysis. The concept 
of orders of folds is an old one (e.g., Rogers, 1858, 
p. 887; Van Hise, 1896); the notion is that folds of 
distinctly different sizes form roughly at the same time in 
a complex multilayered rock sequence. Nickelsen (1963) has
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Figure 1 . Study site on the southeast limb of the New 
Bloomfield anticline near the confluence of the Juniata and 
Susquehanna rivers, central Pennsylvania. The map shows 
traces of contacts between some of the rock units included 
on part of the Pennsylvania State Geologic Map (Gray and 
others, 1960).
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asymmetric, with a steeper northwest limb (Fig. 2). Its axis 
plunges to the northeast at angles of 5 to 20 degrees 
(Dyson, 1963).

The small, asymmetric folds indicated in Fig. 2 occur 
in the central part of the Trimmers Rock-Brallier formations 
(610 m undivided, upper Devonian) (Dtrb, Fig. 2). The upper 
part is predominantly siltstones of the Trimmers Rock 
Formation. This lithology grades downward into increasingly 
finer siltstones, mudstones, and shales. The lowest part of 
the section (75 m) is predominantly shaly Brallier Formation 
(Dyson, 1963, p. 22). The constituents of the siltstones 
and mudstones in both the Trimmers Rock and Brallier 
formations include a large fraction of quartz grains 
(Frakes, 1967; Samuels, 1979). The siltstones are generally 
cemented by silica and locally by carbonates (Faill and 
Wells, 1974).

provided a useful classification of sizes or orders of folds 
in the Appalachians: First-order folds are anticlinoria and
synclinoria with wavelengths of 11 to 18 km and involve 
rocks from the Cambrian to the Pennsylvanian. Second-order 
folds have wavelengths of 2.5 to 3 km and are best developed 
at the levels of the Tuscarora and Bald Eagle formations. 
Third-order folds have wavelengths of several meters to one 
kilometer. They are best developed in the middle Silurian 
and middle Devonian rocks above the Rose Hill Shale and 
below and Hamilton Group. Fourth-order folds have 
wavelengths ranging from a few tens of centimeters to a few 
meters. Fifth-order folds are smaller than these.
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Figure 2 . Cross section through the New Bloomfield 
anticline. The location of the line of section is indicated 
on Fig. 1. The location of contacts and faults is taken 
from the geologic map of the northern half of the New 
Bloomfield quadrangle, Pennsylvania (Dyson, 1963).
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Layer contacts of the siltstone and mudstone beds 
within the Trimmers Rock-Brallier unit may be planar and 
persistent, irregular, or gradational (Frakes, 1967). The 
Trimmers Rock Formation is characterized by very hard 
graywacke siltstone beds up to two meters thick which appear 
massive or structureless but have planar upper and lower 
contacts. The planar contacts persist over long distances 
within an outcrop but may wedge out within an exposure. 
Interbeds of sha 2 w and mudstone may be totally absent or may 
constitute the bulk of the local section. The siltstones 
commonly form resistant ledges and weather as yellowish 
blocks equal in thickness to the bed thickness. Siltstones 
of the Brallier Formation are also graywackes and have 
planar basal contacts, but upper contacts are gradational 
with overlying shales.

THE SMALL, ASYMMETRIC FOLDS

All the small folds (Figs. 3 and 4) in the roadcuts are 
characterized by relatively straight limbs and narrow 
hinges; some of the folds are chevron-shaped and others are 
kink-shaped. Relative to the position of the folds on the 
limb of the New Bloomfield anticline, the small folds can be 
differentiated by sense of asymmetry and by orientation of 
axial planes. All but one of the minor, asymmetric folds in 
the northern roadcut (on left in Figs. 3 and 4) have the
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Figure 3 . Small asymmetric folds on the southeast limb of 
the New Bloomfield anticline are exposed in roadcuts along 
highway 22/322 on the east side of the Juniata River about 
33 km northwest of Harrisburg, Pennsylvania.
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Figure 4 . Controlled sketch of minor folds exposed in the 
roadcuts shown in photographs in Fig. 3. Chevron folds with 
drag fold asymmetry in northern part of the northern roadcut 
(on left); large monoclinal kink fold in southern roadcut 
(on right).

r
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sense of asymmetry of a drag fold because their short, steep 
limbs dip toward the axial plane of the major anticline.
The minor fold in the southern roadcut (on right in Figs. 3 
and 4) and one of the minor folds in the northern roadcut 
have the sense of asymmetry of a monoclinal kink fold 
because their short, steep limbs dip away from the axial 
plane of the major anticline.

Plots of structural elements on stereographic 
projections (Fig. 5) indicate that layers in the two 
roadcuts were folded about axes with approximately the same 
attitude and that bedding-plane slip was essentially normal 
to fold axes. Poles to bedding around a synclinal hinge 
(location A, Fig. 4) indicate a fold axis that plunges 10°, 
N73E (solid triangle in Fig. 5A); a similar plot of poles to 
bedding around a kink hinge (northern hinge, location B,
Fig. 4) indicates a fold axis that plunges 15°, N76E (solid 
triangle in Fig. 5B).

Fold axes were also derived from the attitudes of 
slickenlines on bedding planes by assuming that the 
direction of the slickenlines is perpendicular to the fold 
axis. Axes were derived for one fold with drag-fold 
asymmetry (open circles, Fig. 5A) and one fold with 
monoclinal kink-fold asymmetry (open circles, Fig. 5B). The 
fold axes derived from orientations of slickenlines cluster 
about the fold axes (indicated by solid triangles) 
determined from the attitudes of bedding planes. Therefore,

r
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Figure 5 . Stereoplots of poles to bedding and fold axes. 
Lower hemisphere projection, Wulff net. A. Structural data 
for asymmetric fold at location A, Fig. 4. B. Structural 
data for monoclinal kink fold at location B, Fig. 4.
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bedding-plane slip was essentially normal to fold axes for 
these small, asvmmetric folds, as it was for many other 
folds in the central Appalachians analyzed by Nickelsen 
(1963) and by Faill (1973).

The axial planes of most of the folds in the northern 
roadcut (on left in Fig. 4) tend to be vertical or to dip 
steeply tc the southeast. The axial planes of the large 
fold in the southern roadcut and the fold in the southern
part of the northern roadcut dip approximately 40 degrees to
the northwest. The dip of the axial planes of the larger 
fold is interrupted in the vicinity of a conspicuous reverse
fault (Fig. 4). Below the fault, the axial planes dip
approximately 45° NW, but above the fault, they dip 30° NW.

The fold in the southern roadcut (on right in Fig. 4) 
occurs in rocks characterized by marked changes. At the 
upper end of the fold the short limb is in mudstones 
containing a few siltstones. Below that, the short limb 
cuts through a package of four rock units, each about 20 m 
thick. The units alternate from predominantly mudstone to 
predominantly siltstone.

This fold is an isolated structure, and I consider it to 
be a monoclinal kink fold. The bedding in the long limbs on 
either side of the kink limb dips 20 to 25° SE. In the kink 
limb, the bedding dips southeast much more steeply, in 
places slightly through vertical.

The asymmetric folds in the northern part of the
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northern roadcut are in interbedded mudstones and siltstones 
(Fig. 6A). Thicknesses both of siltstones and of mudstones 
are generally a few cm to a few dm. The short limb of these 
folds dips to the northwest. Tight hinges grade upsection 
or downsection into more rounded forms. The folds have a 
chevron form, and I consider them to be chevron drag folds. 
The folds are repetitive structures but die out along the 
bedding.

The asymmetric folds in the central part of the northern 
roadcut are in a section of predominantly siltstone, 
containing many beds up to three dm thick (location A, Fig.
4; Fig. 6B). Mudstone interbeds are one to five cm thick. 
Some of the layers in the folds have a relatively open, 
almost concentric-like form, but many are sharp and 
chevron-like (Fig. 6B). My first interpretation of these 
folds was that they are drag folds of concentric-like form 
or of combinations of concentric-like and chevron forms. 
However, I now interpret them to be kink folds, partly on 
the basis of my study of deformation mechanisms which I will 
discuss next.

MECHANISMS OF DEFORMATION

The nearly complete exposure of folds with opposite 
senses of asymmetry occurring in adjacent roadcuts along the 
Juniata River within -the same stratigraphic unit appeared to 
present an excellent opportunity to investigate deformation
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Figure 6 . Photographs of some asymmetric folds in the 
northern roadcut shown (on left) in Fig. 4. A. Chevron 
folds with drag fold asymmetry. B. Asymmetric folds left 
of location A, Fig. 4.
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mechanisms responsible for different asymmetric folds. With 
this in mind, I examined in detail parts of the small folds 
in the roadcuts and mapped my observations of slip surfaces 
and faults on enlarged photographs of the outcrops. I 
recognized bedding-plane faults in the field by the presence 
of slickensides, and the lines shown in Figs. 7B and 8B 
represent only those surfaces on which I observed 
slickenlines.

Slip between mechanical units, as manifested in 
layer-parallel, bedding-plane faults, was a common mechanism 
of deformation in all the folds. Bedding-plane faults are 
prevalent in the hinges and on both limbs of the asymmetric 
chevron folds shown at the left in Fig. 4.

The number of bedding-plane faults is relatively few on 
the long limbs outside the large monoclinal kink band but 
increases in the hinc?s and on the short/ steep 1 imt), as 
shown in Fig. 7B; bedding-plane slip was almost 
non-existent in layers on either side of the kink band, but 
was intense within both hinges and the short, steep limb.

A similar phenomenon can be observed in the asymmetric 
folds in the central and southern parts of the northern 
roadcut (location A, Fig. 4; Fig. 6B). Bedding-plane faults 
are much more common in the hinges and on the short, steep 
limb (Fig. 8). The spacing of bedding-plane faults defines 
the thicknesses and numbers of mechanical units, which are 
thus more numerous in the hinges and on the short, steep

ur ' . . . .
I
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Figure 7 . Location and distribution of slip surfaces on part 
of monoclinal kink fold. A. Area of map shown in Fig. 7B 
is along bench above upper highway at location B, Fig. 4.
B. Map of slickenlined faults in monoclinal kink fold. 
Faults along axial plane dip to the north (left). 
Layer-parallel (bedding-plane) faults are more numerous in 
the hinges and on the short, steep limb, and are much less 
abundant outside the kink band.

|. •
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Figure 8 . Location and distribution of slip surfaces on 
asymmetric fold at location A, Fig. 4. A. Photograph of 
fold mapped in detail in Fig. 8B. B. Map of slickenlined 
layer-parallel faults. Bedding-plane faults are more 
numerous in hinges and on short, steep limb. Veins in 
synclinal hinge are indicated by dotted lines. Stippled 
areas are covered.
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limbs. The slip surfaces tend to follow bedding planes, but 
may cut across bedding, especially in the hinge areas.

The larger number of bedding-plane faults on the short, 
steep limb is evident on a finer scale, too. Figure 9 shows 
a detailed map of traces of fractures in a layer in the 
synclinal hinge shown in the center of Fig. 8B. The layer 
is bounded above and below by through-going, bedding-plane 
faults. Several bedding-plane faults enter the hinge area 
from the short, steep limb on the right and terminate in the 
vicinity of the hinge, so they do not extend into the long 
limb on the left. The bedding-plane faults are strongly 
slickenlined.

Each fault terminates by branching into several small 
offshoots, almost all of which trend upward, reflecting 
right-lateral shear on the faults (e.g., Segall and Pollard, 
1983) . Bedding-plane faults in hinges may bifurcate to form 
wedge-shaped units, and the wedges may slip over each other 
as observed by Cloos (1964). Faill (1973) reported that the 
slickenline directions on wedge faults are congruent with 
those on bedding planes, and inferred on this basis that 
slip on wedge faults was simultaneous with slip on bedding 
planes, which occurred during folding.

Right-lateral shear is also reflected in filled fault 
steps (Segall and Pollard, 1983), shown in black in Fig. 9. 
The filled steps are rhombohedral-shaped in cross section. 
Each fault surface consists of a series of stepped fault

¥
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Figure 9 . Detailed map of traces of fractures in a layer in 
the synclinal hinge of the asymmetric fold shown in Fig. 8. 
Right-lateral shear is indicated by the offset of mechanical 
hinges from the fold trough, by the shape of the filled 
rhombchedrons, by the orientation of small cracks at the 
ends of bedding-plane faults, and by the larger number of 
bedding-plane faults on the short limb.
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segments, and the slickenside steps, which show up clearly 
in this cross section (Fig. 9), occur where fault steps 
overlap.

Veins perpendicular to bedding are related to stepped 
slickensides in the synclinal hinge of the drag fold 
(Fig. 10). Each slickenlined slip zone around the curved 
hinge consists of a series of overlapping surfaces connected 
by a short segment at an angle to the bedding plane 
reminiscent of a ramp between two levels of a thrust 
surface. Individual slickenlined surfaces seem to be rooted 
at one end to a bedding-perpendicular vein.

The mechanical hinge of each layer interface in a fold 
can be defined by determining where the slip direction 
reverses. The bed shown in Fig. 9 is bounded by 
bedding-plane faults, and the sense of movement indicated by 
the slickenside steps reverses direction along the faults. 
Interestingly, the mechanical hinges for the bed are not 
located at the troughs of the interfaces of the fold, but 
are offset slightly to the left (north). Offset of the 
mechanical hinge from the trough probably is a result of 
superimposition of layer-parallel compression and shear, and 
the sense of offset in this example indicates right-lateral 
shear relative to the local orientation of the bedding-plane 
faults.

The right-lateral shear, which is reflected in the 
offset of mechanical hinges (Fig. 10), the shape of the
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Figure 10. Observed relationship between veins and 
overlapping slickenlined surfaces on lower bedding plane in 
hinge mapped in Fig. 9. A. Photograph focusing on the 
lower bedding surface. B. Illustration of observed rooting 
of individual slickenlined surfaces at one end to 
bedding-perpendicular veins.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



^  i - i .

bedding
planeveins

trace
trace of veinoverlap brokenvein

W-".
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



413

filled rhombohedrons (Fig. 9), the larger number of 
bedding-plane faults on the left limb (Fig. 8), and the 
orientation of small cracks at the ends of bedding-plane 
faults (Fig. 9), is inconsistent with the setting of the 
small folds on the limb of the New Bloomfield anticline. 
There, the shear should have been left lateral, as viewed in 
the figures described herein.

In summary, detailed mapping of the folds shown in 
previous pages provides some information about deformation 
mechanisms during folding, but provides no information about 
differences in Theological properties of layers or of 
contacts in the folds with different asymmetries. In all 
the folds, flexural slip was accommodated by slip along 
bedding-plane faults. In the chevron folds in the northern 
roadcut (Fig. 6A), shear appears to have been distributed as 
well within shaly interbeds between siltstone layers. 
Examination of numerous fold hinges in concentric-like, 
kink-like and chevron folds in the Trimmers Rock-Brallier 
unit indicates that bending in all types of folds typically 
was eased by the existence or development of bedding-plane 
faults and that bending was accomplished by internal 
deformation of layers, not by visible faulting or 
fracturing. Thus the deformation mechanisms were the same 
qualitatively, but presumably not quantitatively, in all the 
folds.
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DISCUSSION

The field work was aimed originally at documenting an 
example of folds which I assumed had formed simultaneously 
with opposite senses of asymmetry. Instead, the field 
observations have provided an interesting challenge to the 
assumption that the asymmetric folds formed simultaneously. 
The descriptions of the asymmetric folds in the Trimmers 
Rock-Brallier unit on the southeastern limb of the New 
Bloomfield anticline raise several problems regarding 
interpretation of the conditions during folding.

Folds with opposite senses of asymmetry occur in the 
same or adjacent roadcuts. Folding theory indicates that 
such folds could have formed simultaneously, or at least 
under the same stress state, provided the properties of 
interbeds or contacts between layers were different where 
the fold asymmetries are different. Theory developed in 
Chapter III indicates that folds with drag-fold asymmetry 
will form if the interbeds or contacts have constant 
resistance to slip, whereas folds with monoclinal-kink 
asymmetry will form if the interbeds or contacts have 
variable resistance to slip (for example, contact strength 
or nonlinear contacts). The theory, however, provides no 
information about how one is to determine rock properties.

The field descriptions indicate that the chevron folds 
in the northern end of the northern roadcut (Fig. 6A) occur
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within a sequence of interbedded siltstones and mudstones. 
The asymmetric folds in the central part of that roadcut 
occur within a sequence of predominant siltstone. The large 
monoclinal kink fold in the southern outcrop occurs within a 
package of predominant siltstone units alternating with 
predominant mudstone units, each about 20 dm thick. Thus 
the rock units involved in folding are not obviously 
different rheologically.

The difficulty of recognizing differences in properties 
of rocks responsible for different fold forms is perhaps 
typical. Asymmetric folds of chevron shape are common near 
San Francisco in parts of the Franciscan Assemblege, 
consisting of interbedded cherts and shales (Ramberg and 
Johnson, 1976). A few monoclinal and conjugate kink folds 
occur in the same sequence, but apparently where shale 
interbeds are thinner. Multilayered rock consisting of 
interbedded limestone and shale, near Cody, Wyoming, 
contains well developed monoclinal-kink folds (Aydin, M.S. 
thesis, 1973; Reches and Johnson, 1976).

The essential differences in properties of the rocks 
near San Francisco and near Cody may well be a result of 
pore-water pressures at the times of folding. Where 
pore-water pressures are high, the shales will have low 
strength and behave essentially as linear viscous materials, 
for which theory predicts drag-fold asymmetry. Where 
pore-water pressures are low, the shales will have high

r*£
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strength and behave as highly nonlinear materials, for which 
theory predicts monoclinal-kink asymmetry (Chapter III).

The same may well be true for the folds in the Trimmers 
Rock-Brallier unit in central Pennsylvania. The pore-water 
pressures might have been higher when and where the chevron 
folds formed. However, I have no relevant observations with 
which to evaluate this speculation.

An observation that supports the interpretation that 
most of the folds in the northern outcrop have drag-fold 
asymmetry and that one fold in the northern outcrop and the 
large fold in the southern roadcut have monoclinal kink 
asymmetry is the marked difference in orientation of axial 
planes. As shown in Fig. 4, the traces of axial planes of 
all but one of the folds in the northern roadcut are 
essentially vertical whereas the traces of axial planes of 
the large fold in the southern roadcut and of one of the 
small folds near the southern edge of the northern roadcut 
are inclined 30 to 45 degrees from the horizon. These 
orientations are consistent with the orientations of axial 
planes of minor, asymmetric folds that form at the same time 
as the major fold, as shown in Fig. 1, Chapter I I I .

On the basis of these observations, I would (indeed, I 
did) tentatively conclude that the folds with opposite 
asymmetry formed under the same general state of 
layer-parallel shortening and (left-lateral) layer-parallel 
shear. The field observations suggest that the rocks that
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folded with the opposite asymmetry are nearly identical, so 
I presume that the properties of the rocks were the same at 
the times the folds formed but that the strengths of 
contacts or interbeds were different. For example, strength 
may have been reduced by higher pore-water pressures in the 
part of the section where the chevron folds formed.

The tentative conclusion is questioned, however, by 
several additional observations. The folds in the central 
part of the northern roadcut (Figs. 4, 6B, and 8A) resemble 
kink folds. These folds are closely associated with a kink 
fold with opposite asymmetry at the southern end of the 
northern roadcut. The concentration of slip surfaces in the 
short limb of these folds (Fig. 8B) is closely related to 
that in the limb of the monoclinal kink fold (Fig. 7B), in 
the southern roadcut. In contrast, the chevron folds in the 
northern part of the northern roadcut have slip surfaces on 
both limbs and even in hinges.

The marked development of slip surfaces on the limb of 
the large kink fold in the southern roadcut, Fig. 7B, is as 
expected. Reches and Johnson (1976) showed that the sense 
of asymmetry of local, monoclinal-kink folds can be 
explained in terms of early yielding of layer contacts along 
interfaces facing right for left-lateral shear and facing 
left for right-lateral shear. I showed in Chapter III that 
the same type of explanation can be derived for multilayers 
with nonlinear contact properties.

r
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A possible explanation for the high concentration of 
slip surfaces on the short limb of the asymmetric fold 
mapped in detail (Fig. 8B) is that the slip surfaces were 
generated late in the folding, after the folds had become 
markedly asymmetric. In this way, the shear stress could be 
larger on the short limb than the long limb (as one can 
demonstrate with a Mohr diagram, for example). Yielding 
could thus have occurred on the short limb of the fold shown 
in Fig. 8B.

However, study of Fig. 9 indicates that, in the limb of 
a layer within that fold, the slip accommodated along 
surfaces within the layer was sufficiently large to produce 
the slope of the limb by simple shear. This contradicts the 
assumption that the slip surfaces formed late, after the 
limb had been strongly tilted. Alternatively, the fold 
considered, until now, as a drag fold might in fact be a 
kink fold, part of a conjugate set in the southern end of 
the northern roadcut. This interpretation contradicts the 
assumption that all the folds formed when the rocks were 
subjected to the same stress state. However, the initial 
assumption of simultaneity was made only for simplicity.

I would mention one final difficulty facing 
interpretation of the small folds. All the folds are either 
local or localized. How can the theory of asymmetric 
folding, which is based on the assumption that folding is 
repetitive, be relevant to local or localized folding? I
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believe that the theory qualitatively is relevant to 
localized folding in spite of the fact that it assumes an 
infinite train of waveforms. There is no reason to suspect 
that the prediction of sense of asymmetry would be changed 
by a theory that addresses local or localized folding. The 
3rd-order theory developed in this dissertation is unable to 
solve problems involving local folding, but it could be 
extended, in principle, to very high powers in the powerlaw 
equations, which would allow local folding, as discussed in 
Chapter II.

However, I feel that the localization of folding is 
important because it probably reflects changes of rock 
properties or stress states along layering. For example, 
folding in the Trimmers Rcck~Brallisr unit may have been 
localized by faulting deeper in the section. Perhaps the 
overall shearing accommodated by the drag folding in the 
northern roadcut (left end of Fig. 4) reflects localized 
shearing near the termination of a iow-angle reverse or 
thrust fault, such as those suggested in the regional cross 
section of the New Bloomfield anticline (Fig. 2). According 
to the theoretical analysis (Chapter III), the localized 
shearing would not only produce asymmetry of folds but would 
allow contacts to slip locally and thereby cause the folds 
to be localized. Thus I suggest that the localized folding 
is a result of layer-'parallel shortening and shear localized 
near a terminating thrust fault.

r
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On the basis of my study of the minor folds exposed in 
the roadcuts (Fig. 4), I would suggest the following 
sequence of events during their formation: Early in the
growth of the Kew Bloomfield anticline and of a thrust fault 
in its southeastern limb, minor folds were initiated near 
the termination of the thrust fault. The rocks were 
subjected to layer-parallel compression, and the first folds 
formed were symmetric chevron folds in the thinly 
interbedded siltstones and shales and conjugate kink folds 
in the relatively massive siltstones immediately overlying 
them. As the New Bloomfield anticline grew, shearing 
increased on its limbs, and the chevron folds became drag 
folds and the large monoclinal kink fold in the southern 
roadcut initiated and developed. The conjugate kink folds 
changed insignificantly, although the dip of the 
right-facing limb reduced and the dip of the left-facing 
limb increased slightly as a result of the layer-parallel 
shear strain. Most of the shear strain was accommodated in 
the shaly unit containing the chevron folds by shearing and 
faulting of the folds (Fig. 4).
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APPENDIX

INTRODUCTION

The Appendix consists of three parts: In Appendix A, I
present the method of analysis of uniform shortening of 
viscous multilayers and extend the analysis to 3rd order 
accuracy. In Appendix B, I expand the analysis to include 
layer-parallel shearing deformation in addition to 
layer-parallel shortening. In both analyses, I derive 
equations for the mean and perturbed stresses and 
velocities, the stress and velocity boundary conditions, and 
the rates of growth of amplitudes.

The differential equations for rates of growth of 
amplitudes of waveforms are integrated numerically on a 
computer. In Appendix C, I list computer programs for 
calculating amplitudes of waveforms to 3rd order accuracy in 
multilayers subjected to maximum compression parallel to 
layering ("Folding3rd0rder.bas") and to 2nd order accuracy 
in multilayers subjected to maximum compression oblique to 
layering ("Shear.bas"). I also list computer programs for 
analyzing the corresponding infinitely thick multilayers 
("Infmult.bas" and "Infshear.bas", respectively). Finally,
I  present a computer program for calculating eigenvalues and 
eigenvectors for the 3rd order analysis ("Eigen.bas").
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APPENDIX A

Folding theory analyzes the deformation of a single- or 
multi-layer in response to applied stresses and velocities. 
The method that I follow in analyzing the deformation of 
viscous multilayers was developed by Fletcher (1977) for a 
single viscous layer embedded in viscous media.

The multilayers I analyze consist of linear viscous 
layers and are confined above and below by infinitely thick, 
viscous media. The application of stresses and velocities 
to the multilayer and media produces internal stresses and 
velocities which result in the flow of the viscous material. 
The flow of the viscous materials is governed by the 
equilibrium equations (the equations of motion), the 
Theological equations, and the boundary conditions.

The multilayer and media are shortened at a uniform 
rate by applied layer-parallel compression. The resulting 
flow of the material at any point within the system is a 
combination of a mean and a perturbed flow.

The mean flow is uniform throughout the layer and 
throughout the duration of the deformation because it 
results from the uniform rate of deformation of a layer with 
planar interfaces at their mean positions. If interfaces 
are perturbed about their mean position, a perturbed flow 
arises which varies both with position in the layer and with

I '
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time.
Folding occurs if the perturbed flow is unstable, that 

is, if the perturbed flow increases the departure of the 
interface from its mean position, which in turn increases 
the magnitude of the perturbed flow.

We keep track of the response of the layers to the 
deformation by calculating the change in position of 
material points on the interfaces of the layers. The 
position of points on the interface is described by £, the 
height of the interface above the origin of coordinates. In 
my analyses, the origin of coordinates for each layer is at 
middepth in that layer, which has a vertical thickness h.
The heights of the top (t) and bottom (b) interfaces of a
single layer are initially:

£c = h/2 + tAt cos(Hx) (la)

£b = -n/2 + tAb cos(ix) (lb)

The mean positions of the top and bottom interfaces are h/2 
and -h/2, respectively; the variation of points about the 
mean position is described initially by a cosinusoidal 
function of amplitude jA.

Changes in the heights of points on the interface show 
the evolution of the interface during deformation. The 
change in mean height records the amount that the layer has 
shortened and thickened. The change in perturbed height
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describes the change in shape of the interface.
The height of the interface changes at any point 

because of the local flow of the viscous material in 
response to stresses and velocities at that point. The flow 
of the material must satisfy the boundary conditions, which 
specify the relationships of internal stresses and 
velocities across the interfaces of layers.

An exact description of the interface position is 
necessary to satisfy the boundary conditions exactly. We 
can describe the mean height of the interface exactly, so we 
satisfy the boundary conditions exactly if the layers have 
planar interfaces. We only describe the perturbed position 
of the interface approximately, so the solution to the 
boundary conditions is accordingly approximate when the 
layer interfaces have a non-planar shape. The approximation 
enters the analysis only where the position of the interface 
must be specified in the boundary equations, so the degree 
of approximation of the analyses is very closely controlled.

The perturbed height of the interface, the shape of the 
interface, changes initially because the mean internal 
stresses interact with the perturbed interface. The 
interaction sets up a perturbed flow and causes the 
perturbation of the interface to grow and to change shape. 
Growth of the perturbation further feeds the perturbing 
flow, which further changes the shape of the interface.

Additional waveforms are necessary to describe the

I
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change in shape of an initial, cosinusoidal waveform. The 
interactions feed the growth of existing waveforms and 
generate new ones. Each new waveform generates a new 
perturbed flow. The accuracy with which we describe the 
deformed shape of the interface determines the number of 
waveforms we use.

The order of approximation refers to the maximum power 
to which the slope of the original perturbation is raised. 
The order of approximation in turn limits the slope which 
the perturbation may attain and still remain within the 
limits of the theory. For a 3rd order solution, then, terms 
proportional to (,A 5.), (tA SL)Z, and (iAA)3 are retained, 
whereas terms proportional to (,£2.)** or to other powers 
larger than three are considered negligible. The 3rd order 
analysis of an initial, cosinusoidal waveform with 
wavelength L reveals that second, third, and fourth 
waveforms, with wavelengths L/2, L/3, and L/4, respectively, 
develop spontaneously. In the solutions presented here, 
only terms proportional to (2A2.), (3AS.), (4M ) ,  or 
(.AH)(ZM )  are retained.

The description of the shape of the interface to 3rd 
order accuracy involves the use of as many as four component 
waveforms. Other waveforms may be generated during the 
deformation, but we consider them to be negligible, to 3rd 
order accuracy.

To 3rd order, we write the height of the interface in

f
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terms of its mean position and a variation about that mean 
that is described in terms of four component waveforms:

= h/2 + jAt cos (Ax) + zAt cos(2£x)

+ 3At cos(3Ax) + 4At cos(4Ax) (2a)

£b = -h/2 + jAb cos(Ax) + aAb cos(2Ax)

+ 3Ab cos(3Ax) + 4Ab cos(4Ax) (2b)

The total velocities and stresses within a layer are 
the sums of the mean and perturbed values,

v, = v x + tfx (3a)

vz = v z + (3b)

cxx = ^xx + (3c)

<rZI = ozz + dzz (3d)

<r*T = + ffxz (3e)

For convenience, we analyze the mean and perturbed values 
separately and then add the two solutions.

The mean stresses and velocities within the layer are

vx = x d „  (4a)

v z = z d z z  + (vz)0 = (v,)„ - z d x x  (4b)

ffxx = 2pDxx - p (4c)

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



430

c zz = -2p5xx - p (4d)

ff«: = 0 {4e)

P = + o zz)/l (4f)

The layer-parallel deformation rate, or shortening rate, is
d ;

5U = (1/2) ( aVi/bXj + avj/bXi) (4g)

For incompressible materials, the rate of layer-parallel 
shortening is equal to the rate of layer-normal thickening

<5,* = - Dzz (4h)

The perturbed values satisfy the biharmonic equation in 
the stream function, :

= 0 (5a)

The stream function if for this problem is

if = (l/j£) 3g(z) sin(j£x); j = 1,2,3,4 (results summed) (5b)

in which 8. is the wavenumber, fi. = 2n/L, L is the wavelength 
of the perturbation, and jg are functions of z.

The perturbed velocities are derivatives of the stream 
function:

= S\j)/dx; = -&if/dz (5c)
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Performing the derivatives indicated in eq. (5c) 
provides solutions for the perturbed velocities. The 
solutions for the perturbed stresses are derived by 
substituting the perturbed velocities into the Theological 
equations. The results are:

= [(ja + jb(jAz)} cosh(jilz)

+ {jC + jd(jAz)} sinh(jAz)] cos(j£x) (6a)

= ~[{ja + jd + jb(jJlz)} sinh(jjlz)

+ < j b * jC + jd(jjlz)} cosh( j&z) ] sin(jix) (6b)

= 2 jn& [{ja + jb(jJLz)} sinh(j£z)

+ (,c + jd(jJlz)} cosh(jAz)] cos(j£x) - £0 (6c)

dxx = -2jpfi. [ {ja + 2jd + jb( j£z) ) sinh(jHz)

+ (jC + 2jb + jd(jilz)} cosh(jftz)] cos(jJlx) - £0 (6d)

Sxz = -2jpfi. [ (ja + jd + jb(jJLz)} cosh(jJlz)

+ (jC + jb + jd(j£z)} sinh(jAz)] sin(jilx) (6e)

in which j = 1,2,3,4 (results summed).
Each of the four waveforms used to describe the shape 

of the interface gives rise to a set of perturbed stresses 
and velocities, generated from eq. (6) by letting j take on
values of one, two, three, and four. The quantities [a, 2a,
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3a, *a, ,b, . .., ,d in eq, (6) are arbitrary constants which 
will be eliminated by means of the velocity and stress 
boundary conditions.

So far, the equations for the perturbed stresses and 
velocities are exact and apply at any point within the 
layer. However, we need to describe the stresses and 
velocities at the interfaces. Insofar as the description of 
the position of the interface is approximate, the 
expressions for the stresses and velocities at the interface 
become approximate. Because I describe the shape of the 
interface to 3rd order accuracy, I derive the expressions 
for the perturbed stresses and velocities to 3rd order 
accuracy.

The 3rd order expressions for the perturbed stresses 
and velocities are derived by substituting the 3rd order 
expression for the height of the interface, £ (eq. 2), for 
z in eq. (6), maintaining 3rd order accuracy. The same 
order of approximation is used in the series expansion for 
the cosh and sinh functions, which also contain the 
approximation for the height of the interface.
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Expressions for the perturbed stresses and velocities, 
to 3rd order accuracy, are:

[0.] = [ {jatjbjk} (jC) + {ijc+jdjk} (jS) ] cos(jHx)

+ j[ {jb+jCijdjk} (jC)
+ {± ja± jd+jbjk} (jS) ] (tAfi.) cos ( Ax) cos(jilx)

+ j[{jb+jc±jdjk} (jC)
+ {t jaijd+jbjk} (jS) ] (2A£ ) cos ( 2Jlx) cos(jJlx)

+ ( j2/2) [ {ja+2jdiJbjk} (jC)
+ {t j cl 2 j b+j d jk} (j S ) ] [ (iAA )cos(£x) ]2 cos(jAx)

(7a)

[tfj = - [ {jb+jCijdjk} (j C ) + {ijaijd+jbjk} (jS) ] sin(j£x)

- j[ {Ja+2jd±Jbjk} (jC)
-P {ljci2jb+jdjk} (jS) ] (iAil) cos ( 5.x) sin(jJix)

- j[ {ja+2jdijbjk) (jC)
+ {i j d  2jb+jdjk) {j S ) ] (2A8.) cos( 25.x) sin(jfi.x)

- (3z/2) [{Jc+3jbljdjk)(jC)
+ (ijaiSjd+jbjk) (jS) ] [ (iA£ ) cos ( Ax)  ]2 sin(jJLx)

(7b)
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[3zJ = 2j}iJlt {jCtjdjk} (jC) + {ija+jbjk) (jS) ] cos(Ax)

+ 2( je)nA[ {ja+jdijbjk} (jC)
+ { ijcijb+jdjk} (jS) ] (,AS.) cos( Jlx) cos(jJlx)

+ 2 ( jz) pfi. t {j'a+j dt j b jk} (j C )
+ { ± jcijb+jdjk} {j S ) ] (2AA ) cos ( 2£x) cos(j£x)

+ 2( j3/2) p£. [ {jc+2jbi jdjk} {jC)
+ {±3at 2jd+jbjk} (jS) ] [ {lAl)cos(lx) V  cos(jHx)

- Po + pgz (7c)

[*x,] = - 2jMA[{Jc+2JbtJdjk}(JC)
+ { ± jai 2jd+j bjk} (j S ) ] cos(jfi-x)

- 2(jz)p4[<Ja+3idiJbjk)(JC)
+ {± jCiSjb+jdjk} (jS) ] (t AA ) cos( 5.x) cos(jJlx)

- 2(3z)MJl[{Ja+3JdiJbjk}(JC)
+ { ±jci3jb+jdjk} (jS) ] (2AS.) cos ( 2£.x) cos(jfi.x)

- 2(j3/2)pfi.[ {j c+4j bi j d jk} (j C )
+ {ijai4jd+bjk} (jS) ] [ (s Afi.) cos (Jlx) ]2 cos(jAx)

- Po + pgz <7d)
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ISxzl = -2jnfi.[ {ja+jdijbjk} (jC) + {t jCtjb+jdjk} (j S ) ] sin(j£x)

- 2 ( j2) p& [ {j c+2j bi jd jk} (j C )
+ {t jat 2jd+jbjk} (jS) ] (tAH )cos( Ax) sin(jllx)

- 2(j2)nA[{jC+2jbijdjk} (jC)
+ {tJa±2jd+jbjk> (jS) ] (ZA H ) cos ( 2Jlx) sin(jilx)

- 2(jV2)M£[{Ja+3Jd*Jbjk)(JC)
+ { i jCi 3jb+jdjk} (jS) ] [ (jAA ) cos (fi.x) ]2 sin(jAx)

(7e)
in which

jC = cosh(jk) and jS = sinh(jk)
j is the waveform number (j = 1,2,3, or 4)
k = Si (h/2)
I is the wavenumber, S. = 27t/L
L is the wavelength of the first component waveform
h is the vertical thickness of a layer.

The "i" sign refers to the top (+) and bottom (-) of a layer.
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Each of the arbitrary constants in eq. (*7) is actually 
a composite of constants, each of which is proportional to 
1st or higher order in (iM), (22AJl), (33A£), or (4+M ) .  It 
is helpful to rewrite the composite constants in a way that 
indicates explicitly their dependencies on orders of 
approximation. The following notation has proven to be 
convenient: the leading subscript indicates the waveform
with which the constant is associated; the leading 
superscript indicates the product of maximum slopes that 
enters the expression for that constant. For example,

ia = Ja + ‘Ja + ‘fa + “ la (8a)

in which }a is for the first waveform (subscript "1") and is
to 1st order in (i A £ ) (superscript "1"); ‘}a is also for
the first waveform, as are ‘fa and “ }a, but ‘la is to 
2nd order in the slope of the first waveform (,M) 
(superscript "11"), ‘fa is to order (t Ail) ( 22M  )
(superscript "12"), and “ }a is to 3rd order in (,M) 
(superscript "111"). Similarly, the constant 2a stands for 
a composite of constants

2a = la + ‘Ja + ‘|a + “ Ja (8b)

in which |a is for the second waveform (subscript "2") and 
is to 1st order in (22AJl) (superscript "2"), whereas ‘Ja 
and “ Ja are to 2nd and 3rd orders, respectively, in (jAS.).

I'
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The expanded expressions for the constants for the,,.third and „ „ . _ 
fourth waveforms are:

3a = |a + 4a + ‘fa + “ fa (8c)

4a = ia + ‘fa + “ fa (8d)

Finally, we rewrite the expressions for the perturbed 
stresses and velocities, eq. (7), using the components of 
the arbitrary constants, eq. (8), and trigonometric 
identities to regroup terms according to waveform. The 
expressions for the perturbed stresses and velocities 
become:

= { [Uaiib k M i C )  + (ifc+ldkX.S)]

+ [ {1 iai1 }bk) (i C ) + {i ‘}c+‘idk} (,S) ]
+ (1/2)1<ib+}c± idk}{,C) + {±|ai}d+}bk){i S )](2AH)
+ [ {fb+?ci2|dk} (,C) + {i|ai§d+2fbk} (2S) ] (,AJl)
+ [{‘?ai‘?bk) (,C) + {i ‘f c+‘fdk) (i S ) ]
+ (3/8) [ {|a+2}di}bk)(iC) + {iJci2|b+}dk)(4S )](,AH )2 
+ [ {1ic+‘jbi2‘jdk) (2C) + {i1jat‘jd+24bk}(zs)](,AJl)
+ [ {“ {ai“ ibk} (tC) + {i“ lc+11idk) (iS) ] } cos(Jlx)

+

{ [(§ai2§bk}(2C) + (ifc+2§dk}(2S)]
+ (l/2)[{}b+}ci }dk){i C ) + {± Jai}d+}bk)(,S)](iA£)
+ [(4ai24bk)(2C) + {i4c+2‘Jdk} (2S) ]
+ [ {‘fat 2‘|bk} (2C ) •+ {i‘§c+2‘Idk} (2S) ]
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+ (1/2) [ {Ue+MbiUdk} (sc)
+ (ttiatMd+MbkXtSJK^A)

+ (3/2)[{4c+‘4b±3‘4dk)(3C)
+ { i 4at 4d+34bk) (3S) ] (tA £ )

+ [ {11Ja±2llJbk} (2C) + { i 11Jc+211Jdk) (2S) ] }

{ [(lai3Ibk}(3C) + {±lc+31dk}(3S) ]
+ [{»4at3‘Jbk} (3C) + {±‘|c+3‘idk} (3S) ]
+ (1/2) [ {}b+}ci )dk) (iC) + {ilaMd+lbkx.SJXzAJL)
+ [{fb+fc*2?dk)(2C) + {i|ai|d+2|bk}(ZS)](,A£)
+ [{‘Iai31Ibk}(3C) + {i^c+S'idkMsS)]
+ (1/8) [ {Ja+2|d* ibk}(,C) + {*}ct2}b+idk>(,S)](, A £ )* 
+ [ (»Jc+4bi2‘Jdk) (ZC) + {t‘Jai1id+2libk)(zS)](1AA)
+ [{M 4a±3‘4bk}(3C) + <±‘4c+3“ jdk) (3S) ] }

{ [ ($a± 4?bk) (4C ) + {t5c+4?dk) (4S) ]
+ [{‘|ai4‘fbk}UC) + {i lfc+4l!dk) US) ]
+ (l/2)[{1ic+l!b±1}dk}(1C)+ (iMatMd+Mbkx.sJKiAi)

+ (3/2) [ {'4c+4bt3‘4dk) (3C)
+ {±‘iai‘4d+3‘4bk} (3S) ] (,AJL)

+ [ (n {ai 4“ Jbk} UC) + {±1Mc+4114dk} (4S) ] }

+ (l/2)[{!b+iciidk}(1C) + {t}at}d+lbk)(1S)](1AA)

cos(2Ax)

cos(3 2.x)

cos {42.x)

(9a)
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[tfx] = { - [<}b+}ci}dk}(iC) + {tiaifd+ibkX.S)]
-  [ { ‘ I b + ^ c i M d k X ^ )  + { t ‘ {at Md+Mbk} ( i S ) ]

+ (l/2)[{{a+2}di}bk)(1C) + {±}c* 2}b+}dk}(tS )](ZAA)
- [ {§a+2idi2?bk} (2C) + {± §ci 2§b+2§dk) (2S ) ] (,AJl)
- [Ptb+^c^fdkM.C) + {*»?at»fd+‘?bk} (,S)]
- (1/8) [ {}c+3Jbi Idk) (,C) + <iiai3id+)bk>(iS)XiAJl)2
- [ {4a+2l|di24bk}(zC)

+ {*‘ic±2‘Jb+2‘Jdk)(zS)](lA£)
- [ {‘Mb+^Jci^Jdk} {i C )

+ {t“ la±,1ld+,IJbk>(lS) ] }
+

{- [ {fb+fci 2|dk}(2C ) + {±|a±id+2ibk}(zS)]
- (l/2)[{}a+2jdilbk)(1C) + {i}ct21b+ldk}(1S)](1AJl)
- [ {4b+‘ici2lJdk) (ZC) + {±4at‘jd+2‘Jbk}(zS) ]
- [ {1ib+l!ci21|dk}(zC) + { ± ‘|at 1!d+21§bk} (2S) 1
- (1/2) [ {1}a+21ld±1lbk} (,C)

+ { i 1)ct 21 Jb+‘ }dk) (jS) ] (tAfi.)
- (3/2)[{‘4a+24di34bk}(3C)

+ {i^ci21̂ b+31|dk)(3S) ] (1AA )
- [{11ib+“ Jci2“ idk}(zC)

+ {t“ iat“ jd+2“ Jbk}(zS)] }
+

{- [ (Ib+fci 31dk) (3C) + {ilai|d+31bk} (3S) ]
- [ (4b+Mci34dk}(3C) + {i‘4at4d+3‘J b k X 3S)]
- (1/2) [ (ia+2'di}bk)(jC) + {±}c±2 }b+ldk)(,S )](zA l )
- [ {|a>2zdi 2?bk)(ZC ) + {lfci2ib+2|dk)(2S )](tA i )

sin( Jlx)

sin (2 Jlx)
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- [ {‘fb+^ci 3‘Idk} (3C ) + { i JIat‘Id+S^bk} (3S) ]
- (1/8) [ {}c+3}b±ldk} (i C ) + {ilatSJd+lbkXjSJJtjAl)*
- [ {!£a+2‘£di 21 Jbk) (2C)

+ {t 4ci 2l Jb+21 Jdk) (2S ) ] (lAfi.)
- [{“ Jb+^iciS^JdkXaC)

+ {i“ ia±14d+3“ Jbk)(3S)] }

{- [(?b+*ci45dk}UC) + (i?ai$d+4?bk}US)]
- [{1|b+1|ci41|dk} (4C) + (±1|ai1|d+41?bk) (4S) ]
- (3/2)[{4a+2‘jdi3‘Jbk}(3C)

+ {t4 c t 2 4 b + 3 ‘|dk}(3S)](lAi)

- [ {114b+IUci4ll4dk} (4C)
+ (i114a±1Ud+411ibk) (4S) ] }

[6F„] = {2 p £ [ {}c±l dk} (i C ) + {t ja+lbk} (jS ) ]
+ 2p£[ {Jlci^dk} (,C) + { ± 1 }a+" }bk} (.S) ]
+ p£ [ {Ja+ld± }bk} (,C) + { ± Jc± (b+Jdk) (,S) ] (2A£ )
+ 4p£ [ {§a+§d± 2§bk.) (2C ) + {±§cifb+2§dk}(2S )](,A£ )
+ 2p£[ {‘?ci‘?dk> (,c) + (il?a+«?bk)(lS)]
+ (3mA./4 ) [{(c+2}biidk}(1C)

+ { i Jai 2}d+}bk) (iS)](jA£ )2
+ 4h £[ {1Ja+‘Jdi2‘Jbk) (ZC)

+ {s‘jci‘ib+2‘jdk)(2S) ] (,A£)
+ 2p£ [ {“ (ci “ [dk) {i C ) + {±,M a + “ |bk)(IS) ] }

+

{ + 4h 0 [ {|c+2?dk} (.2C) + {+ la+2|bk} (2S) ]
+ nAHla+idiibkH.C) + {i let ‘b+Jdk) (,S) ] (,A£ )

sln(3£x)

sin(4£x) 
(9b)

cos(Jlx)

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



+ 4HA[{4ct2»idk}(2C) + {t l£a+21£bk} (ZS) ]

+ 4|Jllt{1ic±21Idk} (2C) + {il§a+21§bk}(2S)]

+ nA[{lia+Mdi‘ibk}(,C) + {t >}ci Mb+Mdk> (,S) ] (,A£)

+ 9m A[ {‘Ja+4d±34bk) (3C)
+ {±4ctlJb+34dk}(3S)] (,A£)

+ 4m £[ {llic±2ilidk> (2C) + { t 1 «Ja+21 »Jbk) (2S ) ] }

{ + 6HH[{fci3fdk}(3C) + <±§a+3fbk}(3S)]
+ 6MA[{4ct3>Jdk){3C) + <i‘Ja+34bk)(3S)]

+ M£[{ia+!d±ibk}(1C) + {tjctib+ldkX.SJKaAA)
+ 4)afi. [ {fa+fdi 2|bk} (2C ) + {i get §b+2fdk} (2S ) ] (,AJL)
+ 6p£ [ {‘lei 3*Idk} (3C ) + {t‘!a+3‘ibk)(3S)]
+ (MJl/4)[{ic+21b+ldk}(1C)

+ {i}ai21d+}bk>(,S)](,A£)2

+ 4p£[ {IJa+1Jdi24bk} (ZC)
+ {i4c44b+2>idk)(zS)](lAJl)

+ 6pJl[ {ls4ci3ll4dk} (3C)
+ {i‘4a+3“ |bk} (3s) ] }

{ + 8Ma t {Jci4Jdk> (4C) + {±ta+4?bk} (4S) ]
+ 8n£ [ {’fct 4'fdk} (4C ) + { + 1|a+41?bk} (4S) ]

+ 9pJl[{4a+4di34bk}(3C)+ {i^ci'ib+S^dkXaSJJt.AJl)

+ 8p£ [ {14ci414dk} (4C )
+ {t‘4 a + 4 “ ibk}(4S)] }

cos(2£x)

cos(3£x)

cos(4£x)
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+ l i j i m a + i d M b k H ^ )  + { * i c ± l b + l d k ) (1S ) ] ( 1AA)

+ M l K M a + M d t M b k X t C )  + { t M e t M b + M d k )  { ,S )  ] ( tA* )  

-  fr, -  p g z

[»„] = { " 2|jJI [ {5c+2Jbt Jdk} (jC) + {t }ai2}d+lbk} (tS) ]
- {1}c+21}bilJdk) (iC) + {±Mai2Md+Mbk} (»S) ]

- MJUda+SJdiibkXtC) + {t \ c ±  3}b+ldk) (,s) ] (2A £ )
- 4m A[ {|a+3|di2|bk}(2C)

+ {i§ci3§b+2idk}(2S)](,A1)
- 2p£[ {1fc+21fbi *?dk} (,C ) + {i1fa±21?d+1fbk} (,S) ]
- (3p£/4)[{?c+4?bMdk}(lC)

+ {t}ai4}d+!bk)(1S)](1A£)2

- 4iiJL[{14a+31idi24bkxzC)
+ {t‘Jct3IJb+2,Jdk)(zS)](lAjL)

- 2p£[ {11!c+211}b±11!dk} (,C)
+ { i 1 l}ai 211}d+l 1 }bk) (t S ) ] }

+

{ -  4p Jl [ {Ic+2|bi 2|dk} (2C ) + { i gat 2|d+2ibk} (ZS ) ]

- ui[{|a+3}di}bk}(iC) + {±Jci31b+}dk} (,S) ] (XA1L)
- 4|iA[{1ic+21ib*24dk}(2C)

+ {t4at24d+2lJbk} (2S) ]
- 4h A[ {1|c+21|bi 2l|dk) (2C) + {t >§ai 21 gd+2l!bk) (2S ) ]
-  pi.[ (Ma+SMdlMbkXiC)

+ {i4ci3Mb+4dk} (,S) ] {tAJL)

- 9h H[ {‘4a+34d*3‘Jbk) (3C)
+ { i 4 c * 3 4 b + 3 4 d k X 3S)](,AA)

- 4H4[ {1,Jc+2‘4 b t 2 ‘4dk} (ZC)
+ {t1 4a± 211 Jd+214 bk} (2S ) ] }

(9c)

cos (ilx)

cos (2jlx)
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{ - 6pil[<lc+2fbi3fdk}(3C) + { ifat2§d+3fbk} (3S ) ]
- 6pil[ {1|c+24bi3^dk) (3C) + {i4at24d+34bk} (3S) ]
-  pAKJa+SldilbkXiC) + { iici3}b+{dk} (,S) ] ( aA £ )

- 4(j£[ {la+3|di 2|bk} (2C)
+ {±|ci3fb+2§dk}(2S )](lAfi.)

- 6h «-[ {1lc+21|bi31|dk} (3C) + { i ‘fa* 21ld+3,|bk} (3S ) ]
- (pi/4)[ {1c+4}b±}dk){iC)

+ {i}ai41d+lbk)(1S)](1A£)2
- 4h £[ {1|a+34di2lJbk} (ZC)

+ {i4cl3JJb+24dk} (2S) ] (,AJl)
- 6n£[{14c+2 14b±3 14dk}(3C)

+ {ti4a*2“ id+3l4bk}(sS)] }

{ - 8p5.[ {Jc+2?bi4?dk} (,C) + { ±%a± 2?d+4?bk} (4S) ]
-  8mA[ {1|c+21|bi41|dk} (4C) + {t »|at 2I|d+41|bk} ( 4S ) ]

- 9m M  {»Ja+3‘Jdi34bk} (3C)
+ {i4ct3‘̂ b+4dk} (3S) ] (,AA)

- 8pil[ {Il̂ c+2114bi41Mdk} (,C)
+ {i114ai211̂ d+411ibk} US) ] J

- Milt {ia+3idt}bk> (,c) + { ± }ci 3}b+!dk} (,3) ] {,A£ )
- Mil[{Ma+31!diMbk}(1C)

+ {iMciS^^+MdkXjSJX.AA)
-  £ 0 -  pgz

cos ( 3i lx)

cos { 45.x)

(9d)
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[*K,] = { [ {}a+}d± }bk) (tC) + {±leiib+}dk>(,S)]
- 2pJl[ {>la+Md*Mbk} (,C) + {t MciMb+^dk} (,S) ]
+ pil [ {}c+2}b±}dk}(iC) + {tia±2{d+}bk}(,S)](aA£)
- 4p£[{§c+2|bi2§dk}(2C) + {4|ai2§d+2§bk} (2S) ] (,AJl)
- 2|jA[{1fa+lfdi1fbk}(iC) + {t *fc±‘fb+‘fdk) (xS) ]
- (MA/4)[{la+3idi‘bk}(1C)

+ { i } c i 3} b+1 dk} (i S ) ] (! AA ) 2
- 4pi[{1Jc+2‘Jb42lJdk}(2C)

+ {ilJat24d+21}bk}(aS)] (jAJl)
- 2mfl. [ {11}a+,1}dt ll}bk} (iC)

+ {t“ }ci“ }b+1Mdk)(1S)] }
+

{- 4pfi. [ {ia+|di 2!bk} (2C ) + {ifci §b+2fdk} (2S ) ]
- pJl [ {}c+2ibi i dk > (i C ) + { i !ai 2!d+Jbk} (,S) ] (,AA )
- 4u£[{1Ja+lJdt21Jbk>(zC) + {t,Jci1|b+24dk}(zS)]
- 4m JL[ {‘ia+^dt 2l|bk} (2C) + {t 'lei 1|b+21|dk} ( 2S ) ]
- Mi[{Mc+2Mb44dk}(1c)

+ {i1}ai21id+'!bk}(1S)](1Ai)
- 9MA[{4c+2lJbt34dk)(3C)

+ {t‘ia42lid+34bk} (sS) ] (xAJl)
- 4f «.[ {11Ja+,,Jd±211Jbk} (2C)

+ {±11jci11|b+211 Jdk) (2S ) ] }
+

{- 6FA[{la+ld4 31bk}(3C) + {ilctlb+31dk} (3S) ]
- 6f H[ {‘Ja+4d*34bk} (3C) + {±‘4c±4b+34dk} (3S) ]
- pi [ {iC+2|bi Jdk} {i C ) + {±}at2id+}bk}(1S) ] (zAJl)
- 4p£[ {|c+2ibi2|dk} (2C) + {1 |ai 2|d+2§bk} (2S ) ] (,AJL)
- 6pft[{1§a+1idt3lIbk}(3C) + {♦‘|ct‘ib+3‘idk)(3S)]

sin( Jlx)

sin(2£x)

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



445

- (p£/4) [ {}a+3}d± }bk) (iC)
+ {ilciSlb+ldkH^HiA*)2

- 4h A[ {4c+24bi2'|dk} (2C)
+ {t 1Jai21Jd+24bk} (2S) ] (,A£)

- 6HA[ {‘̂ a+^ldiS^ibk} (3C)
+ <t“ |ci“ 4b+3‘4dk>(3S)] }

+
{ - 8p£[{*a+?d+4*bk}(4C) + {i?ci?b+4?dk}(^S)]

- 8p £ [ {‘la+'ldi 4*|bk} (4C ) + { i ‘|ci 1|b+41|dk} (4S ) ]
- 9p£[ <4c+24bi34dk) (3C)

+ {t4a*21Jd+3‘ibk}(3S)](lAA)
- 8p£[ {11ia+1Udi4‘Ubk} (4C)

+ {i“ |c±llib+4“ idk}(4S)] }

sin(3£x)

sin(4£x) 
(9e)
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The complete expressions for the velocities and 
stresses, eqs. (3), are found by summing the individual 
expressions for the mean and perturbed values, eqs. (4) and 
(9), respectively.

The constants are eliminated by application of the 
stress and velocity boundary conditions. The boundary 
conditions pertain to the stresses and velocities normal and 
parallel to the interface. Using the coordinate system 
shown in Fig. 1, Chapter I, with coordinate n normal to and 
s parallel to an interface, the velocity and stress 
components normal and parallel to an interface are:

Vn = [v,], cos(e) - [vj, sin(e) (10a)

vs = [v„], cos(e) + [vz]? sin(e) (10b)

e™ = cos2(0) + [o-xx],; sin2(8)

“ 2[<rxz]? cos(e)sin(e) (10c)

<7nS = [crzz - J,,], cos( e )sin( 0 )

+ [*„], [ cos2 ( e ) -sin2 ( 0 ) ] (10d)

in which [ ]* indicates that the quantity is to be evaluated
at the interface, z = £ (eq. 2), andj
cos(e ) = 1/V [l + (&§/dx)2; sin(e) = cos(e ) (d£/dx) (10e)

iII where 8 is the slope angle (Fig. 1, Ch. I).
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The number of arbitrary constants for multilayer 
problems can be extremely large. For each waveform and each 
order of approximation, four stress and velocity conditions 
can be written for each layer and two for each confining 
medium. For each waveform and each order of approximation, 
there are 44 boundary conditions which must be solved 
simultaneously for the 44 unknown constants in a confined, 
10-layer multilayer. For 3rd order analysis of ten layers 
and two media, there are potentially 660 constants.

In the course of the derivations presented here, I have 
devised a method that reduces the number of constants by 
about half, from four per layer to two per interface for 
each waveform and each order of approximation. The new 
method applies the same stress and velocity boundary 
conditions as the previous method, but applies them 
sequentially rather than simultaneously.

In the new method, the stress boundary conditions are 
applied first to eliminate half the constants. The stress 
boundary conditions state that the normal and shear stresses 
in two adjacent layers, or in a layer and adjacent medium, 
must be equal at the interface between the two layers, or 
layer and medium. The stress boundary conditions are 
written:
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( ^nxi  ) b { }  c ( 1 1 3 )

(^n.)b = (<Tr,.)t (Hb)

The sequence of operations in the new method of 
solution is:
1) Expand the interface stresses, eq. (10c,d), to 3rd order 
and substitute the 3rd order expressions for the stresses, 
eqs. (3c,d,e), found by summing eqs. (4c,d,e) and (9c,d,e). 
The results are:

(ffmJt.b = + 2pi5xx (i At, bJl) 2 - p„ - Po * pg(h/2 )
- p£[(Ja+|diibk}(tC) +
- HlCtMa+MdiMbkX.C)

+ {*,}ct‘}b+Mdk}(1S)](lAt.b£)
+

{ 4'riDxx ( ! At . b£ ) ( 2At .b2 £ ) + pg(  iAt .„)

+ 2 p Jt [ {J c i J dk}(iC) + (ila+JbkM.S)]
+ 2pJl[ (MciMdk) (,C) + (i^a+Mbk) (jS) j
- 3MA[{}a+}d±}bk}(,C) + {ilc±}b+}dk)(tS )](2At, b£ )
+ 2pS. [ (l?ci1 fdk) (iC) + {i lfa+‘fbk} (1S) ]
- (p4/4) [ {5}c+6|b4 5idk) (,C)

+ (i 5}a± 6}d+5}bk} ] (iAt,bA )2
+ 2p4[{11lcillidk}(IC)

+ { i 1 ‘}a+‘1 ibk} (jS) ] } cos(fi-x)
-f

{ -2pbxx(,At.b£.)2 '+ pg(2At,b)
+ 4p£ [ (fct 2|dk) (2C ) + { ± |a+2|bk) (2S ) ]
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+ 3p£[ {{a+ldtibk} (,C) + (t\ct Jb+Jdk} (4S ) ] (tAt. b£ )
+ 4h A[ {1Jct21Jdk} (2C) + { i1 Ja+21 Jbk} (2S) ]
+ 4p5[ {1?ci21|dk} (2C) + {i l|a+21lbk} (2S) ]
+ 3 } i l [ { 4 a + 4 d * 4 b k }  ( l C )

+ {il\ct̂1b+ildk}(1S)]{1At.bi)
+ 3 H « . [ { 4 a + 4 d ± 3 4 b k } ( 3C)

+ {t »|c4 4b+34dk} (3S) ] (iAt ,b£ )
+ 4pfi. [ {14c± 214dk} (2C)

+ {1 11|a+214bk} (2S) ] }

{ - 4 h d « x  (iAt,bjl) (zAt,b2SL) +  pg(3At,„)
+ 6p5 [{fci 3fdk}(3C) + {i§a+3Ibk}(3S)]
+ 6p5 [ {“ ci 3'|dk} {3 C ) + {i‘ja+34bk}(3S)]
+ 5pJl [ {}a+ldi Jbk} (tC) + { ± Jet {b+Jdk} (,S) ] (zAt, b£)
+ 8p 5 [ {fa+fdt 2|bk} (2C ) + {i§ci§b+2fdk}(2S ) ] (, At. b5 
+ 6j-ifi. [ {’lei 3‘Idk} (3C ) + {i‘Ia+3‘Ibk) (3S) ]

+ (pil/4) [ {9}c+141bi9!dk} (iC)
+ ( ± 9 J a * 1 4 i d + 9 i b k }  ( , S )  ] (jAe.bJL)

+ B..0 r (Ha+ndiSUbk) (ZC)
+ {*4c*4b+24dk)(zS)](lAt.b)l)

+ 6p£ [ {14ci 314dk} (3C )
+ { t » 4 a + 3 ‘ 4 b k } ( 3S ) ]  ]

{ + p g U A t,b)
+ Sm JL[ {?ci4Jdk} (4C) + {ija+4$bk} US) ]
+ 8p5 [ {'fci4‘fdk} ( + C) + { i 1fa+41fbk} (4S ) ]
+ l5ul[{4a+4d±34bk)(3C)

+ {i4ci4b+34dk> (3S) ] (,At.bA)

cos (25.x)

2

cos(35x)
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+ 8h A[ {,l4c±4114dk} (4C)
+ { i1 l4a+4114bk} (4S) ] }

( ® n «  ) t , b  ~  {  ( j A t , t , A  ) 3|J D  xx ( J A t , b Jl ) 3

- 2HA[<!a+}d*ibk}(1C) + {tjciib+ldk}(,s)]
- 2H£[{1la+Md±llbk}(1C) + »}b+lldk> (,S) ]
- Hft[{3}c+2|bi3?dk}(,C)

+ {1 3jat 2}d+3}bk>(,S) ] (2At .„£ )
- 4pfi. [ {fb}(2C) + {*id}(2S)](1Atlbft)
- 2ni[{,?a+‘fd±‘?bk}(,C) + {t ‘fci *?b+lfdk} (iS) ]
+ (M)l/4)[{7ia+idi7!bk}(1C)

+ {±7}c±!b+7idk}(1S)](1At.bJl)2
- 4MA[{4b}(2C) + { * 1 Jd} (2S ) ] (iAt, bJl )
- 2m JI[ {llia+ll}dt “ Ibk} (,C)

+ {t ll‘c± ll}b+ll}dk> (iS) ] }
+

{ 4 Dxx (zAt. b2 & )
- 4pJl [ {fa+Idi 2§bk} (2C) + { i §ci §b+2|dk} (2S ) ]
- pA[ {3}c+4|bi31dk} (,C)

+ {t3}a±4}d+3}bk}(lS)](IAtlb£)
- 4p8. [ {1 Ja+lJdi 2lJbk} (2C ) + {i ‘jci ‘Jb+2 4 dk} (2S ) ]
- 4pA[ {1|a+1|d+21lbk} (2C) + {t ‘fci ‘j|b+2‘ldk} (2S ) ]
- pfi. [ {3‘}c+41}bi31ldk> (,C)

+ {431}ai4Md+3Mbk}(1S)]{1Atlbl
- 3H£[ {4c+44bi3lJdk} (3C)

+ {i4ai41Jd+31Jbk}(3S) ] (xAt>bA )
- 4pfi. [ {11 Ja+'1 Jd± 211 Jbk) (2C )

+ {i‘4ci 1IJb+211Jdk} (2S) ] }

cos(4£x)
(12a)

sin(Ax)

sin(2fi.x)
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{ 4pBxx ( 3At , b3fi.) + pBxx ( , At ibi . ) 3

-  6p£ [ { | a + f d l  3fbk}  ( 3C) + { i l c i | b + 3 f d k }  ( 3S) ]

- 6H£[{>Ja+4d±34bk}(3C) + { ± ̂ ct »ib+3i|dk) (3s ) ]

-  p£, [ { 5 } c+ 6 } b i  5 )dk}  ( t C )
+ { I 5 i a i 6 ! d + 5 ! b k }  ( , S )  ] ( 2At lbA)

-  4 p £ [  { 2 i c + 3 ! b M | d k }  ( 2C)
+ {i2iai3§d+4§bk>(2S)](1At.bA)

-  6 i a i t { 1I a + l I d i 3 1i b k } ( 3C)
+ { i‘fci‘ib+S^dk} (3S) ]

- (m £/4) [OJa+isidigjbkXtC)
+ {i9!cil5}b+91dk}(1S)](1At.bJl)2

- 4p£[ { 2 4 c + 3 4 b ± 4 4 d k }  ( 2C)
+ {i2«Jai34d+44bk)(zS)](1At.b4)

-  6 M A [ { 14 a + ‘ 4 d i 3 14 b k } ( 3C)
+ { t » 4 c i ‘ 4 b + 3 I 4 d k } ( 3S ) ]  }

{ 4pDxx (4At , b45. )

- 8m JL[ {*a+Jd±4?bk} (4C) + {4*ci*b+4}dk} (,S) ]
- 8pS.[ {1|a+l|d441|bk} (4C) + {i1|ci1|b+41|dk} (4S) ]
-  3nJL[ { 5 4 c + 8 4 b l  1 5 4 d k )  ( 3C)

+ { i 5 4 a i 8 4 d + 1 5 4 b k }  ( 3S) ] ( , A t .bJ

- 8p£[ {14a+,4dt4l4bk} UC)
+ {t14 c t l4b+4‘4dk} US) ] }

sin(3£x)

sin(4<lx)
(12b)
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2) Introduce 3rd order expressions for the normal and shear 
stresses at the interface, <rnn and <rnB, which are written in 
terms of two new constants, c and t. These expressions are:

(ffiJt.b = <r0 + (i<Tt:.b+1}o’t.b+lf^t,b+lM^t.b) cos(tlx)

+ (Skt.b+4<rt,b+lifft.b+11£<7t,b) cos ( 24.x)

+ (§°‘t,b+1£j't,b+1i<rtib+14<rt,b) cos(3Jlx)

+ Ufft.b+’ffft.b + ̂tft.b) cos (4fl.x) (13a)

(*„.)«.b = t 0 + (}Tt.b+l!Ttlb+‘?Tt.b+ “ l,rt,b) sin( 5.x)

+ (|Tc,b+1jTt.b + 1|Tt.b+14 T t.b) sin( 2fi.x)

+ (3Tt.b+1iTt.b+1lTt,b+14 f t.b) sin( 35.x)

+ (?Tt.b + 1|Tt.b + 114rt,b) sin( 45.x) (13b)

3) Equate the expressions for the interface stresses written 
in terms of arbitrary constants for the layer, eq. (12), to 
the expressions written in terms of arbitrary constants for 
the interface, eq. (13); equate (12a) to (13a) and (12b) to 
(13b). The interface constants, a and t , are thereby 
expressed in terms of the layer constants, a, b, c, and d.
A pair of equations, one for a and one for t, can be written 
for each combination o t order and waveform contained in 
eq. (8). An example is shown in eqs. (14) for the 1st order

r. . . .D.
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constants for the first waveform:

}<7t,b = Pg(iAt.b) + 2(ai[{|c t }dk)(,C)

+ {± Ja + *bk>(,S)] (14a)

lTt.„ = 4pDxx(1At,b£) - 2p£. [ {Ja + |d i |bk}(1C)

+ (1 ic i ib + IdkXiS)] (14b)

4. However, we need expressions for the layer constants, a, 
b ,  c, and d, in terms of the interface constants, c and t .

We derive these expressions by solving each pair of 
equations, such as (14a) and (14b), simultaneously, 
expressions for the layer constants in terms of the 
interface constants are:

ja = [JAin{jk(JS) + }C) + ; >.P { jlc( jC) > ]
;b = - [ Ap ( ; S ) + ,X™( J C ) ]
j C  =  [ j A p { j k ( j C )  +  j S }  +  J j k ( j S ) } 3

j d  =  — [  j  Am ( j C ) +  j Xp ( j S )  3

In deriving eqs. (15), we have introduced new 
constants, lambda. The constants lambda for each 
combination of order and waveform contain the corresponding 
interface constants and the interaction terms responsible 
for generating that waveform-order combination. The values 
of lambda are:

The

(15a) 
(15b) 
(15c) 
(15d)
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[jot + 40fc - pg(jAt + jAb)]
j j L - s - - - - - - - - - - - - - - - - - - - - -  ; j = 1, 2, or 3 (no sum) (16a)
J [AjpKjSjC ± jk)]

in which p£ is unit weight (density times acceleration of gravity).

jXp,m[4 M j SjC + jk)] = [jTt ± Jxb - 4jp£Dxx(jAt ± jAb)] (16b)

" A p fmC2C2S 2C ± 2k)] = [ ^ o t ± ll2ah + 2 y U 2)Dxx(1A£ ± xAb)]/4yil

+ (3 V4 ) ( 1At + 1Ab)({Xp )(1S 1C-k)

+ (3£/4)(1At + 1Ab)(JXm )(1S 1C+k) (16c)

% , m f r 2S 2C ? 2k)] = (“ Tt ± “ xb)/4p£

- (£/4)(1At ± 1Ab)[11Ap (1S 1C-3k) + JXm (41C 2)]

- (£/4)(1At + ^ [ [ y ^ ^ k )  + |Xp (415 2)] (16d)

± k)] = (“i°t ± W  1 W W ]

- (3£/2)(2At ± 2A b)(JXp )(1S 1C-k)

- (3£/2)(2At + 2Ab)(lXm )(1S 1C+k) (16e)
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‘5xP,iiik(isic t = (l!*t * ‘!Tb)/2ul

- ± ,Ab)fypc2s2c) * S V . c ' d

- a(,At + . A p j t ^ C A O  + |xpC2s2)]

+ U/2K2At t /pjLlAptjSjC+Sk) - ;Xm(21C2)]

+ U/2K2At + jAplE^tjS^-Jk) - ;Xp(2,S2)]

“ jA p ^ b f .S .C  t k)] = ( “ |ot  ± “ Job) /5 w

- Ct’/BX.A* i  1A*)[|Ap(1S 1C-5k) + !X„(62C2)]

-  C i lV 8 ) ( 1A2 ;  ^ t j A j . S . O S k )  + ;xp(6 ,S ! )]

“ l*p,m[2t.Sic * kd - C” iTt ± ‘“ Tb + ± s ‘b)l/2m

- 2 « 1At ± 2Ab)[“ Ap C2S 2C3 * ‘‘Xm (2C2)]

i V ^ v a o -  ‘ ;x p t 2s2 )]

- t l V 8 K , A 2 ± 1A2)[;Am (61C2) - jXp ( 1S JC-7k)]

- U 2/B)(2A* ? 2Ag) [;ApC62S2 3 - ;Xm (,S1C+7k)]
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'5 * 3k)] = (‘i°t 1
+ (A V3)D x), [ ( l flt ) ( 2flt ) ± (,A b) ( 2Ab)]

+ (4W)(,At +

+ ( 4 V 3 ) ( ,« t  + 1Ab)(=X|n) ( 2S2C+2kj 

+ ( 5 ! / 6 ) ( 2At  ± 2Ab)( ;X p) ( 1S1C-k)

+ 15 Vfe)(2flt T 2A b)(!Xm )(,S1C+k) 

‘sXp,ni^C>S>C * 3k,l " (“ Tt * ‘tTb)/6l,iL

-  ( 2 « ^ ) ( ,A t  t  1Ab) [ lA p( 2SJC-4k) ♦ J A ^ C 1)]

-  C 2 t /3 ) (1At  + lAb3ClAmC2S2C+4k3 + |Ap(3 2S! )]

- C*/6Jt2At ± 2Ab)[;Ap (1S 1C-5k) + ;Xm (6i:J)]

- ( J / 6 X 2At ♦ 2A b)[jAm (1S 1C+ 5k) ♦ ;Xp t6,52)]

* 3k)] = C‘“°t ±
+ CA5y3)C1At ± 1A b)(“ Xp )(2S 2C-2k) 

+ (4V3)(.At + i A h K ' i X ^ i C ^ ^ k )

+ t ^ ^ H . A 2 + ^ [ ^ ( s ^ c ^ k )  + iXmCiA1c2)] 

+ Ci-2/24)(1A^ + 1A b)LjAm (51S 1C+9k) + ^ ( l ^ S 2)]

J " .  '*
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‘ “ V . k t . v T 3kj] ’  [1" Tt 1 ‘ " Tb -  u a -3 0 xxcl«E ± . f l jd /s i *

- (2£/3)(1At ± !Ab)[“ Ap (2S2C-4k) + “ X ^ C 2)]

- (2«/3)C1At + ^ [ ‘^ C ^ O A k )  + “ XpC32S 2)]

- U V & J ^ A j  ± 1A 2)[1\ ( 2 1C2) + JXpC5lS 1C-3k3]

- U V S ^ A 2 + 1A p [ j A p (21S 2) + JXm (51S 1C+3k)] (16*)
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1 i Ap .in [ 2 (jSiCik) ] = (>><rt t «l<Tb)/2Ml 

MXp.m [2(1S 1C?k)] = (Mt« ± 1}Tb)/2H )l 

iiAPi1.[2(2SzC±2k)] = (*§*. i liab)/4Hi 

liXp.n,t2(zSzCT2k)] = (‘It, i >lTb)/4Hil 

14 A p>m[2(2SzCt2k) ] = (“ J*t t “ J<rb)/4HA

+ (3£/4) (1A ti1Ab) [1lXp(iSlC-k)+4Xp(3S3C-3k) ]
+ (34/4) (iAt ? iAb) [11 X„, (tSjC+k) + 1̂ Xm (3S3C+3k) ] 

l!|Xp,m [2(zSzC?2k)3 = (1,jTti11iTb)/4jiA
- (4/4) (,Att1A b) [ M A D(1S 1C-3k)+41iXra(1C2)]

- (4/4) (1At?1A b) [1iAm (1S 1C+3k)+41}Xp(iS2)]

- (34/4) (lA ti1A b)[‘JAP3(3S3C-k)+ 4 4 X IB(3C*)]

- (34/4) (1A t?1Ab)[^Am3(3S3C+k)+41|Xp(3S2)] 
4 A p,m [2(3S3C±3k) ] = (‘|at i ‘iffb)/6M4 

1Up.n,(2(3S3C?3k) ] = ( 4 r t i 4 r b)/6n4 

‘|Ap.m [2(4S4Ci4k)] = (‘|at i ‘|ffb)/8ji4 

1fXPlir,[2(4S4C+4k) ] = {‘|rt i >|Tb)/8>i4 

1‘4AP.m [2(4S4Ci4k) ] = (>4(rt i “ 4ab)/8p4

+ (154/8) (lAti1A b)[4Xp(3S3C-3k)]
+ (154/8 ) (,At + [Ab ) [ 4Xm (3S3C+3k) ]

1 * 4 X o, m [ 2 (4 S4 C ? 4 k ) ] = (1I4Tt±114Tb)/8fa4
- (34/8) (,Ati,Ab) [ 4 A P3(3S3C-5k)+84Xm(3C2) ]

- (34/8) (iAt + jAb) [ 4  Am3 (3S3C+5k) + 8 4 X P (3S2) ]

f . . . .
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(16 m )

( 1 6 n )

( 1 6 o )

(16p)

(16q)

( 1 6 r ) 

( 1 6 s )  

( 1 6 t )  

( 1 6 u )  

( 1 6 v )

( 16w )

( 1 6 x )
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T h e  i n t e r f a c e  v e l o c i t i e s  c a n  now  b e  w r i t t e n  i n  t e r m s  o f  

t h e  i n t e r f a c e  s t r e s s  c o n s t a n t s .  F i r s t ,  we e x p a n d  t h e  

e x p r e s s i o n s  f o r  t h e  i n t e r f a c e  v e l o c i t i e s ,  e q s .  ( 10a , b ) ,  t o  

3 r d  o r d e r .  T h e n  we s u b s t i t u t e  t h e  3 r d  o r d e r  e x p r e s s i o n s  f o r  

t h e  m ean  a n d  p e r t u r b e d  v e l o c i t i e s ,  e q .  ( 3 a , b ) , u s i n g  

e q s .  ( 4 a , b )  a n d  ( 9 a , b ) ,  i n t o  t h e  e x p a n d e d  e x p r e s s i o n s  f o r  

t h e  i n t e r f a c e  v e l o c i t i e s .  Now t h e  i n t e r f a c e  v e l o c i t i e s  a r e  

e x p r e s s e d ,  t o  3 r d  o r d e r ,  i n  t e r m s  o f  t h e  l a y e r  c o n s t a n t s .

We r e w r i t e  t h e  i n t e r f a c e  v e l o c i t i e s  i n  t e r m s  o f  t h e  

i n t e r f a c e  s t r e s s  c o n s t a n t s  u s i n g  e q s .  ( 1 5 ) .

T h e  r e s u l t i n g  e x p r e s s i o n s  f o r  t h e  v e l o c i t i e s  n o r m a l  a n d  

t a n g e n t i a l  t o  t h e  i n t e r f a c e  a r e :

(Vn) t,b = (Vz)t.bcos(etib) - (v „ ) t. bsin( et.b)

+ { (}Am+ M A m+>?Am+>MAm) (.,C2)

-r ( | X B+ ! i X p+ ! f X p+ 1 ! i A p ) k

+ ( l A p +  « } A p +  ‘ f A p +  “ l A p ) { i S 2 )
+ ( ! X IP+ l } X m+ I ? X m+ 115 X1Ti) k

+ (lAtlbA/2)[(iAp + ‘JAp)2k -  ( | X m+ 4 X m ) (?C2)

?(IAm+4Am)2k ? (?XP+^XP) (2S2)]
-  ( zA t . b£ / 2 )  [ l A p k - i X ^ . C ^ J l A j M i X p ^ S * ) ]

- (1A t ,b4 / 2 ) 2 [}Ain(lC 2 ) + } X p ( 1S lC)

t | A 0( 1S2) i } X m( l S1C) ] } c o s ( i x )

+

+  { (aC2 )

+ ( i X p+ 4 X P + , I X p+ 14 X p ) 2 k

r  '
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t  ( § A p+ l i A p+ » | A p+ ‘ > l A p ) ( aS*)

? ( i ^ i X ^ S X . + n i X i J Z k  

+  ( 1A t . b£ ) [ ! A pk - i X m ( l C 2 ) ? l A ink ? l X p ( 1S 2 ) ]

+  ( 1A t l b i ) [ l l A Pk - « l X ™ ( i C 2 ) f M A mk M | X p ( 1S 2 ) ]

+  ( i A c . bA ) [ 4 A P3 k - 4 X m( 3 C 2 )

? 4 A m3 k f 4 X p ( 3 S 2 ) ]  }

+ { (lAm+ ‘iAm+ 1lAltl+ ‘H A m )(3C 2)
+  ( | X p + 1^ P +  1! X p + 1 4 X p ) 3 k

i  ( l A p +  ‘ J A p+ ‘ i A p +  ‘ 4 A B ) ( 3 S * )

* ( ! ^ + 4 ^ + I i ^ + ‘ 4 ^ ) 3 k

+  3 ( 1A t i b A / 2 ) [ ( i A p +  4 A p ) 2 k  -  ( § X m+ 4 * n , ) ( 2C *  ) 

♦ ( S A B1+ 4 A IB) 2 k  ♦ ( i X p  +  112 X P ) ( s S 2 ) ]

+  3 ( 2A t , bA / 2 ) [ | A pk - i X m ( i C 2 ) + } A mk + 1X p ( t S 2 ) ]

-  ( i A t i b i l / 2 ) 2 [ i A m ( 1C 2 ) + } X p ( 3 i S l C —2 k )  

l } A p ( 1S 2 ) ± } X m ( 3 1S 1C + 2 k )  ] }

+  { ( J A m+ ‘ | A m+ “ >Am) ( , C 2 )

+  ( ? X p +  I | X p +  11i X P ) 4 k  

t  ( } A p  +  » | A p +  “ 4 A p )  ( 4 S 2 )

T ( ? X m+ ‘ | X m+ > ^ X m ) 4 k  

+  2 ( 1A t , bJ l ) t 4 A P3 k - 4 X TI1( 3 C 2 )

J ‘ J A 1I13 k ? 4 X p ( 3 S 2 ) ]  1

c o s ( 2& x )

c o s ( 3fi.x)

c o s ( 4 & x )  

( 1 7 a )
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( v . ) t , b =  ( v I ) t , bs i n ( 8t i b ) +  ( v „ ) t , bc o s (  e t , b )

+ { - (iAp+,|Ap+ 1fAp+ llJAp)k 
+ (lXm+1lXn,+1?Xm+ 11!X™) (iCz)

± ( S A ^ + M A ^ + ' f A ^ + ^ l A ^ J k

*  U X p + M X p + ’ f X p + ^ X p X . s 2 )

+  ( i A t , bH / 2 ) [ ( | A tn+ 1 J Am) ( 3 2C 2 ) +  ( i X p + ’ J M  ( 4 z S 2C - 2 k )  

*  ( | A P+ 4 A P ) ( 3 2S 2 ) t  ( I X n, +  4 X m) ( 4 2 S 2C + 2 k ) ]  

-  ( 2A t . bA / 2 )  [ l A m ( 3 l C 2 ) + } X p ( 2 1S 1C + k )  

M A P ( 3 1S 2 ) i ! X m ( 2 1S 1C - k ) ]

+  ( 1A t , b£ / 2 ) 2 [ l A p ( 1S 1C ) + l X ro( 1C 2 )

i l A m ( 1S 1C ) i ! X D ( 1S ? ) ] }

+

+  {  -  ( § A B +  4 A p +  ‘ § A p +  “ $ A p ) 2 k

+ (IK^iK+^zK+^hK) (2c2)
i  ( I A m+ ^ A m+ ’ | A TO+ ‘ 4 A m ) 2 k

*  ( i X p  +  l JXp +  1i X p  +  “ J X p )  ( 2 s z )

+  ( i A t . bA ) [ ( l X p  +  ‘ } X p ) (  j S j C - k )  i ( } X m+ M X m ) ( 1S 1C + k ) ]  

+  ( i A t i b A )  [ 2 4 A m ( 3C 2) + 3 4 X p ( 3S 3C - k )

i 2 1^ A p ( 3 S 2 ) i  3 l J X m( 3 S 3C + k )  ]  }

+

+ { - (!Ap + 4 A 0 + ‘iAp+ ‘4Ap)3k
+  ( l x m<4 X m+ > i x m+ > 4 X ro) ( 3 C 2 )

* {!a tt,+u a ,ii+ i§a _+i u a _) 3k

i  ( l X p +  4 X p  +  ‘ i X p +  ^ X p ) ( 3 S * )

+ (1Atibil/2)[(IAm+ 4 A m)(2C2) + (§Xp + 4Xp)(42S2C-6k)

sin(Hx)

sln(2Ax)
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M i A p + 4 A p )  ( ?s 2 ) ± ( ! X m+ 4 X ™ ) ( 4 aS2C + 6 k ) ]  

-  ( 2At , bA / 2 ) [ i A T„ ( l C2) - ! X p ( 2 1S1C - 3 k )  

i } A P( 1S2) ? l X m( 2 1S l C + 3 k ) ]

+ (iAt.bA/2)*[|Ap(1S1C-2k)+|X1B(3lC2) 
i}Am(iS1C+2k)liXp(31S2)] }

+ { ~ ( t A p +  ‘ | A p+ » 4 A p) 4 k

+ (?Xm+ l|Xm+1 ) ( + C2) 

t (tAm+ ‘?Am+ “ iA1,)4k 

t (}Xp + ‘iXp + >4XP) U S 2)
+ ( i A e, bi )  [ 4 A m (3C2)+34Xp(3S3C-2k)

± 4 A p(3S2) i34Xm (3S3C+2k) ] }

s i n ( 3 A x )

s i n ( 4 f i . x )  

( 1 7 b )
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T h e  d e r i v a t i o n  o f  t h e  v e l o c i t i e s  f o r  t h e  u p p e r  a n d  

l o w e r  c o n f i n i n g  m e d ia  u s e s  t h e  sam e e q u a t i o n s  a s  u s e d  f o r  

t h e  l a y e r s  a n d  f o l l o w s  t h e  sam e p r o g r e s s i o n  o f  s t e p s .  T h e  

d e r i v a t i o n  f o r  t h e  m e d ia  i s  d i f f e r e n t ,  h o w e v e r ,  i n  t h a t :

1 .  T h e  p e r t u r b e d  v e l o c i t i e s  a n d  s t r e s s e s  i n  t h e  m e d i a  m u s t  

v a n i s h  w i t h  i n c r e a s i n g  d i s t a n c e  a b o v e  o r  b e l o w  t h e  

m u l t i l a y e r - m e d i u m  i n t e r f a c e .  As a  r e s u l t ,  t h e  f o u r  

a r b i t r a r y  c o n s t a n t s ,  a ,  b ,  c ,  d ,  u s e d  t o  d e s c r i b e  s t r e s s e s  

a n d  v e l o c i t i e s  i n  a l a y e r  a r e  r e d u c e d  t o  tw o  i n  e a c h  m e d iu m .  

F o r  t h e  u p p e r  m e d iu m , a  a n d  b a r e  z e r o ;  f o r  t h e  l o w e r  

m e d iu m , c a n d  d  a r e  z e r o .

2 .  T h e  o r i g i n s  o f  c o o r d i n a t e s  f o r  t h e  m e d ia  a r e  a t  t h e

m u l t i l a y e r - m e d i u m  i n t e r f a c e s .  T h e  t e r m  f o r  t h e  m ean

p o s i t i o n  o f  t h e  i n t e r f a c e s ,  w h i c h  w as  i ( h / 2 ) f o r  a  l a y e r ,  i s  

z e r o  f o r  t h e  m e d i a ,  a n d  t h e  h e i g h t s ,  $ ,  o f  t h e  u p p e r  (U )  a n d  

l o w e r  ( L )  m u l t i l a y e r - m e d i u m  i n t e r f a c e s  b e c o m e s :

Su . l = i AUiL c o s  { Jlx) + 2Au , l c o s  ( 25.x)

+ 3Au.l cos(35x) + 4 Au, L cos ( 4 5 x ) (18)

As a  r e s u l t ,  t h e  v a r i a b l e  k  u s e d  i n  t h e  d e r i v a t i o n  f o r  a  

l a y e r ,  i s  z e r o  f o r  t h e  m e d ia  b e c a u s e  k  i s  a  f u n c t i o n  o f  t h e

m ean  h e i g h t  o f  t h e  i n t e r f a c e .

T h e  e x p r e s s i o n s  f o r  t h e  la m b d a  c o n s t a n t s  f o r  t h e  u p p e r  

( U )  a n d  l o w e r  (h) m e d ia  a r e :
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j\j,L = ^jaU,L ■ ootjAy>Li]/C2jnH) j j = 1,2,or 3 (no sum) (19a)

j\j,L = CJt U,L - 4j'‘® x x tjAU,L)]/t2Jull) ! tl9b)

1 1
2 \|}L * ^ 2 0u,L + 2y^ 2^xx^iAU,L^2̂ /̂ uS' + ^3^ A ^ i AU , L ^ i XU,L^ ^19c^

i i 
2\l,L " ^12TU , L ^ A  ̂ ” + A ^ iXU,L^ Cl9d)

12AU,L " ^iaUtL^2̂  ~ 4^xx^iAU,L^2Au,L̂  " 3̂5'//,2̂ 2AU,L^iXU,L̂  1̂9e^

% , L  = ^1iTU,L'/2u2'̂ “ 2£^iAU , L^2\)>l + 2XU,L^
+ U / 2 ) ( 2AU fL) [ jA iJfL + 2 ( ;X u > l) ]  (1 9 f)

i \ l , L  = ^ 11 i°U,L'^2*1^  ~  ^ ~ / 8 ^  i AU ,L^2 ^ \ ) , L  *  6 ^ iXU ,L ^  (19g)

U i XU,L = ^ 1 i t IJ.L + 3^ ( £3)Dx x ^ iAu ,L )3^ 2u£ "  2£(‘ i AU , L ^ 12AU,L + ^ U . l J  

± C^2/ 8 K aAUy|_D2[6Ci\,>LD ± ixU}1_] (19h)

12Au ,l = C‘5«u ,l^  + ^ V A j,l ^ au,l > +

+ C5V6)(2AU jL )(11Xu>l) (19i)
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XU,L = " ^2£/3)( *-2\j>l + 3 ^2^u,L^

-  (£/6)(2Ay^L )[lAjjjL + ^ i \ l , L ^  (19j)

i n
3

l i i
3

AU,L = (X1l0U,L/6yil) +

+ (£2/24)(1Au>L)a [5(jAu>L) + lACjXy^)] (19k)

XU,L = ^ 13TU,L"y^ 3^xx^iAU,L^3̂ 6yS'

- (2^/3)(1Au l̂ )[12A(j l̂ + 3C12^u,l_^]

± C^ /8 ) ( 1Au >l )2 [2(JAu>l) + 5(JXu>l)] (19*)
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‘ (A u . l  =  ‘ }<ru.L/ 2pA . ( 1 9m )

‘( V l = 1}t u ,l/ 2 h A ( 1 9 n )

11A u, L =  1i ^ u . L / 4 li £ ( 1 9 o )

l i^ u .L  = ‘ iT u .L /4 p A ( 1 9 P )

n z^ll,L =  1 1 , L /4 p A

+ ( 3 / 4 ) ( 1A „ . l A ) ( M X u . l  + 4 X u .l ) ( 1 9 q )

“ ^ u . l  =  11Jt u .l/4 p £

-  ( i A „ .l 4 / 4 )  ( ' | A u , l » 4 ‘ ! V l )

-  3 ( 1Au, l £ / 4 )  ( 3 4 A u. l ? 4 1̂ u . l ) ( 1 9 r )

'IAu .l = 1^vu,L/6pil ( 1 9 s )

l̂ U .L = 13'rU.L/6ptl ( 1 9 t )

1|A u ,l = 1$<Tu,i./8\ii ( 1 9 u )

( 1 9 v )

“ i A UiL =  “ 4<ru.L/8 M A

+ ( 1 5 / 8 ) ( 1AUi L£ ) ( ‘ ^ u . l ) (1 9 w )

“ I V i  =  1 M t u . l / 8 m H

-  ( 3 / 8 )  ( , A u . lA) ( 1 9 x )

T h e  e x p r e s s i o n s  f o r  t h e  v e l o c i t i e s  n o r m a l  a n d  

t a n g e n t i a l  t o  t h e  i n t e r f a c e  f o r  t h e  m e d i a  a r e :
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( v ^ u . , .  = ( v r ) u ,L c o s ( e u>L) -  ( v x ) UiL s i n ( 0U i t )

? { l^U.L +  ‘ l^U.L + ‘ fAu.L +  M 1A„.L

-  ( , A „ l l A / 2 )  (IXu.L + ‘ JXo.L ) + (2Au,l£/2 ) (1XUiL)
~ ( iAu.l^/2 ) 2 ( }Au>l ? JXu.l) } COS ( A x)

+

* { l^u.L + + ‘l^U.L + “ JAu .l
- (iAu.lA) (SXu.L + ‘iXu.L + 4Xu.l) } COS (2£ x )

+

♦ { IAu .l + M ^ u .l + ‘IAu .l + “ JAu .l
-  3 ( tA u .t .A /2 ) ( I X u . l  + ‘ J X „ .l>  -  3 ( 2A „ lUJ l / 2 )  ( J X u . l )

-  ( 1Au, u1 1 /2 )2( ! A u. l  ♦ 3 i  Xu, L ) } c o s  ( 3S.x)

+

? { ?Au . l + ‘ I A u . l +  “ | A U>L

-  2 ( 1Au, l £ )  ( ‘ J X u . l )  } c o s  ( 4 H x )

(v 8)u ,l = (v z )u .l sin{ 0UiL) + (v J u.l cos(0u.L)

♦  t iXu. L +  1 1 Xu . L +  ‘ 1 X u . L  + 11 ! X U. L

+ (.Au.lA/2)[3(!A„iL + 4 A 0iL) ♦ 4(§X„.t + ‘JXu.l)] 

-  ( 2Au .iSL/2) [ 3 ( J A „, L ) ? 2 ( J , L ) ]

T (1A u ,lA/2)2[1Au ,l ♦ (JXu .l )] 1 sin(JLx)

+

( 20a )
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? { î U.L + + ‘Î U.L + llĴ U.L

* (|A„.LA) (JXu.l + 1 JXu.l )

+ ( i A u. l A ) ( 2 ‘ JAu. l  ? 3 ‘ i X UlL) } <3i n ( 2A x )

* { i X u, l + " X u .l + ‘IXu.L + ‘4 X u ,l

■*" (1 Au, l  S-/2 ) [ ( |  A0 _ L +  1| A u l ) ♦ 4 ( |X u , L +  12 Xu. l  ) ] 

- (2Au.lH / 2 )[JAu,l i 2 ( }Xu,l ) ]

? ( i A u . l A / 2 )2(1 A u ,l  + 3 }X u , l ) } s i n ( 3 A x )

+ { t̂ u.L + 'IAu.l + "IAu.l
+ ( i Au, )  [ 13Au. l  + 3 ( 13Xu, l  ) ] } s i n ( 4 f i . x )

F '
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T h e  v e l o c i t y  b o u n d a r y  c o n d i t i o n s  a r e  a p p l i e d  t o  

d e t e r m i n e  v a l u e s  f o r  t h e  i n t e r f a c e  c o n s t a n t s .

F o r  a l l  t h e  m u l t i l a y e r s  I  a n a l y z e ,  t h e  n o r m a l  v e l o c i t y  

c o m p o n e n t s  m u s t  m a t c h  a t  e a c h  i n t e r f a c e :

( v n ) b =  ( v J t  ( 21a )

T h e  t a n g e n t i a l  v e l o c i t y  b o u n d a r y  c o n d i t i o n  c o n t r o l s  t h e  

n a t u r e  o f  t h e  s l i p  a t  l a y e r  c o n t a c t s .  T h e  t h e o r e t i c a l  m o d e l  

o f  s l i p  a t  l a y e r  c o n t a c t s  i s  d e r i v e d  i n  C h a p t e r  I I .  I n  

g e n e r a l ,  t h e  d i f f e r e n c e  i n  v e l o c i t i e s  o f  tw o  l a y e r s ,  o r  o f  a

l a y e r  a n d  a  m e d iu m ,  a c r o s s  t h e i r  m u t u a l  i n t e r f a c e  i s  a

f u n c t i o n  o f  t h e  i n t e r f a c e  s h e a r  s t r e s s ,  a ns, a n d  o f  

p a r a m e t e r s  w h i c h  d e s c r i b e  t h e  a b i l i t y  o f  t h e  c o n t a c t  t o  

r e s i s t  s l i p .  T h e  b o u n d a r y  c o n d i t i o n  i s :

( v . ) „  -  ( v , ) t =  ( h f ) ( Vn s /p  ) |crnE/p|<m"’-> ( 21b )

i n  w h i c h  h f i s  t h e  t h i c k n e s s  o f  t h e  f i l m  s e p a r a t i n g  t h e  

l a y e r s ,  a n d  3 a n d  m a r e  p a r a m e t e r s  d e s c r i b i n g  a  p o w e r l a w  

f l u i d .

B y  s p e c i f y i n g  t h e  n a t u r e  o f  t h e  r e s i s t a n c e  t o  s l i p  a t  

t h e  c o n t a c t ,  o n e  c a n  u s e  t h e  t a n g e n t i a l  b o u n d a r y  c o n d i t i o n  

t o  d e s c r i b e  a  w i d e  v a r i e t y  o f  s l i p  c o n d i t i o n s :  n o  s l i p  a t

c o n t a c t s  ( b o n d e d  c o n t a c t s ) ,  v i s c o u s  s l i p  a t  c o n t a c t s ,  f r e e  

s l i p  a t  c o n t a c t s ,  o r  l o c a l i z e d  s l i p  a t  c o n t a c t s .

T h e  p o w e r  m o f  t h e  p o w e r l a w  e x p r e s s i o n  d e t e r m i n e s

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



470

w h e t h e r  t h e  f i l m  b e h a v e s  a s  a  l i n e a r  v i s c o u s  f l u i d  ( p o w e r l a w  

e x p o n e n t  m e q u a l s  o n e )  o r  a  n o n l i n e a r  f l u i d  ( p o w e r l a w  

e x p o n e n t  m g r e a t e r  t h a n  o n e ) .

I f  t h e  p o w e r l a w  e x p o n e n t  m i s  o n e ,  t h e  m a t e r i a l  

c o n s t a n t  0 r e d u c e s  t o  t h e  c o e f f i c i e n t  o f  v i s c o s i t y ,  p f , o f  

t h e  f i l m .  T h e  r e s i s t a n c e  t o  s l i p  a t  c o n t a c t s  i s  c o n s t a n t ,  

a n d  s l i p  i s  d i s t r i b u t e d  a l o n g  l a y e r  c o n t a c t s .

F o r  b o n d e d  c o n t a c t s ,  t h e  c o e f f i c i e n t  o f  v i s c o s i t y  o f  

t h e  f i l m ,  p f , i s  v e r y  l a r g e .  T h e  r e s i s t a n c e  t o  s l i p  i s  t h e n  

i n f i n i t e ,  a n d  t h e  r a t e  o f  s l i p  a t  c o n t a c t s  i s  z e r o :

( v s ) b -  ( v . ) t =  0 ( 22a )

F o r  v i s c o u s  s l i p  a t  c o n t a c t s ,  t h e  c o e f f i c i e n t  o f  

v i s c o s i t y  i s  f i n i t e .  T h e  r e s i s t a n c e  t o  s l i p  i s  t h e n  f i n i t e  

a n d  c o n s t a n t  a l l  a l o n g  t h e  i n t e r f a c e ,  a n d  t h e  r a t e  o f  s l i p  

i s  a  l i n e a r  f u n c t i o n  o f  t h e  c o n t a c t  s h e a r  s t r e s s

(V,)b - ( V „ h  = (hf)(<r„s/Hf) (22b)

T h e  t a n g e n t i a l  v e l o c i t y  b o u n d a r y  c o n d i t i o n  i s  

i n d e t e r m i n a t e  i f  t h e r e  i s  f r e e  s l i p  a t  c o n t a c t s .  I n  t h a t  

c a s e ,  t h e  i n t e r f a c e  s h e a r  s t r e s s ,  un,  > i s  z e r o ,  a n d  a l l  t h e  

r  c o n s t a n t s  a r e  z e r o .  F o r  f r e e  s l i p  a t  c o n t a c t s ,  t h e  n o r m a l  

v e l o c i t y  b o u n d a r y  c o n d i t i o n  i s  s u f f i c i e n t  t o  d e t e r m i n e  a l l  

t h e  <:r i n t e r f a c e  c o n s t a n t s .

I f  t h e  p o w e r l a w ' e x p o n e n t  m i s  g r e a t e r  t h a n  o n e ,  t h e  

f i l m  i s  a  n o n l i n e a r  m a t e r i a l .  T h e  r e s i s t a n c e  t o  s l i p  t h e n
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v a r i e s  w i t h  p o s i t i o n  o n  t h e  i n t e r f a c e ,  w h i c h  p r o d u c e s  

l o c a l i z e d  s l i p  a t  l a y e r  c o n t a c t s .  T h e  r a t e  o f  s l i p  a t  

c o n t a c t s  t h e n  b e c o m e s  a  n o n l i n e a r  f u n c t i o n  o f  t h e  c o n t a c t  

s h e a r  s t r e s s ,  e g .  ( 21b ) .

T o  u s e  t h e  t a n g e n t i a l  v e l o c i t y  b o u n d a r y  c o n d i t i o n ,  o n e  

s u b s t i t u t e s  t h e  3 r d  o r d e r  e x p r e s s i o n  f o r  t h e  c o n t a c t  s h e a r  

s t r e s s ,  crnB, w r i t t e n  i n  t e r m s  o f  t h e  r  i n t e r f a c e  c o n s t a n t s ,  

i n t o  t h e  v e l o c i t y  b o u n d a r y  c o n d i t i o n ,  e q .  ( 21b ) :

(v9) b - (v8) t =

( h f / p m) { [ t d+ i T s i n ( J l x ) + 2T s i n (  2S .x ) + 3t  s i n ( 3 £ x ) ]

I t ^ t  sin(£x)+2T sin(2Jtx)+3T sin( 3 £ x )  | <Tn‘I > } (23)

H e r e ,  e a c h  t i s  a  c o m p o s i t e  v a r i a b l e :  ,t = }T + 1fT + 1111'f;

2t  = |t  + 4 t : a n d  3t = 1t  + 1|t  + 14 t .

T h e  a b s o l u t e  v a l u e  o f  t h e  s h e a r  s t r e s s  i n  t h e  b o u n d a r y  

c o n d i t i o n ,  e q .  ( 21b ) ,  i s  t a k e n  b y  u s i n g  b i n o m i a l  s e r i e s  t o  

e x p r e s s  t h e  s q u a r e  r o o t  o f  t h e  s q u a r e  o f  t h e  s h e a r  s t r e s s .

F o r  a  3 r d  o r d e r  a n a l y s i s ,  t h e  p o w e r l a w  e x p o n e n t  m i s  

l i m i t e d  t o  v a l u e s  o f  o n e ,  t w o ,  o r  t h r e e .  I f  t h e  e x p o n e n t  

w e r e  g r e a t e r  t h a n  t h r e e ,  t h e n  a d d i t i o n a l  w a v e f o r m s ,  o n e s  n o t  

c o n t a i n e d  i n  t h e  3 r d  o r d e r  d e s c r i p t i o n  o f  t h e  h e i g h t  o f  t h e  

i n t e r f a c e ,  § ( e q .  2 ) ,  w o u l d  b e  p r o d u c e d  u p o n  s u b s t i t u t i n g  

t h e  3 r d  o r d e r  e x p r e s s i o n  f o r  t h e  c o n t a c t  s h e a r  s t r e s s  i n t o  

t h e  3 r d  o r d e r  v e l o c i t y  b o u n d a r y  c o n d i t i o n ,  e q .  ( 2 1 b ) .

T h e  3 r d  o r d e r  e x p r e s s i o n  f o r  t h e  t a n g e n t i a l  v e l o c i t y

I '
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boundary condition, valid for powerlaw exponents of one, 
two, or three, is:

(vs)b - (vB)t = (hf/p™) [ | i t | /

{ } r [ l  +  ( m - l ) / 4 ]  s i n ( J l x )

+ ('Jt + 11}t ) sin(Ax)

+ m(|T + sin(2£x)

+ (§t + + u Jt ) sin(3£x)

- [ (m-1)/4 ] {\x ) sin( 3ilx)

- [3(m-1)/4](§t + ‘Jt ) sin(4£x) } (24a)

Different waveforms and t constants will remain in the 3rd 

order expression for different values of the powerlaw 
exponent m,

For a powerlaw exponent of one, the rate of slip, 

eg. (24a), reduces to a linear function of the first three 

waveforms:

(vB)b - (vB)t = (hf/|jf) { (It + »?t + 111t) sin( 5.x)

+ (|t + l|f) sin(2Ax)

+ (It + 'If + ‘̂ t ) sin(3fl.x) } (24b)

For a powerlaw Exponent of two. the rate of slip, 

e q . (21b), becomes a nonlinear function of all four
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w a v e f o r m s :

(v.)b - (v.)t = (hf/ p z) [ |}t | //2 ]

{ ( 5 / 4 )  ( I t ) s i n ( A x )

- (1/4) (}x) sin(3Hx)

+ 2(|t + ‘jT) sin(2fl.x)

- (3/4)(|t + ‘Jt ) sin(4Jlx) } (24c)

For a powerlaw exponent m of three, the rate of slip, 

eq. (21b), is also a nonlinear function, but only of two 
waveforms:

(vB)b - (vB)t = (hf/p3) (It )3 [(3/4) sin(ix)

- (1/4) sin(3fi,x)] (24d)

To 3rd order and for an exponent of three, all the t 

constants except }t are zero.

To solve for the interface stresses, the equation 
matching the normal velocity boundary condition, eq. (21a), 

and one of the tangential velocity boundary conditions, 
eq. (24 a, b, or c), are applied to each interface in a 

multilayer, and the set of interfaces stresses is determined 

simultaneously. A different set of velocity boundary 
conditions is solved for each set of constants corresponding 

to a different combination of waveform and order of
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a p p r o x i m a t i o n .  T h u s ,  t h e  15  s e t s  o f  c o n s t a n t s  l i s t e d  i n  

e q .  ( 8 ) a r e  d e t e r m i n e d  b y  1 5  s e t s  o f  v e l o c i t y  b o u n d a r y  

c o n d i t i o n s .

As a n  e x a m p l e ,  I  w i l l  u s e  t h e  v e l o c i t y  b o u n d a r y  

c o n d i t i o n s  t o  d e t e r m i n e  t h e  i n t e r f a c e  s t r e s s  c o n s t a n t s  f o r  

t h e  f i r s t  w a v e f o r m  t o  1s t  o r d e r .

I  w r i t e  t h e  v e l o c i t y  b o u n d a r y  c o n d i t i o n s  f o r  t h e  

m u l t i l a y e r  i n  m a t r i x  f o r m .  T o  i l l u s t r a t e  t h e  m e th o d ,  I  w i l l  

c o n s i d e r  a n  a r b i t r a r y  m u l t i l a y e r  c o m p o s e d  o f  t h r e e  l a y e r s  o f  

d i f f e r e n t  t h i c k n e s s e s  and  v i s c o s i t i e s  c o n f i n e d  a b o v e  a n d  

b e l o w  b y  i n f i n i t e l y  t h i c k ,  v i s c o u s  m e d i a .  I n d i v i d u a l  l a y e r s  

a n d  m e d i a  a r e  i d e n t i f i e d  b y  t h e  v a r i a b l e  L ;  i n d i v i d u a l  

i n t e r f a c e s  b e t w e e n  l a y e r s  a r e  i d e n t i f i e d  b y  t h e  v a r i a b l e  I :

I  =

I  =  I t

I  =  2j  

1 =  3/

L = 0 U p p e r M e d iu m

L = 1 L a y e r 1

L = 2 L a y e r 2

L = 3 L a y e r 3

L = 4 L o w e r  M e d iu m

F i g u r e  A 1 . N o t a t i o n  u s e d  t o  i d e n t i f y  i n d i v i d u a l  
l a y e r s  a n d  i n t e r f a c e s  i n  a r b i t r a r y  m u l t i l a y e r .
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T h e  m a t r i x  f o r m  o f  t h e  v e l o c i t y  b o u n d a r y  c o n d i t i o n s  f o r  

t h i s  m u l t i l a y e r ,  f o r  t h e  f i r s t  w a v e f o r m  t o  1s t  o r d e r ,  i s :

vn (°): S00’S01’S02>S0 3’ 0 , 0 , 0 , 0 a(0) a oo»a oi» 0 ’ 0
v s(0): S10’S11’S12’S13> 0 ’ 0 ’ 0 * 0 x(0) aio»a u »  0 * 0 _  _
vn (D: S20 *^21 *S22,S2 3,S24,^25* 0 ’ 0 a(l) a20’a2l’a22’ 0 A(0)
vs( D : S 30,S31,S32,^33,S3U,S35* 0 » 0 T(l) a 30,a31,a32’ ® A(l)
vn (2): 0 , 0 >stl2>sl f3’ stf  ̂ >sltS>slt6>sU7 0(2) 0 *ait 1 »atf2’at* 3 A(2)

vs(2): 0 ’ 0 ’SS2’S53’S5,’S55’S56’S 57 T(2) 0 *a 5 1 > a S 2 ’a 53 A(3)

Vn(3): 0 , 0 , 0 , 0 ,s6if »s 6 5 .s6 6 ,s 67 o(3) 0 » 0 »a 6 2 ,a63

vs(3): 0 , 0 , 0 , 0 ,s74,s75,s76,s77 T(3) 0 > 0 ’a 7 2 ’a 73

As b e f o r e ,  t h e  l e f t  s u b s c r i p t  i n d i c a t e s  t h e  w a v e f o r m  w i t h  

w h i c h  t h e  i n t e r f a c e  c o n s t a n t s ,  cr a n d  t , a n d  a m p l i t u d e ,  A ,  

a r e  a s s o c i a t e d ,  a n d  t h e  l e f t  s u p e r s c r i p t  i n d i c a t e s  t h e  o r d e r  

o f  a c c u r a c y  o f  t h e  v a r i a b l e .  H e r e ,  t h e  r i g h t  s u b s c r i p t  

r e f e r s  t o  t h e  l a y e r  n u m b e r ,  L ,  a n d  t h e  n u m b e r  i n  p a r e n t h e s e s  

i n d i c a t e s  t h e  i n t e r f a c e  w i t h  w h i c h  t h e  v a r i a b l e  i s  

a s s o c i a t e d .

T h e  v n ( I )  o r  v 8( I )  a t  t h e  l e f t  o f  e q s .  ( 2 5 )  i n d i c a t e s  

w h e t h e r  t h e  e q u a t i o n  r e p r e s e n t s  a  n o r m a l  o r  t a n g e n t i a l  

v e l o c i t y  b o u n d a r y  c o n d i t i o n .  T h u s ,  v T, ( 0 )  i n d i c a t e s  t h e  

n o r m a l  v e l o c i t y  b o u n d a r y  c o n d i t i o n  a p p l i e d  a t  t h e  t o p
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i n t e r f a c e ,  1 = 0 .  I n  t h e  n o t a t i o n  o f  e q .  ( 2 1 a ) ,  t h e  n o r m a l  

v e l o c i t y  b o u n d a r y  c o n d i t i o n  i s :

v „ ( 0 ) = ( v „ ) b -  ( v n ) t =  0

I n  t h e  n o t a t i o n  o f  F i g .  A1 a n d  e q .  ( 2 5 ) ,  t h e  n o r m a l  v e l o c i t y  

b o u n d a r y  c o n d i t i o n  b ec o m es

v„{0) = (v n ) l -o - ( v n ) L. !  =  0 ( 2 6 a )

b e c a u s e  t h e  t o p  i n t e r f a c e  ( 1 = 0 ) i s  d e f i n e d  b y  t h e  b o t t o m  o f  

t h e  u p p e r  m e d iu m  ( L  =  0 )  a n d  t h e  t o p  o f  L a y e r  1 ( L  = 1 ) .

F o r  b o n d e d  c o n t a c t s ,  t h e  t a n g e n t i a l  v e l o c i t y  b o u n d a r y  

c o n d i t i o n  i s :

v 5( 0 ) = ( v „ ) l -o -  ( v n ) L. ,  = 0 ( 2 6 b )

Th e  b o u n d a r y  c o n d i t i o n s ,  e q s .  ( 2 6 ) ,  a r e  w r i t t e n  i n  

t e r m s  o f  t h e  i n t e r f a c e  s t r e s s  c o n s t a n t s ,  cr a n d  t , u s i n g  t h e  

e x p r e s s i o n s  f o r  t h e  n o r m a l  a n d  t a n g e n t i a l  v e l o c i t i e s  f o r  t h e  

l a y e r s  a n d  m e d i a ,  e q s .  ( 1 7 )  a n d  ( 2 0 ) ,  r e s p e c t i v e l y .

A t  t h e  u p p e r m o s t  i n t e r f a c e ,  1 = 0 ,  t h e  v e l o c i t y  

b o u n d a r y  c o n d i t i o n s  f o r  t h e  f i r s t  w a v e f o r m  t o  1s t  o r d e r  

a c c u r a c y  a n d  f o r  b o n d e d  c o n t a c t s  a r e :

v n ( 0 ) :  [ ( v j u  c o s ( 0u) -  ( v * ) u s i n ( e u )  -  }A„]

-  [ 1 1 A J ,  ( , C?)  + ( 1 X P) ,  ( k , )

+ ( i'Ap) ,  ( , S?)  -  ( ) Xm)1 ( k , ) ]  = 0 ( 2 7 a )
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v . ( 0 ) :  [ ( v J u  s i n ( 0u) +  ( v J u  c o s ( 0u) -  I X U]

-  [ —( } AP) j ( k , )  +  ( l X m) l ( , C?)

+ ( l A m) , ( k t ) +  ( I X p ) ,  ( , S f ) ]  = 0

U s i n g  t h e  v a l u e s  f o r  t h e  c o n s t a n t s  }A a n d  IX  g i v e n  i n

e q s .  ( 1 6 a , b )  a n d  1 9 ( a , b ) ,  a n d  n o t i n g  t h a t ,  f o r  e x a m p l e ,  

ffu =  = <t ( 0 ) ,  I  r e w r i t e  e q s .  ( 2 7 )  a s :

vn ( 0) : -)a(0)
-  ( M o / 2 M i ) [ { l < r ( 0 ) - } < r ( l ) ) ( l Cf )  +

( i T f O i + i T f D X k . )

-  4 ( p l ) i l D xx{ I A ( 0 ) + 1A ( l ) } ( k i ) ] / { ( 1S1) ( i C i ) - k 1 }

- (Mo/2p1)[{!cr(0)+la(l))(1Sf) -

{ i  r ( 0 ) - } t ( 1 ) ) ( k  i )

+ 4 ( M l ) £ D „ { , A ( 0 ) - 1A ( l )  ) { k , )  ] / {  ( , S , )  { ^ t J + k ,  } = 0

v.(0): -}T(0) + 2DXX{1A(0)}

+ ( H o /2h i ) C { i < r (0 )+l<r ( 1 ) ) ( k » ) -  

( i T t O J - l T d J X . C ? )

+  4 ( h 1) H d xx{ 1A ( 0 ) - 1A ( 1 )  } ( 1Cf )  ] / { ( 1S 1) ( i C J + k i )

-  ( M o / 2 p i ) [ { l a ( 0 ) - l < T ( l ) ) ( k 1 ) +

( K t o j + i T t D X t S f )

-  4 ( v i1) £ 5 xx{ 1A { 0 ) + 1A ( l ) } ( l S ? ) ] / { ( I S1) { 1C1) - k l } =  0

{ ( v J „ ) o  -  ( ( v J J ,  + Dxx( h , / 2 ) = 0

(27b)

(28a)

(28b)

(28c)
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i n  w h i c h  

i S t =  s i n h ( k t ) 

tCt =  c o s h ( k i )

k ,  =  n h ! / L ,  w h e r e  h j  i s  t h e  t h i c k n e s s  o f  L a y e r  1 a n d  L i s  t h e  

w a v e l e n g t h  o f  t h e  f i r s t  w a v e f o r m .  T h e  d e n s i t i e s  a r e  a s s u m e d  

t o  b e  e q u a l .

E q u a t i o n  ( 2 8 a )  i s  r e p r e s e n t e d  b y  t h e  f i r s t  e q u a t i o n  i n  

e q . ( 2 5 ) .  T h u s ,

Soo = —1 — ( H o /  2 l-l l ) [ ( l Cf ) /  { ( ! S ! ) ( ! C ! ) — k i  } +

( i S ? ) / <  ( t S . )  ( j C j + k , ) ]

So, = - ( M o / 2 p , ) ( ( k 1) / { { l S1) ( 1C1) - k 1} -

( k i ) / { ( , s , ) ( 1C1) + k I ) ]

So 2 = + ( H o / 2i j , ) [ ( j C i ) / { ( 1S1) ( i C i ) —k i )  —

( i S ? ) / {  U S , )  ( x C j + k , ) ]

S03 = — (Po/2hi)[( ki )/{ ( i Si ) (iCi)-ki} +
( k i ) / { ( , s x ) (,c1)+k1)] 

a 00 = -  2M0£i 5x„ ( k 1) / [ l / { ( 1S 1) (lc1)-k1) -

l / { ( , S i ) ( i C ! ) + k j ) ]  

a 01 = -  2 H0fi.Dxx( k 1) / [ l / { ( i S , ) ( 1C1) - k 1) +

1/ U i S x )  ( . C x J + k t ) ]

E q u a t i o n  ( 2 8 b )  i s  r e p r e s e n t e d  b y  t h e  s e c o n d  e q u a t i o n  i n  

e q s .  ( 2 6 )  a n d  i s  u s e d  t o  d e f i n e  t h e  c o e f f i c i e n t s  s 10/ s u  , 

s , 2» s 13 / 3 i o /  a M .

A t  i n t e r f a c e  1 ( I  =  1 ) ,  t h e  v e l o c i t y  b o u n d a r y
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c o n d i t i o n s  a r e :

( v n ) !  -  ( vn)2 = 0 ( 3 0 a )

( v . h  -  ( v . ) z = 0 ( 3 0 b )

T h e  e q u a t i o n  f o r  t h e  t a n g e n t i a l  v e l o c i t y  b o u n d a r y  c o n d i t i o n ,  

e q .  ( 3 0 b ) ,  w r i t t e n  i n  t e r m s  o f  t h e  c o n s t a n t s  A a n d  , 

b e c o m e s :

- { ( i A p M k J - U A p M M )

+ {(}*„),( i C n - U ^ M . C i ) }
-{(JA111)1(k1) + U A inM k 2))
-  { ( l ^ p)1(lS?) + ( } Xp ) 2( tS!) )  = 0 ( 3 1 )

E q u a t i o n  ( 3 1 )  i s  u s e d  t o  d e f i n e  t h e  c o e f f i c i e n t s  s 30, s3l, 

s 3 2 - s 33, s 34, s 35, a 30, a 31, a 3Z. T h e  n o r m a l  v e l o c i t y  

b o u n d a r y  c o n d i t i o n  f o r  i n t e r f a c e  1 , a n d  t h e  n o r m a l  a n d  

t a n g e n t i a l  v e l o c i t y  b o u n d a r y  c o n d i t i o n s  f o r  t h e  o t h e r  tw o  

i n t e r f a c e s  ( I  = 2 ,  3 )  i n  t h e  a r b i t r a r y  m u l t i l a y e r ,  F i g .  A 1 , 

a r e  u s e d  t o  d e f i n e  t h e  o t h e r  e l e m e n t s  i n  t h e  m a t r i c e s  o f  

c o e f f i c i e n t s  i n  e q .  ( 2 5 ) .  T h e  e x p r e s s i o n s  f o r  t h e  

c o e f f i c i e n t s  o f  <j , t, a n d  A sho w  t h a t  t h e  v a l u e  o f  a n  

i n t e r f a c e  c o n s t a n t  o r  a m p l i t u d e  o n  a n y  o n e  i n t e r f a c e  d e p e n d s  

o n  t h e  v a l u e s  o f  t h e  c o n s t a n t s  a n d  a m p l i t u d e s  on  a l l  t h e  

o t h e r  i n t e r f a c e s .

T h e  v a l u e s  f o r  t h e  i n t e r f a c e  s t r e s s e s  a a n d  t  a r e  

c o m p u te d  f r o m  e q .  ( 2 5 )  b y  s t a n d a r d  m a t r i x  o p e r a t i o n s .

W i t h  a l l  o f  t h e  a r b i t r a r y  c o n s t a n t s  d e t e r m i n e d ,  we c a n
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compute the growth rates of all the waveforms in all the 

interfaces. To do this, we compute the rate of change in 

height, £, of an interface:

(»5/at) = [vx], - [vx], (b$/»x) (32)

The equation for the height of the interface, eq. (2), is 
used in the left-hand-side of eq. (32); the 3rd order 
expressions for the velocities, eqs. (3) using eqs. (4) and 

(9), are used in the right-hand-side of eq. (32). To 3rd 

order, the expressions for the rate of growth of amplitudes 
a re:
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d ( i A t . b ) / d S x = -  ( j At , b/ s x )

+ (1/B xk5 x ) { [(}Am+>lAm+ifAn,+>‘}Am ) (,C2)
+ (}Xp+ M X p + ‘fXP+M lXP)k 
i (iAp+1}Ap + 1fAp + 11}Ap) (,SZ)

+ ( 1 1 ^m+1l''m+11 l^m) k
+ (iAtlb£/2)[{|Ap + 4 A p)2k - ( I K + ' k K )  (2c2)

+ (§Am+ ^ A m)2k ♦ (§Xp+‘iXp) U S 2)]
- (zAt.bi/2)[(JAp)k - {lXm) (.C2)

? (lAm)k ? (IXp)(iS2) ]
- (1/2) (i At, bH/2) 2 [} A„, (j C2 ) + )Xp(21S1C-k)

* !Ap(,Sz) i }Xro(21S1C+k)] }

d( 2A t, „ ) /dsx = ~(zAtxb/sx)

+ (1/Bkxs k) { [(|Am+ 4 A m+ 1iAm+ ‘4 A m ) (zCn
+ (IXp + 4Xp + 1IXp + 14Xp)2k
i (IAp + lJAp + 'IAp + '1 ̂ Ap) (2S?)

f ( I K + ' i K + ' i K + ' ^ K )  2k 
+ (lAt.b£)[(lAp + ‘{Ap)k - (JX.n+MXn,) (»CZ)

? (iAm+ M A m)k I (iXp + MXp) (,S2)] 
+ (,At.bA)((4AP)3k - (4Xm )(3C?)

? (4Am)3k ♦ ( 4 Xp )(3S2)] }

d( 3A t, b ) /dsx = — (3At,b/sx)

+ (1/BxxSx) { [ (IAm+ 4Am-!-1iAm + '4AIn) (3C2)

+ (lXP + 1AX..-*-1§X. + 1‘iX.;)3k
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i (!Ap+‘4Ap+*§Ap+>4Ap) (3S2)

» (!X™+1iXn,+1iX™+1,J^)3k
+ 3(1AtlbA/2)[(!Ap+‘iAp)2k - (IXm+ 4 X m) (2C2)

* (§Am+ 4 A m)2k T (iXp + 4 X p) (2SZ) ]

+ 3 (2 At , bH / 2 )  [ ( i A p ) k  -  UK)(iC*)

* ( l A j k  + ( ) ( as2):
- (3/2) (1A t.bA/2)2[iA„(1C2) + JXP(21SlC-k)

*  i A P ( , S 2 ) t i X m ( 2 ] S i C + k ) ] }

d  (4 A t , b) / d s  „ = — ( ^At , b / s x )

+ (1/B„S,) { [ (4C2)
+ (}Xp + ‘|Xp + "4Xp)4k 
i  (}Ap +  ‘|AB +  “ 4Ap) ( 4 S 2 )

♦ (? ^Xn, ) 4k
+ 2(,At.bA ) [ ( 4 A 0)3k - (‘JX*,) (3C2)

* (4A„)3k ♦ (MXP) (3S2) ] }
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A g e n e r a l  e q u a t i o n  f o r  t h e  g r o w t h  r a t e  o f  a  w a v e f o r m  t o  

3 r d  o r d e r  a c c u r a c y  i s  c a s t  i n  t e r m s  o f  a m p l i f i c a t i o n  

f a c t o r s ,  g i l : :

d ( j A j  ) / d ( - D x>(d t )  = ( 5 lk +  J q i k M j A k )

+ ‘ J q i - t i A J 2 + 111 i: ( iAfc) 3 ( 3 4 )

w h e r e  j  i s  t h e  w a v e f o r m :  j  =  1 , 2 , 3 , 4  (n o  s u m m a t i o n ) ;

i  a n d  k  a r e  t h e  n u m b e r  o f  i n t e r f a c e s :  

i  =  1 , 2 ,  . . .  , n  ( s u m m a t i o n )

k  =  1 , 2 ,  . . .  , n  ( s u m m a t i o n )

a n d  5 ik i s  t h e  K r o n e c k e r  d e l t a .  N o t  o n l y  may t h e  g r o w t h  o f  a  

w a v e f o r m  may b e  d i f f e r e n t  on  e v e r y  i n t e r f a c e ,  b u t  i t  i s  

a f f e c t e d  b y  t h e  g r o w t h  o f  t h e  w a v e f o r m s  o n  t h e  o t h e r  

i n t e r f a c e s .  T h u s ,  e a c h  o f  t h e  tw o  s u b s c r i p t s ,  i  a n d  k ,  on  

t h e  a m p l i f i c a t i o n  f a c t o r s  t a k e s  o n  v a l u e s  o f  a l l  t h e  

i n t e r f a c e s  i n  t h e  m u l t i l a y e r .

G r o w th  r a t e  e q u a t i o n s  f o r  t h e  f o u r  w a v e f o r m s  w h i c h  we

u s e  i n  a 3 r d  o r d e r  s o l u t i o n  t o  d e s c r i b e  i n t e r f a c e  s h a p e  a r e

d e r i v e d  f r o m  t h e  g e n e r a l  e q u a t i o n ,  e q .  ( 3 4 ) ,  b y  l e t t i n g  t h e  

s u b s c r i p t  j  t a k e  o n  v a l u e s  o n e  t h r o u g h  f o u r .  T h e  r e s u l t i n g  

f o u r  e q u a t i o n s  a r e :

d (  , A , ) / d ( - D xxd t ) =  ( 5 u  +  i q i t ) ( i A fc)

+ M'qikl.Ak)2 + 11 }<3ik (iAk)3 (35a)
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d ( 2A i ) / d ( - D xxd t ) (  5 l k  +  § Q l  k )  ( z A f e  )

+ 'JqikfiAJ2 + " i q i k ^ A , ) 3 ( 3 5 b )

d ( 3A i ) / d ( - 5 xxd t )  = ( 6  ik + I q i k M a A k )

+ 1iqik(iAk)2 + “ iqikfiAJ3 ( 3 5 c )

d ( ^ A ; ) / d ( - D xxd t )  = ( 5  ik +  J q i k ) U A k )

+ ll4qik(iAk)3 ( 3 5 d )

E x p r e s s i o n s  f o r  t h e  a m p l i f i c a t i o n  f a c t o r s  g ik a r e  f o u n d  b y  

e q u a t i n g  e q s .  ( 3 3  a , b , c , d )  a n d  e q s .  ( 3 5  a , b , c , d ) .

O nce  we h a v e  t h e  e q u a t i o n s  f o r  t h e  r a t e s  o f  g r o w t h  o f  

t h e  c o m p o n e n t  w a v e f o r m s  on  e a c h  i n t e r f a c e ,  we c a n  c o m p u te  

t h e  r a t e  o f  g r o w t h  o f  t h e  f o l d  w i t h  t h e  e q u a t i o n s  f o r  t h e  

f i r s t  w a v e f o r m ,  e q .  ( 3 5 a ) ,  a n d  t h e  s h a p e  o f  t h e  i n t e r f a c e  

w i t h  t h e  e q u a t i o n s  f o r  a l l  f o u r  c o m p o n e n t  w a v e f o r m s ,  

e q s .  ( 3 5  a , b , c , d ) .  I n t e g r a t i o n  o f  t h e  g r o w t h  r a t e  e q u a t i o n s  

p r o v i d e s  v a l u e s ,  t o  3 r d  o r d e r  a c c u r a c y ,  f o r  t h e  a m p l i t u d e s  

o f  t h e  c o m p o n e n t  w a v e f o r m s  a t  a n y  s t a g e  i n  t h e  d e f o r m a t i o n  

o f  t h e  m u l t i l a y e r .

I n  p r a c t i c e ,  a  c o m p u t e r  p r o g r a m  i s  u s e d  t o  c o m p u te  t h e  

v a l u e s  o f  t h e  i n t e r f a c e  s t r e s s e s  a n d  t o  i n t e g r a t e  t h e  g r o w t h  

r a t e  e q u a t i o n s ,  e q .  ( 3 5 ) ,  f o r  t h e  a m p l i t u d e s  o f  t h e  

c o m p o n e n t  w a v e f o r m s  i n  a  m u l t i l a y e r  w i t h  a  f i n i t e  n u m b e r  o f  

i n t e r f a c e s .  My c o m p u t e r  p r o g r a m ,  " F o l d i n g 3 r d 0 r d e r . b a s " , 

w r i t t e n  i n  M i c r o s o f t  B A S IC ,  i s  p r e s e n t e d  i n  A p p e n d i x  C .
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E i g e n v a l u e s  a n d  e i g e n v e c t o r s  c a n  b e  e x t r a c t e d  f r o m  t h e  

s y s t e m  o f  g r o w t h  r a t e  e q u a t i o n s  f o r  t h e  f i r s t  c o m p o n e n t  

w a v e f o r m ,  e q .  ( 3 5 a ) .  T h e  e i g e n v a l u e  o f  g r e a t e s t  a b s o l u t e  

v a l u e  c o n t a i n s  t h e  m axim um  a m p l i f i c a t i o n  f a c t o r  f o r  t h e  

w h o l e  s y s t e m ;  t h e  e i g e n v e c t o r  a s s o c i a t e d  w i t h  i t  r e p r e s e n t s  

t h e  r e l a t i v e  a m p l i t u d e s  o f  t h e  f i r s t  w a v e f o r m  o n  e a c h  

i n t e r f a c e  t h a t  t o g e t h e r  m a x i m i z e  g r o w t h  o f  f o l d s  i n  t h e  

m u l t i l a y e r .  My c o m p u t e r  p r o g r a m ,  " E i g e n . b a s " , f o r  

d e t e r m i n i n g  e i g e n v a l u e s  a n d  e i g e n v e c t o r s  f o r  a  m u l t i l a y e r  i s  

a l s o  p r e s e n t e d  i n  A p p e n d i x  C.
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A P P E N D IX  B

I f  t h e  o r i e n t a t i o n  o f  t h e  p r i n c i p a l  c o m p r e s s i v e  s t r e s s  

i s  o b l i q u e  t o  l a y e r i n g ,  v i s c o u s  m u l t i l a y e r s  f o l d  i n  r e s p o n s e  

t o  t h e  l a y e r - p a r a l l e l  s h o r t e n i n g  a n d  d e v e l o p  a s y m m e t r i c  

i n t e r f a c e s  i n  r e s p o n s e  t o  t h e  l a y e r - p a r a l l e l  s h e a r .  I n  t h i s  

A p p e n d i x ,  I  w i l l  d e r i v e  e q u a t i o n s ,  a n a l o g o u s  t o  t h o s e  

d e r i v e d  i n  A p p e n d i x  A f o r  m axim um  c o m p r e s s i o n  p a r a l l e l  t o  

l a y e r i n g ,  f o r  t h e  m ean a n d  p e r t u r b e d  s t r e s s e s  a n d  

v e l o c i t i e s ,  t h e  s t r e s s  a n d  v e l o c i t y  b o u n d a r y  c o n d i t i o n s ,  a n d  

t h e  r a t e s  o f  g r o w t h  o f  a m p l i t u d e s  a t  i n t e r f a c e s  i n  

m u l t i l a y e r s  s u b j e c t e d  t o  b o t h  l a y e r - p a r a l l e l  c o m p r e s s i o n  a n d  

s h e a r .

T h e  a n a l y s i s  i s  t o  2 n d  o r d e r  a c c u r a c y  i n  t h e  m axim um  

s l o p e  o f  t h e  f i r s t  w a v e f o r m ,  a n d  t h e  i n t e r f a c e  s h a p e  i s  

d e s c r i b e d  b y  f o u r  c o m p o n e n t  w a v e f o r m s .

T h e  m u l t i l a y e r  c o n s i s t s  o f  l i n e a r  v i s c o u s  l a y e r s  w i t h  

v e r t i c a l  t h i c k n e s s  h a n d  c o e f f i c i e n t  o f  i n t e r n a l  v i s c o s i t y  

a n d  i s  c o n f i n e d  b y  i n f i n i t e l y  t h i c k ,  v i s c o u s  m e d ia  

( F i g ,  6 ,  C h a p t e r  I I I ) .  T h e  m o d e l  I  h a v e  s e l e c t e d  t o  

d e s c r i b e  c o n t a c t  p r o p e r t i e s  r e l a t e s  r a t e  o f  s l i p  b e t w e e n  

l a y e r s  t o  m a g n i t u d e  o f  s h e a r  s t r e s s  a p p l i e d  a t  c o n t a c t s  a n d  

i s  e x p l a i n e d  i n  C h a p t e r  I I .  E a c h  l a y e r  c o n t a c t  i s  

r e p r e s e n t e d  b y  som e s p e c i f i e d  r e s i s t a n c e  t o  s l i p  d e s c r i b e d  

f o r  t h e  g e n e r a l  c a s e  b y  a  p o w e r l a w  r e l a t i o n s h i p  b e t w e e n  t h e
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r a t e  o f  s l i p  a n d  t h e  c o n t a c t  s h e a r  s t r e s s .

T h e  p o s i t i o n s  o f  p o i n t s  o n  i n t e r f a c e s  b e t w e e n  l a y e r s  i s  

d e s c r i b e d  b y  £ ,  t h e  h e i g h t  o f  t h e  i n t e r f a c e  a b o v e  t h e  l o c a l  

o r i g i n  o f  c o o r d i n a t e s .  T h e  l o c a l  o r i g i n  o f  c o o r d i n a t e s  f o r  

e a c h  l a y e r  i s  a t  m i d d e p t h  i n  t h a t  l a y e r .  T h e  m u l t i l a y e r  

c o n t a i n s  i n i t i a l ,  s y m m e t r i c  p e r t u r b a t i o n s  o f  c o s i n u s o i d a l  

s h a p e  a n d  lo w  a m p l i t u d e ,  s o  t h e  h e i g h t s  o f  t h e  t o p  ( t )  a n d  

b o t t o m  ( b )  i n t e r f a c e s  o f  a  s i n g l e  l a y e r  a r e  i n i t i a l l y :

£ t =  h / 2  + tAt c o s ( £ x )  ( l a )

£ b =  - h / 2  + iA b c o s ( J l x )  ( l b )

T h e  m ean  p o s i t i o n s  o f  t h e  t o p  a n d  b o t t o m  i n t e r f a c e s  a r e  h / 2  

a n d  - h / 2 ,  r e s p e c t i v e l y ;  t h e  v a r i a t i o n  o f  p o i n t s  a b o u t  t h e  

m ean p o s i t i o n  i s  d e s c r i b e d  i n i t i a l l y  b y  a  c o s i n u s o i d a l  

f u n c t i o n  o f  a m p l i t u d e  jA .

C o m p o n e n ts  o f  s t r e s s  a n d  v e l o c i t y  w i t h i n  a  l a y e r  a r e  

s e p a r a t e d  i n t o  m ean  a n d  p e r t u r b e d  v a l u e s  ( e . g . ,  F l e t c h e r ,  

1 9 7 4 ,  1 9 7 7 ) :  t h e  m ean  v a l u e s  o f  s t r e s s  a n d  v e l o c i t y  a n d

t h o s e  t h a t  s o l v e  t h e  p r o b l e m  d e s c r i b i n g  t h e  u n i f o r m  

d e f o r m a t i o n  o f  a  l a y e r  w i t h  p l a n a r  i n t e r f a c e s ,  a n d  t h e  

p e r t u r b e d  v a l u e s  o f  s t r e s s  a n d  v e l o c i t y  a r e  t h o s e  t h a t  m u s t

b e  a d d e d  t o  t h e  m ean  v a l u e s  t o  m a t c h  s t r e s s e s  a n d  v e l o c i t i e s

a t  p e r t u r b e d  i n t e r f a c e s .
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T h e  m e an  s t r e s s e s  a n d  v e l o c i t i e s  w i t h i n  t h e  l a y e r  a r e

v x =  xBxx + 2z5xz + ( v x )„ ( 2 a )

v z =  zozz + ( v j 0 =  ( v , ) 0 -  z d xx ( 2 b )

f f x ,  = 2|iDxx -  p (2c)

G zz =  — 2 j j D x x  -  p  ( 2 d )

v XI =  2 H iB XI ( 2 e )

P =  - ( ^ xx +  o ZI)/2 ( 2 f )

i n  w h i c h  t h e  d e f o r m a t i o n  r a t e ,  5 ,  i s :

Djj = ( 1 / 2 )  ( avi / fcxj  + a v j / b x J  ( 2 g )

F o r  i n c o m p r e s s i b l e  v i s c o u s  m a t e r i a l s ,  t h e  r a t e  o f  

h o r i z o n t a l  s h o r t e n i n g  a n d  t h e  r a t e  o f  v e r t i c a l  t h i c k e n i n g  

m u s t  b a l a n c e :

Dxx =  -  d „  ( 2 h )

T h i s  a n a l y s i s  c o n s i d e r s  m ean s i m p l e  s h e a r i n g  p a r a l l e l  

t o  l a y e r i n g  o n l y :  v e r t i c a l  s h e a r i n g  i s  z e r o :

( b v z / b x )  = 0  ( 2 i )

T h e  o r i e n t a t i o n  o f  m axim um  c o m p r e s s i o n ,  a c , w i t h i n  a  

s t i f f ,  v i s c o u s  l a y e r  i s  d e f i n e d  b y  t h e  a n g l e  e ,  m e a s u r e d  

c l o c k w i s e  f r o m  t h e  x - d i r e c t i o i i  ( F i g .  6 ,  C h .  I l l ) ,  w h i c h  l i e s
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i n  t h e  p l a n e  o f  t h e  u n p e r t u r b e d  l a y e r i n g .  T h e  r a t i o  o f  t h e  

m ean  s h e a r  s t r e s s  t o  t h e  d i f f e r e n c e  o f  t h e  m ean  n o r m a l  

s t r e s s e s  i s  a  f u n c t i o n  o f  t h e  a n g l e  6 :

f x . / ( 5 x «  -  f f x x )  =  - ( 1 / 2 )  t a n ( 2 6 )  ( 3 a )

W i t h i n  v i s c o u s  l a y e r s ,  t h e r e f o r e ,  t h e  m ean  l a y e r - p a r a l l e l  

s h e a r  s t r e s s  i s  a  f u n c t i o n  o f  t h e  v i s c o s i t y  o f  t h e  l a y e r s ,

H i ,  a n d  t h e  m a g n i t u d e  a n d  o r i e n t a t i o n  o f  t h e  m axim um  

c o m p r e s s i v e  s t r e s s :

= - 2 f i D** t a n ( 2e ) ( 3 b )

I n  t h e  b o u n d a r y - v a l u e  p r o b le m s  I  s o l v e ,  I  h a v e  e l e c t e d  

t o  s p e c i f y  a  c o m b i n a t i o n  o f  u n i f o r m ,  l a y e r - p a r a l l e l  n o r m a l  

d e f o r m a t i o n  r a t e ,  6 XX, a n d  u n i f o r m ,  l a y e r - p a r a l l e l  s h e a r  

s t r e s s ,  <rX I . T h e  m u l t i l a y e r  a n d  m e d iu m  a r e  a l l o w e d  t o  

s h e a r  i n  a  c o m b i n a t i o n  o f  m ean p u r e  s h e a r i n g ,  a s  s p e c i f i e d  

b y  £ xx -  BZ I , a n d  m ean  l a y e r - p a r a l l e l  s i m p l e  s h e a r i n g ,

2 D XZ. T h e  m ean  v e l o c i t i e s  s p e c i f i e d  f o r  a  l a y e r ,  e q s .  ( 2 a )  

a n d  ( 2 b ) ,  r e f l e c t  t h i s  c h o i c e .

T h e  m ean  v e l o c i t i e s ,  v x a n d  v z , i n c r e a s e  i n  m a g n i t u d e  

w i t h  m ean v e r t i c a l  d i s t a n c e  f r o m  t h e  g l o b a l  o r i g i n  o f  

c o o r d i n a t e s  f o r  t h e  m u l t i l a y e r  a n d  v a r y  l o c a l l y  w i t h  

v e r t i c a l  d i s t a n c e  f r o m  t h e  l o c a l  o r i g i n  o f  c o o r d i n a t e s  f o r  

t h e  l a y e r  ( F i g .  B l ) .  T h e  l a y e r - n o r m a l  v e l o c i t y ,  v z , i s  

u n c h a n g e d  b y  t h e  s h e a r i n g  d e f o r m a t i o n .  T h e  l a y e r - p a r a l l e l  

v e l o c i t y ,  v x , o n  t h e  o t h e r  h a n d ,  i n c r e a s e s  w i t h  t h e  m ean
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s h e a r i n g  d e f o r m a t i o n  w i t h i n  t h e  l a y e r s  a n d  a t  t h e  l a y e r  

c o n t a c t s .  A c c o r d i n g  t o  e q s .  ( 2 a )  a n d  ( 2 e ) ,  t h e  d e p e n d e n c e  

o f  t h e  m ean  l a y e r - p a r a l l e l  v e l o c i t y  o n  t h e  m ean s h e a r  s t r e s s  

a n d  o n  v e r t i c a l  p o s i t i o n  i n  t h e  m u l t i l a y e r  i s :

V x =  D xxX  +  ( f f x z / | i 1 ) ( u L +  $ t l b )

*  ( ( ^ x i / P c )  l ^ x z / ( 3 c | ( T" " 1 >  + A ( v x ) 0 ) ( i )  ( 4 )

i n  w h i c h  tjL +  § t i b i s  t h e  v e r t i c a l  d i s t a n c e  f r o m  t h e  o r i g i n  

o f  g l o b a l  c o o r d i n a t e s  ( F i g .  B l )  a n d  i  i s  t h e  n u m b e r  o f  l a y e r  

i n t e r f a c e s  c o n t a i n e d  i n  t h e  d i s t a n c e  uL + § t , b .

i

— ♦

-J

3

> h
'

•-

’ f

F i g u r e  B l . G l o b a l  a n d  l o c a l  c o o r d i n a t e  s y s t e m s  f o r  
m u l t i l a y e r .  F o r  t h e  m ean p o s i t i o n s  o f  t h e  i n t e r f a c e s  
s h o w n ,  § t ib =  i h / 2 .
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I f  t h e  m ean  s h e a r  s t r e s s ,  <fX I , i s  z e r o ,  t h e  m ean  

l a y e r - p a r a l l e l  v e l o c i t y  r e f l e c t s  o n l y  t h e  s h o r t e n i n g ,  

t h r o u g h  t>xxx .  I f  t h e  m ean s i m p l e  s h e a r i n g  s t r e s s  i s  n o t  

z e r o ,  h o w e v e r ,  a  v e l o c i t y  g r a d i e n t  a c r o s s  t h e  l a y e r  i s  

p r o d u c e d  w h i c h  i s  i n v e r s e l y  p r o p o r t i o n a l  t o  t h e  v i s c o s i t y  o f  

t h e  l a y e r ,  p * .

A t  t h e  c o n t a c t s  b e t w e e n  l a y e r s ,  t h e r e  i s  a  v e l o c i t y  

ju m p  i n  t h e  x - d i r e c t i o n  t h a t  d e p e n d s  o n  t h e  r a t e  o f  s l i p  

p a r a l l e l  t o  t h e  c o n t a c t .  T h e  r a t e  o f  s l i p ,  i n  t u r n ,  i s  a  

f u n c t i o n  o f  t h e  m ean  s h e a r  s t r e s s ,  v xz , a n d  t h e  p a r a m e t e r s  

(3C a n d  m w h i c h  d e s c r i b e  r e s i s t a n c e  t o  s l i p  a t  t h a t  c o n t a c t .  

T h e  m ean p a r t  o f  t h e  v e l o c i t y  ju m p  i n  t h e  x - d i r e c t i o n  i s  t h e  

d i f f e r e n c e  i n  m e an  v e l o c i t i e s  a t  t h e  t o p  ( t )  o f  o n e  l a y e r  

a n d  a t  t h e  b o t t o m  ( b )  o f  t h e  o v e r l y i n g  l a y e r .

To  2 n d  o r d e r ,  we w r i t e  t h e  h e i g h t s  o f  t h e  t o p  ( t )  a n d  

b o t t o m  ( b )  i n t e r f a c e s  o f  a  l a y e r  i n  t e r m s  o f  t h e i r  m ean  

p o s i t i o n  a n d  a  v a r i a t i o n  a b o u t  t h a t  m ean  t h a t  i s  d e s c r i b e d  

i n  t e r m s  o f  f o u r  c o m p o n e n t  w a v e f o r m s :

= h / 2  +  iA t c o s ( i i x )  + iA t s i n ( A x )

+ aAt c o s ( 2 £ x )  +  s i n ( 2 J l x )  ( 5 a )

§ b =  - h / 2  + tA b c o s ( £ x )  +  i Ab s i n ( A x )

2Ab c o s ( 2 £ x )  + 2Ab s i n ( 2 f i . x )  ( 5 b )

T h e  p e r t u r b e d  i n t e r f a c e  s h a p e  i s  d e s c r i b e d  b y  tw o  f i r s t  

c o m p o n e n t  w a v e f o r m s  w i t h  w a v e l e n g t h  L a n d  tw o  s e c o n d
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c o m p o n e n t  w a v e f o r m s  w i t h  w a v e l e n g t h  L / 2 .  E a c h  p a i r  c o n s i s t s  

o f  a  c o s i n u s o i d a l  a n d  a  s i n u s o i d a l  w a v e f o r m .

T h e  tw o  c o s i n u s o i d a l  c o m p o n e n t  w a v e f o r m s ,  ,A  c o s ( f i . x )  

a n d  ZA c o s ( 2 £ x ) ,  a r e  t h e  s am e  tw o  c o s i n u s o i d a l  w a v e f o r m s  

t h a t  a r i s e  i n  a  2 n d  o r d e r  a n a l y s i s  o f  l a y e r - p a r a l l e l  

s h o r t e n i n g .  I f  t h e  m axim um  c o m p r e s s i v e  s t r e s s  w e r e  p a r a l l e l  

t o  l a y e r i n g ,  t h e  a m p l i t u d e s  o f  t h e  c o s i n u s o i d a l  w a v e f o r m s  

w o u l d  r e d u c e  t h e  c o r r e s p o n d i n g  o n e s  d e r i v e d  i n  A p p e n d i x  A .

T h e  tw o  s i n u s o i d a l  c o m p o n e n t  w a v e f o r m s ,  tA s i n ( £ x )  a n d  

aA s i n ( 2 £ x ) ,  a r e  g e n e r a t e d  b y  t h e  s h e a r i n g  d e f o r m a t i o n .  I f  

t h e  m axim um  c o m p r e s s i v e  s t r e s s  w e r e  p a r a l l e l  t o  l a y e r i n g ,  

t h e  a m p l i t u d e s  o f  t h e  s i n u s o i d a l  c o m p o n e n t  w a v e f o r m s  w o u l d  

b e  z e r o .

T h e  o r d e r  o f  a p p r o x i m a t i o n  r e f e r s  t o  t h e  m axim um  p o w e r  

t o  w h i c h  t h e  s l o p e  o f  t h e  f i r s t  w a v e f o r m  i s  r a i s e d .  B e c a u s e  

t h e  i n t e r f a c e  i s  d e s c r i b e d  b y  t w o  i n d e p e n d e n t  f i r s t  

w a v e f o r m s ,  b o t h  f i r s t  w a v e f o r m  a m p l i t u d e s ,  tA a n d  , A ,  a r e  

s i g n i f i c a n t  i n  d e t e r m i n i n g  t h e  o r d e r  o f  a p p r o x i m a t i o n .  T h u s  

i n  a  2 n d  o r d e r  s o l u t i o n ,  t e r m s  p r o p o r t i o n a l  t o  ( j A A ) ,  ( i AJL),

( i A2. ) 2 , (% AS.) 2 , a n d  ( - A®.) ( i  Aft.) a r e  r e t a i n e d . T e rm s  

p r o p o r t i o n a l  t o  1 s t  o r d e r  i n  t h e  m axim um  s l o p e s  o f  t h e  

s e c o n d  c o m p o n e n t  w a v e f o r m s  —  t e r m s  p r o p o r t i o n a l  t o  ( 2AJl)  

a n d  ( 2ASL) —  a l s o  a r e  r e t a i n e d .
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T h e  p e r t u r b e d  v a l u e s  s a t i s f y  t h e  b i h a r m o n i c  e q u a t i o n  i n  

t h e  s t r e a m  f u n c t i o n ,  \p:

v 4^ = 0  ( 6 a )

T h e  s t r e a m  f u n c t i o n  \|> f o r  t h i s  p r o b l e m  c o n t a i n s  b o t h  

s i n u s o i d a l  a n d  c o s i n u s o i d a l  f u n c t i o n s :

\p = (1  /  j  fi.) [.; g ( z ) s i n ( j l t x )  -  ; h ( z )  c o s ( j f t x ) ] ;

j  = 1 , 2  ( r e s u l t s  summed) ( 6 b )

i n  w h i c h  fi. i s  t h e  w a v e n u m b e r , SL =  2 7 t / L ,  L i s  t h e  w a v e l e n g t h  

o f  t h e  p e r t u r b a t i o n ,  a n d  jcj a n d  jh  a r e  f u n c t i o n s  o f  z .

T h e  p e r t u r b e d  v e l o c i t i e s  a r e  d e r i v a t i v e s  o f  t h e  s t r e a m  

f u n c t i o n :

=  - &\ | > / bz

=  b\)>/bx ( 6 c )

T h e  s o l u t i o n  f o r  t h e  p e r t u r b e d  v e l o c i t i e s  a n d  s t r e s s e s  

c o n s i s t s  o f  tw o  s e t s  o f  e q u a t i o n s ,  o n e  f o r  t h e  v e l o c i t i e s  

a n d  s t r e s s e s  g e n e r a t e d  b y  t h e  l a y e r - p a r a l l e l  s h o r t e n i n g  

( e q .  7 )  a n d  o n e  f o r  t h e  s t r e s s e s  a n d  v e l o c i t i e s  g e n e r a t e d  b y  

t h e  l a y e r - p a r a l l e l  s h e a r i n g  ( e q .  8 ) :

=  [ { j a  + j b (  j & z )  ) c o s h (  j )J .z )

+ ( jC  + j d ( j £ z ) )  ' s i n h ( j H z ) ]  c o s ( j £ x )  ( 7 a )
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= - [ { j a  + j d  +  j b (  j A z ) } s i n h ( j A z )

+  { j b  * ;C +  j d ( j H z ) }  c o s h ( j A z ) ]  s i n ( j A x )

9IZ =  2 jt-ifi. [ { j a  + , b  ( j  A z ) }  s i n h ( j A z )

+ { j C  + j d ( j A z ) }  c o s h ( j A z ) ]  c o s ( j A x )  -  f50 

axx =  - 2 j p A [ { j a  +  2 j d  +  j b ( j  A z ) } s i n h ( j A z )

+ { , c  + 2 j b  +  j d ( j  A z ) }  c o s h ( j A z ) ]  c o s ( j A x )  -  j30 

o xz =  - 2 j | j A [ { j a  +  j d  +  j b ( j A z ) }  c o s h ( j A z )

+ { ; c + j b  + j d ( j A z ) }  s i n h ( j A z ) ]  s i n ( j A x )

V z = t { .j a  + j b (  j A z )  } c o s h ( j A z )

+ { ; C  + j d ( j A z ) }  s i n h ( j A z ) ]  s i n ( j A x )

V,  = [ { j a  + j d  + j b ( j A z ) } s i n h ( j A z )

+ { j b  * j C  + j d ( j A z ) } c o s h ( j A z ) ]  c o s ( j A x )

5-2 = 2 j  i-i A [ { j a  + j b (  j A z )  } s i n h ( j A z )

+ { j C  + 3d { j A z ) } c o s h ( j A z ) ]  s i n ( j A x )  -  p o 

c xx =  - 2 j | a A [ { j a  + 2 j d  + j b ( j A z ) }  s i n h ( j A z )

+ { ; C  + 2 j b  +  j u ( j  A z ) }  c o s h ( j A z ) ]  s i n ( j A x )  -

( 7 b )

( 7 c )

( 7 d )

( 7 e )

(8a)

( 8 b )

( 8 c )

( 8 d )
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=  2 j  h fi. [ { j a  + j d  +  j b ( j A z ) }  c o s h ( j A z )

+  { j C  + j b  + j d ( j H z ) }  s i n h ( j £ . z ) ]  c o s ( j 4 . x )  ( 8 e )

i n  w h i c h

j  i s  t h e  w a v e fo r m  n u m b e r :  j  = 1 t o  2 ( r e s u l t s  s u m m e d );

S. i s  t h e  w a v e n u m b e r :  £. =  2n/L;

L i s  t h e  w a v e l e n g t h  o f  t h e  f i r s t  c o m p o n e n t  w a v e f o r m ;  

a n d  j a ,  j b ,  j C ,  a n d  j d  a r e  a r b i t r a r y  c o n s t a n t s .

T h e  l e a d i n g  s u b s c r i p t  i n d i c a t e s  t h e  w a v e f o r m  w i t h  w h i c h  t h e  

c o n s t a n t  i s  a s s o c i a t e d .

T h e  s o l u t i o n  f o r  t h e  c o s i n u s o i d a l  i n t e r f a c e  ( p r o d u c e d  

b y  l a y e r - p a r a l l e l  s h o r t e n i n g ,  e q .  7 )  c a n  b e  t r a n s f o r m e d  t o  

t h e  s o l u t i o n  f o r  t h e  s i n u s o i d a l  i n t e r f a c e  ( p r o d u c e d  b y  

l a y e r - p a r a l l e l  s h e a r i n g ,  e q .  8 )  b y  u s i n g  tw o  t r i g o n o m e t r i c  

i d e n t i t i e s :

s i n ( J l x )  =  s i n ( f l . x  + 9 0 ° )  = c o s ( A x )  ( 9 a )

c o s ( £ x )  = c o s (5 .x  + 9 0 ° )  =  - s i n ( J i x )  ( 9 b )

T h e  2nd  o r d e r  e x p r e s s i o n s  f o r  t h e  p e r t u r b e d  s t r e s s e s  

a n d  v e l o c i t i e s  a t  t h e  i n t e r f a c e  a r e  d e r i v e d  b y  s u b s t i t u t i n g  

t h e  2 nd  o r d e r  e x p r e s s i o n  f o r  t h e  h e i g h t  o f  t h e  i n t e r f a c e ,  § 

( e q .  5 ) ,  f o r  z  i n  t h e  e x a c t ,  g e n e r a l  e x p r e s s i o n s  f o r  t h e  

p e r t u r b e d  s t r e s s e s  a n d  v e l o c i t i e s ,  e q s .  ( 7 )  a n d  ( 8 ) .  U s i n g  

t r i g o n o m e t r i c  i d e n t i t i e s  t o  r e g r o u p  t e r m s  a c c o r d i n g  t o  

w a v e f o r m ,  we d e r i v e  t h e  f o l l o w i n g  e x p r e s s i o n s  f o r  t h e
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perturbed stresses and velocities, to 2nd order accuracy:

[ < U  =  { t { i a t | b k ) ( l C)  + { t | c + ) d k ) ( i S ) ]

+ [ { J a i f b k } ( j C )  + { ± } c + } d k ) { i S ) ]  }

+

{ [ { } a i J b k ) ( i C ) + { ± } c + i d k } ( 1S ) ]

+ [ { i a i j b k } ( j C)  + { i  J c + i d k ) ( , S ) ] }

+

{ [ { | a t  2 f b k ) ( 2C ) +  { i f c + 2 f d k ) ( 2S ) ]

+ [ { f a i  2 f b k } ( 2C ) +  { i f c + 2 f d k } ( 2S ) ]

+  ( 1 / 2 ) [  { } b+ l  c ± } d k ) { , C ) + { i ! a i } d + | b k } { aS ) ] ( , A A )  

+ ( l / 2 ) [ { i b + ? c ± } d k } ( l C)  + { ± ! a i ‘ d + ? b k } ( , S ) ] { ! Afl.)

- (1 / 2 )  [ { } b + J c i  } d k } (i C y + { ± } a i  } d + } b k )  (: S ) ] (tA A )
- (1 / 2 )[ {} b + } c ± } d k ) (iC ) + {i J a ± J d + J b k ) (,S )](t A A ) 

+ [ { 4 a i 2 4 b k } ( zC)  + { ± ‘ i c + 2 ‘ Jdk}  ( 2S ) ]

+ [ { > J a i 2 1i b k } ( 8C)  + { ± 1l c + 2 I | d k }  ( 2S)  ]

+ [ { ‘ §a± 2 1J b k } ( 2C ) + { ± 1| c + 2 ‘ J d k ) ( 2S ) ]  }

X

{ [ { | a ±  2 | b k ) ( 2C ) + { i i c + 2 i d k } ( 2S ) ]

+ [ { | a ±  2 | b k ) ( 2C)  + { i | c + 2 | d k } ( 2S)  ]

+ ( 1 / 2 )  [ { } b + } c i } d k ) ( i C } +  { ± i a * i d + | b k } ( 1S ) ] ( 1AA)  

+ ( 1 . /  2 )  [ { J b+ j c ±  i d k }  ( i C ) + {4 ia ±  i d + ) b k )  ( , S ) ] ( ,  A i l )  

+ ( 1 / 2 ) [  { Jb+1c i  J d k } ( i C ) + { i } a t } d + { b k } ( , S ) ] ( i A A ) 

+ ( l / 2 ) [ { f b + J c ± f d k } ( l C)  + { M a i J d + J b k J ^ s n U A A )

c o s ( A x )

s i n ( A x )

c o s ( 2 A x )
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+  [ ( 1± a i 2 ‘ i b k ) ( 2C)  +  {♦  1£ c + 2 1± d k )  ( 2S ) ]

+ [ { ' £a±  2 1£ b k }  ( 2C ) +  { 11i c + 2 1J d k )  ( 2S)  ]

+  [ < 4 a i 21i b k }  ( 2c )  +  { i 1i c + 2 * i d k }  ( 2S)  ] }

+  ( l / 2 ) [ { i b + | c i | d k } ( 1C )  +  { t \ a t \ d + \ b k ) { 1S ) ] { 1k!L) 

+  ( l / 2 ) [ { J b + J c ± } d k } ( 1C )  +  { t } a i j d + j b k } ( i S ) ] ( t A A ) 

+  ( 1 / 2  ) [  { } b + } c i  J d k )  ( i C ) +  { ± i a i } d + i b k } ( 1S ) ] ( , A i l )  

+  ( l / 2 ) [ { i b + i c ± J d k } ( 1C )  +  { i i a i i d + i b k } ( , S )  ] ( t A 2 )

[ ^ x ]  = { -  [ { } b + ) c i  | d k ) ( i C)  + { ± ! a i | d + l b k }  ( , S )  ]

-  [ { ! b + ! c i ! d k ) ( , C )  + { ± } a ± } d + } b k ) { i S ) ] }

+

{ +  [ { ! b + J c i  J d k ) ( i C ) + { i } a ±  J d + } b k ) ( i S ) ]

+ [ { I b + J c i  J d k }  ( t C ) +  { i l a i i d + J b k X . S ) ]  }

+

{ -  [ { f b + f c ±  2 | d k ) ( 2C ) + { i | a i | d + 2 | b k } ( 2S ) ]

- [ { f b + f c ± 2 f d k } (2C) + { i f a i f d + 2 f b k } (2S)]

- (1/2) [ {}a+2}di Jbk} {iC) + {t let 2}b+idk} (,S) ] (.AJL)
-  ( 1 / 2 ) [ ( } a + 2 ? d ± } b k ) ( , C )  + { i  J c i  2 f b + ? d k ) ( i S ) ] ( , A A ) 

+ (1 / 2 )[{} a + 2 } d ± } b k ) (t C ) + {±}c±2 J b + ! d k )(,S)]( tA A) 

+ ( 1 / 2 ) [ < i a + 2 i d i l b k ) ( , C )  + ( i l c t 2 1 b + l d k ) ( 1S ) ] ( 1A i )

- [(1Jb+1Jc42‘Jdk)(2C) + {t»jat»id+2‘Jbk)(zS) ]
- [ (1ib+1lc±21?dk) (vC) + (±1lat'Jd+24bk) (2S) ]
-  [ { ‘ l b + l J c i 2 ‘ ? d k ) ( 2C)

s i n ( 2 £ x )

( 9 a )

s i n ( &x )

c o s ( fl.x)

r  '
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+  { i  * i a i 1 | d + 2 l | b k }  ( z S ) ] }

{  +  [  { f b + i c i 2 f d k ) ( 2C )  +  { ± i a i | d + 2 | b k } ( 2 S ) ]

+  [ { | b + | c i 2 S d k } ( 2C )  +  { i £ a i | d + 2 i b k } ( 2S ) ]

+  ( l / 2 ) t { i a + 2 | d ± i b k } ( 1C )  +  { ± l c * 2 | b + | d k ) ( 1S ) ] ( 1A £ )  

+  ( l / 2 ) [ { i a + 2 i d i i b k } ( i U )  +  { t l c t 2 1 b + l d k ) ( 1S ) ] ( 1A £ )  

+  ( l / 2 ) [ ( ! a + 2 1 d i } b k } ( 1C )  +  { i } c t 2 } b + l d k } ( , S ) ] ( t A £ ) 

+  ( 1 / 2 )  [  { } a + 2 } d i } b k ) ( , C )  +  { i } c t 2 J b + J d k ) ( t S ) ] ( » A A ) 

+  t { 1i b + ‘ i c i 2 , i d k }  ( 2C )  +  { i ' i a t  1i d + 2 1i b k }  ( 2S )  ]

+  [ { 1£ b + l J c ± 21£ d k }  ( 2c )  +  { ± 1J d + 2 1| b k }  ( 2S ) ]

+  [  { ‘ £ b + 4 c t  2 4 d k }  ( 2C )
+  { t * i a i » 4 d + 2 » i b k } ( z S ) ]  }

+  ( 1 / 2 ) [ { | a + 2 } d i } b k } ( , C )  +  { t J c i 2 1 b + i d k ) ( l S ) ] ( 1A £ )  

+  ( 1 / 2 )  [ ( i a + 2 i d ± i b k )  ( t C )  +  { i  i c i  2 } b + i d k )  ( sS )  ] ( j A J l )

-  ( l / 2 ) [ ( l a + 2 ! d i i b k } ( 1C)  + { i } c t 2 5 b + } d k } ( , S ) ] ( l A £ )

-  ( 1 / 2 )  [ ( } a + 2 J d ± } b k ) ( t C)  + { i} c t 2 } b + ? d k ) ( , S ) ] ( t A £ )

[3„] = { 2 HH [ { i c i l d k ) (,C) + {i J a + i b k ) ( iS ) ] 

+ 2p£. [ { * c i  * d k )  ( i C ) + { i } a + } b k )  ( i S ) ] }

4-

{ 2 p i l [ { i c - M d k } ( 1C)  +  ( i j a + l b k )  ( i S ) ]

+  2p5. [ { J c i J d k }  ( i C)  + ( i J a + l b k H . S ) ]  }

s l n ( 29.x)

c o s ( 2£.x)

( 9 b )

c o s ( 9.x)

s l n (  9.x)
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{ +  4 p £  [ { § c i  2 | d k )  ( 2C)  +  { ± | a + 2 | b k }  ( 2S)  ]

+  4 p £ [  { f c i 2 f d k M 2C)  +  { i f a + 2 f b k }  ( 2S)  ]

+ p £ [ { } a + } d t | b k } ( , C )  + { ± } c t  Ib + ld lc )  ( j S )  ] ( , A i l )

+ p i E d a + f d t l b k M j C )  + {t\c± J b+ Jd k}  ( , s )  ] ( tASL)

-  p £ [ { } a + ! d i } b k } ( 1C)  + { i l c * l b + | d k X » S ) X i A £ )

- M A t d a + i d i l b k X ^ )  + { ± } c i } b + i d k }  ( i S ) ] (jA£) 

+ 4 H 4 [ { 4 c t 2 4 d k } ( zC) +  { i  4 a + 2 4 b k }  ( 2S)  ]

+  4 i a£ [  { 1| c i 2 1l d k }  ( 2C) +  { + 1 ? a + 2 4 b k }  ( 2S ) ]

+ 4 n £ [ { 1S c * 2 * | d k )  ( 2C) +  { ± 4 a + 2 ‘ | b k }  ( 2S)  ] }

{ + 4 p £ [  { | c ±  2 | d k } ( 2C)  + { i | a + 2 | b k } ( 2S ) ]

+  4 | i £ [  { | c i  2 | d k )  ( 2C ) +  { ± | a + 2 | b k }  ( 2S ) ]

+  pfi. [ { } a + } d ±  } b k )  ( , C ) + { ± Je t  J b + fd k }  ( , 3 )  ] ( , A£ ) 

+ H£ [  ( l a + l d i i b k X . C )  + { i J c i i b + l d k X . S ) ]  ( tAA)  

+ m £ [  { J a + l d i l b k }  ( t C)  + { ± } c i  ; b + } d k }  ( j S)  ] ( tAfl . ) 

+ M f t E t i a + f d M b k J U C )  + { i i c t j b + i d k X j S J X x A J l )  

+ 4 p £  [ ( 4 c i 2 4 d k )  ( 2C)  + { i 1i a + 2 ‘ 4 b k } ( 2S ) ]

+  4 p £ [ { 4 c i 2 4 d k } ( 2C) + < ± > i a + 2 4 b k X 2S ) ]

+ 4 p £ [  { 4 c t 2 * 4 d k }  ( 2C)  + { i ‘ 4 a + 2 4 b k }  ( 2S)  ] }

+  p £ [ { j a + i d i  J b k ) ( i C ) +  { t } c ± l b + } d k > ( , S ) ] ( , A A ) 

+ p£  [ { J a + J d i  } b k )  ( t C)  + {t }c±  }b + ? d k }  ( , S ) ] ( ,AJL) 

+ p £ [ { J a + l d i i b k } ( , C )  + { i j c i l b + j d k } (,s)] ( i A A )  

+ u £ [ ( i a + l d i l b k ) ( , C )  + { i l c i } b + i d k } ( j S ) ] ( , A £ )  

-  Pa - PQZ

c o s ( 2 £ x )

s i n ( 2 £ x )

(9c)
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[8**1 = { "  2 | u J l [ U c + 2 i b M d k } ( 1C)  +  {♦  j a i 2 ) d + i b k )  ( , S )  ]

-  2(jfi. [ { Jc+2?b± i d k }  ( i C ) +  { ± ! a i 2 ? d + J b k } ( , S ) ]  }

+

{ -  2 p £  [ { Jc+2Jb± } d k }  ( i C ) + { i } a i 2 } d + } b k } ( 1S)  ]

-  2 | a f l . [ { i c + 2 i b ± i d k > { 1C)  + { ± i a t 2 } d + i b k } ( 1S ) ]  }

+

{ -  4 H J l [ { § c + 2 ! b i 2 § d k } ( 2C)  + { i f a ± 2 f d + 2 § b k }  ( 2S)  j

-  4|afi.[ { f c + 2 f b i 2 f d k }  ( 2C)  + { i f a i  2 f d + 2 f b k }  ( 2S ) ]

-  (J£ [ { i a + 3 } d i i b k } ( 1C)  + { i } c i 3 i b + ! d k } ( 1S ) ] ( 1Ai l )

-  p J L n f a + S i d t J b k H . C )  + { i } c ± 3 ! b + } d k } ( 1S ) ] ( 1AA)

+ \i$.[{ia+3\a±ibk}(1C) + { + i c i 3 } b + l d k ) ( 1S ) ) ( 1AA)

+ m A[  { } a + 3 i d i j b k } ( , C )  + { i i c t 3 i b + i d k } ( XS ) ] ( jAfi . )

-  4 p A [  { 4 c + 2 4 b ± 2 l Jdk}  ( 2C)  + { ± 4 a i 2 JJ d + 2 4 b k }  ( 2S)  ]

-  4pJL[ { 4 c + 2 ' l b ± 2 , | d k }  ( 2C)  + { i  J|a ±  2 ‘ | d + 2 ‘ Jbk} ( 2S ) ]

-  4 p A [  { 1l c + 2 1? b i 2 * ? d k }  ( 2C)
+  { i 1J a i 2 1J d + 2 1l b k }  ( 2S)  ] }

+

{ -  4 |aH[ { | c + 2 | b ± 2 | d k }  ( 2C)  + { i | a i 2 f d + 2 i b k } ( 2S ) ]

-  4 p H [  { | c + 2 I b i 2 | d k } ( 2C)  + { ± | a i 2 | d + 2 | b k } ( 2S ) ]

-  p £ [ { i a + 3 i d i } b k } ( . C )  + { i } c t 3 | b + } d k } ( 1S ) ] ( I AA)

-  M A K i a + S i d t l b k X j C )  + { ± J c i  3 } b + i d k )  ( , S ) ] ( tAA )

-  p A [ { } a + 3 } d ± } b k } ( , C )  + { i | c ± 3 i b + J d k ) ( , S ) ] ( , A A )

-  p H [ { ? a + 3 J d i l b k } { \ C )  + { ± »c± 3 * b + J d k > ( t S ) ] ( tA A )

-  4 p A [  { 1i c + 2 1£b± 2 1^ d k )  ( 2C ) + { i  l 4 a t  2 14 d + 2 14 b k }  ( 2S ) ]

c o s  ( Ax)

s i n ( A x )

c o s ( 2 A x )

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



501

-  4 h £ [  { 14 c + 2 ‘ | b t 2 1{d k >  ( 2C)  + { ± » 4 a ± 214 d + 2 » 4 b k }  ( 2S ) ]

-  4 m A [ { t ! c + 2 1i b i 2 ‘ } d k }  ( 2C)
+  { t 4 a i 2 ‘ J d + 2 4 b k }  ( 2S)  ] }

-  p £ [  { { a + 3 } d ± } b k } ( , C )  +  { i } c i  3 } b + } d k } ( , S ) ] ( , A H )

-  p £ [ { } a + 3 } d ± } b k } ( , C)  +  { i J e t  3 } b + ? d k } ( , S ) ] ( , A i l )

-  v i A [ { l a + 3 1 d i | b k }  ( , C )  + { ± i c i 3 } b + l d k }  ( j S )  ] U A 5 .)

-  pil [ { } a + 3 } d i } b k } ( t C)  + {4 l e i  3 J b + i d k } ( , S ) ] ( , A A )

-  P„  -  p  g z

[9„1 = { - 2 M £ [ { } a + } d S } b k } ( 1C)  + {4 }c4 } b + } d k }  ( , S )  ] 

- 2 p £ [ { ! a + } d ± J b k } ( 1C)  + { 4 * c 4 } b + } d k }  ( l S ) ]  }

+

{ + 2 M J l [ { i a + i d i i b k } ( 1C)  + { + } c ± } b + } d k }  ( XS)  ]

+ 2 MA [ { i a + i d i i b k } ( 1C)  + { i  i c ±  } b + } d k } ( t S ) ]  }

+

{ -  4 i a £ [ { | a + I d i 2 I b k } ( 2C)  + { i f c i  | b + 2 | d k }  ( 2S ) ]

-  4p fi. [ { f a + f d i  2 f b k } ( 2C ) + { i f c i f b + 2 f d k ) ( 2S ) ]

-  v i A [ U c + 2 J b ± i d k ) ( 1C)  +  { ± l a i 2 } d + | b k }  ( , s )  ] ( .AS. )

- Hfi-[{Jc+2Jbi}dk}(IC) + {ijai2Jd+Jbk}(,S)] (,A£) 

+ pil [ {}c+2}bi }dk} (i C ) + {iiai2}d+}bk}(1S)] (mAJL) 

+ pi[ (ic+2ibiidk}(1C) + {± iat 2Jd+Jbk}(a S )](jAfi.)

-  4mJL[ { 1J a + ‘ J d t 2 1i b k }  ( 2C)  + { ± » j c t l J b + 2 4 d k )  ( 2s) ]

-  4pJl [ { 1 J a + l | d i  2 1| b k }  ( 2C ) + { ± ‘ J c 4 1 J b + 2 1 § d k }  ( 2S ) ]

s i n (  2S.x)

( 9 d )

s l n (  Six)

c o s  ( i l x )

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



502

-  4 p £  [ { 1 J a + *J d i  2 * | b k }  ( 2C )
+  { t , | c t 1| b + 2 1| d k }  ( 2S ) ] }

{ + 4 H S . [ { | a + ? d i 2 i b k } ( zC)  + { ± S c i | b + 2 | d k }  ( 2S ) ]

+  4 p £ [  { | a + £ d ± 2 | b k } ( 2C)  + { i £ c i | b + 2 £ d k } ( 2S ) ]

+  h A [  { } c + 2 } b ± i d k } ( , C )  + { t ‘ a i 2 } d + } b k } ( , S ) ] ( , A A )  

+ p J l [ { i c + 2 i b i i d k } ( 1C)  + { i i a i 2 i d + J b k }  (,S) ] (,Ai) 

+ H H [ { ! c + 2 ! b ± l d k } ( l C)  + { * l a i 2 i d + } b k > ( 1S ) ] ( , A J L )  

+ H i t { J c + 2 J b ± } d k } ( 1C)  + { i ! a ± 2 } d + ! b k } ( 1S ) ] ( 1A £ )  

+  4 H J l [ {1i a + 1i d i 2 4 b k }  ( 2C) + {t ‘ l e t  ‘ i + 2 4 d k >  ( 2S ) ]

+  4pH [ { s£ a + l J d i  2 ‘ J b k }  ( 2C ) + {t 4 c i  ‘ 4 b + 2 ‘ 4 d k )  ( 2S ) ]

+ 4uJL[{I4a+»id±214bk) (2c)
+ {+ * 4 c i  1| b + 214d k }  ( 2S ) ] }

+  la i l [ { i c + 2 } b i } d k } ( 1C)  + { t } a + 2 J d + } b k } ( 1S ) ] ( 1Ai l )  

+ )J£ [ { l c + 2 1 b ± i d k } ( l C)  + { ± l a i 2 1 d + i b k ) ( l S ) ] ( l AA)

-  pfl. [ { } c + 2 J b ±  J d k } ( i C ) + { i } a ± 2 i d + i b k } ( 1S ) ] ( 1A £ )

-  pJ!.[ { ? c + 2 } b ± } d k }  ( , C )  + { i } a t 2 i d + i b k ) ( l S ) ] { 1AA)

s i n (  2 J lx )

c o s  ( 24.x)

( 9 e )

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



503

i n  w h i c h

jC  =  c o s h ( j k )  a n d  jS  =  s i n h ( j k )

2 i s  t h e  w a v e f o r m  n u m b e r  ( j  =  1 o r  2 )  

k  i s  t h e  d i m e n s i o n l e s s  w a v e n u m b e r ,  k  = £ ( h / 2 )

H i s  t h e  w a v e n u m b e r ,  I = 2-n/L

L i s  t h e  w a v e l e n g t h  o f  t h e  f i r s t  c o m p o n e n t  w a v e f o r m  

h  i s  t h e  v e r t i c a l  t h i c k n e s s  o f  a  l a y e r .

T h e  " ± "  s i g n  r e f e r s  t o  t h e  t o p  ( + )  a n d  b o t t o m  ( - )  o f  a  l a y e r .  

E q u a t i o n s  ( 1 0 )  a r e  a n a l o g o u s  t o  e q s . ( 1 0 )  i n  A p p e n d i x  A .

T h e  c o m p l e t e  e x p r e s s i o n s  f o r  t h e  v e l o c i t i e s  a n d  

s t r e s s e s  a r e  f o u n d  b y  su m m in g  t h e  i n d i v i d u a l  e x p r e s s i o n s  f o r  

t h e  m ean a n d  p e r t u r b e d  c o m p o n e n t s ,  e q s .  ( 2 )  a n d  ( 1 0 ) ,  

r e s p e c t i v e l y .

On e a c h  a r b i t r a r y  c o n s t a n t  i n  e q .  ( 1 0 ) ,  t h e  l e a d i n g  

s u b s c r i p t  i d e n t i f i e s  t h e  w a v e f o r m  w i t h  w h i c h  t h e  c o n s t a n t  i s  

a s s o c i a t e d ;  t h e  l e a d i n g  s u p e r s c r i p t  i n d i c a t e s  t h e  p r o d u c t  o f  

m axim um  s l o p e s  t h a t  e n t e r s  t h e  e x p r e s s i o n  f o r  t h a t  c o n s t a n t .  

F o r  e x a m p l e ,  f a  i s  a  c o n s t a n t  f o r  t h e  s e c o n d  c o s i n u s o i d a l  

w a v e f o r m  ( s u b s c r i p t  " 2 " )  t h a t  i s  t o  1 s t  o r d e r  i n  t h e  maxim um  

s l o p e  o f  t h e  s e c o n d  s i n u s o i d a l  w a v e f o r m  ( s u p e r s c r i p t  " 2 " ) .  

T h e  c o n s t a n t  ‘ Ja i s  a s s o c i a t e d  w i t h  t h e  s e c o n d  s i n u s o i d a l  

w a v e f o r m  ( s u b s c r i p t  "2 ") a n d  i s  t o  2nd  o r d e r  i n  t h e  s l o p e s  

o f  t h e  c o s i n u s o i d a l  a n d  s i n u s o i d a l  f i r s t  w a v e f o r m s  

( s u p e r s c r i p t  " 1 1 " ) .

E x p r e s s i o n s  f o r  t h e  i n d i v i d u a l  c o n s t a n t s  w h i c h  a r i s e
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h e r e  i n  t h e  a n a l y s i s  o f  c o m b in e d  l a y e r - p a r a l l e l  s h o r t e n i n g  

a n d  s h e a r i n g  a r e  i d e n t i c a l  t o  t h o s e  f o r  i n d i v i d u a l  c o n s t a n t s  

w i t h  t h e  sam e n o t a t i o n  d e r i v e d  i n  t h e  a n a l y s i s  o f  

l a y e r - p a r a l l e l  s h o r t e n i n g  a l o n e ,  A p p e n d i x  A .

I n  A p p e n d i x  A ,  I  o u t l i n e d  a  m e th o d  f o r  r e d u c i n g  t h e  

n u m b e r  o f  c o n s t a n t s  b y  a b o u t  h a l f :  I  a p p l y  t h e  s t r e s s

b o u n d a r y  c o n d i t i o n s  t o  t r a n s f o r m  l a y e r  c o n s t a n t s ,  a ,  b ,  c ,  

d ,  i n t o  i n t e r f a c e  c o n s t a n t s  a a n d  r .  I  a p p l y  t h e  sam e  

m e th o d  i n  t h i s  d e r i v a t i o n ,  m a i n t a i n i n g  2 nd  o r d e r  a c c u r a c y .

T h e  2 n d  o r d e r  e x p r e s s i o n s  f o r  t h e  i n t e r f a c e  s t r e s s e s ,  

<rnn a n d  crn5, i n  t e r m s  o f  t h e  l a y e r  c o n s t a n t s  a r e :
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( tin) t , b =  +  2 p B xx ( , At , b£ ) 2 +  2 | i 5 xx( , A t ( b J l ) 2

-  p 0 -  Po 1 p g ( h / 2 )

-  h S.[ { } a + } d t  j b k }  ( i C ) +  <± J e t  } b + !d k } , (  , S )  ] ( , A t , bJi)

-  H A [ { f a + ! d i } b k } ( , C )  +  { i l c t f b + J d k X ^ l K t A ^ h A )

-  F M d a + i d i l b k M . C )  +  { * l c t | b + | d k }  ( , S )  ] ( t At>6£ )

-  H A [ { l a + i d i l b k } ( l C)  +  { i l c i i b + l d k } ( 1S ) ] ( 1At f b £ )

+

{ - 2 f f X I ( i A t , b£ )  +  p g ( i A t , b )

+  2 n £ [ { i c t l d k } ( | C )  + ( i l a + l b k H t S ) ]

+ 2 HJ l [ { J c i } d k } ( 1C)  + { t  } a + } b k )  ( i S ) ] }

{ 2f fx z ( i A t , b£ )  + p g ( i A t , b )

+  2 p i . [  { } c i } d k }  { i C ) + ( i l a + J b k X x S ) ]

+  2 HJ l [ { i c ± J d k } ( 1C)  + { ± l a + l b k }  ( t S ) ] }

* r

{ -  4CTX I ( * A t , bJl) + p g ( zAt , b )

-  2uB.... ( ,  A t , tA ) 2 + 2 u B xx( 1At , b£ ) 2

+ 4 f £ [  { § c ± 2 | d k } ( 2C)  +  { ± I a + 2 l b k } ( 2S ) ]

+  4pS. [ { f  c± 2 f d k )  ( 2C)  +  { ± f a + 2 f b k }  ( 2S ) ]

+  3 HJ l [ { ? a + } d i ! b k }  ( t C)  +  ( *  l e t  j b + j d k }  ( , s )  ] ( , A t , bA ) 

+ 3 n £ [ < i a + J d ± ! b k X i C )  +  ( i f c t j b + f d k }  ( , S )  ] ( t At , bfl.)

-  3 | i £ [  { i a + } d ± } b k }  ( t C)  +  ( i j c i i b + l d k )  ( , S )  ] ( , A t>b£ )

-  3 F H [ { i a + l d ± l b k } ( 1C)  + ( i l c i i b + i d k X . S )  ] ( , A t l b £ )  

+  4pA.[ {'let 2 4 d k }  ( ZC)  +  { t 1 J a + 2 1 Jbk}  ( 2S ) ]

+ 4 H£ [ { ‘ ! c i 2 1§ d k } ( 2C)  +  { t  l | a + 2 ‘ J b k }  ( 2S ) ]

c o s  ( fl.x)

s i n (  4.x)
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+
+ 4 p A [  { 1| c ± 2 1Jdk> ( 2C)  +  ( ± * l a + 2 “ 2b k } ( 2S ) ]  }

{ +  4 a  xz ( zAt , bA ) +  p g ( « A t i b ) - 4 H B , x ( l At i b A)  ( ,A tlbJl 

+  4 p A [ ( i c ±  2 | d k )  ( 2C ) +  { i | a + 2 | b k }  ( 2S ) ]

+  4 p A [ ( £ c i  2 £ d k )  ( 2C)  +  { i | a + 2 £ b k }  ( 2S ) ]

+ 3pA[ Ua+ldiJbkXiC) + (*|ciib+idk}(»S)] (,A,lbA) 

+ SHlltda+ldilbkXiC) + ( ±lct}b+ldk} (iS) ] (iAt.bA) 

+ 3pA[<}a+}diibk}(iC) + (tictjb+idk) (,5) ] (*A*,bA) 

+ 3pA[<Ja+!dMbk)(iC) + (t}ci}b+!dkXaS)](1At.bjl) 
+ 4hA[ {1ici21idk}(2C) + { ± 1£a+21±bk) (2S) ]

+ 4pA [ { ‘ i c i  2 ‘ J d k )  ( 2C ) +  { ± 1| a + 2 , £ b k )  ( 2S ) ]

+  4 H A [ { 1| c t 2 1* d k } ( 2C)  +  { i  l J a + 2 112b k }  ( 2S)  ] }

( < r „ . ) t i b  =  a xz [ 1 -  ( , A t . bA ) *  -  ( » A t l b A ) 2 ]

+  H A K i c M d k X x C )  +  { i l a + l b k ) ( , S )  ] ( , A t l b £ )

+  F * [ < | c ± l d k X i C )  +  { ± l a + } b k } ( l S ) ] ( I A t l b £ )

-  H A X I c i i d k X t C )  +  ( i l a + J b k X x S )  ] ( x A t > b A )

-  n A t U c i l d k X x C )  +  { * J a + l b k ) ( l S ) ] ( 1A t l b A )

+

{  4 | j D x x ( i A t , b A )

-  2 p A [  { } a + } d i i b k }  ( , C )  +  { i } c t  | b + } d k }  ( i S ) ]

-  2 |-i A t { J a + } d i  } b k }  ( i C ) + { i  \ct J b + f d k } (  , S ) ] }

c o s ( 2 A x )

s i n ( 2 A x )

( H a )

s i n ( A x )

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



507

+  2 p A . [  { i a + } d t | b k }  ( t C )  +  { t | c ± l b + | d k }  ( . S )  ]

+  2 H 4 [ { l a + l d t l b k } ( , C )  +  { i  l e i l b + i d k } ( , S ) ]  }

{  4 H t 5 x x ( 2A t > b 2 £ )  +  2 f f x r ( 1A t , b£ )  ( » A t , b4 )

-  4 p A  [ { § a + £ d i  2 | b k }  ( 2 C )  +  { i j j c i | b + 2 i d k }  ( 2 S )  ]

-  4 | i A  [ { f a + f d i  2 f b k }  ( 2C ) +  { ± f c i f b + 2 f d k )  ( 2 S )  ]

-  f i £ [  { 3 } c + 4 1 b i 3 } d k }  ( , C )
+  { i 3 1 a i 4 1 d + 3 1 b k } ( 1S ) ] ( 1A t > b i )

-  p i t { 3 J c + 4 } b i 3 1 d k } ( t C )
+  { i 3 J a ± 4 { d + 3 * b k > ( 1S ) ] ( 1A t , bA )

+  p A [  { 3 i c + 4 1 b i 3 1 d k }  ( t C )
+  { t 3 } a ±  4 } d + 3 } b k } ( t S ) ] ( * A t , bA )

+  H A [  { 3 1 c + 4 } b i 3 1 d k } ( , C )
+  { i 3 1 a i 4 1 d + 3 1 b k } ( l S ) ] ( , A t t b l )

-  4 n J L [ { , i a + l J d i 2 1J b k ) ( z C )  +  { i 1J c i 4 b + 2 4 d k }  ( 2 S )  ]

-  4 f i  *. [  { 1 J a + ! | d i  2 1 J b k } ( 2C ) +  { i ' | c i ' J b + 2 1 | d k }  ( 2 S ) ]

-  4 p  A [ { 1J a + 1i d i  2 * | b k }  ( 2C )
+  { i ‘ ? c i ‘ l b + 2 1 l d k }  ( 2S )  ]  }

{ - 4 H D x x ( , A t , b 2 J l )  +  f f xJ ( , A t , bi ) 2 -  ( i A t . bA ) 2 ]

+  4 p A  [  { l a + | d ±  2 £ b k )  ( 2C ) +  { i l c i | b + 2 i d k } ( 2 S ) ]

+  4 p  A [  { £ a + | d i  2 £ b k )  { 2C ) +  { i | c t £ b + 2 £ d k }  ( 2 S ) ]

+  ja il [  { 3 J c + 4 } b i  3 } d k }  ( t C )
+  { i 3 1 a i 4 1 d + 3 l b k }  ( , S )  ]  ( , A t i b A )

+  H ^ [ { 3 1 c + 4 } b J 3 i d k } ( , C )
+  { i 3 1 a i 4 1 d + 3 l b k }  ( , S )  ]  ( , A t > b A )

+  | j j . [ { 3 1 c + 4 11b i 3 1 d k }  ( , C )
+  { t 3 } a i 4 i d + 3 1 b k } ( 1S ) ] { t A t . bA )

c o s ( A x )

s i n ( 2 A x )
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+ H i [ { 3 ? c + 4 } b ± 3 1 d k } ( 1C)
+  { i 3 J a i 4 i d + 3 | b k > ( 1S ) ] ( 1At . bA)

+  d p i.  [ { ‘ i a + l i d t  2 ‘ i b k )  ( ZC)  +  { t » i c i  »4b +2 l i d k }  ( 2S )  ]

+  4 n J l [ { 1i a + 1|< 3 * 2 1i b k }  ( 2C)  +  {t ‘ i c t  ‘ i b + 2 ‘ J d k }  ( 2S ) ]

+  4 H J l [ {14 a + * i d ± 2 4 b k > (3C)

+ { i 1j c t 14 b + 214 d k }  ( 2S)  ] } c o s ( 2 A x )  

( l i b )
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E q u a t i o n s  ( 1 1 )  a r e  a n a l o g o u s  t o  e q s .  ( 1 2 )  i n  A p p e n d i x  A .

T h e  2nd  o r d e r  e x p r e s s i o n s  f o r  t h e  i n t e r f a c e  s t r e s s e s  i n  

t e r m s  o f  t h e  i n t e r f a c e  c o n s t a n t s ,  a a n d  t , a r e :

U m J t . b  =  (To +  ( i<Tt . b +  l<Tt l b ) C O S ( J l X )

+ ( l<rt .b+l<Tt .b)  s i n ( J l x )

+  ( i (Tt ,b+f (Tt ,b +  1J<Tt,b +  1|<Tc,b+*|Ort ,b )  COS ( 2J lx )

+  (i<Tt,b+i<Tt,b +  1i<Tt,b+ l *(Tt,b+1i<Tt,b) s i n ( 2 f i . x )

( 1 2 a )

( (Tn . ) t , b  = T 0 +  ( l T t f b + l T t > b ) s i n ( A x )

+  ( l T t , b +  l T t i b ) C O S ( H x )

+ ( i T ^ b + l T ^ b + ^ T ^ b + ^ r t . b + ^ T h . h )  s i n (  2JLx)

+  ( i T t . b + l T ^ h  +  ̂ T t . b  +  ̂ T t . h  +  ̂ T t . b )  COS ( 2 & x )

( 1 2 b )

E q u a t i o n s  ( 1 2 )  a r e  a n a l o g o u s  t o  e q s .  ( 1 3 )  i n  A p p e n d i x  A .

E q u a t i n g  t h e  tw o  e x p r e s s i o n s ,  e q s .  ( 1 1 a )  a n d  ( 1 2 a ) ,  f o r  

t h e  i n t e r f a c e  n o r m a l  s t r e s s ,  p r o v i d e s  a n  e x p r e s s i o n  f o r

t h e  i n t e r f a c e  c o n s t a n t  <r i n  t e r m s  o f  t h e  l a y e r  c o n s t a n t s ,  a ,  

b ,  c ,  a n d  d .  S i m i l a r l y ,  e q u a t i n g  t h e  tw o  e x p r e s s i o n s ,  

e q s .  ( l i b )  a n d  ( 1 2 b ) ,  f o r  t h e  i n t e r f a c e  s h e a r  s t r e s s ,  a„ „ , 

p r o v i d e s  a n  e x p r e s s i o n  f o r  t h e  i n t e r f a c e  c o n s t a n t ,  t, i n  

t e r m s  o f  t h e  l a y e r  c o n s t a n t s ,  a ,  b ,  c ,  a n d  d  ( e . g . ,  e q .  14 

i n  A p p e n d i x  A ) .  A p a i r  o f  e q u a t i o n s ,  o n e  f o r  a a n d  o n e  f o r

¥
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t , c a n  b e  w r i t t e n  f o r  e a c h  c o m b i n a t i o n  o f  w a v e f o r m  a n d  

a m p l i t u d e  d e p e n d e n c y .  B y  s o l v i n g  t h e  p a i r s  o f  <r a n d  t  

e q u a t i o n s  s i m u l t a n e o u s l y ,  we d e r i v e  e x p r e s s i o n s  f o r  t h e  

l a y e r  c o n s t a n t s  i n  t e r m s  o f  t h e  i n t e r f a c e  c o n s t a n t s  ( e q .  15  

i n  A p p e n d i x  A ) .  I n  d e r i v i n g  t h e s e  l a t t e r  e q u a t i o n s ,  we  

i n t r o d u c e  n e w  c o n s t a n t s ,  l a m b d a ,  w h i c h  c o n t a i n  t h e  i n t e r f a c e  

c o n s t a n t s  a n d  t h e  i n t e r a c t i o n  t e r m s  r e s p o n s i b l e  f o r  

g e n e r a t i n g  t h a t  p a r t i c u l a r  w a v e f o r m - o r d e r  c o m b i n a t i o n .

T h e  c o n s t a n t s ,  l a m b d a ,  f o r  a  2 n d  o r d e r  a n a l y s i s  o f  

l a y e r - p a r a l l e l  s h e a r i n g  a n d  s h o r t e n i n g  d e f o r m a t i o n  a r e :
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l A p . ^ f j S t C i k ) ]  =  (i<Tt t l ^ b ) / 2 p £

} X p , m [ 2 ( 1 S 1 C ? k ) ]  = ( i T c i 1T  b ) /  2 p £  - 2 ( 1 A t t 1 A b )

?Ap.m t2(1S 1C±k)] = (}fft t }<tJ/2h£

+  ( ^ x z / f ) ( i A t i i A b )

}Xp.™[2(iS1C?k)] = ( } T t t } T b ) /2p£

JAp,m [2(1S1Cik)] = (lcrt i l<7b)/2|i£

- i X P , m [ 2 ( l S 1 C ? k ) ]  =  ( | r t t } r b ) / 2 H £  +  2 ( t A t * , A b )

iAP.m [2(1S 1Cik) ] = (}at i l<rb)/2p£

-  ( S x , / M )  ( i A t t , A b )

- l X p . m [ 2 { 1 S I C f k ) ]  = (lrt t lTb)/2ni

| A p ,T n [ 2 ( 2 S 2 C i 2 k )  ] =  { i f f t 4  | c r b )

| X P  tTn [ 2  ( 2 S 2 C ?  2 k )  ] =  ( | T t i  §Tb)/4p£ -  2 ( 2 A t t 2 A b )

|AP,m [2(2S2C4 2k) ] = (f <rt t !<rb)/4p£

+  ( f f x * / H )  ( « A t * a A b )

* X P  ,m t 2  ( 2 S 2 C ?  2 k )  ] =  ( f r t i  ?rb)/4|i£

I A p,m [ 2 (2S2Ci 2k) ] = (|at 1 iab)/4H£

( 1 3 a )

( 1 3 b )

( 1 3 c )  

( 1 3 d )  

( 1 3 e )  

( 1 3 f )

/ 1 Q  nt \ \ -■ /

( 1 3 h )  

( 1 3 1 )  

( 1 3 5 )

( 1 3 k )

( 1 3 4 )

( 13 m)

- i X P,TO[ 2 ( 2S 2C*  2 k )  ] =  ( | T t  i | T b ) / 4 H £ + 2 ( , A t i « A b) ( 1 3 n )
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2& A p ,m [ 2  ( 2 S 2 C t  2 k )  ] =  (i<7t ±  i<rb ) / 4 p £

“ (ff„/H)(aA tiBA b)

-i‘Ap.™[2(2S2CT2k)] = (|rt i S*rb) /4p£

1* A p ,m [ 2 ( 2 S 2 C ± 2 k ) ]  =  ( 4 * t i  ‘ J f f b ) / 4 H £  

+  ( £ / 2 ) [ ( 1A t ) ^ ± ( 1A b ) 2 ]

+ (3 £ / 4 ) [ (iAtiiAb) (}XP) (1S 1C-k)

+  ( i A t » 1A b ) ( i X . ) { l S 1C + k ) ]

4 X P. n , t 2 ( 2S2C ? 2 k ) ]  = ( > j r t 1 > j T b ) / 4 | i J l

-  ( J l / 4 )  ( , A t * 1A b ) [ l A p ( 1 S 1 C - 3 k ) + 4 i X , ( , C * ) ]

-  ( A / 4 )  ( i A ^ A . , )  [ l A i n ( 1S l C + 3 k ) + 4 i X p ( 1 S * ) ]

« « *

-  ( £  /  2 )  [  ( » A t  ) 2  i  ( | A b ) 2 ]

-  ( 3 £ / 4 ) [ ( , A t t  i A b ) ( J X P ) ( ,  S , C - k )

+ ( i » t ? i A b) ( }Xm) ( j S j C + k )  ]

‘ i ^ p  , m  1 2  ( 2 S 2 C ?  2 k )  ] =  ( * ? T t  t i J T b ) / 4 H £

+  ( A / 4 )  ( l A h i t A . , )  [ i A p ( 1 S l C - 3 k ) + 4 } X „ ( 1 C 2 ) ]

+  ( £ / 4 ) ( 1A t * 1 A b ) [ | A 111( 1 S l C + 3 k ) + 4 1 X p ( 1 S z ) ]

1| A p ,m [ 2 ( 2 S 2 C ± 2 k )  ] =  ( » | c «  t  > | f f b ) / 4 H A  

+  ( 3 J L / 4 ) [ ( , A t t 1 A b ) ( } X p ) ( 1 S 1 C - k )

+  ( i A t ? 1 A b ) ( f X 1. ) ( I S 1 C + k ) ]

-  ( 3 £ / 4 ) [ ( t A t i , A b ) ( i X p ) ( , S , C - k )

+  ( 1 A t * , A b ) ( l X „ ) ( 1 S l C + k ) ]
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( 1 3 o )

( 1 3 p )

( 1 3 q )

( 1 3 r )

( 1 3 s )  

( 1 3 t )

( 1 3 u )
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‘lXp..[2(zS2C*2k)] = ( > | T t  t »!t„)/4hI

- (A/2) (ffK,/H)[(,At)(.At)i(IA b) (»Ab) ]

+ (A/4) (1A ti*Ab)(lAp(1S 1C-3k)+41Xra(1C2)]
+ (A/4) (iAt?1A b)[lAm (1S1C+3k)+41Xp(1S2)]

- (A/4) (,AttlA b) U A p(1S lC-3k)+4fX1B(1C*)]
- (A/4)(1A t?1A b)[!Am(1S lC+3k)+4?Xp(lS2)]

liAP,m[2(2SzC±2k)] = (4<rt t liff b)/4pA 

+ (3A/4)[(,Att1A b)(lXp)(1S1C-k)
+ (iAt*,Ab)()Xm )(1S 1C+k) ]

- l4Xp.»[2(zS2Cf2k)] = (l4Tt * ‘l'rb)/4H A

- (A/4)(o=XI/Ki)[(1At)2l(1Ab)2]
+ (A/4 ) (,At i jAb ) LiApViS^-Sk/TiiXmiiC2) ]

+ (A/4)(1A tl1A b)[JAm (1S 1C+3k)+4iXp(1S2)]

1|AP,m[2(2S2C±2k) ] = ( 4 a t 1 4<tJ/4hA 

+ (3A/4)[(1A t±1Ab) (JXP) (,S,C-k)
+ (iAt ? 4A b)(iXm )(jSjC+k) ]

- ‘ SXP. n , [ 2 ( 2S2C ? 2 k ) ]  = ( 4 r t i  4 t „ ) / 4 h A  

+ (A/4)(ffxz/jj)[( tA t)2 * (iAb)2 ]
+ (A/4) (iA tt1Ab)[*Ap(1S 1C-3k)+41Xn,(1G2)]
+ (A/4) (1A tM A b)(JAro(1SlC+3k)+4}Xp(1S2)]

( 1 3 V )

( 1 3 w )

( 1 3 x )

( I 3 y )

( 1 3 z )
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, i A P. „ [ 2 ( iiS2C i 2 k ) ]  =  r i< 7 t  * 4 0 / 4 ^

+ A[(iAt )( 1A t)t( 1A b)(»Ab)]

+ ( 3 A / 4 ) [ ( i A t * i A b) ( JXP) ( j S i C - k )

+ (iAt*,Ab){|XIB)( 1S 1C+k)] 

-5-  ( 3 £ / 4 ) [ { 1At l 1Ab) ( l X p) ( 1S1C - k )

+ ( 1At ?1Ab) ( } X n, ) ( 1S1C + k ) ]

- 4 X P.m[ 2 ( 2SzC T 2 k ) ]  = ( » * r t t > i r b) / 4 p A

+  (1/4) ( 1At i 1Ab) [ } A p ( 1S 1C - 3 k ) + 4 i X m( 1C 2 ) ]

+  (1/4) ( 1At ; 1Ab) [ } A m( 1S1C + 3 k ) + 4 ! X p( 1S2 ) ]

+ ( A / 4 )  ( 1At i 1Ab) [ i A p( 1S1C - 3 k ) + 4 1 X m( 1C2) ]

+  ( A / 4 )  ( , A t ? 1Ab ) [ l A m( 1S l C + 3 k ) + 4 1 X p( 1S 2 ) ]

( 1 3 a a )

( 1 3 b b )
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T h e  i n t e r f a c e  v e l o c i t i e s  c a n  n e w  b e  w r i t t e n  i n  t e r m s  o f  

t h e  i n t e r f a c e  s t r e s s  c o n s t a n t s ,  <r a n d  t . A c c o r d i n g  t o  t h e  

p r o c e d u r e  o u t l i n e d  i n  A p p e n d i x  A ,  we d e r i v e  t h e  f o l l o w i n g  

e x p r e s s i o n s  f o r  t h e  i n t e r f a c e  v e l o c i t i e s  n o r m a l  a n d  

t a n g e n t i a l  t o  t h e  i n t e r f a c e :

( v n ) t jb =  ( v j t ib c o s ( 0t . b) -  ( v x ) t i b  s i n ( e t >b)

+
+ { ( } Aro+JAm) { i C 2 ) +  ( l X p+ } X p ) k

* ( l A p + f A . X j S * )  I  U K + I K ) *  } c o s  ( A x )

+
+ { (1Ato+ J ) (tcz) + (ixp+ixp)k
l  ( i A p+ l A p) ( i S 2 ) ? ( i X m+ l X „ ) k  } s i n ( A x )

+
+ { ( IA„,+fAm+ l JAin+ 1|A m+ , |A ni) ( ZC2 )

+ ( l ^ P+fXp +  1^ P + 1I^ P + 1^ p ) 2 k  

i  ( i A p+ i A p+ 4 A p +  4 A p+ 1? A p ) ( . , S 2 )

* ( T̂n+ 4^m + 4^m + 1|^m ) 2k
+ ( iAt , b£ ) [ j Apk - } X m( iC‘ ) ? } Amk+ i Xp( t Ss ) ]

+ ( 1At l b A ) n A p k - i X Tn( 1C * ) * i A mk ? ! X p ( 1S2 ) ]

"  ( i A t , bA ) [ * Apk - | X m( i Cs ) ? 1 Amk + } X P( t S 2 ) ]

-  ( l A ^ A H l A p k - l X p . f . c a j J l A J c J l X p l . S 2 ) ]  } c o s  ( 2 £ x )
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+  { ( | A n,+ iA m+ ‘ iA m+ 4 A m+ * 4 A „ ) ( 2C2)

+ (IXp+SXp+'iVi-'iXp+’iM Z k

* (lAP+iAp+ ‘4Ap+ ‘4Ap+ 4 Ap)(2S2)

* H K H K + lkK+li K + li K ) 2 k

+ ( i A t , bA ) 11 Apk ~ i X m ( , C Z) ? i Arak ? | X P { i S z ) ]

+ (iAtib£)[lApk-iXtI,(1C 2);lAmk;lXp(1S2)]
+ ( i A t . b J l J t l A . k - l ^ t . C ^ M A ^ k + l X p i j S 2 ) ]

+ ( l A b . b A H i A p k - l X ^ C ^ J A j K i X - f i S 2) ]  }

( v . ) t | b  = ( v j t i b  s i n (  e t l b ) +  ( v x) t , bc o s  ( e t l b ) 

-  ( ;  A * . h i  ) [ ( 1 Am+ } ) ( i C z ) +  ( l X D+ i X p ) ( 1S i C ) l  

? (lAb.bDKIAp+IApJttS*) + (lXm+iXl,)(1SIC)] 
+  ( i A t , bx  ) [ ( 1 Am+ i A m ) ( ! C Z ) +  ( 1 XP+ } X P ) ( i S i C ) ] 

i (lA^bAHUAp-f-’A J ^ S 2) + ( \ K + \ K )  (iSiC) ]
+

{ - (}Ap+fAp)k + ( I K A K )  (iC2)
* ( l A . + J A ^ k  t  ( I X p + l X p X . S 2) }

+

{ + (1Ap+tAp)k - U X ^ I M ( i C 2)
* (i Aro+} Am) k * (lXp+iXpM.S2) }

s i n (  2 A x )  

( 1 4 a )

s i n (  A x )

c o s ( A x )
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+ ( I K ^ K + H K + ' l K + ' i K )  (ZC 2) 

t (iAm+fATn+ 4 A n,+‘lATn+ ‘|Am )2k

* ( i k p + ^ P + ^ P+^Xp+^pHaS2)
+ (iAt,b£) [(JXp+lXp)(iSiC-k)

i (\K+\K) (iSxC+k)]

- (lAt.bAHUXp+lXpM^C-k)
* dX»+iX-)(iS,c+k)] } 

{ + (iAp+iAp+ ‘4Ap+ ‘iAp+»iAp)2k

- (ixm+ixm+14xm+1ixm+liXn,)(2cz)
5 (I A m + I  A m + 14 A m -!-s i A 1n+ 1J A ,Vl) 2 k
♦ (SXD+2Xp+1iXp+14XP+12Xp)(zS2)
- (jA* ,b̂  ) E(iXP+lXP)(lSjC-k)

- (*Xm+iXm}(iSjC+k) ]
- (iAtlb£)[(lXp+lXp )( 1S 1C-k)

* ( \ K + \ K ) ( i s lc+k ) ] }

sin(2£x)

cos(2£x) 
(14b)
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Equations (14) are analogous to eqs. (17) in Appendix A.
Expressions for the perturbed stresses and velocities 

in the upper and lower confining media are derived according 
to the procedure outlined in Appendix A.

The lambda constants for the upper (U) and lower (L) 
media are:

I V l = I^u.l/2 f A
î u,L = iTu,l/2f 2 — 2(iAu,l )
l ^ U . L  =  1 ° ' u , l / 2 h A  +  (  C  x z / F o  )  (  l A u  , L ) 

l̂ U.L = iTu,l/2)JA
} A 5S 1 ~ / '1, , (i£ • u, l t - u, l ! *■ i- *■

= iTu,i./2F2 + 2 (iAu,l ) 
l̂ U.L = i^U,L/2uil — ( X z / F O ) ( 1 Au , L )

= 1Tu ,l/ 2 f 2 

iA u. l = io'u, l/4pA

iXu.L = 1'i’u ,l/ 4 f 2 — 2( zA u ,l)

f̂ U.L = fo,U,L/4Ffi- + ( ̂ xz/Fo ) (*Au, L )
f̂ U.L = ITU,l/4f A
IAu.l = ?cTu ,i./4f £

-f^u.L = i'ru,i./4F2 + 2(aAUiL)

I^u.l = |o'u,l/4f A ~ (<7*z/Fo ) (zAu, L ) 
-i^u.L = |tu,l/4f&

4 A u .l = ‘i<ru.L/4Fl + (4/2) (iAu,,.)2 

+ (3/4) (iA u ,l2.) (1X u, l )

(15a)
(15b)
(15c)
(15d)
(15e)
(15f)
(15g)
(15h)
(151) 
(15 j) 
(15k)
(152) 
(15m) 
(15n) 
(15o) 
* 15p)

(15q)
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l|Xu.L = 'IXu.L/iVl
~  (i Ay, l^/4 ) (1 AUi L T 4} Xu, l )

‘IAu.l = ‘lau.t/AH*- “ (4/2) (,A„,l)2 
“ (3/4 ) (iAu,l 4 )(JXu,l )

‘l^u.L = ‘|tu.l/4h4 

+  ( t A u , l.4/4 ) ( i A u ,  l  ? 4 } X 0 , l  )

‘IAu.l = 1|ffu,L/4H4
+ (3/4) [ (iAUlL4) (JXu. l ) “ (iAu, l4 ) (IXu, l ) ]

‘JXu.l = ‘JTU.L/4H4 - (4/2) (aXI/Ho) (iAu.l) (iAu.l)
+ (iAu, l4/4 ) (1 Ay , L14)XU, L )
— (iAu,l4/4)(iAUiL?4jXUiL)

‘iAu.L = ‘i<Tu,L/4}i4
+ (3/4) (1Au,l4) (1Xu,l)

= ‘i^u,l/4|i4 - (4/4) (axz/Ho) (iAu.l)2 

+ (iAu,l4/4) (}AUil?41Xu,l.'
‘ J A u . l  =  ‘ 4 < r u . L / 4 H 4

+ ( 3 / 4 ) ( j Au ,l4) (JXu.l)
- 4 X u.l = 14t u,l/4h 4 + (4/4) (axz/Ho) (.-A,.,-.)2

+ (iAu,l4/4) (*Au_L?4}Xu,l)
1|Au ,l = 14o'u ,l/4|j A + 4 (iAu, l ) ( iA u,l )

+ (3/4) [(,Auft4) (1Xu.l) + (»Au,l4) (1Xu,l)1 

_14Xu, i .  = ‘4tu,l/4h4
+ (iAu, l4/4 ) () Au, l ? 4}Xu, l )
■*" (iAu,l4/4) (iA0, l ? 4}Xu,l )

Equations (15) are analogous to eqs. (19) in Appendix

F"
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(15r)

(15s)

(15t)

(15u)

(15v)

(15w) 

(15x) 

( 1 5 y )  

(15z)

(15aa)

(15bb)
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The expressions for the velocities normal and 
tangential to the interface for the upper (U) and lower 
media are:

(vn)0fL = ( v J UiL cos(0u,l) - (vJu.L sin(0u.L)

+

* (IAu.l + |Au,i) COS(ilx)

+

? (}Au,l + 1AUiL) sin(£x)

+

* [|Au,i + IAu.l + 4 A 0,l + ‘JAu.l + ‘|Au,l

- (iAu.l&) (I^u.l + iXu.t)
+ (1 Au, l-8- ) ( .  l + I X u . l ) ]  cos (2Ax)

+

* t|Au, l + IAu .l + ‘IAu.l + liAu,L + ‘IAu .l

- (iAu,lA)(|Xu,l + JXu.l)
- (»Au.lA) (IXu.l + I^u.l)] sin(2Jlx)

(L)

(16a)
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(v.)u,L = (v,)u>l sin(0u,l) + (vJu.L cos(eUiU)
* (i Au, i.H) t (|AUt L + 1Au>l) I (^u,l + JX„.L)]
* ( iA u,l5> ) [ (} Au, l + JAu .l ) * (JXu .l + JXu .l )]

+

* ( i X u, l + JXu.l) sin(Ax)

+

4 (JXu.l + JXu .l ) cos(Ax)

+

+ [ I X  u , l +  f X u . u  +  ‘ J X u . l +  l J X u , L +  1 J X UiU

* (iAu,l^)(1Xu,l + JXu.l)
* (iA u,lA) (JXu .l + JXu.l ) 3 sin(2Ax)

+

4 [|Xu,L + IXu,l + 1 iXu, l + ‘JXu .l + 1JXU,L

* (iA u,l^)(}Xu ,l + JXu .l )

* (iAu, l^ ) (i Xu .l "*■ JXu.l ) 3 COS(2ilx)
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Equations (16) are analogous to eqs. (20) in Appendix A.
The velocity boundary conditions are used to determine 

values for the interface constants <r and r .
The velocity boundary conditions we apply to a 

multilayer subjected to principal compressive stress oblique 
to layering are the same as those applied for principal 
compressive stress parallel to layering. Zn both 
situations, the normal velocity components must match at the 
interface. In both cases, the difference in tangential 
velocities on either side of the interface is controlled by 
the resistance to slip at that interface. Resistance to 
slip is modeled theoretically by a powerlaw relationship 
between the rate of slip, Sv.. and the interface shear 
stress, , at the contact, as explained in Appendix A and 
Chapter II.

The velocity boundary conditions are:

(vn)b = (vn)t (17a)

(v.)b - (v.)t = (a„./pe) lan./Pcr"-1’ (17b)

in which (3C and m are parameters describing the resistance to 
slip.

The presence of a mean layer-parallel shear stress,
<?xz, in the theoretical analysis removes the restrictions 
on the values that the powerlaw exponent m can assume. We 
write the tangential velocity boundary condition, eq. (17b),
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to 2nd order accuracy by substituting the 2nd order 
expression for the interface shear stress, eq. (13b), for 
<r„. and then expanding <rnB to the mth power with the 
binomial series approximation. The leading term, cxz, in 
the expression for the shear stress, o-„,, is a Oth order 
constant which can be raised to the mth power without 
exceeding the limitations of 2nd order accuracy. The series 
expansion is limited, however, by the power to which the 
perturbed stress constants, t, can be raised.

The expanded tangential velocity boundary condition, 
accurate to 2nd order, is:

(va)b - ( v . ) t = (l/pc)m { (ffxz)m

+ [m(m-l)/4] (ffXI)<m-2>(lT+jT)2 
+ [m(m-l)/4] (axz)(,"-2,()T+iT)z 
+ m(ffxz)<m-1)(llT0+llT0+llT0)

+ {m(crxr)<m_l 1 )} sin(£x)

+ (m(aXI)<m_1> (ir+ir )} cos(£x)

+ { [m(m-l)/2](a„)‘«-z>()T+}T)(lT+lT)

+ m(ffXI)<m_l>(l'r+fT+1iT+l|'C+l|T) } sin(2Jlx)

+ { (m(m-l)/4] (ffxz)<m’z>[ (}t+}t )2 - (It+It )2]
+ m(aXI)<n’_1,(iT+iT+1iT+1iT+1iT) } cos(2fi.x) }

(1 8 )
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Because I choose to specify a uniform, layer-parallel 
shear stress, <xxr, I add a constant term, (vx)0, to the 
mean layer-parallel velocity, eq. (2a). The constant 
(2x)o is determined by the x-independent terms in the 
velocity boundary conditions.

Once the constants have been determined, the growth 
rates of the component waveforms can be computed. The 
method is outlined in Appendix A. The computer program I 
use to calculate the values of the interface stresses and to 
integrate the growth rate equations for finite multilayers 
subjected to a combination of layer-parallel shear and 
shortening is presented in Appendix C ( "Shear. bas11)
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APPENDIX C

COMPUTER PROGRAMS

1. FoIding3rdOrder.bas: layer-parallel shortening of finite
multilayers.

2. Infmult.bas: layer-parallel shortening of infinitely
thick multilayers.

3. Shear.bas: layer-parallel shortening and shear of finite
multilayers.

4. Infshear.bas: layer-parallel shortening and shear of
infinitely thick multilayers.

5. Eigen.bas: eigenvectors and eigenvalues for 3rd order
analysis.

7. .
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1 REN LAYER-PARALLEL SHORTENING
2 REM 3RD ORDER ANALYSIS
3 REN POHERLAN EXPONENT N = 1, 2, OR 3 
5 WIDTH LPRINT 80
10 LPRINT *<Foldi ng3rd0rder.bas>*:GOTO 300
99 REN
100 REN m t t t t t m  CALCULATION OF TRI6 FUNCTIONS ttlttllttltltlttUUU 
105 T5=l/(2tNNtNF4NU(LL)>:Kl=WFtKILL)
110 EN=1/(EAK1):EP=EAK1:CH=(EP+EN)/2:SH=(EP-EN)12
115 TH1=CH»SH-K1:1P»=CH»SH+K1
120 N1=\CHA2)/TN1:N2=K1/TN1:N3=(SHA2)/TP1:N4=K1/TP1
125 S1=(CHA2)/TP1:S2=K1/TP1:S3=(SHA2)/TH1:S4=K1/TN1
130 N6=SH1CH/TN1:N7=SHICH/TP1:S6=SH*CH/TP1:S7=SH*CH/TH1
135 NP1=(N1+N3)IT5:NN1=(N1-N3)»T5:NP2=(N2+N4UT5:NH2=(N2-N4)IT5
140 SPl=(Sl+S3)tT5:SNl=(Sl-S3)$T5:SP2=(S2+S4)tT5:SH2=(S2-S4)IT5
150 AH=0:AP=0
155 IF IN>3 AND IN<9 THEN 160
156 IF !“=9 THEN IN=4
157 fiN=A(I,IN)-A(I+l,IN):AP=A(I,IN)+A(I+l,IN)
158 IF IMM THEN IN=9 
160 RETURN
165 ren m t t t m t m  end calculations m t t m m m m
166 REN
200 ren u m m m t m  clear natrix m m u m t m t m t t t m t
205 FOR 1=0 TO ILASTI2ti:FCR J=0 TO 6:Y(I,J)=0:NEXT:NEXT
206 FOR L=1 TO LB:CLP(L) =0:CLiT»L) =0;SLP(L) =0:SLM(L) =0:NEXT:RETURN 
300 60SUB 5350:SX=1:IN=0:INAX=-1;IINAX=0:IISL=10
302 REN
303 REN t t i t t t t m  INCREASE AHGUN'' OF STRETCH t t t t t t tm U t  
305 TP=(SZ-1/(SX+DS+ABS!DS/10)))
310 IF TP<0 THEN LPRINT ■SX>SXF1:jOTO 9999 
315 SX=SX+DS:IN=IN+1
317 FOR L=1 TO LB:K(L)=P»T(L). (NL<SXA2):NEXT 
320 TT=0:F0R L=1 TO LB:TT=TP ML)/EX:NEXT 
325 WN=2IPI/(tUSX)
335 FOR 1=0 TO LLAST:FOR 14=1 Tr 4:8(1,IM1=0:NEXT:NEXT
338 REN
339 REN m m t m t  FIRST AMD SECOND NAVEFORNS, 1ST ORDER m u m m t t m t
340 IN=1:HF=1
350 NF=1N:B0SUB 205
551 IF ft;iNT(ILAST/2),IH)=0 THEN 375 ELSE AP=A(0,IH):AN=A(ILAST,IN):GOSUB 405 
353 PRINT HFj’-MHjifiOSUB 5790
360 FOR L=i TO LLAST:II=L-1:LL=L:SN=1:IF L=LLAST THEN LL=LB:SN=-1
365 I=LL-1:60SUB 105:S0SUB 610:80SUB 750
370 Q (II,IN)=(1/2)I(CN1N1+SPIN2+SNI(CPIN3-SN1N4)):NEXT
375 IF 1(4=1 THEN IN=2:GOTO 350
385 IF IN=2 THEN 810
402 REN
403 REN ! ? ? » »  FILL COLUMNS 0-5 OF NATRIX, SOLVE NATRIX U m t t t t m m m
404 REN m  NEDIA < H
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405 L=0:I=0:T5=1/(2SMNtHFtHU(0))
410 Y (0,2)=Y(0,2)-2tT5:Y(1,3)=Y(1,3)-2IT5-2IULHUC:Y(1,6)=Y(1,6)-4tAP 
415 L=LLAST: I=L-1: T5=l / (2tNNtNFtNU(LLAST)): 11=2* I 
420 Y(II,2)=Y(II,2)-2IT5
425 Y(II+l,3)=Y(II+l,3)-2tT5-2tULHUC:Y(II+l,6)=Y(II+l,6>-4tAH
430 FOR L=1 TO LB:I=L-1:LL=L:60S0B 105:IT=I:IB=L;I=2tIT
431 3=1:IF L=LB THEN J=0
433 REN ttt VN FOR TOP OF LAYER ttl
435 Y(I,2!=Y(I,2)-NPl!Y(I,3)=Y(I,3)-NH2:Y(I,4)=Y(I,4)+NHl
440 Y (1,5)=Y(1,5)-NP2:Y(1,6)=Y(1,6)-2t(APtN2-ANtN4): 1=1+1
443 REN ttt VS FOR TOP OF LAYER *11
445 Y(I,2)=Y(I,2)+SH2:Y(I,3)=Y(I,3)-SP1:Y(I,4)=Y(I,4)+SP2
450 Y(I,5)=Y(I,5)+SNl:Y(I,6)=Y(I,6)-2t(ANtSl+APtS3):I=IBt2
453 REN ttt VN FOR BOTTON OF LAYER ttt
455 Y(I,0)=Y(I,0)+NH1:Y(I,1)=Y(I,1)+NP2:Y(I,2)=Y(I,2)-NP1
460 Y(I,3)=Y<I,3)+NH2:Y(I,6)=Y(I.6)+2t(APtN2+AHtN4):1=1+1
463 REN ttt VS FOR BOTTON OF LAYER ttt
465 Y(I,0)=Y(I,0)-SP2:Y(I,!)=Y(I,1)+SH1;Y(I,2)=Y(I,2)-SH2
470 Y (1,3)=Y11,3)-SP1-J*2*MUC:Y(1,6)=Y(1,6)+2t(AMISi-AP*S3)
475 NEXT
476 REN ttttt NATRIX FILLED -  SOLVE FOR CONSTANTS ttttt
477 REN tttttttttttttttttttt HATRIX-SOLVER ttttttttttttttttt
478 REN tt IP IS PIVOT RON (SEE DIA6RAN FOLLOWING PROERAN)
480 FOR L=1 TO LLAST;IT=L-l:IB=L:IP=2tIT;YY=l/(Y(IP,2)):I=IP
485 FOR 3=2 TO 6:Y(I,J)=Y(I,J)*YY:NEXT:IP1=I+1:IP2=I+2:IP3=I+3
490 FOR J=3 TO 6:Y(IP1,J)=Y(IP1,J)-Y(IP1,2)*Y(I,J):NEXT:YCIP1,21=0
495 IF L=LLAST THEN Y(IP1,6)=Y(IP1,6)/Y(IP1,3):Y(IP1,3)=1:G0T0 545
500 FOR IJ=IP2 TO IP3:F0R 3=1 TO 3:Y(I3,3)=Y(I3,Ji-Y(IJ,0)*Y(IP,J+21:NEXT 
505 Y(IJ,6)=Y(IJ.6)-Y(IJ,0)*Y(IP,6)
510 Y(IJ,C)=0:NEXT
512 REN tt HOVE TO PIVOT BELOW
515 IP=IP+1:YY=1/Y(IP,3):I=IP
520 FOR 3=3 TO 6:Y(I,J)=Y(I,J)tYY:NEXT
525 IP1=I+1:IP2=I+2:F0R IJ=IP1 TO IP2:F0R 3=2 TO 3
530 Y(I3,3)=Y(I3,3)-Y(I3,l)tY(IP,3+2):NEXT
535 Y(I3,6)=Y(I3,6)-Y(I3,l)tY(IP,6):Y(I3,l)=0
540 NEXT
545 NEXT
546 REN tt COHPUTE CONSTANTS AND PUT THEN IN LAST COLUHN 
550 IP=2tLB:Y(IP,65=Y(Ir,o)-Y(IP+l,6)tY(IP,3):Y(IP,3)=0 
555 FOR L=LB-1 TO 0 STEP -l:IP=2tL+l
560 Y(IP,6)=Y(IP,6)-Y(IP,4»tY(IP+l,6)-Y(IP,5)tY(IP+2,6)
565 Y(IP,4)=0:Y(IP,5)=0:IP=IP-1
570 Y(IP,6)=Y(IP,6)-Y(IP,3W(IP+l,6)-Y(IP,4)tY(IP+2,6)-Y(IP,5)tY(IP+3,6)
575 FOR IK=3 TO 5:Y(IP,IK)=0:NEXT:NEXT
577 RER »» STORE CONSTANTS
580 FOR 1=0 TO ILAST:3=2tI:3Pl=J+l
585 SI6(I,IW>=Y(3,6):TAU(I,IW)=Y(3P1,6)
590 NEXT 
595 RETURN
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596 r e n ttttttttttttttttttEm matrix t t i m m m m m t
597 REN
600 REN ttttt COMPUTE LAYER LAHBDA PAIRS (AS CP, ETC.) ttttt 
610 ITT=LL-1
615 CP=(SI6(ITT,IN)+SI6(LL,IN>)tT5*CLP(LU 
620 CN=(SIS(ITT,IH)-SIG(LL,IH))tT5+CLN(LL)
625 SP=(TAU(ITT,INl+TAU(LL.IN))IT5+SLP(LL)-2IAP 
630 SN=(TAU(ITT,IN)-TAU(LL,IN))tT5+SLN(LL)-2tAH 
635 RETURN
700 REN It RETRIEVE LANBDA PAIRS (CLAHP), STORE TENPORARILY AS CP OR CPT tt 
705 CP=CLANP(LL,IN):CN=CLAHN(LL,IN):SP=SLAHP(LL,IN):SH=SLANN(LL,IN):RETURN 
725 CPT=CLANP(LL,IN):CHT=CLANN(LL,IN):SPT=SLANP(LL,IN):SNT=SLANH(LL,IN!-.RETURN 
740 REN ttttt STORE LANBDA PAIRS (CP) AS CLANP ttttt 
750 CLAHP(LL,IN)=CP:CLANN(LL,IN)=CN:SLAHP(LL,IN)=SP:SLAHN(LL,IN)=SH:RETURN 
770 REN ttttt COMPUTE HEDIA LANBDAS tttttt 
775 T5=l/(2tNFtNU(0)tNN)
777 SLAHiO,IN)=TAU(0,IN)tT5:CLAN(0,IN)=SI6(0, IN)tT5 
77B T5=l/(2INFtNU(LLAST)INN)
779 SLAN(LLAST,IN)=TAU(ILAST,IN)IT5:CLAN(LLAST,IN)=SI6(ILAST,IN)tT5
780 RETURN 
800 REN
805 REN tttttttttttt SECOND NAVEFORN, 2ND ORDER ttttttttttttttttttttt
810 IN=4:60SUB 205
820 Y(0,6)=Y(0,6)-A(0,l)t(TAU(0,l)/(4tNU(0))-2tA(0,l)tNN)
822 Y(i,6)=Y(l,6)-A(0,l)ISI6<0,l)/(4tflU(0>)
825 L=LLAST:I=ILAST:J=It2
830 Y(i),6)=Y(J,6)-A(I,l)t(TAU(I,l)/(4tNU(L))-2tA(I,l)tNN)
840 Y(J+1.6)=Y(J+1,6)-A(I,l)tSIS(I,l)/(4tHU(L))
845 FOR L=1 TO LB:I=L-1:LL=L:IP=I+1:IT=lt2 
850 IN=1;NF=1:60SUB 105:60SUB 705 
860 CLP(L)=(2t(AP*2+ANA2)+3t(APtSP+AHtSN))tNN/8 
365 CLn(L)=(4$(AP$An)+3t (AftiSP+APiSn))Stin/S 
870 Tl=(CPt(S6-3tS2)+SHI4tSl)tNN/8 
875 T2=(CHt(S7+3tS4)+SPt4tS3)INN/8 
880 SLP(L)=-APtTl-AHtT2:SLH(L)=-AHtTl-APtT2 
885 TV5(L)=CPtS2-SNtSl:TV6(L)=-CHIS4-SPIS3 
890 NF=2:IH=4:60SUB 105
895 T3=CLN(L)INI+SLP(L)IN2:T4=CLP(L)IN3-SLN(L)tN4 
900 Y(IT,6/=Y(IT,6)+T3+T4+A(I,l)tHNt(TV5(L)+TV6(L)»
905 Y(!T*2,65=Y(IT+2,6)-T3+T4-A(IP,l)tNNt(TV5(L)-m(L))
910 T3=-CLP(L)IS2+SLM(L)IS1:T4=CLM(L)tS4+SLP(L)tS3 
915 Y (IT+1,6)=Y(IT+1,6HT3+T4+A(1,1)tNNt(SP+SN)
920 Y (IT+3,6)=Y(IT+3,6)-T3+T4-A<IP,1)tMNt(SP-SN)
925 NEXT
930 JN=4:NF=2:AH=0:AP=0:GOSUB 405
931 PRINT ’ 2 - 1 1 : GOSUB 5790
935 FOR L=1 TO LLAST:11=L-1:LL=L:AA=A(11,1)INN/2: SN=1 
937 IF L=LLAST THEN SN=-1:LL=LB 
945 T5= i/<4IHU(LL)INN):IN=4:AP=0:AN=0:GOSUB 610:60SUB 750 
955 I=LL-1:IN=2:NF=2:G0SUB 105
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960 TP=(1/2)I(CHIN1+SP1N2+SNI(CPJH3-SHIN4))
970 0 (II, 2) =0 (11,2) +TP+AA* (TVS (LLI+SNITV6 (LL))
975 NEXT 
980 REN
990 REH t m m t t t t t  FIRST NAVEFORN, 3RD ORDER t l t t l t m m t m t t t m  
1005 IN=5:60SUB 205
1010 T5=l/(2*MU(0)INN):AA=A(0,1)INN/2:SG=SI6(0,1)IT5:TA=TftU(0,1)ITS 
1015 VNT=A(0,2)t(-4IAA-2ITAINN)-AAtTAU(0,2)IT5
1020 Tl=2l(AAA2)*(S6-2l(TA-2tA(0,l))):TP=<H-2)*(H-l)/2*(3/2)t(TAU(0,l)A3)/BHAT
1025 Y(0,6)=Y(0,6)-Tl-AAITAU(0,4)IT5+VNT
1027 VST=A(0,2)I(4ITAINN-16IAA-2IS6INN)-AA«T5ISIG(0,2)
1030 Y (1,6)=Y(t,6)+41iAAA2)tSB-AAtSIG(0,4)IT5+lOt(AAA2)tA(0,1)+VST+TP 
1035 L=LLAST:I=ILAST:J=2tI
1040 T5=l/(2IHU(L)INN):AA=A(1,1)INN/2:S6=SIG(1,1)IT5:TA=TAU(1,1)ITS 
1045 Tl=2l (AAA2) I (SG+2KTA-2IAU, 1)))
1047 VNB=A(1,2)I(-4IAA-2ITAINN)-AAIT5ITAU(1,2)
1050 Y (J,6)=Y(J,6)-T1-AAITAU(1,4)IT5+VNB
1053 VSB=A(I,2)I(16IAA-4INNITA-2INNISG)-AAIT5ISI6(1,2)
1055 Y(J+l,6)=Y(J+l,6)-4t(AAA2)tSG-AAtSIS(1,4)IT5+10*(AAA2)(A(1,1)+VSB 
1060 FOR L=1 TO LB:I=L-1:LL=L:IP=I+1:IT=II2 
1063 IN=1:NF=1:6QSUB 105:60SUB 705
1065 AAP=(APA2+AHA2)t(NNA2)/32:AAH=(APIAH)l(NNA2)/16
1066 AP1=AP:AH1=AH:TSP=SP:TSH=SN
1075 T1=CPI(S6-5IS2)+SHI6IS1:T2=CHI(S7+5IS4)+SPI6IS3
1076 H1=CP»(S6+3*S2>-SHI29S1:H2=CKI(S7-3IS4)-SPI2IS3 
1080 CLP(L)=-AAPIT1-AANIT2:CLH(L)=-AANITl-AAPIT2 
1085 T1=CHI6IN1-SPI(N6-7IN2):T2=CPI6IN3-SHI(N7+7IN4)
1087 TVN1(L)=CPSS2-SHIS1:TVN2(L)=-CHIS4-SPIS3
1090 IN=2:NF=2:60SUB 105:IH=4:GOSUB 705:IH=2:60SUB 725
1095 CLP(L)=CLP(L)-4INNI(A(1,1)IA(1,2)+A(IP,1)IA(IP,2))-(3INN/4)I(APITSP+AHITSH)
1096 CLN(L)=CLN(L)-4INNI(A(I,1)IA(I,2)-A(1P,1)IA(IP,2))-(3INN/4)I(ANITSP+APITSN)
1100 T3=CPIS6+SHIS1:T4=CHIS7+SPIS3
1101 H3=CPTIS6+SHTIS1:H4=CHTtS7+SPTtS3
1105 TP='3/2)I(A(I,1)A3+A(IP,1)A3)INNA2-AAPIT1-AAH1T2-AP1INNIT3-AHUNN>T4 
1115 TH=(3/2)I(A(I,1)A3-A(IP,1)A3)INNA2-AAHIT1-AAPIT2-AN1INNIT3-AP1INNIT4
1117 TPTP=(NN/4)I(APIH1+AHIH2)-NNI(AP1IH3+AM1IH4)
1118 THTN= (NN/4) I (AHIH1+APIH2)-NNI (AMUH3+AP1IH4)
1120 SLP(L)=TP+TPTP:SLN(L)=TH+THTK
1125 TVI(L)=CPIS2-SHIS1:TV2(L)=-CNIS4-SPIS3
1127 TVN3(L)=CPT1S2-SHT1S1:TVN4(L)=-CHTIS4-SPTIS3
1130 IN=1:NF=1:60SUB 105:60SUB 705
1135 TV3=-SPIN6-CHIN1:TV4=-SNIN7-CPIN3
1140 Tl=CLH(L)INl+SLP(LIIN2:T2=CLP(L)tN3-SLH(L)tN4
1145 AA=A(I,l)INN/2:AB=A(IP,l)lNN/2:AAAA=A(I,2)INN/2:ABAB=A(IP,2)INN/2
1149 XX=-AAAAI(TVN1(L)+TVN2(L))+AAS(TVN3(L)+TVN4(L))
1150 Y (IT,6)=Y(IT,6)+T1+T2+AA*(TVI(L)+TV2(L))+(AAA2)I(TV3+TV4)+XX
1154 XX=ABABt(TVN1(L)-TVN2(L))-ABI(TVN3(L)-TVN4(L))
1155 Y (IT+2,6)=Y<IT+2,6)-T1+T2-ABI(TVI(L)-TV2(L))-(ABA2)I(TV3-TV4)+XX 
1165 T1=-CLP(L)IS2+SLM(L)IS1:T2=CLH(L)IS4+SLP(L)IS3
1170 T9=CPIS6+SMIS1:T6=CN1S7+SPIS3 '
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1171 H6=CHI3tNl+SPI(2tN6+N2):H7=CPI3IN3+SHt(2tN7-N4)
1175 NF=2:GOSUB 105:IW=4:GOSUB 705
1180 T3=3ICNINl+SPt(4tN6-N2):T4=3ICPIN3+SHt(4IN7+N4)
1181 HB=CHTI3INl+SPTI(4IN6-N2):H9=CPTI3tN3+SHTI(4IN7+N4)
1189 XX=-AAAA1(H6+H7)+ftfll(H8+H9)
1190 V (IT+1, 6) =Y (IT+1,&>+Tl+T2+flft* (T3+T4)+ (AAA2> * (T9+T6) +XX 
1195 TP=(N-2)I(N-l>/2I(3/2)I(TAU(IP,1)A3>/BHAT
1199 XX=ABABI(H6-H7)*ABI(H8-H9)
1200 Y (IT+3,6)=Y(IT+3,6)-T1+T2-ABI(T3-T4)- (ABA2)I(T9-T6)+XX+TP 
1205 NEXT
1210 IS4=5:WF=i: AM=0:AP=0:G0SUB 405
1211 PRINT * 1-12-111:60SUB 5790
1215 FOR L=1 TO LLAST:II=L-i:LL=L:AA=A(11,1)*MM/4: SH=1
1220 IF L=LLAST THEN LL=LB:SN=-1
1225 T5=l/(2IHU(LL)INN):IN=5:AN=0:AP=0:60SUB 410
1230 I=LL-1:IN=1:NF=1:60SUB 105
1235 TP=(l/2)$(CNIN1+SPIN2+SNI(CPIN3-SNIN4))
1240 IN=1:GOSUB 705
1250 TV3(LL)=CHIN1+SPI(2IN6-N2):TV4(LL)=CPIN3+SNI(2IN7+N4)
1255 PT=AAt(TVI(LL)+TVN3(LL)+SNI(TV2(LL)+TVN4(LL)))
1257 TPPT=- (A (11,2) WN/4) * (TVN1 (LL) +SN*TVN2( LL))
i260 0(11,1)=Q(11,1)+TP+PT+TPPT-(AAA2)I(TV3(LL)+SNITV4(LL))
1265 NEXT 
1290 REN
1300 REN lltltlltttt THIRD HAVEFORH. 1ST AND 3RD ORDERS Itlllltllll 
1305 IN=3:GOSUB 205
1307 T5=1/(2IHU(0)INN):AA=A(0,1)tHN/2:TP=-(1/2)I(H-2)I(H-l)/2I(TAU(0,1)A3)/BHAT
1308 VNT=(A(0,2)/3)l(36tAA-4INNITAU(0,l)tT5)-(AA/3)ITAU(0,2)IT5
1309 VST=-A(0,2)INNI(4/3)ISI6(0,1)IT5-(AA/3)IT5ISIG(0,2)
1310 Y(0,6)=Y(0,6)-(l/3)IAAITAU(0,4)IT5+VNT
1315 Y(1,6)=Y(1,6)-(1/3)IAAISI6(0,4)IT5-4I(AAA3)/HN+VST+TP 
1320 L=LLAST:I=lLAST:J=2II:T5=l/(2tHU(L)iNN):AA=A(I,lllNN/2
1322 VNB= (A(1,21/3)I(36IAA-4INNITAU(1,1)IT5)-(AA/3HTAU(1,2)IT5
1323 VSB=-A(I,2)IHN»(4/3)lT5ISIfi(!,l)-!Sfi/3)IT5ISI6(I,2)
1325 Y (J,6)=Y(J,6)-(1/3)IAAITAU(1,4)IT5+VNB
1330 Y (J+l,6)=Y(J+l,6)-(1/3)IAAISIG(I,4)IT5-4I(AAA3)/MN+VSB 
1335 FOR L=1 TO LB:I=L-1:IP=I+1: IT=II2:LL=L
1340 WF=1:114=1:GOSUB 105:B0SUB 705
1341 AP1=AP:AN1=AH
1345 TV5=-CNIN1-SPI(3IN6-2IN2):TV6=-CPIN3-SNI(3IN7+2IN4)
1350 AAP=(APA2+ANA2>I<HNA2)/96:AAN=(APIAN)I(HNA2)/48
1355 Tl=CPI(51S6-9tS2)+SHtl4tSl:T2=CHI(54S7+9IS4)+SPI14IS3
1356 H1=(5IHN/12)tSP:H2-(5IHN/12)ISM
* "rri i|i «ni PAftni . h m a < a a j  ■ m. i .r a h i  t . a k a < a h *
i w J .  n o - o r * i 5 0 _ J # o l / T o n # o * O i 5 n / - L n #

1358 TU=CHI2tNl+SPI (5IN6-3IN2): T22=CPI2IN3+SNI (5IN7+3IN4)
1360 NF=2:IN=2:60SUB 105:G0SUB 725: IN=4:GOSUB 705
1361 H3=(2INN/3)iSPT:H4=(2INN/3)ISNT
1364 CPCP=AP4Hl+AHtH2+fiPllH3+AHliH4+(44BN/3)t(A(I,l)IA(I,2)+A'IP,l)IA(IP,2))
1365 CLP(L)=(2/3)INNI(APIISP+AHltSH!+AAPITl+AAHIT2+CPCP
1369 LnCK=AHIHl+APIH2+AHltH3+APllH4+<4INN/3)4<A(I,l)IA(I,2)-A(IP,l)IA(IP,2)>
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1370 CLH(L)=(2/3)IHNI(ANltSP+APltSH)+AAHtTl+AAP*T2+CHCM
1372 HB=CPTI(S6-2IS2)+SHTI3IS1:H9=CNTt(S7+2IS4)+SPTI3IS3
1373 SPSP=-(NN/12>l(AP*H6+AHtH7HNN/3)t(APltH8+AHltH9)
1374 SHSH=-(NN/12!$(AH*H6+AP*H7MNN/3)*(AH!*H8+AP1IH9)
1390 T3=CPI(S6-2IS2)+SHI3IS1:T4=CHt(S7+2tS4)+SPI3tS3
1391 APP=AAPI3:AIW=AAH*3
1392 AP3=A(I,1)A3+A(IP,1)A3:AH3=A(1,1)A3-A(IP,1)A3
1395 SLP(L)=-(1/6)I(KNA2)IAP3-APPIT11-AHNIT22- (API IT3+AH1IT4)INN/3+SPSP 
1400 SLH(L)=-(1/6)»(«MA2)SAH3-AM«tTl1-APP*T22-(AH1*T3«AP1*T4)tWH/3+SNSM 
1403 IW-1:KF-3:E0SUD 105
1406 T1=CLN(L)SM1+SLP(L)tN2:T2=CLP(L)IN3-SLH(L)IN4
1408 T7=-CLP(L)IS2+SLM(L)»S1:T8=CLN(L)IS4+SLP(L)*S3
1410 AA=A(1,1)fUN/2:AB=A(IP,1)INN/2:AAAA=A(1,2)INN/2:ABAB-A(IP,2)INN/2
1419 XX=3IAAAAI(TVH1(L)+TVN2(L))+3IAAI(TVN3(L)+TVH4(L))
1420 Y(IT,6)=Y(IT,6)+T1+T2+3IAAKTV1(L)+TV2(L))HAAA2)I(TV5+TV6)+XX
1429 XX=-3IABABI(TVM1 (L)-TVN2(L))-3*ABKTVN3(L)-TVN4(L))
1430 Y(IT+2,6)=Y(IT+2,6)-Tl+T2-3tABt(TVI(L)-TV2(L))-(ABA2)t(TV5-TV6)+XX 
1435 NF=2:60SUB 105
1440 T3=CHIN1+SPI(4IN6-3IN2):T4=CPIK3+SHI(4IN7+3IN4)
1441 T8B=CMT INI+SPTI (4IN6-3IN2): T99=CPT*N3+SMTt (4IN7+3IN4)
1445 NF=1:60SUB 105:IN=1: GOSUB 705:TP=-(1/2)I(H-2)I(H-1)/2I(TAU(IP,1)A3)/BHAT
1450 T9=CP*(S6-2IS2)+SHI3IS1:T6=CNl(S7+2IS4)+SPI3IS3
1451 T66=CHINl-SPI(2IN6-3IN2):T77=CPIN3-SHI(2tN7+3IN4)
1454 XX=-AAAAI(T66+T77)+AAI(T88+T99)
1455 Y(IT+l,6)=Y(IT+l,6)+T7+TB+AAI(T3+T4)+(AAA2)l(T9+T6)+XX
1459 XX=ABABI(T66-T77)-ABI(T88-T99)
1460 Y(IT+3,6)=Y(IT+3,6)-T7+T8-AB*(T3-T4)-(ABA2)*(T9-T6)+XX+TP 
1465 NEXT
1470 IN=3:NF=3:AH=A(ILAST,3):AP=A(0,3):GOSUB 405
1471 PRINT * 3-3-12-111:60SUB 5790
1475 FOR 1=1 TO LLAST:II=L-l:LL=L:SN=l:AA=A(II,l)INN/4 
1480 IF L=LLAST THEfs LL=LB:SN=-1 
1490 I=LL-1:IN=3:NF=3:G0SUB 105:G0SUB 610 
1495 TP=(l/2)I(CHIN1+SPIN2+SNI(CPIN3-SHIN4))
1500 PT=3IAA!(TV1(LL)+TVN3(LL)+SNI(TV2(LL)+TVN4(LL)))
1510 TPPT=3«(A(II,2)INN/4)I(TVN1(LL)+SNITVN2(LL))
1520 Q (II,3)=TP+PT+TPPT-3I(AAA2)I(TV3(LL)+SNITV4(LL))
1530 NEXT
1540 IF H=1 THEN 5000 
1990 REH
1995 ren ttitttitiimt first haveforh, 2nd order t i t t m i i i i i t m i m
2000 IN=6:GOSUB 205
2010 Y(l,6)=Y(l,6)+(3-H)l(N-l)l2tABS(TAU(0,l))ITAU(0,DI5ISQR(2)/(BHATI8)
2020 FOR L=1 TO LB:l=L-lsLL=L:IP=Kl:IT=II2
2030 TP=!3-n)l(R-i)l2IABS(TAU(IP,l))ITAU(IP,l)l5ISQR(2)/(BHATI8)
2040 Y(IT+3,6)=Y(IT+3,6)+TP 
2050 NEXT
2060 IN=6:NF=l:An=0:AP=Q:GOSUB 405 
2070 PRINT 1 1-111::GOSUB 5790 
2075 IN=6:NF=1:G0SUB 775
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2080 FOR L=1 TO LLfiST:II=L-1jLL=L:SM=1
2090 IF L=LLAST THEM SH=-lsLL=LB
2100 T5~l/(2IHU(LL)INN):IM=6:ftP=0:fiR=0:GOSUB 610:60SUB 750
2110 I=LL-1:IH=6:UF=1:GOSUB 105
2120 TP=(1/2)I(CHIN1+SPIN2+SNI(CPIN3-SHIN4))
2130 9(II,1)=Q(II,1)+TP 
2140 NEXT 
2290 REN
2295 REN lltlllllltttlll THIRD HAVEFORN, 2ND ORDER ttlllttmtttttmtlltlllll
2300 IN=7:60SUB 205
2310 Y(l,6)=Y<l,6)-(3-H)l(H-lU2IABS(TAU(0,l)>tTAU(0,l)IS9R<2)/(BHATI8)
2320 FOR L=1 TO LB:I=L-l:LL=L:IP=I+l:IT=II2
2330 TP=-(3-H)I (H-l) I2IABS(TAU(IP, 1)) ITAU(IP, 1)ISQR(2) / (BHATtB)
2340 Y(IT+3,6)=Y(IT+3,6)+TP 
2350 NEXT
2360 IH=7:NF=3:AH=0:AP=0:60SUB 405
2370 PRINT * 3-ll*;s60SUB 5790
2375 IH=7:HF=3:60SUB 775
23B0 FOR 1=1 TO LLAST:II=L-1:LL=L:SN=1
2390 IF L=LLAST THEN SN=-1:LL=LB
2403 75=1/(6IHIMLL)tNN): IN=7:AP=0;AH=0:60SUB 610:60SUB 750
2410 I=LL-1:IN=7:NF=3:GOSUB 105
2423 TP=(1/2)3(CHIN1+SPIN2+SNI(CPIN3-SHIN4))
2430 0(11,31=0(11,3J+TP 
2440 NEXT 
2490 REH
2495 REH ttttimillllill* SECOND HAVEFORN, 3RD ORDER tllllttttllltlt
2500 IN=8:60SUB 205 
2510 AA=A(0,1)INN/2
2530 Y(0,6)=Y(0,6)-AAI(SLAH<0,6HSLAH(0,7)>
2550 TP=(3-H)»(H-1)42IABS(TA1J(0,1))I(TAU(0,2)+TAU(0,4))«8ISOR(2)/(BHAT*8)
2560 Y U ,6)=Y(1,6)-AA*(CLAH(0,6)+CL6H(0,7)> +TP 
2570 L=LLAST:I=ILAST:J=231 
2580 AA=A(1,1)INN/2
2600 Y(J,6)=Y(J,6)-AAI(SLAH(L,6)+SLAH(L,7))
2620 Y(J+l,6)=Y(J+l,6)-AAt(CLAH(L,6)+CLAH(l,7))
2630 FOR L=1 TO LB:I=L-1:LL=L:IP=I+1:IT=II2 
2640 IN=6;60SUB 705:IN=7:60SUB 725 
2650 T1=SP+SPT:T2=SH+SHT 
2660 IN=1:NF=1:60SUB 105 
2670 CLP(L)=(33MN/B)I(AP3T1+AM3T?)
2680 CLH(L)=(?3MH/8)3(AH3T1+AP3T2)
2690 Ti'--(HN/8) I (CPI (S6-3IS2) +SHI4IS1)
2700 T2=-(HN/8)I(CHI(S7+3IS4)+SPI4IS3)
2705 TVN5(LL)=CP»S2-SHIS1:TVN6(LL)=-CHIS4-SPIS3
2718 IN=1:HF=3:60SUB 105
2720 T3=-(3INN/8)I(CPTI(3IS6-S2)+SHTI4IS1)
2730 T4=-(3INN/B)I(CHTI(3IS7+S4)+SPTI4IS3)
2740 SLP(L)=API(T1+TJ)+AHI(T2+T4)
2750 SLN(L)=AHI(T1+T3)+API(T2+T4)

•c.yi ■
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2760 TVN7(LL)=CPTIS2-SHT4S1:TVNB<LL)=-CHTtS4-SPTtS3 
2765 T8=CHTI2IN1+SPT4(3IN6-N2):T9=CPTt2tN3+SHTI(34N7+N4)
2770 IM=8:HF=2:60SUB 105
2780 AA=A(I;1)*NN:AB=A(IP,1)I8N
2790 T1=CLH(L)IN1+SLP(L)IN2:T2=CLP(L)4N3-SLH(L)IN4
2800 T3=TVN5(LL)+TVN7(LL):T4=TVN6(LL)+TVN8(LL)
2810 Y (IT,6)=Y(IT,6)+T1+T2+AAI(T3+T4)
2820 Y(IT+2,6)=Y(IT+2,6)-Tl+T2-ABt(T3-T4)
2830 T1=-CLP(L)4S2+SLH(L)»S1:T2=CLN(L)IS4+SLP(L1IS3
2835 TP=(3-N)I(H-l)I2IABS(TAU(IP,1))I(TAU(IP,2)+TAIHIP,4))tStSQR(2)/(BHATtS)
2840 Y (IT+1,6)=Y(IT+1,6)+T1+T2+AAI(SP+SH+T8+T9)
2850 Y (IT+3,6)=Y(IT+3,6)-T1+T2-AB0(SP-SH+T8-T9)
2860 NEXT
2870 IN=8:NF=2:AH=0:AP=0:GOSUB 405
2880 PRINT ’ 2-12-111*;:60SUB 5790
2890 FOR L=1 TO LLAST:II=L-1:LL=L:AA=A(11,1) tMN/2:SN=1
2900 IF L=LLAST THEN LL=LB:SN=-1
2910 T5=l/(4IHU(LL)4NN):IN=8:AH=0:AP=0:60SUB 610
2920 I=LL-1:IN=8:HF=2:GOSUB 105
2930 TP=(1/2)»(CHtNl+SPIN2+SNI(CP4N3-SHIN4))
2940 TH=AAt(TVN5(LL)+TVN7(LL)+SN4(TVN6(LL)+TVN8(LL)))
2950 0(11,21=0(11.2>+TP+TH 
2960 NEXT 
3190 REH
3195 reh m m m m t  fourth naveforh, ist and 3rd orders m m t m t
3200 IN=9:GOSUB 205 
3210 AA=A(0,l)SHN/4
3220 TP=-(3-H)*(H-l)l2tABS(TAU(0,l))t(TAU(0,2)+TAU(0,4))t3ISQR(2)/(BHAT*8) 
3230 Y(0,6)=Y(0,6)-AAtSLAH(0,7)
3240 Y (1,6)=Y(1,6)-AA4CLAH(0,7)+TP 
3250 L=LLAST:I=ILAST:J=2*I:AA=A(1,1)»NN/4 
3260 Y(J.6)=Y(J,6)-AA$SLAfl(L.7)
3270 Y(J+l,6)=Y(J+l,6)-AAtCLAH(L,7)
3280 FOR L=1 TO LB:I=L-1:IP=I+1:IT=I»2:LL=L
3290 144=7: GOSUB 705
3300 IN=1:60SUB 150
3310 LLP(L) = (15MIN/16) t (APISP+AHtSH)
3320 CLH(L)=( 15INN/16) t(AHISP+APtSH)
3330 IS=1:SF=3:60SUB 105
3340 Tl=CPi(34S6-54S2)+SH48IB1:T2=CH»(3IS7+5IS4)+SPIBIS3 
3350 S1.P (L) =- (3»NN/ i 6) i iAPIT J'+hNIT2)
3360 SLH(L)=-(3INN/16)I(AHIT1+APIT2)
3361 T8=CHINl+SPI(3IN6-2IN2):T9=CPIN3+SHt(3IN7+2tN4)
3365 IN=1:NF=4:60SUB 105
3370 T1=CLH(L)IN1+SLP(L)IN2:T2=CLP(L)4N3-SLH(L)IN4 
3380 Y(IT,6)=Y(IT,6)+T1+T2+(AP+AH)OHNt(TVN7(LL)+TVN8(LL))
3390 Y (IT+2,6)=Y(IT+2,6)-T1+T2-(AP-AH)tHN8(TVN7(LL)-TVNB(LL))
3400 T1=-CLP(L)SS2+SLH(L)!S1:T2=CLtt(L)IS4+SLP(L)0S3 
3410 Y (IT+1,6) =Y(IT+1,6) +T1+T2+ ((AP+AH) /2) 844Nt (TB+T9)
3420 TP=-(3-H)t(H-l)12IABS(TAU(IP,l)’)i(TAU(IP,2)+TAU(IP,4))$3ISflR(2)/(BHAT*8)
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3430 Y(!T+3,6)=Y(IT+3,6)-T1+T2-((AP-AN)/2)tNNt(T8-T9)+TP 
3440 NEXT
3450 IN=": NF=4t AP=A (0,4): AH=A I HAST, 4): GOSUB 405
3460 PRINT 1 4-4-12-111*1 sGOSUB 5790
3470 FOR L=1 TO LLAST:II=L-1:LL=L:SN=1:AA=A(II,DtNN
3430 IF L=LLAST THEN LL=LB:SM=-i
3490 I=LL-1:1(4=9: NF=4: GOSUB 105: GOSUB 610
3500 TP= C1/2)I(CHtNl+SPtN2+SNt(CPIN3-SNIN4))
3510 0(II,4)=TP+AAt(TVN7(LL)+SNITVNB(LL))
3520 NEXT
4999 REH
5000 ren u m t m m m n  calculate amplitudes t t t m t m m m t t
5050 I=INT(ILAST/2):J=1:IF IN=1 THEN J=0 
5100 TH=(l/SX)t(A(I,l)-Q(I,l))
5102 ATEST=A (1,1) -DStTH+Jt (DS/2) I (TN-DAO; 1,1)): ALTEST=ATESTtNN
5110 IF ABS(flLTEST)>1 THEN LPRIHTtLPRINT ’SLOPE TOO LARGE’:SX=SX-DS:60T0 9999
5115 IF (ATEST/AINIT)-AHPLIF<0 THEN SX=SX-DS:60T0 9999
5116 AHPLIF=ATEST/AINIT
5120 FOR 1=0 TO ILASTsFOR IN=1 TO 4:DADSX(I,IN)=(1/SX)I(A(I,IN)-Q(I,IN))
5130 A(I.IN)=A(I,IN)-DStDADSX(I,IN)+Jt(DS/2)t(DADSX(I,IN)-DA0(I,IN))
5140 DAO(I,IN)=DADSX(I,IN):NEXT:NEXT 
5150 GOSUB 8301
5160 IF INTI IN/10)>IHAX THEN GOSUB 8000
5170 IF INT((ATN(ALTEST)tl80/PI)/IISL))IIHAX THEN GOSUB 8001:IISL=IISL+2.5
5171 IF IISL>35 THEN 10500 
5270 DS=(SXA2)IDSStAINIT/ATEST
5275 REH tt} INCREASE STRETCH OR EXIT PROGRAH tttttttttttt 
5280 IF !N>=NN THEN 5290 ELSE 305 
5290 PRINTiPRINT ’STEPS FINISHED.’
5300 PRINT "TO QUIT, TYPE <0>. TO CONTINUE, TYPE <C> AND ENTER NO. OF STEPS’ 
5310 A*=INKEYt:IF A$=’’ THEN 5310 
5320 IF h»="8" THEN 10500
5330 IF A*=’C’ THEN PRINTiPRINT ’NN=";NN:INPUT ’NEN NN’;NN:IF NN>IN THEN 305 
5340 PRINT ’NEN NN<IN--QUIT’:GOTO 9999
5345 REH
5346 REH tttttttttttttt READ IN DATA FOR MULTILAYER tttttttttttt 
5350 DEFINT I,J,L:DEFDBL Y,E
5360 1=0:J=0
5370 INPUT ’LAYS5’;LAYS:LLAST=LAYS-1:ILAST=LLAST-1:LB=LLAST-1 
5380 L=LLAST
5385 DIH T(L),TAU(L,10),HU(L),A(L,4),K(Li,3IG(L,10),9(L,4),IZ(L),DA0(L,4)
5390 DIH Y(2tL-l,6),CLANP(L,10),CLANH(L,10),SLANP(L,10),SLAHH(L,10),DADSX(L,4) 
5395 DIH CLAH(L,9),SLAH(Lj9)
5400 DIH CLP(L),CLH(L),SLP'L),SLH(L),TVI(L),TOIL),TV3(L),TV4(L),TV5(L),TV6(L) 
5410 DIH TVN1(L),TVN2(L),TVN3(L),TVN4(L)
5415 DIH TVN5(L),TVN6(L),TVN7(L),TVN8(L)
5420 PI=3.1415926535897931:E=2.7182818284590451 
5430 INPUT ’HAXIHUH THICKENING!T/TO)’;SZ 
5440 INPUT ’HAX. INITIAL SLOPE <DEGS.)*;DEGSLOPE 
5450 SLii?E=TAN (DEGSLOPEtP I /180)
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5460 INPUT ,T(1)/T(2) LAYERS2" ;T2 
5470 INPUT *NU(1)/RU(2) LAYERS=";«U2 
5480 INPUT *HU(U.H.)/HU(2)=';HU(0)
5490 INPUT "HU(L.N.)/HU(2)=*;HU(LLAST)
5500 FOR 1=2 TO LB STEP 2:T(I)=1:HU(I)=1:NEXT
5510 FOR 1=1 TO LB STEP 2:T(I)=T2:HU(I)=HU2:NEXT
5520 SCALE=T(I):TT=0:FOR L=1 TO LB:T(L)=T(L)/(SZtSCfiLE):TT=TT+T(L):NEXT
5530 LPRIHT:LPRINT 'LEN6TH SCALE2’;SCALE ‘
5540 HHU=HU(1):F0R L=0 TO LLAST:rui (L) =HU (Li /HHU:NEXT
5550 LPRINT:LPRIHT "LAY NO",“MU(L>/HIJT1) •,“T(L)/SCALE",’TIL) INITIAL*
5560 FOR L=0 TO LLAST:LPRIHT L,HU(L),T(L),I(L)ISCALE:NEXT
5570 INPUT ’ANISO‘;ANISQ:LPRINT ’ANISOTROPY (ETA N/ETA S)=’;ANISO
5580 ULHUC=10000000t:INPUT *HUC';HUC
5590 INPUT -POUERLAM EXP H (1, 2, OR 3)=*;H
5595 LPRINT ’PONERLAN EXPONENT H =*;H
5600 BHAT=Ht(4ISL0PE)A (H-!)/(ANISO-1)
5610 LPRINT ■HUC=*;HUC,,BHAT=,;BHAT
5620 INPUT *N0. DEF. STEPS*;NN:LPRINT *0RI6. NO. DEF. STEPS=*;NN
5630 DSFACT=60:DS=(l/SZ-l)/DSFACT:DSS=DS:LPRINT *DS=(1/S7-1)/*:DSFACT
5640 LPRINT 'FINAL TOTAL THICK’;TT*SZISCALE,’INIT TOTAL THICK=*;TTISCALE
5650 INPUT *INIT NL-T0-SIN6LE-THICK=’;MLINIT
5655 LPRINT "INIT NL-T0-SIN6LE-THICK=’;HLINIT
5660 NL=NLINITITT/(LAYS-2)iLPRINT ’INITIAL NL=’;NLtSCALE
5670 LPRINT ’FINAL NL=’;NLISCALE/SZ
5680 LPRINT ’FINAL NL/TT=’;NL/(TTISZA2),’INITIAL NL/TT=’;NL/(TT)
5690 LPRINTiLPRIHT ’SZZ’.SZ
5700 LPRINT ’MAX. INITIAL SLOPE’;DEGSLOPE;’DEBS.’
5705 INPUT *(L/T) RATIO AT WHICH EI6EN IS CALCULATED=';EI6ENHL 
5710 FOR 1=0 TO INT(ILAST/2):PRINT "1=’;I;:INPUT ’A(1,1)=";A (1,1)
5720 A(ILAST-I,1)=A(I,1):NEXT
5730 FOR 1=0 TO ILAST:A(1,1)=(A(1,1)/(SZtSCALE))t(WLIHIT/EIBEHWL):LPRINT I,A(I,DISCALE:NEXT
5740 AINIT=SLOPEINL/(2IPI):REH I=INT(ILAST/2):A(I,1)=AINIT
5750 REH FOR 1=0 TO ILAST:A(I,1)=AINIT:LPRINT ’I,A!I,l!’sI,S(I,DI3CALE:NEXT
5760 LPRINT ’INITIAL AHPLITUDE’;AINITISCALE
5770 AHPLIF=0
5780 RETURN
5782 REH l Ut UU I UI t lU lt t tt mt U tt tt t lt l ll ll l Ul
5783 REH Ittltltl SUBROUTINE TO LPRINT ARRAYS tlltttmtlttt 
5790 RETURNiFOR IK=0 TO 2IILAST+1:LPRINT:F0R IL=0 TO 6
5800 U=Y(IK,IL):LrRIKT U;
5810 NEXT:NEXT 
5820 LPRINT 
5830 RETURN
7900 REH tlttllt END SUB tlltUtllltt
7950 REH UimilttttlttttllU LPRINT AHPLITUDES ItttUttttltltttttll
8000 IHAX=INT(IN/10)
8001 LPRINT:LPR1NT ’AHPLITUDESIIDEF. STEP=’ INs’D SX=’;DS:’SX=’;SX;’SZ=’;l/SX
8002 LPRINT ’CURR. BL=’;HLISXISCALE;’CURR. BL/T=’;BLtSXA2/T(l)
8004 LPRINT ’CURR. BN=’;NN/SCALE;’CURR. T(1)=’;T(1)ISCALE/SX:LPRINT
8005 FOR 1=0 TO INT(ILAST/2):LPRINT ’TAB(O) !;:FOR IN=1 TO 4

I

W
HK-.
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8006 LPRINT TAB(5+18*<IN-1)) A(I,IH)«SCALE;:NEXT:NEXT 
8010 I=INT(ILAST/2):ALZ=A(I,1)INN 
8030 ANEFF=(HI(4*ALZ)A (H-1)/BHAT)+1
8040 LPRINT:LPRINT:LPRINT *ANEFF=*;ANEFF,'SLOPEUST NF,HID)=‘;ALZ 
8050 A1MID=A(I,1)
8060 LPRINT 'AHPLIF. 1ST HF=*;A1HID/AINIT
8070 LPRINT ■A2(0)/A1(11ID)=,:A(0,2)/A1NID;,A3(NID)/AUNID)=*;A(I,3)/A1«ID 
8075 LPRINT "A4(0)/A1(HID)="iA(0,4)/AlNID 
8080 RETURN
8095 REN
8096 reh m m im im t t *  print ahplitudes tmtmttm
8301 PRINTiPRINT 'AHPLITUDESIIDEF. STEP=‘ IN;'D SX=e;DS;,SX=,;SX;“SZ=B; 1/SX
8302 PRINT 'CURR. NL=';NL*S»SCALE;,CURR. NL/T^jNLISPZ/Td)
8304 PRINT 'CURR. KN=*;NN/SCALE;,CURR. T (1)=-:T (1)8SCALE/SX:PRINT
8305 FOR 1=0 TO INT(ILAST/2):PRINT TAB(O) I;:FOR IN=1 TO 4
8306 PRINT TAB(5+18*(IN-11) A(ITIN)*SCALE;:NEXT:NEXT 
8310 I=INT(ILAST/2):ALZ=A(I,1)*NN
8330 ANEFF=(HI!4*ALZ)A (H-l)/BHATJ+l
8340 PRINT:PRINT:PRINT ■ANEFF=-;ANEFF,“SLOPE(1ST NF,NID)=';ALZ 
8350 A1HID=A(!,1)
8360 PRINT "AHPLIF. 1ST NF=*;A1HID/AINIT
8370 PRINT eA2!0)/Al(HID)=*;A(0,2)/AlHID;*A3(HID)/Al(l1ID)=';A(I,3)/AlHID
8375 PRINT ,A4(0)/A1(HID)=";A(0,4)/A1HID
8380 RETURN
9999 GOSUB 8001
10500 END
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REM
REM
REM **********DEFINITIONS OF L AND I NUMBERS********
REM
REM THICK OVERBURDEN L=0
REM
R E M  1 = 0 -------------------------------------------------
REM L = 1
R E M  1 = 1 ------------------------------------------------
REM L = £
R E M ----------1 = 2 ------------------------------------------------
REM L = 3 L = LB
R E M ---------- 1 = 3  I = I LAST----------------------------------
REM
REM L=4 L=LLAST THICK SUBSTRATUM
REM
REM
REM ****************DEFINITION OF MATRIX******************** 
REM THE STANDARD MATRIX WOULD BE AS FOLLOWS:
REM
REM SIG TAU SIG TAU SIG TAU SIG TAU DRIVING
REM
REM J=0 J=1 J=2 J=3 J=4 J=5 J=6 J=7 J=8
REM 11=0:VN IP XX X X 0 0 0 0 XX
REM 11=1:VS XX IP X X 0 0 0 0 XX
REM I I=2:VN X X IP XX X X 0 0 XX
REM 11=3:VS X X XX IP X X 0 0 XX
REM 11=4 VN 0 0 X X IP XX X X XX
REM 11=5 VS 0 0 X X XX IP X X XX
REM 11=6 VN 0 0 0 0 X X IP XX XX
REM 11=7 VS 0 0 0 0 X X XX IP XX
REM
REM NOTE:IP IS PIVOT
REM
REM
REM THE CONDENSED MATRIX USED IN THIS PROGRAM IS AS FOLLOWS:
REM
REM DRIVING
REM J=0 J=1 J=2 J=3 J=4 J=5 J=6
REM 11=0:VN NULL NULL IP XX X X XX
REM 11=1:VS NULL NULL XX IP X X XX
REM 11= 2 :VN X X IP XX X X XX
REM 11=3:VS X X XX IP X X XX
REM 11=4:VN X X IP XX X X XX
REM 11= 5 :VS X X XX IP X X XX
REM 11= 6 :VN X X IP XX NULL NULL XX
REM 11=7:VS X \ /

A XX IP I I  >■ 1M U L L NULL XX
REM
R EM ******************** EN D***************************

K-
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1 REM LAYER-PARALLEL SHORTENING OF INFINITELY THICK MULTILAYER
2 REM 3RD ORDER ANALYSIS 
2 DEFINT I:DEFDBL E,P
5 HIDTH LPRINT 80 
10 LPRINT *<INFMULT.BAS>*
1! PI=3.14l592653589793f:E=2.71B2B1828459045i 
20 INPUT “NN'sNN:LPRIHT “NUMBER OF STEPS';NN 
25 JK=0;KJ=0
30 DIM SXtnN).Ai(RNi,A3(NN);AA(N“!,AS!NN),AC(nN>
33 INPUT “MAI. SLQPE=’;AL:LPRINT “INITIAL SLOPE=“;AL
35 INPUT “ANISO=“;ANISOsLPRINT “ANISOTROPY (ETA N/ETA S)=“;ANISO
37 BHAT=12*(ALA2)/(ANISO-1)sLPRINT *BHAT=*jBHAT
38 BHATAL=(ALA2)/BHAT:LPRINT “(ALA2)/BHAT=“;BHATAL
39 INPUT “SXF“;SXF:LPRINT “SXF=“;SXF
40 TF=1:SCALE=TF:T0=TFISXF/SCALE
42 FOR NLT=1 TO iO:LPRIfiT:LPftIHT MNiTIflL L/T=ii;HLT
43 AINIT=NLTIALIT0»SCALE/(2*PI):LPRINT “INIT AHP=“;AINIT
60 Kl=PI/NLT:K2=2tKl:K3=3tKl
61 E1=EAK1:E2=1/(EAK1):E3=EAK3:E4=1/(EAK3):E5=EAK2:E6=1/(EAK2)
62 Sl=(El-E2)/2:S3=(E3-E4)/2:S2=(E5-E6)/2
63 CHi=(El+E2!/2:CH3=(E3+E4)/2:CH2=(E5+E6)/2
64 SCI=S1ICH1:SKM=SC1-K1:SKP=SC1+K1
67 T1=SXFA2+(48IBHATAL$K1A2/S1A2)I(SXFA2-1)
68 IF T K O  THEN LPRINT “T K O “:GOTO 72
69 H1=1/SBR(T1):N3=((S1A2)/(S3A2))«((1/SXF)-N1)
70 LPRINT “T1=“;T1 TABI20) “N1=“;N1 TAB(40) “N3=“;N3
72 T2=2?(1+24K1/SKM) :T3=(ALA2> /(2ISKM1SKP)
73 T4=4!SC!A2+SCltKl+KlA2-2tSlA2t(CH2/S2)ISKM
75 T6=< <SXFAT2)+T3IT4*(1-(SXFAT2>))
76 V1=1/SQR(T6)
77 LPRINT *T6=“jT6 TAB(20) “V1=*;V1
78 LPRINT:LPRINT “STEP* TAB(6) “SX“ TAB(18) “SZ“ TAB(30) “NLTC" TAB(42) "KL“
79 LPRINT “TYPE" TAB(6) “CURR AL“ TAB(18) “1A/1A0“:
80 LPRINT TAB(32) “2A/1A0" TABI39) “3A/1A0“ TAB(52) “011“ TAB(66) “013*
81 LPRINT TAB(39) “FS: 91.031,033“
82 LPRINT TAB(IB) “Al“ TAB(32> “A2“ TAB(39) “A3“ TABI53) “A2/A1“ TAB(60) “A3/A1*
83 SX(0)=1:A1(0)=1:A3(0)=0:AA(0)=1:AB(0)=0:AC(0)=0
84 IKAX=-1
85 H=(SXF-1)/NN
87 FOR 1=0 TO NN-1
88 IF 3K=1 AND KJ=1 THEN GOTO 999
89 SX(I)=SX(0)+I«H
90 SXC=SX (I):SXB=SXC:A1C=A1(I):A3C=A3(I):GOSUB 500:60SUB 600
91 AAC=AA (I): ABC=AB (I): ACC=AC (I): GOSUB 700 
95 «LTI=SLTC:GOSUB 800
100 Cl=DAlDSXIH:Zl=DA3DSXIH:Fl=DAltH:Gl=DA2tH:Jl=DA3IH
110 SXC=SX(II+H/2:A1C=AI(D+Cl/2:A3C=A3(Il+Zl/2:GOSUB 500:GOSUB 600
111 AAC=AA(Il+Fl/2:ABC=AB(I) +61/2:ACC=AC(D+Jl/2:GOSUB 700 
120 C2=DA1DSXIH:Z2=DA3DSXtH:F2=DA14H:G2=DA2IH:J2=DA3IH 
130 A jC=A1<I)+C2/2:A3C=A3(I>+Z2/2:GOSUB 600
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131 AAC=AA(I)+F2/2s ABC=AB(I)+62/2:ACC=ACd)+J2/2:GOSUB 700 
140 C3=DAlDSXIHsZ3sDA3DSX4HsF3=DAUH:63sDA2*H:J3=DA3$H
150 SXC=SX(I)-fH:AlC=Al<I> +C3:A3C~A3(I )+Z3s 60SUB 500:GOSUB 600
151 AAC=AA(i)tF3:ABC-hBiii t G 3 s hCC=AC(I)+J3:60SUB 700 
160 C4=0AlDSXtH:Z4=DA3DSXtH:F4=DAltH:64=DA2tH:J4=DA3*H 
170 AlCI+l)=Al(I)+(l/6)*(Cl+2tC2+2tC3+C4)
175 A3 d + 1) =A3 d )+d  /6) I (Z1 *24 Z2+2IZ3+Z4)
177 IF AKI+l)>1000000! THEN LPRINTtLPRINT "PONER OVERFLON AT SX=,;SXB:A1(I+1)=1:A3(I+1)=0:JK=1 
ISO AA\ It 1J-AAi I i t i 1/6) I IFiT2*F2-s-2*F3-rF4)
182 AB(1+1)=AB(I)+(1/6)*(61+2*B2+2t63+B4>
184 ACd+l)=ACd)+d/6)t(Jl+2tJ2+2IJ3+J4)
185 IF AA(I+1)>1000000! THEN LPRINTsLPRINT 'FREE OVERFLON AT SX=I;SXB:AA(I+1)=1:AB(I+1)=0:AC(I+1)=0:KJ=1
186 IF Q1FS<0 THEN LPRINTsLPRINT "01FS < 0 AT SX=>;SXB:AAtI-rl)=l:AB(l4l)=0:AC(I+l)=0:KJ=l
188 IF I=NN*1 THEN GOTO 205
189 IF JK=1 AND KJ=1 THEN 60T0 205
190 IF INT(I/40X=IRAX THEN 216
191 INAX=INT(1/40)
200 PRINT I;
205 LPRINTsLPRINT I TAB(6) SXB TAB(18) 1/SXB TAB(30) NLTI TAB(42) CURRNL
206 IF KJ=1 AND JK=1 THEN 60T0 209
207 IF KJ=1 THEN GOTO 212
209 LPRINT "FS1 TAB(4) ALC TABtlB) AA(I> TABI32) AB(I) TABI38) AC(I) TABI52) 811FS TABI66) Q13FS
210 LPRINT TABI39) DIFS TAB153) D31FS TABI67) Q33FS
211 LPRINT TABU8) AAd)»AINIT TAB(32) AB(I)IAINIT TAB(39) AC(I)tAINIT TABI53) AB(I)/AA(I) TAB(60) AC(I)/AA(I)
212 IF KJ=1 AND JK=1 THEN GOTO 214
213 IF JK=1 THEN 60T0 216
214 LPRINTsLPRINT 'PL' TAB(4) ALD TABI18) Al(I) TAB(32) ■ TAB(38) A3d) TAB152) Q1PL TAB(66) Q3PL
215 LPRINT TAB(18) A1 (I)tAINIT TAB(32) TABI39) A3d)*AINIT TAB153) TAB(60) A3(I)/A1(I)
216 NEXT I
217 REH LPRINTsLPRINT I TAB(6) SXB TABI18) NLTI
218 REH LPRINT 'FS' TAB(4) ALC TAB(18) AA(I) TABI32) ABd) TABI38) ACd) TAB(52) Q11FS TAB166) 813FS
219 REM LPRINT TABI39) 81FS TAB(53) 831FS TAB(67) 833FS
220 REH LPRINT "PL" TAB(4) ALD TAB(18) Aid) TABI32) " TAB(38) A3(I) TABI52) 81PL TABI66) Q3PL 
230 REH LPRINTsLPRINT ‘PONER A3/A1=";A3(I)/A1 (I),"FREE AC/AA=‘;ACd)/AAd)
235 REH LPRINT "H1=";H1."N3=";H3
449 NEXT
450 GOTO 999
500 NLTC=NLT»SXCA2:K1=PI/NLTC:K2=2»K1:K3=3*K1
505 El=EAKlsE2=l/(EAKl):E3=EAK3sE4=l/(EAK3)sE5=EAK2:E6M/(EAK2)
510 Sl=(El-E2)/2:S2=(E5-E6)/2sS3=(E3-E4)/2
511 CH1=(E1+E2)/2:CH2=(E5+E6)/2s CH3=(E3+E4)/2:RETURN 
600 IF JK=1 THEN DAiDSX=OsDA3DSX=0:RETURN
605 DA1DSX=-(A1C/SXC)1(1+ <48/SXCA2)I((A1CIK1/SI)A2)tBHATAL)
610 DA3DSX=(l/SXC)l(-A3C+(48/SXCA2)l(AlCA3)l((Kl/S3)A2)IBHATAL)
620 RETURN
700 IF KJ=1 THEN DA1=0:0A2=0:DA3=0:RETURN
701 SC1=S1ICH1:SC3=S3ICH3s SKI=SC1-K1s SK3=SC3-K3
705 TP=(4*(SC1A2)+SC1»K1+(KlA2)-2*(S1A2)* (CH2/S2)*SK1)/(2*(SK1A2))
710 DAl=-(AAC/SXC)*(K(2IKl/SKl)-((AACA2)l(ALA2)/(SXCA2))tTP)
720 DA2=-(ABC/SXC)t(1+(2IK2/(S2ICH2-K2)))
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540

725 TP*4tSlA2ICH2/S2t(3tSC3-Kl)+5tSCltKl-2tKlA2+SC3tK3-6ICH3tSlt(CH3tSl+CHllS3)
730 TXs ((AACA3)l(ALA2)/((SXCA3)$4tSK3tSKl>)ITP 
740 DA3=-(ACC/SXC)I(1+24K3/SK3)-TX 
750 RETURN
600 ALC=AA(I)IAL/SXC:ALD=A1(I)IAL/SXC 
801 CURRNL=NLTITOtSXC 
805 911FS=2tKl/SKl
810 TP=(44(SC1A2)+SC1IK1+(K1A2)-21(S1A2)I(CH2/S2)ISK1)/(21(SK1A2>I 
815 Q13FS=-(ALCA2)*TP 
820 91FS=Q11FS+Q13FS 
825 931FS=2IK3/SK3
830 T8=4t(SlA2)l(CH2/S2)l(3ISC3-Kl)+5»SCllKl-2l(KlA2)+SC3IK3-6tSllCH3l(CHllS3+CH3*Sl) 
835 933FS=(ALCA2)ITH/(4ISK1ISK3)
840 BlPL=((ALDA2)/BHAT)*4Bt(Ki/Sl)A2 
845 Q3PL=-I(ALDA2)/BHAT)1481(K1/S3)A2 
850 RETURN 
999 END

S F ' . . . .
E
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1 REH LAYER-PARALLEL SHORTENING AND SHEAR
2 REH 2ND ORDER ANALYSIS
5 WIDTH LPRINT 80
6 WIDTH 80
10 LPRINT ,<SHEAR.BAS>*:GOTO 3000
too reh m m m m m c A L C U L A T io N  of t r ig  functions tnmmmtmm 
105 T5= l / ( 2»NNtNFIHU(LL)) :K1=NFIK(LL)
110 EH=1/(EAK1):EP=EAK1:CH=(EP+EH)/2:SH=(EP-EH)12 
115 TH1=CH*SH-K1:TP1=CH»SH+K1
120 N1=<CHA2)/{2}TH1):N2=K1/(2*TH1):N3=(SHA2)/(2*TP1):N4=K1/<2ITP1)
125 8i=(CHA2l/<2*TPl):S2=Ki/(2*TPl):S3=(SHA2)/(2*THl):S4=Kl/<2tTHl)
130 N6=SHICH/(21TH1):N7=SH*CH/(2ITP1):S6=SH*CH/(2ITP1):S7=SH»CH/(2ITH1)
135 NPl=(Sl+N3)‘T5:NHl=(Nl-N3)tT5:NP2=(N2+N4)tT5:NH2=(N2-N4)IT5 
140 SP1=(SI+S3> *T5:SH1=(SI-S3)«T5:SP2=(S2+S4)«T5:SH2=(S2-S4)ITS 
150 RETURN
200 reh m m t t m t m c L E A R  m atr ix ; set s G u m i t t m m m m m t t m m
205 FOR 1=0 TO ILAST»2+1:F0R J=0 TO 6:Y(I,JJ=0:NEXT:NEXT
210 S6=l:IF NS=2 THEN SG=-1
211 RETURN
400 reh t m m t m m i f i l l  columns 0-5 o f h a tr ix , solve m atrix ttmtmmm
405 L=0:I=0sT5=l/(24NN4NFIHU(0))
410 Y(0,2)=Y(0,2)-T5:Y(1,3)=Y(1,3)-T5-RPRIHEIT(LN)/(SXIHU(LN))
415 L=LLAST:I=L-1:T5=l/(2INNINF4HU(LLAST)):I1=211
420 Y(II,2)=Y(II,2)-T5:Y(II+1,3)=Y(II+1,3)-T5
425 FOR L=1 TO LB:I=L-1:LL=L:GOSUB 105:IT=I:IB=L:I=2IIT
435 Y(I,2)=Y(I,2)-NP1:Y (1,3)=Y(1,3)-SGINM2:Y(1,4)=Y(1,4)+NM1
440 VII,5)=Y(1,5)-SGtNP2:1=1+1
445 Y(I,2)=Y(I.2)+SGISH2;Y(I,3)=Y(I,3)-SPl:Y(I,4)=Y(1,4)+SGISP2 
450 Y(I,5)=Y(I,5)+SH1:I=IB*2
455 Y(I,0)=Y(I,0)+NH1:Y(I,1)=Y(I,1)+S6»NP2:Y(I,2)=Y(I,2)-NP1 
460 Y(I,3)=Y(I,3)+SG»NH2:I=I+1
465 Y(i,0)=Y(I,0)-SG*SP2:Y(I,i)=Y(i,l)+SKi:Y(I,2)=Y(I,2)-S64SH2 
470 Y(I,3)=Y(I.3)-SP1-RPRIHE»T(LN)/(SX»HU(LN))
475 NEXT
480 FOR L=1 TO LLAST:IT=L-l:IB=L:IP=2*IT:YY=l/iY(IP,2)):I=IP
485 FOR 1=2 TO 6:Y(I,J)=Y(I,JWY:NEXT:IPl=I+l:IP2=I+2:IP3=I+3
490 FOR J=3 TO 6:Y(iPl,J)=Y(IPl.J)-Y(IPl,2)$Y(I,J):NEXT:Y(IPl,2)=0
495 IF L=LLAST THEN Y(IP1,6)=Y(IP1,6)/Y(IP1,3):Y(IP1,3)=1:G0T0 545
500 FOR IJ=IP2 TO IP3:F0R J=1 TO 3:Y<IJ,J)=Y(1J,J)-Y(IJ,0)*Y(IP,J+2):NEXT 
505 Y(I3,6)=YIU,6)-Y(IJ,0)IYtIP,6)
510 Y(IJ,0)=0:NEXT
515 IP=IP+1:YY=1/Y(IP,3):I=IP
520 FOR J=3 TO 6:Y(I,J)=Y(I,J)*YY:NEXT
525 IP1=I+1:IP2=I+2:FQR IJ=IP1 TO IP2:F0R J=2 TO 3
530 Y(IJ,J)=Y(I3,J)-Y(IJ,1)IY(IP,J+2):NEXT
535 Y(IJ,6)=Y(IJ,6)-Y(IJ,l)tY(IP,6):Y(IJ,l)=0
540 NEXT
545 NEXT
550 IP=2tLB:Y(IP,6)=Y(IP,6)-Y(IP+l,6)*Y(IP,3):Y(IP,3)=0
555 FOR L=LB-1 TO 0 STEP -1:IP=2IL+1
560 Y(IP,6)=Y(IP,6)-Y(IP,4)IY(IP*l,6)-Y(IP,5)IY(IP+2,6)
565 Y(IP,4)=0:Y(IP,5)=0:IP=IP-1
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542

570 Y(iP,6)=Y(IP,6)-Y(IP,3W(IP+l,6)-Y(IP,4)IY(IP+2,6)-Y(IP,5)IY(IP+3,6)
575 FOR IK=3 TO 5:Y(IP,IK)*0:NEXT:WEXT
580 FOR 1=0 TO ILAST:J=2tI:JPl=J+l
585 SIB(l,NF,NS,QA)=YU,6):TAU(I,NF,NS,0A)=Y(;!Pl,6l
590 NEXT
595 RETURN
599 REH UUt CALCULATE MEDIA LAMBDAS (AS CLAHP, E T C . ) t t t t t t « ) U * U t U U t U U
600 L=LLAST:I=ILhST
601 T50=l. / (2INN4NFIHU (0)): T5L=1/(2IHNINFIHU (L))
603 CLAHP(0,«?,NS,OA)=SI6(0,HF,NS,OA)IT50+SEIHNSHIA(0, MF,NS+S6)/HU(0)
605 SLAHP(0,HF,NS,0A>=SG*TAU(0,NF,NS,0A)tT50-2»A(0,NF,NS)
610 CLAHH(0,NF,NS,0A)=CLAHP(0,NF,NS,0A):SLAHH(0,NF,NS,0A)=SLAHP(0,NF,NS,0A)
615 CLAHP!L,NF,NS,0A)=SIB[I,NF,NS,0A)IT5L+S6IHNSHIA(I,NF,NS+S6)/HU(L)
620 SLAHP(L,HF,NS,0A)=SGtTAU(I,NF,NS,0A!IT5L-2IA(I,NF,NS)
625 CLAHH(L,NF,NS,OA)=CLAHP(L,NF,NS,OA):SLAHH(L,NF,NS,OA)=SLAHP(L,NF,NS,OA)
630 RETURN
634 REH m t m t i i U  CALCULATE LAYER LAHBDA PAIRS (AS CP, ETC.) t t t t t t M m t
635 ITT=LL-1
639 TP=S6tHNSHtAPO/HU(LL):TH=SB*HNSH»AHO/HU(LL)
640 CP=(SIS!ITT,NF,NS,0A>+SI6(LL,NF,NE,0A))IT5+CLP(LL,NF,NS,0A)+TP 
645 CH=(SI6(ITT,NF,NS,0A)-SI6(LL,NF,NS,0A))*T5+CLH(LL,NF,NS,QA)+TH
650 SP=SSt(TAU(ITT,NF,NS,OA)+TAU(LL,NF,NS,OA))tT5+SLP(LL,NF,NS,OA)-2tAPS 
655 SM=S6t(TAU(ITT,MF.HS,OA)-TAU(LL,WF,NS,OA))*T5+SLH(LL,WF,NS,OA)-2*AMS 
660 RETURN
700 REH t ttttUttt RETRIEVE CLAHP’S FOR SPECIFIC LAYER IN CP SHORTHAND t t tUU  
705 CP(NS)=CLAHP(LL,NF,NS,OA):CH(NS)=CLAHH(LL,NF,NS,QA;
710 SP(NS)=SLAHP(LL,HF,NS,OA):SH(NS)=SLAHH(LL,WF,NS,OA)
715 RETURN
745 REH W m t m t t l  STORE LAYER LAHBDA PAIRS (CP, ETC.) AS CLAHP’S ttlltUUI 
750 CLAHP(Ll,NF,NS,QA)=CP:CLAHH(LL,NF,NS,OA)=CH 
755 SLAHP(LL,HF,NS,OA)=SP:SLAHH(LL,NF,NS,OA)=SH 
760 RETURN
947 reh m m m m t m m m m c A L C U L A T E  q t m m i m m m m m t t t m t t
950 FOR L=1 TO LLAST:II=L-1:LL=L:SN=1:IF L=LLAST THEN LL=LB:SN=-1 
952 IT=LL-1:IB=LL:AS1=A(II,1,NS):A01=A(II,1,NS+S6)
954 AST=A(!T,HF,NS):ASB=A(iB,HF,NS):A0T=A(IT,NF,NS+S6):A0B=A(IB,NF,NS+S6)
956 APS=(AST+ASB)4(2-OA):AHS=(AST-ASB)4(2-OA)
958 APO=(AOT+AOB)t (2-OA):AHO=(AOT-AOB)I(2-OA)
960 APl=ASltA01t(OA-1):AD1=(AS1A2-A01A2)t (OA-1)
962 B05UB i05:6QSUB 635:IF MF=1 AND QA=1 THEN BQ5UB 750
964 FLHS= (RPRIHEI2IK(LN)/(HIHU(LN)))I(ILHID-LL+ (1/2)1 (-(LAYS HOD 2)+D)
966 TF= fnNSHI(KHU(LLJ +SN*(K(LL)/HU(LL))+FLHS)+DELV(LL)tMN)
967 TH=-S6INFtA<II,NF,NS+SG)*TF
968 TS=-S6I(HNSHINN/(HU(LL)INS))I((1+S6)tAPl/2-(1-SE)IAD1/2)
970 TF=NN*iSbiAuU (TV3(LL)*3N»Tv4(LL) i-ASi»iTvi(LL)+SN*TV2(LL)))
971 TQ=CH5Nl+SPtN2+SNt(CP4N3-SH4N4)
972 Q (II,NF,NS)=9(11,NF,NS)+TB+TP+TS+THI(2-OA)
973 REH LPRINT T0;0(II,NF,NS)
974 NEXT 
976 RETURN
999 REH i$;i:?*iltt$UFILL COLUHN 6 FOR HEDIA AND LAYERS, 1ST ORDER t t t tm t t
1000 AUS=A(0,NF, NS!:ALS=A<ILAST,NF,NS)
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1002 AU0=A(0,NF,NS+S6):AL0=A(ILAST,NF,NS+S6)
1005 TH=SGII(HNSHtRPRIHEI2IK(LN)/(HIHU(LN))I+DELTAVOIO)INNJIAUOINF
1006 Y (0,6)=Y(0,6)+SGIHNSHIAUQ/HU(Ol+TH 
1010 Y (1,6)=Y(1,6)-S6I2IAUS-(HNSH/HU(0))IAUO 
1015 I=ILAST:11=211
1020 Y (II,6)=Y(II,6)+S6IHNSHIAL0/HU(LLAST)
1025 Y(II+1,6)=Y(II+1,6)-SGI2IALS+(HNSH/HU(LLAST))IALO
1030 FOR L=1 TO LBsI=L-l:LL=L:SOSUB 105:IT=I:IB=L
1032 APS=A(IT,HF,NS)-t-A(IB,HF,NS):AMS-A(IT,MF,NS)-A(IB,HF,NS)
1034 APO=A(IT, NF,NS+S6)+A(IB,NF, NS+SG):AH0=A(IT,NF,NS+S6)-A(IB,NF,NS+S6)
1036 J=2IIT;SC=1:GOSUB 1050
1038 J=2IIB:SC=-1:60SUB 1050
1039 TH=SGI((HNSHIRPRIHEI2IK(LN)/(H*MU(LN)))+DELTAVO(IB)»HN)INFIA(IB,NF,NS+SG)
1040 Y(J,6)=Y(J,6)+TN 
1043 NEXT
1045 RETURN
1050 TP=SCIS6IHNSHI(AH0IN1+SCIAP0IN3)/HU(LL)
1052 Y (J,6)=Y(J,6)-SCI2I(APSIN2-SCIAHSIN4)+TP
1055 TP=-SCIHNSHt(AP0IS2-SCIAH0IS4)/MU(LL)
1056 TS=SC*(HNSH/(2«HU(LL)))«(APO+SCIAHO)
1057 Y(J+l,6)=Y(J+l,6)-SCIS6I2I(AHSIS1+SCIAPSIS3)+TP+TS 
1060 RETURN
1099 ren m ttm m tm m tm n  column 6 for media, 2nd order m i n i m u m
1100 AAS=A(i,NF,NS):AO=A(I,NF,NS+SG)
1110 AD=AASA2-A0A2:AP=AASIA0
1115 TY=-(NN/4)I(AASISP(1)-SGIAOISP(2))
1117 TP=SCI(HNSHINN/(2INSIHU10)))I((1+SG)4AP+(1-SG)tAD)
1120 Y(J,6)=Y(J,6)-+ (NStMN/2)t((1+S6)IAD/2+ (1-56)tfiP/2) +TY+TP 
1125 TY=-SGI(NN/4)*(AAStCP(l)-SGIAQtCP(2))
1130 Y(J+l,6)=Y(J+l,6)-SGI(HNSHINN/(HU(LL)l2INS))t((l+SG)IAP/2+(l-SG)»AD/2)+TY 
1140 RETURN
1146 REH « » m » m m * m C A L C U L A T E  CLAMPS FOR LAYERS, 2ND ORDER l U I U U i U m  
1150 AST=A(I,MF,NS):ASB=A(IP,WF,NS):AOT=A(I,WF,NS+SG):AOB=A(IP,NF,NS+SG)
1155 AD=ASTA2+SC»ASBA2-(A0Ta2+SCIA0Ba2) : AP=ASTIAOT+SC*ASB*AOB 
1160 Tl=(3tHN/8)I((AST+SCIASB)ISP(1) + (AST-SCIASB)ISHI1))
1165 T2=-S6I(3IWN/8)I((AOT+SCIAOB)ISP(2)+(AOT-SCIAOB)ISH(2)/
1170 T3=-(NN/4)I(AST+SCIASB)I(CP(1)I(S6-3IS2)+SH!!!I4IS!!
1175 T4=-(WN/4)I(AST-SCIASB)I(CH(1)I(S7+3IS4)+SP(1)I4IS3)
1180 T6=S6t(NN/4)I(AOT+SCIAOB)I(CP(2)I(S6-3IS2)+SH(2)I4IS1)
1185 T7=S6I(NN/4)I(AOT-SCIAOB)I(CN(2)I(S7+3IS4)+SP(2)I4IS3)
1190 TC=(NNINS/2)I((1+SG)IAD/2+(1-SG)IAP/2)+T1+T2
1195 TS=-(HNSHINN/(frJ(LL)I2INS)!I ((1+SG)IAP/2+(1-SG)IAD/2)+T3+T4+T6+T7
1200 RETURN
1240 reh u m m m i m m F i L L  cgluhn 6 for layers, 2nd order i n i m m m m
1250 GOSUB 105
1251 T3=CLH(LL,NF,NS,0A)IN1+SLP(LL,NF,NS,0A)IN2
1252 T4=CLP(LL,NF,NS,0A)IN3-SLH(LL,WF,NS,0A)IN4
1253 T6=NNt(SGIAOTI(TV3(LL)+TV*(LL))-ASTI(TVI(LL)+TV2(LL)))
1254 T7=-(HNSHINN/(HU(LL)I2INS))I((1+SG)IASTIAOT+(1-SG)I(ASTA2-A0TA2))
1255 Y(IT,6)=Y(IT,6)+T3+T4+T6+T7 •
1257 Tfe=WNI(SGIAOBI(TV3(LL)-TV4(LL)l-ASBt(TVI(LL)-TV2(LL)))
1258 T7=(HNSHINN/(2IHU(LL)INS))I((1+SG)IASBIAOB+(1-SG)I(ASBA2-ACBA2))

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



544

1260 Y!IT+2,6)=Y(IT+2,6)-T3+T4-T6+T7
1265 T3=-CLP(LL,HF,NS,OA)IS2+SLH(LL,NF,NS,OA))51
3266 T4=CLH(LL,NF,NS,0A)IS4+SLP(LL,NF,NS,OA)»S3
1267 T12= (HNSH4RPRIHEI24K(LN)INN/(HIHU(LN)I4INS) +DELTAVO(IP)INN'2/(4INS))
1268 T7=-T124((1+SB)IASBIAOB-(1-S61IIASBA2-A0BA2))
1269 Ti=TAU(IP,l,1,1);T2=TAU(IP,1,2,1)
1270 T8=((1+SBi*7i«T2+(1-S6)I(T2A2-T1A2>)
1271 T9MRPRIHEI itt-1) IT (LN) / (SXMi(LN) IHNSHI4INS)) IT8
1272 T10=(NN/2)I(SBIASTI(SP(1)+SH(1))-AOTS!3P(2!+SH(2!)!
1273 T11=(NN/2)»(S6IASB4(SP(1)-SN(1))-AOBI(SP(2)-SMJ2)))
1275 Y(IT+1,6)=Y(IT+1,6)+S6»T3+S6»T4+T10
1279 Y (IT+3,6)=Y(IT+3,6)-S6IT3+S6IT4-T11+T7+T9
4O0A n r r u n u  
u u v  n b t u n n

1399 REH i t u t m  CALCULATION OF DELTA VO tttttttttltm
1400 FOR 1=0 TO ILAST
1402 LL=I+1: IF IOILAST THEN 1405
1403 SOBUB 1525:T1=TP:T2=TH
1404 60T0 1411
1405 60SUB 105:FOR NS=1 TO 2-.60SUB 705:NEXT
1410 60SUB 1500:T1=TP:T2=TH
1411 LL=I: IF IOO THEN 1415
1412 60SUB 1525:TC2=CLAHP(0,1,2,1):TC1=CLAHP(0,1.1,1!
1413 GOTO 1425
1415 60SUB 105:FOR NS=1 TO 2:60SUB 705:NEXT
1420 60SUB 1500:TC2=(CP(2)-CH(2))/2:TC1=(CP(1)-CH(1)1/2
1425 T3=NH«(A (1,1,1)»(TP-T1)-A <1,2,1)I(TM-T2))
1430 T4=-(HU(LL)«NNA2)I(A (I,1,1)ITC2-A(I,2,1)tTCl)
1435 T5=((H-1)/(4IHNSH))*(TAU(I,1,1,1)A2+TAU(I,1,2,1)A2)
1440 T6=(HNSH/H)t((l/4)-H)*NNA2l(A(I,l,l)A2+A(I,2,l)A2)
1445 T7=l-<NNA2/4)I(A(I,1,1)A2+A(1,2,1)A2)
1450 DELTAVO (I) = ((RPRIMEIT(LN) / (SXtNU(LN))) * (T6+T5-+T4J+T3)/T7 
1475 NEXT 
1480 RETURN
1500 SN=5;IF LL=I THEN SN=-1
1504 TP=SP(2)iN6+CH(2)»Nl+SN«(SH(2)tN7+CP(2)*N3)
1505 TH=SP(1)IN6+CH(1)4N1+SN*(SH(1)IN7+CP(1)*N3>
1510 RETURN
1525 SN=1:IF LL=0 THEN SN=-1
1528 TP=SLAHP(LL,1,2,1)+SNJCLAHP(LL,1,2,1)
1529 TH=SLAHP(LL,1,1,1)+SNtCLAHP(LL,1,1,1)
1530 RETURN
2006 REH tUUi l t t END OF SUBROUTINES Ittt BEBINNINB OF HAIN PROERAH W U tt t t t  
3000 BQSUB 6020
3002 FOR H=HL0N TO HUP STEP HSTEP:LPRIHT:LPRINT ‘PONERLAN EXP H=";H
3005 R=(AMISQ-1)/(TAM(2*THETAIPI7180))A (h-1):RPRIhE=AHISO-1
3006 LPRINT ,R=,;R,,RPRIHE=*;RPRIHE
3007 THETAPR=ATN(ANISOITAN(2tTHETA»PI/lB0))»9O/PI
3008 LPRINT "ANGLE (DEB.) BETN. PRINC, DEF. RATE AND X=’;THETAPR 
3010 DS=DSS
3012 FOR 1=0 TO ILAST:FOR HF=1 TO HPT:FOR NS=1 TO NST
3013 A(I,KF,NS)=0:NEXT:NEXT:NEXT
3014 FOR 1=0 TO ILAST:A(I,1,1)=AAA(I,1,1):NEXT
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3015 FOR 1=1 TO LB:T(L)=TINIT(L):NEXT:NL=NLINITtT(LN)
3020 A(1PLIF=0: SX=1: IN=0: IHAX=-1:1 IHAX=0 
3030 TP= C(1/SXF)-1/(SX+DS+ABS(DS/10)))
3035 IF TP<0 THEN LPRINT ,SX=SXF,:GOTO 5552 
3040 SX=SX+DS:IN=IN+1
3045 FOR L=1 TO LB:K(L)=PIIT(L)/ (NLtSXA2):NEXT 
3050 TT=0:FOR L=I TO LB:TT=TT+T(L>/SX:NEXT 
3055 NN=2SPI/(KLISX)
3060 FOR L=1 TO LB:TV1(L)=0: TV2 tL)=0:TV3(L)=0:TV4(L)=0:KHU(L)=0:DELV(L)=0: NEXT
3061 FOR 1=0 TO ILAST:ACK(I)=0:NEXT
3062 FOR L=1 TO LB:FOR NF=1 TO NFT:FOR NS=1 TO NST:FOR 0A=1 TO OAT
3065 CLP(L,NF,NS,0A)=0:CLH(L,NF,NS,0A)=0:SLP1L,NF,NS,0A)=0:SLH(L,NF,NS,0A)=0
3066 NEXT:NEXT:NEXT:NEXT
3070 FOR 1=0 TO ILAST:FOR NF=1 TO WFT:FOR NS=1 TO NST
3071 0(1,NF,NS)=0:NEXT:NEXT:NEXT
3100 ON -(LAYS HOD 2)+2 GOTO 3105,3150 
3105 LHID=(LLAST/2):KHU(LH!D)=0:DELV(LNID)=0 
3107 ACK(LH!D=1!=K(LH!D):ACK(LHID)=-K(LHID>
3110 FOR L=1 TO LHID-1 
3113 I=L-1
3115 KHU(L)=K(LHID)/HU(LHID)+K(L)/HU(L)
3120 ACK(I)=K(LHID)+2tK(L)
3122 DELV(L)=DELTAVO(L)
3125 LK=LLAST-L 
3127 IK=ILAST-I
3130 KHU(LK)=-K(LHID)/HU(LHID)-K(LK)/HU(LK)
3131 ACK(IK)=-K(LHID)-2IK(LK)
3132 DELV(LK)=-DELTAVO(LHID)
3133 IF L=LHID-1 THEN 3148 
3135 FOR J=L+1 TO LHID-1
3140 Tl=2iK(u!/HU(Jl:T2=-2*K(LLAST-J)/HU(LLAST-J)
3142 T3=2*K(J):T4=-2IK(LLAST-J)
3143 T5=DELTAVO(J):T6=-DELTAVO(LLAST-J)
3144 KHU(L)=KHU(L)+T1:KHU(LK)=KHU(LK)+T2
3145 ACK(I)=ACK(I)+T3:ACK <IK)=ACK(IK)+T4
3146 DELV(L)=DELV(L)+T5:DELV(LK)=DELV(LK)+T6
3147 NEXT
3148 NEXT
3149 GOTO 3200
3150 IHID=ILAST/2 
3152 ACK(IHID)=0 
3155 FOR 1=0 TO IHID-1
3157 L=I+1:KHU(L)=K(L)/H(J(L)
3158 ACK(I)=2tK(L)
3160 LK=LLAST-L:KHU(LK)=-K(LK)/HU(LK)
3161 IK=ILAST-I
3162 ACK(IK)=-2»K(LK)
3165 IF I=IHID-1 THEN 3190 
3170 FOR J=L+1 TO IHID
3172 T1=2IK(J)/HU(J) :T2=-2SK(LLAST-J-)/MU(LLAST-J)
3173 T3=2*K(J):T4=-2IK(LLAST-J)
3175 KHU(L)=KHU(L)+T1:KMU(LK)=KHU(LK)+T2
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3180 ACK(!!=ACK(!)+T3:ACK(IK)=ACK(IK)+T4 
3185 NEXT 
3190 NEXT
3195 REN mmmmtmCALCULATION OF 1ST ORDER CONTRIBUTIONS t t tM tm t t ilt
3200 NF=1:NS=1:0A=1
3205 60SUB 205
3210 GOSUB 1000:GOSUB 405
3215 PRINT NF;,-,;NS;,"*;OA;:BOSUB 9005
3220 IF NF=1 THEN 60SUB 600
3225 GOSUB 950
3230 IF NS=1 THEN NS=2:E0T0 3205 
3235 IF HF=1 THEN NF=2:NS=1:60T0 3205 
3240 ur=i.wc= i.na=i:cnciiR UQO
3250 IF 0AT=1 THEN 5050
3390 REN m t m t t f t m C A L C U L A T I O N  OF 2ND ORDER CONTRIBUTION m tU t n m m m
3500 NSNS=1
3501 NFHF=2:0A0A=2
3502 NF=NFNF:NS=NSNS:QA=DA0A:60BU6 205
3505 NF=iutfi=l:LL=0:F0R NS=1 TO 2:60SUB 705:NEXT 
3508 NS=NSNS;SC=1:1=0:J=0:GOSUB 1100
3510 TDV=DELTAVO(0)INNA2/(4INS)
3511 TX=-((NNSHIRPRINEI2IK(LN)INN/(NINU(LN)I4INS))+TDV1I((1+SG)IAP-(1-S6)IAD)
3512 T1=TAU(0,1,1,1):T2=TAU(0,1,2,1)
3513 TY=((1+S6)/2)ITUT2+((1-S6)/2)I(T2A2-T1A2)
3514 T2=!RPRINE»(H-l)IT(LN)/ (SXINU(LN)IHNSHiZiNSi i *TY
3515 Y(1,6)=Y(1,6)+TX+TZ
3517 LL=LLAST:FOR NS=l TO 2:G0SUB 705:NEXT
3520 RS=KSNS:SC=-1:I=ILAST:J=I12:60SUB 1100
3525 FOR L=1 TO LB?I=L-1:LL=L:MF=1:0A=1:G0SUB 105:IP=I+1:IT=I*2
3530 FOR NS=1 TO 2:6QSUB 705:NEXT
3535 NS=NSNS:SC=1:GOSUB 1150
3540 CLP(LL,HFHF,NSNS,OAOA)=TC:SLP(LL,NFHF,NSNS,OftOft)=TS 
3542 IF NS=2 THEN 3550
3545 TV3(LL)=-CP(2)IS2+SN(2)IS1:TV4(LL)=CN(2)IS4+SP(2)IS3
3546 TVI(LL)=-CP(1)IS2+SH(1)IS1:TV2(LL)=CN(1)IS4+SP(1)IS3 
3550 NS-NSNS:SC=-1:60SUB 1150
3555 CLHdL, HFHF, NSNS,OAQA)=TC:SLH(LL, HFHF, NSNS,OAQA)=TS 
3560 NF=NFNF:OA=OAOA:NS=NSNS:SQSUB 1250 
3565 NEXT
3570 KF'-sfSF s NS=HSNS: QA=QAQA*. 50SUB 405 
3575 PRINT * 2-,;NSNS;,-ll,;:G0SUB 9005 
35B0 60SUB 950
3585 IF NSNS=1 THEN NSNS=2:60TQ 3501
5499 REN t l l l l l l t t t l t t l l  CALCULATE AND LPRINT DA/DSX, ETC. tlltlllU tttttttttlt
5500 I=INT(ILAST/2);J=lsIF IN=1 THEN J=0 
5502 TH=(l/SX)l(A(I,l,l)-0(I,i,U)
5504 ATEST=A(1,1,1)-DSITN+JI(DS/2)I(TN-DAO(1,1,1)):ALTEST=ATESTIHNtSCALE 
5506 IF AB5(ALTEST)>1 THEN LPRINT:LPRINT 'SLOPE HILL BE TOO LARGE*:SX=SX-DS:EOTO 9999 
5508 IF (ATEST/AiNIT)-ANPLIF<0 THEN LPRINT 'ANPLIF. OECREASINB":SX=SX-D5:60T0 9999 
5510 AHPLIF-ATEST/AINIT
5512 FOR 1=0 TO ILAST:FOR NF=1 TO NFT:FOR NS=1 TO NST 
5514 DADSa !I,HF,NS)=(1/SX)I(A(I,HF,NS)-Q(I,HF,NS))
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5516 TP=JI(OS/2)I(DADSX( I , KF,NS)-DAO(I , NF,NS))
5518 A(I,NF,NS)=A(I,NF,NS)-DSIDADSX(I,HF,NS)+TP 
5520 DAO(I,NF,NS)sDADSX(I,HF,NS)
5522 NEXT:NEXT:NEXT
5524 GOSUB 8301
5525 IF  INT(IN/10)>IHAX THEN 60SUB 8000
5535 IF  INT((ATN(ALTEST)tl80/PI)/15)>IINAX THEN GOSUB 8001:G0T0 5552 
5545 DS=(SXA2!tDSS*AINIT/ATEST 
5550 IF  IN>=NS THEN 5552 ELSE 3030
5552 SEXT'.REtl NEXT H
5553 GOTO 10500
5555 PRINT:PRINT ‘ STEPS FINISHED. TO LIST AHPLITUDES & PHI’ S, TYPE <A>‘
5566 PRINT ‘ TO QUIT, TYPE <Q>. TO CONTINUE, TYPE <C> AND ENTER NO. OF STEPS*
5567 A*=IHKEY$:IF A*=‘ ‘  THEN 5567
5568 IF  A$=‘ A‘ THEN 9999
5569 IF  A$=‘ Q* THEN 10500
5571 IF  A$=*C" THEN PRINTiPRINT “NN=‘ ;NN:INPUT “NEN NN‘ ;NN:IF NNHN THEN 3030
5573 PRINT ‘ NEN NN<IN--QUIT*:60T0 10500
6010 ren t t m s m m m t  read in data fo r specific  problen m m t t m m m n
6020 DEFINT I , J,L:DEFDBL Y,E 
6022 I=0:J=0:L=0
6024 INPUT ‘ LAYS (INCL. NEDIA)=":LAYS
6028 LLAST=LAYS-1: ILAST=LLAST-1:LB=LLAST-1
6029 ILHID=INT(LLAST/2)
6030 INPUT "TOTAL NO. NF, NS, OA=‘ ;NFT,NST,OAT
6031 LPRINT "NFT,NST,OAT=";NFT; NSTjOAT
6032 L=LLAST:: NF=NFT:NS=NST:OA=OAT
6035 DIH T(L),NU(L),K(L),IZ(L),KHU(L),ACK(L),PHI1(L),TINIT(L)
6037 DIN A(l,NF,NS),DAO(L,NF,NS!,G!L,NF,NS),DADSXiL,NF,NS),AAA(L, 1,1)
6038 DIH Y(2tL-l,6),TAU(L,HF,NS,0A),SI6(L,NF,NS,0A),DELTAV0(L),DELV(L)
6040 DIH CLAHP(L,NF,NS,OA),CLAHH(L,NF,NS,OA),CLP(L,NF,NS,OA),CLH(L,NF,NS,OA)
6041 DIM SLhHP(L,HF,NS,Or),SLAHH(L,NF,NS,OA),SLP(L,NF,NS,OA),SLH(L,HF,NS,OA)
6042 DIH CP(NS),CH(NS),SP(NS),SHINS)
6045 DIH TVI(L),TV2(L),TV3(L),TV4(L)
6050 PI=3.!41592653589793I:E=2.7182818284590451
6055 INPUT ’ HAXIHUH SHORTENIN6(L/LO)*iSXF
6056 LPRINT:LPRINT "SXF=";SXF
6057 INPUT *HAX. INITIAL SLOPE (DEGREES)*;DEGSLOPE
6058 SLQPE=TAN(DEGSLOPEIPI/180)
6060 INPUT *T11)/T (2) LAYERS=*;T2
6061 INPUT ‘ HU(1)/HU(21 LAYERS=';HU2
6062 INPUT ‘ HU(U.H.)/HU12)=*;HU(0)
6063 INPUT ‘ HU(L.H.)/HU(2)=‘ ;HU(LLAST)
6064 FOR 1=2 TO LB STEP 2:T(I)=1:HU(I)=1:NEXT
6065 FOR 1=1 TO LB STEP 2 :T11) =T2:KU( I ) =HU2:NEXT
6070 LN=2:REH INPUT ‘ LAYER NO. OF STIFF LAYER (U.H.=0)=‘ ;LN
6071 LPRINT ‘ LAYER NO. OF STIFF LAYER=‘ ;LN
6075 SCALE=T(LN): TT=0:FOR L=1 TO LB:T(L)=T(LieSXF/SCALE:TT=TT+T(L): TINIT(L)=T(L) :NEXT
6077 LPRINT ‘ LENGTH SCALE=‘ ;SCALE
6085 MHU=HU(LN):FOR L=0 TO LLAST:HU(L)=HU(LI/HHU:NEXT
6095 LPRINTsLPRINT ‘ LAY NO‘ , ‘ HU(L)/HU(LN)*,‘ T(L)/SCALE",‘ T(L) INITIAL*
6100 FOR L=0 TO LLASTsLPRIM L,HU(L),T(L),T(L)*SCALE:NEXT
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oiCZ INPUT 'ANGLE (DEGREES) BETH. COHPR. AND STIFF LAYER=*;THETA
6103 LPRINT *THETA (ANGLE BETN. CONPR. AND STIFF LAYER)=■;THETA
6104 HNSH=-2tTAN(2$PIITHETA/180)
6105 LPRINT ‘ MEAN SHEAR SI6NA BAR XZ STAR=';HNSH
6107 INPUT *ANIS0=B; ANISQ
6108 LPRINT 'ANISOTROPY (ETA N/ETA S)=a;ANISO 
6110 INPUT 'LONER H LINIT=';NLOH
6 H l INPUT 'UPPER H LIHIT=°;NUP
*1 1 9  THDIIT >M CTCO-a.HCTCD  Oil* ini ui ii wiwt~ |iiuiM
6117 INPUT 'NO. DEF. STEPS';NN
6120 DSFAET=50:DS=(SXF-1)/SSFACT: SSS=DS:LPRINT 'DS=(SXF-1) / ’ ; DSFACT 

6125 LPRINT 'FINAL TOTAL THICK';TTtSCALE/SXF,'IHIT TOTAL THICK='; TTISCALE
6129 INPUT 'IN IT  ML-TO-SINGLE-STIFF-LAYER-(LN)-THICK=';HLINIT
6130 LPRINT 'IN IT  NL-T0-SIN6LE-STIFF-LAYER-(LN)-THICK=';NLINIT
6131 NL=NLINITIT(LN):LPRINT 'IN ITIAL NL=';NL»SCALE
6132 LPRINT 'FINAL NL=";NL4SCALEtSXF
6135 LPRINT 'FINAL NL/TT=';NL»SXFA2/TT,'IN ITIAL NL/TT=*;NL/TT 
6140 LPRINT 'NAX. INITIAL SLOPE (DEGREES)'sDEGSLOPE
6142 FOR 1=0 TO ILAST:DELTAV0(I)=0
6143 FOR NF=1 TO NFTiFOR NS=1 TO NST
6144 A( I , NF,NS)=0:NEXT: NEXT:NEXT
6145 FOR 1=0 TO ILAST/2
6146 PRINT I ; : INPUT 'A ( I , 1 , 1 ) ' : AAA(1 ,1 ,1 )
6147 AAA( ILA ST-I,1 ,1 )=AAA(I,1 ,1 ) :NEXT
6148 FOR 1=0 TO ILAST:AAA( I , 1 , 1)=AAA(I,1 ,1 )tSXF/SCALE
6149 LPRINT ' I , A ( I , l , l ) a;I,AAA(1 ,1 ,1 ) tSCALE:NEXT
6150 AINIT=SL0PE4NL/(2iPI):
6151 REH FOR 1=0 TO ILAST:A( I ,1 ,1 )=AINIT
6152 REH LPRINT ' I , A( I , 1 , 1 ) ' ; I , A( I , 1 ,1 )*SCALE:NEXT
6153 LPRINT 'IN ITIAL AMPLITUDE' ; AINITISCALE 
6155 RETURN
7999 REH U U U i i i  LPRINT CURRENT AMPLITUDES AND PHI’ S $$$?$»$*SttStti
8000 IHAX=INT(IN/10)
8001 LPRINTsLPRINT 'DEF. STEP=';IN,'DSX=';DS,'SX=';SX
8002 LPRINT ■CURR.HL=“;NL«SXISCALE;'CURR.HL/T=';NLtSXA2/T(LN)
8004 LPRINT 'CURR.NN=';NN/SCALE;'CURR. T(1)=';T(1)1SCALE/SX
8006 LPRINT 'AMPLITUDES* TABI13) 'S F = r TAB(28) *«F=2*j
8007 LPRINT TABI53) *NF=1* TABI68) *NF=2'
8008 FOR 1=0 TO INT(ILAST/2):LPRINT TAB(O) I;:LPRINT 'NS=1*;:F0R NF=1 TO NFT
601C LPRINT TAB(NFI9+(NF-1)$5) At I , NF,1 ) tSCALE;: NEXT:LPRIHT TAB143) 'NS=2';:F0R NF=1 TO NFT 

8012 LPRINT TAB(40+NFI9+(NF-1)<5) A(!,NF,2)ISCALE::NEXT:NEXT 
8014 I=INT(ILAST/2):ALZ=A(I,1,1)*NN  

8016 LPRINTsLPRINT 'SL0PE(I=RID,1,1)=';ALI
8018 LPRINT 'DADSX(1 ,1 ,1 )= ';DADSX(1 ,1 ,1 ) , 'AMPLIF.A(I, 1 ,1 )= *;A (I,1 ,1 )/A IN IT
8058 LPRINT TAB(O) " I '  TABU) *A(COS LX)' TAB(20) 'BICOS 2LX)' TAB(37) 'CISIN 2LX)'s
8060 LPRINT TAB(53) 'PHI1 (BEG)' TABI6B) 'CAPPHI1'
8062 FOR 1=0 TO I94T1ILAST/2)sLPRINT TAB(O) I;
8064 P H Il( I )= A T N (-A ( I , l ,2 ) /A iI , l ,1))
8068 CAPPHI1=INT(100* 4ISO/PI) IATN(-PHI1 (I ) /ACK( I ))) /1 0 0  
8070 A i= A (I,1 ,1)/C 0S(PH I1(I)>
6072 B2=A( 1,2 ,1 ) * COS (2tPHI 1 ( I ) ) -A ( 1,2 ,2 ) *SIN (2*PHI 1 (D )
S074 C 2 = A (I,2 ,l)tS IN (2? P H Il(I))+A (I,2 ,2 )4C 0S (2 tP H Il(I))
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8076 LPRINT TAB(4) AUSCALE TAB(20) B2ISCALE TAB(37) C2ISCALE;
8078 LPRINT TAB(53) PHI1(I)S1B0/PI TAB(68) CAPPHI1 
8080 NEXT
8082 PSI=(ATN <-(SXA2-1) tTAN(2ITHETAIPI/180)) ) I ( 180/PI)
8084 LPRINT *PSI (DE6)=';PSI
8090 LPRINT “DELTflVO’ S — ":FOR 1=0 TO ILAST:LPRINT I ;DELTAVO( I ) , : NEXT: LPRINT 
6100 RETURN
8299 REN ttmttU PRINT CURRENT AMPLITUDES AND PHI’ S m m t t m t t m
8301 PRINTiPRINT 'DEF. S T E P = " ;IN ," D S N s -jD S ,S X
8302 PRINT ’ CURR.HL=";NL$SXISCALE;‘ CURR.NL/T=";NL<SXA2/T(LN)
8304 PRINT ’ CURR.NN=*;NN/SCALE; 'CURR.T(1 )= *jT (1 )tSCALE/SX 
8314 I=INT(ILAST/2);ALZ=A(U,1)*NN
8316 PRINTiPRINT "SLOPEtI=MID,1 ,1 )=“; ALZ
6318 PRINT *D A D S X (I,M )= *;D A D S X (I,l,l),1A H P L IF .A (I, i , l )= ';A ( I,l , l ) /A IN IT  
8358 PRINT TAB(l) ■I" TftB!5! 'A(COS LX)’ TAB(22) ’ BICOS 2LX)' TAB(39) "C!SiN 2LX)*; 
8360 PRINT TAB(54) "PHIl (DEG)' TAB(68) ’ CAPPHIl1 
8362 FOR 1=0 TO ILAST:PRINT TAB(O) I ;
8364 P H I1 (I)= A T N (-A (I,1 ,2 )/A (I,1 ,D )
8368 CAPPHIl=INT(100t(180/PI)IATNI-PHI1(I)/ACK(I)))/100 

8370 A1=A(I,1,D/COS(PHIKD)
8372 B 2 = A (I,2 ,l)tC 0 S (2 tP H Il(I))-A (I,2 ,2 )tS IN (2 tP H Il(I))
8374 C 2=A (I,2 ,1 )IS IN (2 IP H I1(I))+A (I,2 ,2 )IC 0S (2IP H I1(I))
8376 PRINT TAB(5) AUSCALE TAB(22) B2ISCALE TAB(39) C2ISCALE;
8378 PRINT TAB(54) P H Il(IltiB O /P I TAB(6B) CAPPHIl 
B3B0 NEXT
8382 PSI=(ATN(-(SXA2-1)ITAN(2*THETA*P!/180))U(180/PI)
8384 PRINT "PSI (DE6)=";PSI
8385 PRINT
8390 PRINT "DELTAVO’ S — ’ :FOR 1=0 TO ILAST:PRINT I;DELTAVO(I),:NEXT:PRINT 
8400 RETURN
9002 ren u m u m m m  lp r in t  elenents of natrix  m m m m m m tm tm t
9005 RETURN:FOR IK=0 TO 2HLASm:LPRINT:F0R IL=0 TO 6 
9010 U=Y(IK,IL):LPRINT U;
9015 NEXTiNEXT 
9020 LPRINT 

9025 RETURN
9050 ren mttwmutuuii imittttuitunmtii itntttuuiit it i i tumttt  
9999 GOSUB 8000 
10500 END
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1 REN LAYER-PARALLEL SHEAR AND SHDRTENIN6 IN INFINITELY THICK MULTILAYER
2 REN 2ND ORDER ANALYSIS 
10 DEFINT I:DEFDBL E
15 MIDTH LPRINT 80 
20 LPRINT “<INFSHEAR. BAS>*
25 E P I= 3 .H i5926535897931:E=2.718281828459045#
30 INPUT “NN“;NN:LPRINT “NUMBER OF STEPS‘ ;NN 
35 DIN SX(NN),A(NN),C<NN),PH!(NN)
45 INPUT “MAX. IN IT . SLOPE UN DESREES)=“:SLOPE 
60 INPUT "SXF=“;SXF;LPRIHT "SXF^jSXF
75 LPRINT ‘ INITIAL SLOPE=“; SLOPE;"DEBS. -
76 FOR ANIS0=1.5 TO 5.5  
78 FOR m  TO 9 STEP 2
80 FOR THETA=7 TO 15 STEP 4
81 IF ANIS0=1.5 THEN NLT=114.3
82 IF ANIS0=2.5 THEN NLT=39.7
83 IF AN1S0-3.5 THEN NLT=27!
84 IF A N IS IM .5 THEN NLT=25.l
85 IF ANIS0=5.5 THEN NLT=24.6
87 LPRINTsLPRINT “INITIAL L/T=“;NLT
88 LPRINTsLPRINT “PONERLAN EXPONENT N=“;M 
90 LPRINT ‘ THETA=“; THETA;“DESS.1
95 TF=1sSChLE=TFsTF=TF/SCALEsT0=TF»SXF:NU=1: NUREF=NU:NU=HU/HUREF 
97 AL=TAN(EPI4SL0PE/180):CURRAL=AL 
100 HNSH=-2tTAN(2IEPIITHETA/180)
106 R=(ANIS0-l)/(TAN(2*TKE7A*tPI/180)‘ ir i - l ) )
107 LPRINT *ANISOTROPY=’ :ANISO
108 LPRINT “Rs“;R
110 AINIT=NLTIALIT0/(2IEPI)
112 LPRINT “INIT AHP=“;AINITISCALE
115 LPRINTsLPRINT “STEP“ TAB(9) “SX“ TABC22) “NLTC“ TABI33) *NL“ TAB(40) “LAYER THICK.* TABI57) “CURR AL(DEB)* 
120 LPRINT TAB(8) “A* TAB(22) 'C ’ TABI36) 'C /A ' TAB(50i 'PHI(DEG)" TABI62) 'CAP PHI IDES)'
130 SX(Of=lsA(O)=AINIT:C(O)=O:PKI(O)=0 
135 InAX=-l 
140 H=(SXF-i)/NN
145 FCR I = 0 TO NN-1
146 J=I
150 SX(I>=SX(0)+IIH
155 3XC=SX(I):AC=A(I):CC-C(I)
165 GOSUB 1000:GOSUB 2000
175 Vl=DADS»H:Yl=DCDSX»H:Zl=DPHIDSXtH
180 SXC=SX( I ) +H/2:AC=A( I ) +V1/2:CC=C(D+Yl/2
190 GOSUB 1000:GOSUB 2000
195 V2=DADSXSH:Y2=DCDSX*H:Z2=DPHIDSXIH
200 AC=A( I ) +V2/2:CC=C( I ) +Y2/2
206 GOSUB 2000
210 V3=DADSX4H:Y3=DCDSXtH:Z3=DPHIDSXIH 
215 SXC=SXU) +H: AC=A( I ) +V3:CC=C( I ) +Y3 
221 GOSUB iOOO:GOSUB 2000 
225 V4=DAB5X;iis Y4=DCDSX»H: Z4=DPH1DS»H 
230 A(!*1>=A(I)+(1/6)I<V1+2*V2*2»V3+V4)
245 C U + li=C !!) + (l/6)t(Yl+2?Y2+2»Y3+Y4)
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250 PHI(1+1)=PHI( I )+ (1 /6 )4 (Z1+24Z2+24Z3+Z4)
256 PH1DE6SPHI(I+1)I180/EPI
257 CURRAL=A (1+1) 4HN: ALCURR=< 180/EPI) IATN (CURRAL)
258 CAPPHI=INT(1001(180/EPI)4ATN(-PHI(IM )/K1))/100
260 IF A ( H I  1)1000000! THEN LPRINT: LPRINT "A OVERFLON AT SX=-;SXC: I=NN
265 IF I=NN-1 THEN J=NN:GOTO 280
267 IF ALCURR>20 THEN 280
270 IF INT(ALCURR/2.5)<SINAX THEN 300
275 IHAX=INT(ALCURR/2.5)
2B0 PRINT J
285 LPRINTsLPRINT J TAB(6) SXC TAB(IB) NLTC TAB(30) CURRHLtSCALE TAB(43) THC4SCALE TAB(6C) ALCURR 
290 LPRINT TAB(2) A1IM14SCALE TAB(17) CIIMIISCALE TAB(32) C ( IM ) /A ( IM )  TAB148) PHIDEG TAB(64) CAPPHI 

.295 IF ALCURR>20 THEN I=NN 
300 NEXT
304 NEXT:NEXT:NEXT
305 GOTO 9999
1000 NLTC=NLT4SXCA2:THC=TO/SXC:CURRHL=NLTC4THC:NN=24EPI/CURRHL
1005 K1=EPI/NLTC:K2=24K1
1010 E1=EAK1:E2=1/(EAK1) : E3=EAK2:E4=l/ (EAK2)
1015 Sl=(E1-E2)/2:S2=(E3-E4)12 
1020 Cl=(El+E2)/2:C2=(E3+E4)/2
1025 SC1=S1*C1: SC2=S2*C2:SHI=SC1-K1:SP1=SC1+K1: SH2=SC2-K2:SP2=SC2+K2 
1030 N12=K1/(24SH1):N13=S1A2/(24SP1):S12=K1/(24SP1):S13=S1A2/(24SH1)
1035 N22=K2/(24SH2):S23=S2A2/(24SH2):S16=SC1/(24SP1)
1040 RETURN
2000 DEN0H=(ANISQ-1)424K1 

2010 Fl=S13/(S13+DEN0H/2)
2020 F2=S23/(S23+DEN0H)
2030 TAU11HATM4F1

2035 T1=H4(H-1)4N134(TAU11HAT/HNSH)A2
2040 QVZERO=( (44H+3)4N13M1EN0N-T1)/ ( ( (4/CURRALA2)+3)4N13+DEN0N)
2050 9STAR=(HNSH4K!/«U)l(!+((AN!SQ-!)/H)‘ !l-SVZER0)!
2055 THH1=(ANIS0-1)4 (H-l)tTAUl1KATA2424K14HN4HU/HNSH 
2060 THNH=( (ANISO-1) 424K1INNIHNSH/(NtNU))4 (1-QVZERO)
2065 Q11=44N124(1-Fl)
2070 0BB=44N224(1-F2)
2080 Tl=(HN4NNSH/(24HU)) 4 (1+N224(1-F2))
2085 TP=(1/N13)4(S12-(N22/2)4(S16-34S12)4(1-F21)
2090 T2=(THNN/2>4 (TP-N22/ (44(S23+DEN0H)))
2105 T3=-(TNH1/8)4N22/(S23+DENQH)
2110 0B11=T1+T2+T3
2120 DADSX=-(AC/SXC)4(1+011)
2135 DCDSX=-(CC/SXC)4 (1+BBB)+( 1/SXC)4ACA24SB11 
2175 DPHIDSX=(1/SXC)4(-QSTAR)
2200 RETURN 
9999 END
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1 REM EIGENVALUES, EIEENVECTORS, AND AMPLIFICATION FACTORS
2 REM FOR 3RD ORDER ANALYSIS OF LAYER-PARALLEL SH0RTENIN6
3 REM PONERLAH EXPONENT M = 1, 2, OR 3 
5 HIDTH LPRINT 80
10 LPRINT VEIGEN.BASX'tGOTO 185 

100 T5=l/(2tHNtMU!LL)tHF):Kl=HFJK(LL)
105 EN=i/(EAKl):EP=EAKl:CH=(EP+EM)/2:SH=(EP-EN)/2 
110 TMl=2t(CH4SH-K1) : TPl=2t(CHtSH+Kl)
115 N1=(CHA2)/TH1: N2=K1/TM1:N3=(SHA2)/TP1: N4=K1/TP1
120 S1=(CHA2)/TP1:S2=K1/TP1:S3=(SHA2)/TN1:S4=K1/TM1
125 N6=SH*CH/THi:N7=SHICH/TP1:S6=SHtCH/TP1:S7=SHtCH/TM1
130 NPl=(Nl+N31tT5:NHi=(Nl-N3)tT5:NP2=(N2+N4)tT5:NM2=(N2-N4)tT5
135 SPl=(Sl+S3)tT5:SMl=(§l=S3)IT5:SP2=(S2+S4)IT5:SH2=(S2-S4)4T5
140 RETURN
175 FOR 1=0 TO ILASTI2+1:F0R 3=0 TO I6:Y(I,3)=0:NEXT:NEXT
180 FOR 1=1 TO LB:FOR 3=0 TO ILASTiCLP(I,3)=0:CLM(I,3)=0
181 SLR( 1,3 )=0:SLM11,3 )= 0 :NEXT: NEXT: RETURN 

185 60SUB 5010
203 INPUT ’ MIN. H L /T U l’ sNMIN:INPUT 'MAX. NL/T(1)";NMAX:INPUT "DENOM.'sND
204 HINT=(HHAX-HHIN)/ND:HT=HHAX+MINT:HNP=1
205 UT=NT-NINT: NL=NTIT (1 ): IF NKNMIN THEN 999?
207 IF «T=0 THEN 9999 ELSE LPRINT:LPRINT “MAVELENBTH/T(1>";«T;■ NL';NLtSCALE 
210 FOR L=1 TO LB:K(L)=PIIT(L)/NL:NEXT 

215 NN=2*PI/NL
220 FOR 1=0 TO ILAST:A( 1,0 )=A <1,0 ) *«NP/HN:NEXT
221 HNP=HN
222 TD1=0:TD5=0
230 FOR 1=0 TO 4tLLAST-l:FQR 3=0 TO 2fILAST+1:YLP( 1.3> =0:NEXT:NEXT
231 FOR 1=0 TO 4*LLAST-1:F0R 3=0 TO ILAST:YLP1(I, J)=0:YLP31I,3 )=0:NEXT:NEXT
232 FOR 1=0 TO ILAST:FOR 3=0 TO ILAST:YQ(I,3)=0:Y01(I,3)=0:Y92(1,3)=0
233 Y03( I , J > =0: Y94( I , J)=0: YQ5( I , J )=0s YQ&( I , J)=0: YQ7( I T J )=0:NEXT:NEXT 
240 HF=i:60SUB 175
242 Y(1 ,6)=-2:Y(24LLAST-1,16)=-2
243 FOR L=1 TO LB:I=L-1:II6=I+6sLL=L:BQSUB 100:IT=II2
244 Y (IT ,II6 )= Y (!T ,II6 )-2 t(N 2 -N 4 ):Y (IT ,II6 + l)= Y < IT ,II6 + l)-2 t(N 2 + N 4 )
245 Y<IT+1,II6)=Y(IT+1,II6 )-2*(S1+S3):Y (IT+1,II6+1)=Y(IT+1,II6+1)+24(S1-S3)
246 Y (IT+2,iI6)=Y(IT+2,II6 )+24(N 2+N 4):Y (IT+2,II6+ I)=Y(IT+2,II6+ l)+21(H 2-N 4)
247 Y(IT+3,!I6)=Y(IT+3,II6)+2H S1-S 3);Y (IT+3,II6+1)=Y(IT+3,II6+1)-2<(S 1+S 3)
248 NEXT
250 EDSUB 300:B0SUB 505
255 FOR L=1 TO LLAST:I=L-1
256 IF L<LLAST THEN LL=L:608UB 100:IK =I: IL=4»(L -1> +2:S6=1
257 IF L=LLAST THEN SG=-1 
25? FOR 3=0 TO ILAST
260 Y0(i,3)=-NlSYLP<IL+l,3)-N2»YLP(IL+2,3>-SGJ(N3»YLP(IL,3>-N4tYLP(IL+3,3))

261 NEXT
262 Y Q (I,IK )=Y Q (I,IK )+ (l+S 6)/2 :Y Q t!.IK + l)=Y Q (I,IK + l)+ (l-S 6 )/2  
264 NEXT
275 60T0 1040

L -0;I=5 :T5= !/!2 ‘ NN*MLi(0>4“F)
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305 Y (0,2) =Y (0 ,2 )-T5:Y (1,3) =Y (1 ,3 )-T5-ULHUC 
310 L=LLAST:I=L-1:T5=1/(2INNMJ(LLAST)MF):11=211 
320 Y (II,2 )=Y U I,2 )-T 5 :Y < IItl,3 )=Y < II+ l,3 )-T 5 -U LH U C  
325 FOR L=1 TO LB:I=L-1:LL=L:60SUB 100:IT=I:IB =L:I=2tIT  

330 J=1:IF L=LB THEN J=0
335 Y (I,2 )=Y (I,2 )-N P 1:Y (I,3 )=Y (I,3 )-N H 2:Y (I,4 )=Y (I,4 )+N N 1  

345 Y (I,5 )= Y (I,5 )-N P 2 :1=1+1
350 Y (I,2 )=Y (I,2 )+S H 2:Y (I,3 )=Y (I,3 )-S P lsY (I,4 )=Y (I,4 )+S P 2  
360 Y (I,5 )=Y (I,5 )+S H 1:I= IB I2
365 Y (l,0 )= Y (I,0 )+ N H l:Y (I,l)= Y (l,l)+ iir2 s Y (I,2 1 = Y (I,2 )-N P l 
375 Y (I,3 )=Y (I,3 )*N N 2:I= I+1
380 Y (I,0 )=Y (I,0 )-S P 2:Y (1 ,1 )=Y ( 1, 11+SN1:Y( 1,2)=Y11,2 ) -SH2 
390 Y (I,3)=Y(I,3)-SP l-J*N liC  

395 NEXT
39£ PRINT “MATRIX FULL*
400 REM If*INVERT MATRIX*!*
405 FOR L=1 TO LLAST:IT=L-1:IB=L:IP=2IIT:YY=1/(Y(IP,2>):I=IP  
410 FOR J=2 TO I6:Y (I,J)=Y (I,J)IYY:N EX T:IP l=H T:IPZ=I+2:IP3=I+3  
415 FOR J=3 TO 16:Y (IP1,J)=Y(IP1,J)-Y(IP1.2>*Y(I,J):NEXT:Y(IP1,2)=0
420 IF LOLLAST THEN 425
421 FOR J=6 TO I6:Y(IP1,J)=Y(IP1,J)/Y(IP1,3):NEXT:Y(IP1,3)=1:60T0 470 
425 FOR IJ=IP2 TO IP3:F0R J=1 TO 3:Y (IJ ,J)=Y (IJ ,J)-Y (IJ ,0)*Y (IP ,J+2)-.N EXT  

430 FOR J=6 TO I6 :Y (IJ ,J )=Y (IJ ,J )-Y (IJ ,0 )IY (IP ,J ):N E X T
435 Y(IJ,0)=0:NEXT
440 IP = iP + l:Y Y =l/Y (IP ,3 ):I= IP
445 FOR J=3 TO 16:Y(I,J)=Y(I,J>tYY:NEXT
450 IP1=I+1:IP2=I+2:F0R IJ=IP1 TO IP2:F0R J=2 TO 3
455 Y (IJ ,J )=Y (IJ ,J)-Y (IJ ,1 )IY (IP ,J+2):N E X T
460 FOR 0=6 TO 16: Y ( I  J, J) =Y (1 J, J j -Y d  J, 1) IY1IP, J) :NEXT: Y(I J, 1 )=0
465 NEXT
470 NEXT
475 IP=25LD:F0R J=6 TO 16:Y(IP«J)=Y(IP ,J)-YdP-H ,J)«Y(IP .31 sSEXT:YdP,31=0 
480 FOR L=LB-1 TO 0 STEP -i:IP =2*L+ l
485 FOR J=6 TO I6 :Y U P ,J>=Y (IP ,J )-Y U P ,4W (IP + l,J )-Y < IP ,5 )tY (IP +2,J ):N E X T  

490 Y(IP ,4)=0!Y(IP ,5)=0:IP=IP-1
494 FOR J=6 TO 16
495 Y dP ,J )=Y (IP ,J )-Y (IP ,3 )8Y (IP +1 ,J )-Y (IP ,4 )*Y (IP +2 ,J )-Y (IP ,5 )IY tIP +3 ,J>
496 NEXT
497 FOR J=3 TO 5:Y(IP.J)=0:NEXT:NEXT
498 PRINT "MATRIX INVERTED®
499 FOR 1=0 TO 2ILLAST-1:F0R J=0 TO ILAST:Y(I,J)=Y(I,J+6):NEXT
500 FOR J=ILAST+1 TO I6:Y(I,J)=0:NEXT:NEXT:RETURN 
505 FOR 1=1 TO 2ILLAST-1 STEP 2 :FOR J=0 TO ILAST 
507 TAU((I-1)/2,J)=Y(I,J):NEXT:NEXT
511 FOR J=0 TO ILAST
512 YLP(0, J)=Y I0,J)*(1/(2IH U (0)*N N )I:Y LP(1,J)=Y(1,J)*(1/(2IN U (0)*N N ))
514 YLP(4*LLAST-2,J)=Y(28LLAST-2,J)* ( 1 / <2*MU(LLAST)SUN))
516 YLP(4*LLAbT-i, J)=Y(2*LLA5T-i. J )* i i / (2inuiLLASTi inn ))
518 NEXT
520 YLP(1 ,0 )=YLP(1 ,0 ) -2 :YLP(4ILLAST-1, ILAST)=YLP(4*LLAST-1, ILAST)-2
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522 FOR 1=1 TO LB:IT=2ML-1):IL=IT+(2IL):T5=1/(2IHU(L)INN)
524 FOR 3=0 TO ILAST 
526 YLP(IL ,3)=(Y(IT ,3)+Y(IT+2,3))IT5  
529 YLP(IL+1,3)=(Y (IT ,3)-Y (IT+2,3))IT5  
532 YLP ( IL+2,J>=(Y( IT+1, J)+Y( IT+3, J ) ) ITS 
535 YLP(IL+3,3)=(Y (!T+l,3)-Y (lT+3,3))tT5  

540 HEXT
542 YLP<IL + 2 ,L -l»=¥LP(IL+2,L-l) -2 :YLP( IL+2,L)=YLP(IL+2.LI-Z
544 YLP( IL + 3 ,L -l) =YLP( IL + 3 ,L -l) -2 :YLP( IL+3,L)=YLP( IL+3,L)+2
545 NEXT:RETURN
547 FOR 1=1 TO 2ILLAST-1 STEP 2:F0R J=0 TO ILAST
548 TAU2( ( I - 1 )/2 ,J ) =Y(I ,3 ) :NEXT:NEXT
550 FOR 3=ILAST+1 TO ILASTI2+1
551 3K=3-! ILAST+1I: L4=4ILLAST:L2=2ILLAST:T5=l / (4tHUILLAST)OWN)
552 YLP(0,3)=Y(0,3K )l(l/(4tM U (0)IN N ))+(3IN N IA (0,0)/4)l(YLP(l,3K ))
554 YLP(l,3)=Y(i,3K)t(l/(4 IM U(0)IN N))+(A(0,0)tNN/4U(4IYLP(i,3K)-YLP(0,3K)>
555 YLP<L4-2,3)=Y(L2-2,3K)tT5+<3INNIA(ILAST,0)/4)l(YLP<L4-l,3K))
556 YLP(L4-l,3)=Y(L2-l,3K)IT5-(A(ILAST,0)tNN/4)l(4IYLP(L4-l,3K)+YLP(L4-2,3K))
557 NEXT
558 YLP(0 , ILAST+1)=YLP(0,ILAST+1)+A(0 ,0 ) INN/2
559 YLP(4ILLAST-2,21ILAST+1) =YLP(4ILLAST-2,21ILAST+1)+A( ILAST,0 ) INN/2
560 FOR L=1 TO LB :IT =2 I(L -l) : IL= IT+(L I2): T5=l/(4IMU(L>INN)
562 FOR J=ILAST+I TO ILASTI2+1
563 3K=J-(ILAST+1)
565 YLP(IL,3)=(Y<IT,0K)+Y(IT+2,3K))IT5+CLP(L,3K)
567 YLP(IL+1,3)=(Y(IT,3K)-Y(IT+2,3K))IT5+CLH(L,3K)
570 YLP(IL+2,3 )=(Y(IT+1,3K1+Y(IT+3,3K))IT5+SLP(L,3K)
573 YLP(IL+3,3 )=(Y(IT+1,3K1-Y(IT+3,3(0 )IT5+SLH(L,3K)
575 NEXT 
580 NEXT:RETURN
700 REN IIIIIIS O LV E FOR HAX. EIGENVALUE AND EIGENVECTORIItlll 
705 LPRINT:FOR 1=0 TO ILAST:PRINT A(I,0!:NEXT 
708 IT=0
710 IT=IT+1: ERRHAX=0:PRINT:FOR 1=0 TO ILAST:A(I,1)=0:F0R 3=0 TO ILAST
715 A (I,i)=A (I,l)+ (Y 8(I,3 )+Y 81(I,3)+Y 03(I,3 ))IA (3 ,0 ):N E X T:N E X T
716 PRINT 'NUMBER OF ITERATIONS';IT:IF ITMTHAX THEN 734
725 TP=C;F0R 3=0 TO ILAST:TP=TP+A(3,1)A2:NEXT
726 TP=S8R(TP):F0R 3=0 TO ILAST:TEHP=A(3,0):A(3,0)=A(3,1)/TP
727 XERR=ABS(TEHP-A(3 ,0 ) ) :PRINT IN I(100000!tA(J,0 ))/100000!;
728 IF XERR>ERRNAX THEN ERRNAX=XERR
729 NEXT:IF ERRNAX<.0000099999991 THEN 734
730 GOTO 710
734 LPRINT:LPRINT TAB(O) 'INTERFACE' TAB(15i “EIGENVALUE*;
735 LPRINT TAB(29) 'ANPLIF. FACT.' TAB(44) 'EIGENVECTOR' TAB(60) 'NORMALIZED'
736 FOR 3=0 TO ILAST:0(3)=A(3,1)/A(3,0):NEXT
73S T:“TP=ft(0,0):FOR 3=1 TO ILAST:IF A(3,0)-TPTP>0 THEN TPTP=A(3,0)
739 NEXT
740 IF TPTP=A(0,0) THEN LPRINT 'NO MAXIMUM FOUND'sGOTO 744 
742 TP=TPTPINN/SLOPE:FOR 3=0 TO ILAST:A(3,0)=A(3,0)/TP:NEXT 
744 FOR 3=0 TO ILAST
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746 LPRINT TAB(5) J TAB(15> 0(J> TAB(30) Q (J )-i TAB(43) A (J,0);
748 LPRINT TAB(62) INT( 10000BA(J ,0 )tUN/SLOPE)/10000:NEXT
750 TQ1=A(1,0):TQ5*A(5,0):RETURN
755 REN l l l l t l t t l t l t E N D  COMPUTATION OF EI6ENVALUESIltt»UI
760 reh t t i i t t i i i i i i t i i i t i t i t t i t i t t t t i t i i i i i i i i i i t i i t i t i i i
1040 NF=2:60SUB 175
1050 FOR J=0 TO ILAST
1055 Y(0,J+6)=-(A (0,0 ) INN/4)IYLP(1,J)
1060 Y(1 ,J+6)=-(A(0,0)INN/4)IYLP(0 ,J)
1065 Y(2ILLAST-2,J+6)= - (A( ILAST,0 ) INN/4)IYLP(4ILLAST-1, J)
1070 Y(2ILLAST-1, J+6)= - (A( ILAST,0 )INN/4)IYLP(4ILLAST-2,J)
1075 NEXT
10SO Y (0 ,6 !"Y !0,i!+ (A (0 ,0 )IN N /2 )
1081 Y(2ILLAST-2,I6)=Y(2ILLAST-2,I6)+(A(ILAST,0)INN/2)
1100 FOR L=1 TO LB:I=L-1:LL=L:IL=4IL-2:IT=2II:IP=I+1  
1105 AP=A( I ,0 )+A( IP ,0 ) :AH-A( I ,0 ) -A (IP ,0 ) :ALT=A( I ,0 ) INN:ALB=A( IP ,0 ) INN 
1110 NF=1:60SUB 100 
1112 FOR J=0 TO ILAST
1115 Tl=(NN/4)1<(S6-3IS2)IYLP(IL,J)+41S1IYLP( IL+3 ,J ))
1116 T2• (N N /4)I( (S7+3IS4)IYLP(IL+1, J) +4IS3IYLP( IL+2,J))
1120 SLP(L, J) =-APIT1-AHIT2:SLN(L, J)*-AHIT1-APIT2
1121 CLP(L,J)=(3INN/B)I(APIYLP(IL+2,J)+AHIYLP(IL+3,J))
1122 CLH(L,J)= (3 IN N /8 )I<AHIYLP( IL+2,J) +APIYLP(IL+3,J))
1124 T3(L,J)=YLP(IL ,J)IS2-tlP(IL+3,J)IS1:T4(L,J)=-YLP(IL+1,J>*S4-YLP(IL+2,J)IS3

1125 NEXT
1130 CLP(L,I) =CLP(L,I) +ALT/2:CLP(L,L)=CLP(L,L)+ALB/2 
1135 CLH(L,I) =CLM(L, I )+ALT/2:CLH(L,L)=CLM(L, L>-ALB/2 
1140 NF=2:60SUB 100 
1145 FOR J=0 TO ILAST
1150 TNT=CLH(L,J) IN1+SLP(L, J) IN2+CLP(L,J) IN3-SLH(L, J HN4 
1155 Y(IT,J+6)=Y(IT,J+6)+TNT+ALTI(T3(L,J)+T4(L,J))
1160 TKB=-CLH(L, J) INI-SLP(L, J) IN2+CLP(L, J) IN3-SLM(L, J) IN4 
1165 Y;iT+2,J+6)=Y(IT+2,J+6)+TNB-ALBt(T3(L,J)-T4<L,J>)
1170 TST=-CLP(L, J) IS2+SLN(L, J) IS1+CLH(L, J) IS4+SLP!L, J) IS3
1175 Y( IT+1, J+6)=Y( IT+1, J+6)+TST+(ALT/2) I (YLP( IL+2,J) +YLP( IL+3, J))
1180 TSB=CLP(L, J) IS2-SLN(L,J)IS1+CLN(L,J) 1S4+SLP(L,J) IS3
1185 Y(IT+3,J+6)=Y(IT+3,J+6)+TSB-(ALB/2)l(YLP(IL+2,J)-YLP(IL+3,J))
1190 NEXT 
1195 NEXT
1200 NF=2:S0SUB 300:6QSUB 547 
1300 NF=1:60SUB 175
1304 AA=A(0 ,0 ) IHN/2:AB=A(ILAST,0 ) INN/2:L2=2ILLAST:L4=4ILLAST
1305 FOR J=0 TO ILAST:K=J+ILAST+1
1306 T P = (H -2 )*((N -l)/2 ) 1 (3 /4 ) l(A (J ,0 )A2)l(T!SU(0,J)A3)/BHAT 
1310 Y(0,J+6)=-AAIYLP(l,K)+((AAA2 )/2 )l(8 IY L P (l,J )-3 IY L P (0 ,J ))
1315 Y(l,J+6)=-AAIYLP(0,K)+((AAA2)/2)l(3 IY LP(l,J)+4IYLP(0,J))+TP
1320 Y(L2-2,J+6)=-ABIYLP(L4-l,K)-((ABA2)/2 )l(8 IY LP (L4-l,J )+3 IY LP (L4-2 ,J ))
1325 Y(L' - 1 , J+6)=-ABIYLP(L4-2,K)+ ( (ABA2 )12)I(3IYLP(L4-1, JI-4IYLP(L4-2,J))
1330 NEXT
1340 Y (l,6 )= Y (l,6 )+ 6 t
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1345 Yf2ILLAST-1,1 6 )=Y(2ILLftST-l,16)+61(ABA2)
1350 FOR L=1 TO LB: I=L-l:LL=L: IL=4IL-2:IT=2II:IP = I+1
1352 ALT=A(I,0 ) INN/2:ALB=A( IP ,0 ) IHN/2
1355 AP=NNI(A(I,0)+A(IP,0)):AH=NNI(A(I,0)-A(IP,0))
1357 APP=(APA2+AHA2)/16:AHH=(APIAH)/B 
1360 «tF=l:60SU5 100 
1362 FOR J=0 TO ILAST
1365 T1=(S6-5IS2)IYLP(IL,J)+6IS1IYLP( IL+3,3)
1370 T2=(S7+5IS4)IYLP( IL+1, J) +6IS3IYLP(IL+2,J)
1375 CLP(L,3 )=-APPITl-AHHIT2:CLH(L,3)=-AHHITl-APPIT2 
1380 T6(L,J) =6IN1IYLP(IL+1. J )- (N6-7IH2)IYLP( IL+2,J)
1385 T7(L,3 )=6IN3IYLP(IL ,3 ) - ( N7+7IN4)IYLP(IL+3,3)
1390 NEXT
1395 NF=2:60SUB 100
1400 FOR J=0 TO ILAST:K=3+ILAST+1
1405 T1=S6IYLP(IL,K)+S1IYLP(IL+3,K):T2=S7IYLP(IL+1,K)+S3IYLP(IL+2,K)
1410 SLP(L,J) =-APPIT6(L, J)-AHH1T7(L,J) -2 1 (APIT1+AHIT2)
1415 SL8(L,3 )=-AHHIT6(L,3 )-APPIT7(L,3 )-2 1 (AHIT1+APIT2)
1417 TVN1(L,3)=S2IYLP(IL,K)-S1IYLP(IL+3,K)
1418 TVN2(L,3)=-S4IYLP(IL+1, K)-S3IYLP( IL+2,K)
1420 T8<L,3)=3IN1IYLP(IL+1,K)+(4IN6-N2)IYLP( IL+2,K)
1421 T9(L ,3 )=3IN31YLP( IL, K)+(4IN7+N4)IYLP( IL+3,K)
1423 NEXT
1425 SLP(L,l)=SLP<l,I)+(3/2)l((AP+AH)/2)A2 
1427 SLP(L,L)=SLP(L,L)+(3/2)t!(AP-AH)/2)A2 
1430 SLH !L ,I)=S LH (L ,I)+ (3 /2 )I( (AP+AH)12)A2 

1432 SLH(L,L)=SLH(L,L)-(3/2)H(AP-AH)/2)A2 
1435 NF=1:6DSUB 100 
1440 FOR 3=0 TO ILAST
1445 TB=-NllYLP(lL+l,3)-N6IYLP(Il+2,3):T9=-N3IYLP(lL,3)-N?IYLPlIL+3,0)
1448 TNT=N1ICLH(L, J) +N2ISLP(L ,3 )+N3ICLP(L,J) -N4ISLM(L,3>
1450 YiIT,J+6)=Y(IT,3+6i+TNT+ALT*(TVNi(L,J)+TVN2(L,J))+(ALr2)»(7B+T9)
1452 TNB=-N1ICLH(L,3)-N2ISLP(L,3)+N3ICLP(L,3)-N4ISLH(L,3)
1455 Y(IT+2,3+6)=Y(IT+2,3+6)+TN8-ALBI(TVNl(L,3)-TVN2(L,3))-(ALBA2)l(T8-T9)
1456 T P = (H -2 )I((H -1 )/2 )I(3 /4 !S (A (3 ,0 )A2)I(TA U (IP ,3)A3)/BHAT
1458 Tl=S6IYLP(lL,3)+SllYLP(IL+3,3):T2=S7IYLP(lL+l,3)+S3IYLP(IL+2,3)
1459 TST=-S2tCLP(L,3)+SltSLH(L,3)+S4ICLH(L,3)+S3«SLP(L,3)
1460 Y(IT+l,3+6)=Y(IT+l,3+6)+TST+ALTI(T8(L,3)+T9(L,3))+(ALTA2)l(T l+T2)
1463 TSB=S2ICLP(L,J)-SIISLH(L,3 )+S4ICLH(L,3 )+S3ISLP(L,3)
1465 Y(lT+3,3+6)=Y(IT+3,3+i)+TS8-ALBI(T8(L,3)-T9(L,3))-(ALBA2)l(T l-T2)+TP  
1470 NEXT:NEXT 
1475 «F=1:60SDB 300
1500 NF=1:F0R L=1 TO LLAST: I=L-1: AA=A( I ,0 ) INN/2
1505 IF L<LLAST THEN LL=L:GOSUB 100:IT = 2 t(L -!» ;IL = 4 t(L -l)+2:SB=1
1508 IF  L=LLAST THEN S6=-l
1509 FOR 3=0 TO ILAST
1510 TDA1(LL,3 )=N1IYLP( IL+1,3 )+ (2IN6-N2)IYLP( IL+2,3)
1515 Tgft?(LL,35=N3?YLP( IL ,3)+(2*N7+N4)IYLP( IL+3,3)
1520 T3=-! ■! {'Y 5 iT, J / -r i i f+2,3)) 113+CLH (LL, 3))
1522 T4=N2I( (Y( IT+1,3 )+Y( IT+3,3 ) ) IT5+SLP(LL,J))
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1524 T6=N3t( (Y( IT ,J )+Y ( IT+2,J) ) IT5+CLP(LL,J))
1526 T7=N4I( ( Y( IT+1, J1-Y ( IT+ 3 ,J )) IT5+SLH(LL,J))
1529 T8=-AAI(TVN1(LL,J)+S6ITVN2(LL,J))
1530 YQ3( I,J)=-T3-T4-SSI(T6-T7)+T8+(AAA2/2)I(TD fil(LL ,J ) +S6ITDA2(LL,J))
1535 NEXT:NEXT
1550 MF-1:GQSUB 175 
1552 FOR J=0 TO ILAST
1554 Y(l,J+6)=(3-HU(H-l)IABS(TAU(0,J))ITAU(0,J)IA(J,0)l5ISQR(2)/(BHATIB)
1556 NEXT
1557 FOR L=1 TO LB:I=L-1j IT=2»I:IP=I+1
1558 FOR J=0 TO ILAST
1560 Y(IT+3,J+6)=(3-H)l(H-l)IABS(TAU(IP,J))ITAU(IP ,J)tA(J,0)l5IS0R(2)/(BHATI8)
1564 NEXT:NEXT
1566 60SUB 300
1568 FOR J=0 TO ILAST
1570 YLP1(0,J)=Y(0,J)I(1/(2IH U (0)IN N !):YLP1(1,J)=Y(1,J)I(1 /(2IH U (0)IN N ))
1572 YLP1I4ILLAST-2,J) =Y(2ILLAST-2,J) I ( 1 / (2IHU(LLAST)tUN>)
1574 YLP1(4ILLASM,J)=Y(2ILLAST-1,J)I(1/(2IHU(LLAST)INN))
1576 NEXT
1580 FOR L=1 TO L B :IT = 2 I(L -l) : IL= IT+(2tL ): T5=l/(2*HU(L)INN)
1582 FOR J=0 TO ILAST 
1584 Y LP l(IL ,J )=(Y (IT ,J )+Y (IT+2 ,J ))IT5  
1586 YLP1(IL+1,J)=(Y (IT ,J)-Y (IT+2,J))IT5  
1588 YLP1 ( IL+2,J)= (Y( IT+1, J) +Y( IT+3,J) > IT5 

1590 YLP1 (IL+3,J) = (Y (IT+1,J)-Y (IT+3,JH IT5  
1592 NEXT 
1598 NEXT
1600 FOR L=1 TO LLAST:I=L-1
1602 IF L<LLAST THEN LL=L:GOSUB 100:IL=4*(L-1)+2:SG=1
1604 IF L=LLAST THEN SG=-1
1606 FOR J=0 TO ILAST
1607 TP=-H1IYLP1( IL+1, J) -N2*YLP1(IL+2,J) -S6»(N3*YLP1( IL ,J ) -N4*YLP1( IL+3, J))
1608 YB1(I,J)=TP 
1610 NEXT:NEXT 
1625 60SUB 705
1630 IJIJ=2: IF ABS(Tfll-TDl) >.0001 THEN IJ!J=1 
1635 J IJ I= 2 :IF  ABS(T05-TD5)>.0001 THEN JIJI=1 
1640 TD1=TQ1:TD5=TQ5:IF IJIJ=1 OR JIJI=1 THEN 60T0 1040 
1650 NF=3:60SUB 175
1652 AA=A(0,0)INN/2:AB=A( ILAST,0 )MN/2:L2=2ILLAST:L4=4ILLAST 
1654 FOR J=0 TO ILAST:K=J+ILAST+1
1656 T P = -(H -2 )I( (H -1 )/2 )!(1 /4 )I(A (J ,0 )A2)I(TA U (0,J)A3)/8HAT 

1658 Y(0,J+6)=-(AA/3)IYLP(l,K)+((AAA2)/6 )l(4 IY LP (l,J )-Y L P (0 ,J> )
1660 Y(l,J+6)=-(AA/3)IYLP(0,K)+((AAA2)/2)IYLP(l,J)+TP
1662 Y(L2-2,J+6)=-(AB/3)IYLP(L4-l,K)-((ABA2)/6)t(4IYLP(L4-l,J)+YLP(L4-2,J)J
1664 Y(L2-1, J+6) =- (AB/31 IYLP(L4-2,K) + ( (ABA2) /2HYLP(L4-1, J)
1665 NEXT
1666 Y (l,6 )= Y (l,6 )-2 t(A A A2)/3:Y(26LLAST-l,I6)=Y(2ILLAST-l,I6)-2l(A3A2 )/3  
1668 FOR L=1 TO LB:I=L-1:LL=L:IL=4IL-2:IT=2II:IP=I+1
1670 ALT=A( I ,0 ) INN/2:ALB=A( IP ,0 )INN/2
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1671 AP=NNI(A(I,0)+A(IP,0)):AH=MNI(A(I,0)-AIIP,0))
1672 APP=(APA2+AHA2)/48:AHH=(APtAH)/24
1673 NF=1:60SUB 100
1674 FOR 3=0 TO ILAST:K=J+ILAST+1
1675 T1=2IN1 IYLP IIL+1, J>+(5IN6-3IN2) IYLP IIL+2 ,31
1676 T2=2IN3IYLP ( IL , J)+ (5IN7+3IN4)IYLP(1L+3,3)
1677 T6=YLP(IL,J)I(5IS6-9IS2)+YLP(IL+3,3)I14ISI
1678 T7=YLP( IL+1 ,J) I(5IS7+9IS4) +YLP<IL+2,J) 114IS3
1679 T8(L,3)=YLP(IL,J)t(S6-2IS2)+YLP(IL+3,J)l3ISl
1680 T9(L ,31 =YLP(IL+l.J)t(S7+2IS4) +YLP( IL+",3 ) I31S3
1681 T10(L,3)=-N ltYLP(IL+!,3M 3IN6-2lN2)IYLP(IL+2,3)
1682 T l1<L,3) =-N3IYLP( IL ,3 ) - (3IN7+21N4)IYLP( IL+3. J)
1685 CLPIL,3) =(2/311 (APIYLP<IL+2,K) +ANIYLP( IL+3,K)) +APPIT6+AHHIT7 
1687 CLH (L, 3)=12/3) I  (AHIYLP IIL+2, K5 +APIYLP ( IL+3, K)) +AHHIT6+APPIT7
1689 SLP(L,J)=*3l(APPITl+AH!1IT2):SLh(L,3)=-3l(AHHITl+APPIT2)
1690 “EXT
1692 HF=2:G0SUB 100
1693 FOR J=0 TO ILAST:K=3+ILAST+1
1694 To (L,J)=N1IYLP( IL+1, K)+(4IN6-3IN2) IYLPI IL+2, K)
1695 T7(L ,31=H3tYLP( IL ,K )♦ (4IH7+3IN4)tYLP( IL+3,K)
1696 T3=YLP(IL,K)I(S6-2IS2)+YLP(IL+3,K)I3IS1
1697 T4=YLPUL+1,K) I(S7+2IS4) +YLP( IL+2,K) 13IS3
1699 SLPIL,3)=SLP(L,31-12/3) MAPIT3+AHIT4)
1700 SLH(L,J)=SLH(L,3 ) - (2 /3 )1 (AHIT3+APIT4)
1702 NEXT
1704 SLP(L,I)=SLP1L,I)-(1/6)I((AP+AN)/2)A2
1705 SLP(L,L)=SLP(L,L)-(1 /6 )1 ((AP-AH)/2)A2
1706 S L N !L ,I)=S L H (L ,I)-(1 /6 )I( !AP+A(1)/2)A2
1707 SLH(L,L)=SLN(L,L)+(1/6)I((AP-AH)/2)A2 
1710 NF=3:60SUB 100
1712 FOR 3=0 TO ILAST
1714 TNT=fillCLH(L,3)+N2ISLP(L,J)+N3ICLP(L,J)-N4ISLH(L,J)
1715 TH=3IALTI(TVN1(L,J)+TVN2(L,J))
1716 Y( IT,J+6) =Y(IT,J+6) +TKT+TH+ (ALTA2)t(T10(L,J)+T11(L,J))
1718 TST=-S2ICLP<L, J)+S11SLH(L, J) +S45CLH(L, J)+S3ISLP(L, J )
1720 Y(IT+1,J+6)=Y(IT+1, J+6)+TST+ALTt(T6(L,3)+T7IL, J))+ALTA2I(T8(L ,J )+T9(L ,3 )) 
1722 T P = -(H -2 ) l( (H - l) /2 ) t ( l /4 ) l(A (3 ,0 )A2)l(TA U (IP ,3)A3)/BHAT
1724 TfSB=-NlICLH(L,3 )-N2ISLP(L,3) +N3ICLP(L, 3 )-N4ISLN(L, 3)
1725 Tf)=-34ALBI(TVN1(L,J)-TVN2(L,J))
1726 Y i IT +2,3+6) =Y tIT+2,3+6) +THB+TH-1AIBA2) I  IT 10 IL , 3) -T 11 IL , 3))
1728 TSB=S2ICLP (L, J) -SIISLN!L,3) +S4ICLH(L.3) +S3ISLP (L ,3)
1729 TK=-ALBI(T6(L,3)-T7(L,3))
1730 Y(IT+3,3+6)=Y(IT+3,J+6)+TSB+TH-(ALBA2)l(T8(L ,3 )-T9(L ,3 ))+TP
1731 NEXT:NEXT
1732 HF=3:G0SUB 300
1740 HF=3:F0R L=1 TO LLAST: I=L-1: AA=A( 1,0 ) INN/2
1741 IF L<LLAST THEN LL=L:GOSUB 100:IT=2t(L-l):IL=4l(L -l)+2:S G =l
inn  f r  i «i i ».er tmcu ee-_4 
itni. i i  u^tuntH i nun j - j -  a

1744 FOR 3=0 TO ILAST
1745 T3=N3I((Y(!T,J)+Y(IT+2,3))IT5+CLP(LL,J))
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1746 T l=N lt((Y (lT ,3)-Y (IT+2,3))tT5+C LH (LL,J))
1747 T2=H2t( (Y <IT+1,3 )+Y( IT+ 3 ,J )) IT5+SLP(LL,J))
174B T4=-N41( ( V( IT+1 ,J) - Y CIT+3, J>)tT5+SLM(LL, J))
1750 T8=-3tAAS(TVN1(LL,J) +S6ITVN2(LL,3))
1752 YQ6(I,3)=-Tl-T2-S6t(T3+T4)+(3/2)t(AAA2)t(TDAl(LL,J)+S6IT0A2(LL,3))+T8 
1755 NEXT:NEXT
1760 WF=2:F0R L=1 TO LLAST:I=L-1:AA=A(1 ,0 )INN
1765 IF L<LLAST THEN LL=L:60SUB 100:IL=4t(L-l)+2:IT=2*(L-1):SS=1
1767 IF L=LLAST THEN SB=-1
1770 FOR J=0 TO ILAST:K=3+ILAST+1
1772 TP=-N1IYLP( IL+1, K)-N2IYLP<IL+2,K)-S6I(N3IYLP<IL,K)-N4IYLP( IL+3,K))
1775 Y82( I , J) =TP-AAI(T3(LL,3 )+S6IT4(LL,3 ))
1777 HEXTsNEXT 
2000 WF=3:605UB 175 
2010 FOR 3=0 TO ILAST
2020 Y(l,3+6)=-(3-H)t(H-l)IABS(TAU(0,3))*TAU(0.3)IA(3,0)ISQR(2)/(BHATIB>
2030 NEXT
2035 FOR L=1 TO LB:I=L-1:IT=2II:1P=1+1 
2040 FOR 3=0 TO ILAST
2050 Y(IT+3,3+6)=-(3-H)l(H-l)*ABS(TAU(IP,3))ITAU(IP,3XA(3,0)*S9R(2)/(BHATI8)
2060 NEXT:NEXT
2070 60SUB 300
2080 FOR 3=0 TO ILAST
2090 YLP3(0,3)=Y(0,3)I(1/(6IHU(0)INN)):YLP3(1,3)=Y(1 ,3 )1 (1/(6IHU(0)INN);
2100 YLP3(4ILLAST-2,3) =Y(24LLAST-2,J)I(1/ (6IHIKLLAST) INN))
2110 YLP3(4ILLAST-1 ,3 )=Y(2ILLAST-1 ,3 )I ( 1 / ( 6IHU(LLAST) INN))
2120 NEXT
2130 FOR L=1 TO LB :IT=2t(L -l):IL= IT+(2IL );T5=l/(6 IH U (L )IN N )
2140 FOR 3=0 TO ILAST 
2150 Y LP3(IL ,3)=(Y (IT ,3)+Y (IT+2,3))IT5  

2160 YLP3(IL+1,3)=(Y (IT ,3)-Y (IT+2,3))IT5  
2170 YLP3(IL+2,3)=(Y(IT+1,J!+Y(IT+3,3))IT5  
2180 YLP3(IL+3,3)=(Y(IT+1,3)-Y(IT+3,3))»T5  
2190 NEXT 

2200 NEXT
2210 FOR L=1 TO LLAST:I=L-1
2220 IF L<LLAST THEN LL=L:60SUB 100:IL = 4 *(L -l) +2:S6=1
2230 IF L=LLAST THEN S6=-l
2240 FOR 3=0 TO ILAST
2250 TP=-N1IYLP3( IL+1,3 ) -N2IYLP3( IL+2,3)-SB*(N3IYLP3( IL ,3 )-N4IYLP3( IL+3,3)) 
2260 YQ5(I,Ji=TF 
2270 NEXT:NEXT 
2500 NF=2:60SUB 175
2510 AA=A(0,0 )INN/4:AB=A(ILAST,0)INN/4:L2=2!LLAST:L4=4ILLAST 
2520 FOR 3=0 TO ILAST
2530 TP=(3-H)l(H-l)*ABS(TAU(0,3))tTAU2(0,3)»A(3,0)18ISQR(2)/(BHATIB)
2540 Y(0,3+6)=-AA»(YLP1 (1 ,3 )+YLP3(1,35!
2550 Y(1,3+6)=-AA!(YLP1(0 ,3 )+YLP3I0,3 ) )+TP 

2560 Y(L2-2,3+6)=-ABI(YLP1(L4-1,3 >+YLP3(L4-!,3 ))
2570 Y(L2-!,^6)=-ABI(YLPl(L4-2,3)+YLP3(L4-2,3))
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2580 next

2590 FOR L=1 TO LB:I=L-1:LL=L:IL=44L-2:IT=2»I:IP=I+1 
2600 AP*A(I,0)+A(IP ,0):AH=A(I,0)-A(IP,0)
2610 NF=1:G0SUB 100 
2620 FOR J=0 TO iLAST

2630 TI=YLP1(IL+2,J)+YLP3(IL+2,J):T2=YLP1(IL+3,J)+YLP3(IL+3,J)
2640 CLP(L,J)=(3tNN/8)t(APITl+AH*T2)
2650 CLN(L,J)s (3tNN/B)t(AHtTl+APtT2)
2660 T6(L,J)=-(NN/4)»(YLP!(!L,J)«(S6-3»S2)+YLPl(IL+3,J)l4tSl>
2670 T7(L,J)= - (NN/4)I(YLP1( IL+1, J) I(S7+3IS4)+YLP1( IL+2,J) I4IS3)
2680 TVN1 (L,J)=YLP1 ( IL ,J ) IS2-YLP1 ( IL+3, JUS1 
2690 TVN2(L,J)=-YLPl( IL+1, J)4S4-YLP1( IL+2,J) IS3 
2700 NEXT
2710 NF=3:60SUB 100 
2720 FOR J=0 TO ILAST
2730 T3=-(3INN/4)I(YLP3(IL,J)»(3tS6-S2)+YLP3<IL+3,J)I44S1)
2740 T4=-(3INN/4)I(YLP3(IL+l, J)I(3IS7+S4)+YLP3(IL+2,J)I44S3)
2750 SLP(L,J)=AP*(T6(L,J)+T3>+AMt(T7(L,J)+T4)
2760 SLH(L,J)=AHt(T6(L,J)+T3)+AP*(T7(L,JI+T4)
2770 TVN7(L,J)=YLP3(IL,J)IS2-YLP3(IL+3,J)tSl 
2780 TVNB(L ,J ) =-YLP3( IL+1, J) IS4-YLP3(Il+2,JI4S3 
2790 T8(L,J)=YLP3(IL+1,JU2IN1+YLP3(IL+2,J)I(3»N6-N2)
2800 T9(L,J)=YLP3( IL,J)I2IN3+YLP3( IL+3,J)* (3IN7+H4)
2810 NEXT
2820 NF=2:60SUB 100
2830 AA=A(I,0)INN:AB=A(IP,0)INN
2840 FOR J=0 TO ILAST
2850 Ti=CU1(L,J)tNl+SLP(L,J)»N2:T2=CLP(L,J)»N3-SLH(L,J)*N4 

2860 T3=TVN1(L ,J) +TVN7(L. J) : T4=TVN2(L, J)+TVN8(L ,J )
2870 Y(IT,J+6)=Y( IT,J+6)+T1+T2+AAI(T3+T4)
2880 Y(IT+2,J+6)=Y( IT+2,J+6I-T1+T2-AB4(T3-T4)
2890 T1=-CLP(L,J)SS2+SLn(L,JJISI:T2=CLH(L, J)iS4+SLP(L,J)SS3
2900 TP=(3-H)»(H-l)»ABS(TAU(IP,J))ITAU2(IP,J)tA(J,OX8ISOR(2)/(BHAT<8)
2910 TN=AA4(((YLP1( IL+2, Jl+YLPK IL+3, J))/2 )+T8(L ,J)+T9(L ,J))
2920 Y( IT+1, J+6)=Y(IT+1,J+61+T1+T2+TH
2930 TH=-ABI(((YLP1(IL+2,J1-YLP1(IL+3,J))/2)+T8(L,J)-T9(L,J))
2940 YiIT+3,J+6)=Y(IT+3,J+6)-Tl+T2+TH+TP 

2950 NEXT:NEXT 
2960 yF=2:60SUB 300
2970 FOR L=1 TO LLAST:I=L-1:AA=A(I,0)INN
2980 IF L<LLAST THEN LL=L:6QSU9 1 0 0 :!M t(L -l): IL = 4 « IL -l)+ 2 :S S = l
2990 IF L=LLAST THEN S6=-l
3000 FOR J=0 TO ILAST
3010 T3=N!«((Y(IT,J)-Y(IT+2,J))IT5+CL«(LL,Ji)
3020 T4=N24( ( Y( IT+1,J)+Y( IT+3, J) ) IT5+SLP(LL, J I )
3030 T6=N3*( ( Y( IT , J) +Y( IT+2,J) ) IT5+CLP(LL,J))
3040 T7=N4*((Y(IT+1,J)-Y(IT+3,J))>T5+SLH(LL,J))
3050 T8sAAt(TVNl(LL,J)+TVN7(LL,J)+SB4(TVN2(LL,J)+TVN8(LL,J)))
3060 YS7! I , J )=-T3-T4-S6t(T6-T7)-T8 
3070 NEXT:NEXT
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3200 NF=4:60SUB 175
3210 flfl=ft(0,0 )INN/8:AB=A( ILAST,0 )INN/8:L2=2ILLAST: L4=4ILLAST 
3215 FOR 3=0 TO ILAST
3220 7P=-(3-H)l(H-l)IABS(TAU(0,J))ITAU2(0,J)IA(J,0)l3ISBR(2)/(BHATI8)
3230 Y(0 ,J+6)=-AAIYLP3(1 ,J)
3240 Y(1 ,J+6)=-AAIYLP3(0 ,J) +TP 

3250 Y(L2-2,J+6)=-ABIYLP3(L4-1, J)
3260 Y(L2-1 ,J+6)=-ABIYLP3(L4-2,J)
3270 NEXT
3280 FOR L=1 TO LB:I=L-1:LL=L:IL=4IL-2:IT=2II:IP=I+1  
3290 AP=A(I,0)+A(IP,0):AH=A(I,0)-A(IP,0)
3300 SF=3:G0SUB 100 
3310 FOR J=0 TO ILAST
3320 CLP(L, J)=115INM/16)I (APIYLP3( IL+2,J) +AHIYLP3( IL+3,J))
3330 CLH(L,J)=!15INN/16)I(AHIYLP3(IL+2,J)+APIYLP3(IL+3,J))
3340 T1=YLP3( IL ,J ) I(3IS6-5IS2)+YLP3IIL+3,J)18151 
3350 T2=YLP3( IL+1, J)I(3IS7+5IS4)+YLP3( IL+2,J>I8IS3  
3360 SLP(L,J>=-(3INN/B)l(APITl+Af1IT2)
3370 SLH(L.J)=-(3INN/8)l(AHtTl+APIT2)
3380 T8(L,J)=YLP3( IL+1, J)IN1+YLP31IL+2,J)I(3IN6-2IN2)
3390 T9(L,J)=YLP3( IL,J)IN3+YLP3IIL+3,J)t(3IN7+2IN4)
3400 NEXT
3410 NF=4:6QSUB 100 
3420 FOR J=0 TO ILAST
3430 Tl=CLH(L,J!INl+SLP(L,J)IN2:T2=CLP(L,J)tN3-SLH(L,J>»N4 
3440 Y{IT,J+6)=Y(IT.J+6)+T1+T2+(AP+AH)tHNt(TVN7(L,J)+TVNB(L,J))
3450 Y( IT+2,J+6)=Y(IT+2,J+6)-T1+T2-(AP-AH)INN1(TVN7(L;J)-TVN8(L,J))
3460 T1=-CLP(L, J)1S2+SL(1(L,J)IS1:T2=CLH(L, J)1S4+SLP(L,J)IS3
3470 TP =-(3 -N )I(H -l) IABS(TAU( IP .J ) ) ITAD2( IP ,J )IA (J,0 ) I3ISQR(2 ) I (BHATI8)
3480 Y !IT+!!J+6)=Y(!T+l; .]+6)+T!+T2+((AP+AN)/2)INH*iT8(L;J)+T9(L! J ))
3490 Y(IT+3,J+6)=Y(IT+3.J+6)-Tl+T2-((AP-H'ri)/2)INNI(T8(L,J)-T9 (L,J))+TP  
3500 NEXT:NEXT 
3510 NF=4:GOSUB 300
3520 FOR L=1 TO LLAST:I=L-1:AA=A(I,0)INN12
3530 IF L<LLAST THEN LL=L:60SUB 100:IT = 2 I(L - l) : IL=4»(L -l)+2:SG=1
3540 IF l=LLAST THEN S6=-l
3550 FOR J=0 TO ILAST
3560 T3=N1I((Y(IT,J)-Y(IT+2.J))IT5+CLH(LL,J))
3570 T4=N2» ( ( Y ( IT+1, J) +Y < IT+3, J)) IT5+SLP (LL, J) i 
3580 T6-N3*C(YilT.J)+Y(IT+2.J>»4T5+CLriLL,JJ)
3590 T7=M4I( CY(IT+1.J)-Y( IT+3,J)) IT5+SLH(LL,J))
3600 TB=AAt(TVN7(LL.J) +S6ITVN8(LL,J))
3610 YB4( I . J) =-T3-T4-SGl(T6-T7)-TB 
3620 NEXT:NEXT
4500 LPRINT:LPRINT , IN T.’ TAB(7) ’ Y O (l-l)*  TAB121) ■ Y O K l-ll)"  TABI35) -Y B 3(1-1U )- TAB(50) “YQ(1-1-111)"
4510 FOR 1=0 TO ILAST:U=0:V=0:X=0:Z=0:FQR J=0 TO ILAST
4520 U=U+YQ(I,J)IA(Jf 0 ) :V=V+YQ1( I ,J ) IA (J ,0 ) :X=X+YQ3(1 .J )IA (J .0 ) : NEXT
4530 LPRINT I  TAB(5) (U /A (I,0 ))-1  TAB(20; V /Ad.O) TAB(35) X/ACI.O) TABI50! ((U+X+V)/A (I,0))-1
4540 NEXT
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<550 LPRINT
4551 LPRINT 'IN T .1 TAB(7) SYQ2(2-11)‘  TAB(20> -YQ7(2-111)■ TAB(34):
4552 LPRINT ‘ 785(3-11)* TAB(49) *786(3-111)* TAB164) *784(4-111)*
4560 FOR 1=0 TO ILAST:U=0;V=0:14=0; X=0: Z=0:FOR J=0 TO ILAST

4570 U=U+782(I,J)IA(J,0):V=V+7B7(I,J)IA(J,0):N=M +7B5(I,J)IA(J,0):X=X+786(I,J)tA(J,0):Z=Z+784(I.J)IA(J,0):NEXT  
45B0 LPRINT TAB(O) I  TAB(4) U /A (I,0) TABU9) V/A (I.O ) TAB(33) N /A (I,0 ) TAB(43! X /ft(I,0 ! TABJ63) Z /A (I,0 )
4590 NETT 
4600 GOTO 205
5000 ren u t m u t m m m t i N i T i A L i z E m t i m t m i m
5010 DEFINT I , J, L:DEFDBL 7,E 
5020 1=0:J=0
5030 INPUT 'NUNBER OF LA7ERS (INCL. MEDIA)*;LA7S
5040 LLAST=LAYS-i:ILAST=LLSST-1:LB=LLAST-1:I6=ILAST+6: ITT=ILASTI2: ITNAT=20
5050 L=LLAST
5060 DIN T (L ),H U (L ),A < L ,l) ,K < L ),B (L -l) ,7 < 2 IL -l,I6 ),7 L P (4 tL -l,2 tL -l)
5065 DIN 7LP1(4IL-1,L-1),7LP3(4IL-1,L-1)
5070 DIN 78( L - l ,L - l ) ,781( L - l ,L - l ) , 782( L - l ,L - l1,783( L - l , L - l ) , 784(L - l ,L - l )
5080 DIN 7 8 5 (L -1 ,L -1 ),786 (L -1 ,L -l1,787(L - l ,L - l )
5090 DIN CLP(L.L-l),CLN(L,L-1),SLF(L,L-1);5LN(L,L-1)
5120 Die TVN l(L,L-l),TVN 2(L,L-l),TV N 7(L ,L-l),TVN 8(L,L-l)
5130 DIN TDA1(L,L),TDA2(L,L)
5140 DIN T 3(L ,L -1),T4(L ,L -1),T6(L ,L -1),T7(L ,L -1)
5150 DIN T8(L ,L -1),T9(L ,L -1),T10(L ,L -1),T11(L ,L-1;
5160 DIH TAU(L,L-1),TAU2(L,L-1)
5170 PI=3.1415926535B9793#:E=2.71828182B459045I 
5190 INPUT *T (1 )/T (2 ) LA7ERS =*:T2 
5190 INPUT *NU(1)/HU(2) LA7ERS =*:HU2 
5200 INPUT *HU(U.N.)/NU(2)=, ;NU(0)
5210 INPUT *NU(L.H.)/HU(2)=":NU(LLAST)
5220 FOR 1=2 TO LB STEP 2:T(I)=1:MU(I)=1:NEXT
5230 FOR 1=1 TO LB STEP 2:T(I)=T2:nU(ii=nU2:NEST
5240 SCALE=T(1 ) :TT=0:FOR L=1 TO LB:T(L)=T(L)/SCALE:TT=TT+T(L):NEXT
5250 LPRINT 'LENGTH SCALE=*:SCALE
5260 HRU=HU(1):F0R L=0 TO LLAST:MU(L)=HU(L)/HHU:NE7T
5270 LPRINT:LPRINT *LA7 NO*.*NU(L)/HU(1), ,*T(L)/SCALE*,*T(L)*
5280 FOR L=0 TO LLAST:LPRINT L,HU(L), T (L ), T(L)ISCALE-.NEXT
5290 PRINT 'THE FOLLOWING RANGE FROM 0 (BONDED) TO VER7 LARGE (FREE SLIP)"
5300 ULHUC=!0000000«:REH INPUT *HU(LA7ER)/HU(CONTACTS AT UPPER AND LONER CONTACTS)" ;ULHUC 

5310 INPUT *NU(LAYER)/HU(CUNTACTS BETWEEN LA7ERS)‘ :«UC 
5320 LPRINT , ULNUC=*;ULHUC,*NUC=“:NUC 
5330 INPUT "POWERLAN EXP N ( i ,  2. OR 3 )-~ 'r ;
5340 LPRINT *POHERLAN EXP M=';H
5350 INPUT *MAX. SLOPE (DEGS. ) " ; DEGSLOPE:LPRINT *NAX. SL0PE=*;DESSLGPE;*DE55.*
5360 SLOPE=TAN(DEGSLOPEtPI/lBO)
5370 INPUT *ANISO=*;ANISO:LPR!NT ‘ ANIS0TR0P7 (ETA N/ETA S)=*:ANISO
5380 BHAT=(Ml(4tSLOPE) A(H-1 ) ) / ( ANISO-1 ):LPRINT *BHAT=*;BHAT
5390 LPRINT "TOTAL THICKNESS*.TTISCALE
5400 LPRINT *ALA(N-1)/BHAT=*;(SL0PEA(N-1))/BHAT
5*10 FOR 1=0 TO ILAST: A( I , 0 )=SLOPE:NEXT
5420 RETURN
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