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ABSTRACT

A 3rd order theory of folding of viscous multilayers
indicates that forms of folds are controlled by the behavior
of layer contacts or interbeds, the relative stiffnesses of
the multilayer and confining media, and the scale of the
folding. A 2nd order analysis shows that asymmetry of folds
is determined largely by the behavior of layer contacts and
the sense of layer-parallel shear during folding.

Localization or distribution of slip at layer contacts
partly determines shapes of folds in multilayers. Kink or
box folds form if slip is localized along short segments of
layer contacts; slip is localized if interfaces or thin
interbeds have adhesional strength or some other nonlinear
resistance to slip. Concentric or chevron folds form if
slip is distributed all along layer contacts; slip is
distributed if interfaces have low adhesional streangtih or
constant resistance to slip.

Relative stiffnesses of the multilayer and media also
determine fold shapes. Parallel folds, such as concentric
and kink folds, ferm in finite multilayers confined by soft
media, and constrained, internal folds form in multilayers
confined by stiff media.

The ratio of fold wavelength to multilayer thickness

largely determines whether folds are parallel or similar.
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Parallel -- concentric or kink -- folds form if the ratio
is one or larger. Similar -- box or chevron -- folds form
if the ratio is much smaller than one.

Asymmetric »olds form in multilayers subjected to
combined layer-parallel compression and shear; compression
produces folding and shear produces asymmetry. The theory
shows that the sensevof asymmetry can be reversed by
changing the behavior of layer contacts. 1If resistance to
slip is constant, folds have drag-fold asymmetry. 1If
resistance to slip is variable, folds have monoclinal

kink-fold asymmetry.
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INTRODUCTION

High above the Juniata River, in the central
Appalachians of Pennsylvania, roadcuts through the southeast
limb of the New Bloomfield anticline expose a particularly
rich assortment of folds: tightly folded chevron folids and
more open, concentric-like folds, both with the sense of
asymmetry of drag folds; and a kink-like fold with the sense
cf asymmetry of a monoclinal kink fold.

The spatial associations of folds with different forms
and of folds with opposite senses of asymmetry pose the two
fundamental questions on which I focus my research:

1. What physical characteristics of this sequence of rocks
and what conditions of folding allow kink-like, chevron,
and concentric-like folds to develop in such close
proximity? Why should styles of folding change so abruptly
locally?

2. How can folds with opposite senses of asymmetry form on
the same limb of an anticline under the influence of the
same sense of shear stress?

I approach these questions from two perspectives:
detailed observation of folds in order to determine
deformaticn mechanisms responsible for different folds and
asymmetries; and theoretical analyses of folding in order to

investigate effects of different rheological and dimensional
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parameters on fold form and fold asymmetry. The
descriptions of field examples are presented in Chapter 1v;
the theoretical analyses are presented in Chapters I, II,
and III.

The theory of folding of viscous multilayers assumes
that folds grow from initial, low-amplitude, sinusoidal
perturbations in layer interfaces. Distinct, non-sinusoidal
forms develop as the folds grow to higher amplitudes.
Previous theoretical analyses of single- and multi-layers
have been largely restricted to infinitesimal amplitudes and
thus can only describe initial, sinusoidal fold forms. In
order to study forms of folds, therefore, I first had to
extend the theory of folding of viscous multilayers to
higher amplitudes. This analysis forms the basis of
Chapter I, in which I develop a 3rd order analysis of
muitilayer folding that can treat relatively high-amplitude
folding (maximum slopes of 25-30° in some problems).

My field studies of the folds in Pennsylivania indicate
that the slip between layers was an important deformation
mechanism in the development of those folds. Furthermore,
in some folds, layers slipped along only part of their
contacts. Previous analyses could not address localized
slip because they were restricted to either bonded contacts,
for which no slip takes place at layer contacts, or to free
slip at contacts, for which the layers slip everywhere along

their contacts. Therefore, I decided to incorporate drag
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along layer contacts into the 3rd order equations which
describe the development of fold form. In Chapter II, I
model localized slip between layers by describing contact
behavior with a powerlaw rheology.

The 3rd order theoretical analysis of viscous
multilayers with varicus resistances to slip at layer
contacts (Chapters I and II) can be used to derive virtually
all the basic fold forms: parallel, concentric-like and
kink; similar, chevron and box; and constrained. These
forms are all the result solely of layer-parallel
compression and are symmetric.

Asymmetry of folds is produced by a layer-parallel
shear stress acting in conjunction with layer-parallel
compression. However, prior to my research, no eguations
existed that could describe the growth of an asymmetric fold
from an initial, symmetric perturbation. By imcluding
layer-parallel shearing deformation in my theoretical
analysis, I develop a comprehensive theory of asymmetric
folding in Chapter III.

On the basis of the theoretical analyses developed in
Chapters I, II, and III, I can answer the questions
originally posed by the rield examples. The theory
indicates that properties of contacts or of thin interbeds
between layers play a critical role in determining both the
form and the sense of asymmetry of a fold. Thus even

subtle changes in the lithology of the rock section being

-
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folded on the limb of the anticline in central Pennsylvania
can produce spectacular changes in the forms and asymmetries

of the folds which develop.

-
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CHAPTER I

PARALLEL, SIMILAR, AND CONSTRAINED FOLDS

r
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ABSTRACT

Theoretical analysis of folding of viscous multilayers with free
slip or bonding at layer contacts indicates that folds in such
multilayers can be described in terms of three end-members: parallel,
in which orthogonal thicknesses of layers are largely preserved;
similar, in which vertical thicknesses of layers and shapes of
successive interfaces are essentially constant; and constrained, in
which amplitudes of anticlines and synclines decrease to zero at upper

and lower boundaries. Constrained, internal folds form if the

multilayer is confined by rigid media; parallel, concentric-like folds

form if the multilayer is confined by soft media, provided soft
interbeds are sufficiently thin for the stiff layers to fold as an

ensemble. Similar, sinusgidal or chevron folds form throughout much of

the thickness cf a multilayer, for any stiffness of confining media,
provided wavelengths of folds are short relative to the thickness of the
multilayer or soft interbeds are sufficiently soft and thick for the
stiff layers to act independently. The analysis shows that multilayer
folds may have the same form regardless of whether the layer contacts

are freely slipping or bonded.

The forms of folds in multilayers confined by media with different
viscosities above and below depend on the viscosity contrast of the

media. For no medium above and a rigid medium below, the forms are

\

|

% concentric-like in the upper part and internal in the lower part of the
i multilayer. For nc medium above and a soft medium below, the folds are
]
:
|

concentric-like throughout the multilayer.

r
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The theory indicates that a useful way to analyze forms of folds in
rocks or in experiments is in terms of component waveforms, as defined,
for example, by Fourier series. The distributions of amplitudes of
component waveforms throughout the multilayer appears to be diagnostic,
reflecting contrasts in properties of the multilayer and its confining
media. Analysis of a large fold in the central Appalachians,
Pennsylvania, and of a smaller fold in the Huasna syncline, California,
indicates that at least three component waveforms are required to

produce the gross forms of those folds.

The theory closely predicts wavelengths and shapes of folds
produced in analogous elastic multilayers, indicating that
nonlinearities in material behavior, which are inherent in the elastic
material but are absent in the viscous material, are less significant
than nonlinearities in the boundary conditions, which are the same in

elastic and viscous materials.
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INTRODUCTION

This chapter investigates systematically how forms of folds in
viscous multilayers are controlled by contrasts of interbedded layers,
by relative stiffnesses of multilayers and confining media, and by
amounts of growth of folds. The multilayers investigated are simple,
repetitive stacks of layers, so many of the classical fold forms,
including sinusoidal, internal, chevron, and concentric-like, develop.
Using the theoretical analysis I can determine the types of conditions
responsible for these forms as well as for forms that have yet to be

named.

Certain classical fold forms, sucih as kink and box folds, are
conspicuously absent in the multilayers analyzed in this chapter. Kink
folding does not develop under the conditions -- linear behavior of
layers and freely slipping or bonded contacts between

layers -- considered here but will be investigated in Chapter II.

The study reported here focuses on the causes of different fold
forms in multilayers. Previous studies are restricted to lst order
accuracy in the maximum slope of layering, and such studies necessarily
focus not on fold form but on dominmant wavelengths and initial,
selective amplification of perturbations. Fold form develops at
moderate to high amplitudes, so the theoretical analysis presented here
is carried to 3rd order accuracy. The layers are assumed to be viscous

because higher-order analysis of folding of viscous layers is simplest.

-
-
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The 3rd order analysis allows one to follow the initiation and evolution
of the classical fold forms, described by complex waveforms, from

initial perturbations, described by simple, sinusoidal waveforms.

In conjunction with the 3rd order analysis, I describe a method of
transforming arbitrary constants into particular interface stresses.
The transformation reduces the number of arbitrary constants that need
to be determined from four per layer to one or two per interface and
thus considerably reduces the work of solving particular problems.
Another new feature I introduce is a remarkably simple method of
computing preferred wavelengths from dominant wavelengths for single

layers or multilayers.

However, most methods used in my study of multilayer folding were
introduced into folding theory by eothers. The modern, lst order theory
was developed by Fletcher (1974, 1977) and was extended by him to 2nd
orger to study the shapes of single-layer folds to small, but finite,
amplitude (Fletcher, 1979, 1982). Smith (1975, 1977) independently
developed the same theory. Ramberg (1970) and Smith (1979) previously
used eigenvalues and eigenvectors in folding theory to study initial
growth of perturbations. The method of analyzing component waveforms in
an interface between layers was previously used by Stabler (1968) and

Hudleston (1973).

My investigation is also related to a much broader group of

previous studies of infinitesimal-amplitude folding. Biot (1957, 1959,
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1961, 1963, 1965a, 1965b) developed folding theory and showed how to
determine dominant wavelengths and characteristic initial amplitude
distributions for various boundary conditions. His methods are
essentially to lst order accuracy in maximum slopes of elastic or
viscous layers (Fletcher, 1977; Johnson, 1977). Biot’s analysis of
®internal instability™ (1963, 1964, 1965a), in which folds develop in a
multilayer confined above and below by rigid media, was a major
contribution to folding theory; his method of treating multilayers as
homogeneous, anisotropic media is still being developed (Latham, 1985a,
1985b). Ramberg (1959, 1962, 1963a, 1963b, 1964, 1970), who initiated
folding research at about the same time as Biot, also developed a theory
roughly to lst order accuracy (Fletcher, 1977). Ramberg studied folding
of multilayers with various configurations to explain drag folds, the
simultaneous growth of folds with different wavelengths, and the
parameters that control wavelengths of tolds in multilayers. Johnson
(1969) used elementary folding theo.y of multilayers to explain
different distributions of fold amplitudes in the Carmel Formation,
Utah, and Johnson and Page (1976) used the theory to derive wavelengths
and three-dimensional shapes of folds associated with the Huasna
syncline in central California. Johnson and Honea (1975) developed lst
order theory for elastic materials to investigate the transition from
sinusoidal to concentric-like to chevron forms in elastic multilayers
but found that the transitions can be understood only qualitatively in

terms of the lst order analysis.

o
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This chapter is organized unconventionally, so I will mention the
sequence of presentation. First I describe the results of my
theoretical studies of fold form via representative examples of folds
that developed in repetitive multilayers at moderate amplitudes; this is
essentially a summary. Then I analyze the fold forms geometrically in
terms of variables specified by the theory; this provides a method of
studying multilayer folds in general. Only then do I present the
essential steps in the 3rd order analysis and explain the methods
developed in the course of my research. After the basic soluticns have
been derived, I discuss the extraction of eigenvalues and eigenvectors
which provide dominant wavelengths and shapes of perturbations that grow
most rapidly during layer-parallel shortening. Then I show how to
compute preferred wavelengths and amplitude vectors; these correspond to
wavelengths and shapes of folds that have grown the most after certain
amounts of layer-parallel shertening. Finally, I show how fold forms in
selected multilayers change during growth of the folds. In the
Discussion, I examine two field examples of large folds, one in
Pennsylvania and one in California, and deduce some of the conditions of
folding from the shapes and wavelengths of the folds. I also compare
wavelengths and shapes of small folds produced experimentally in elastic
multilayers with wavelengths and shapes of folds produced theoretically

in viscous materials.

Thus, those interested primarily in fold forms and how one applies

the theory to folds could read the first two sections and then skip to

-
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the Discussion. Those interested primarily in the theoretical methods
could skip the first two sections and read the central part of the

paper.
EXAMPLES OF THEORETICAL FOLD FORMS

Terminology

The simple multilayers I analyze consist of stiff layers and soft
interbeds; they are confined above and below by media that may have
different stiffnesses (Fig. 1). In all examples I will discuss, the

folding is a result of layer-parallel shortening.

Layers are separated from neighbors by viscous films (Fig. 1C).
The films are very thin, so they can deform only in simple shear. By
specifying the relative viscosity of the films, one can model free slip

(uf<<u2), viscous drag (uf<u2), or bonded contacts (uf2u2); the symbols

are defined in Fig. 1.

For the example shown in Fig. 1A, the thicknesses of stiff and soft
layers are the same, the viscosities of the media and the soft layers
are the same, and the viscosity ratio of stiff to soft layers is ten.

In other examples each of these parameters may be different.

In all the theoretical folds, each interface is initially perturbed

into a first cosine waveform. The folds are a result of the growth of

the first waveform as well as of the spontaneous initiation and growth

of second and third cosine waveforms which have wavelengths that are

-
:
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Figure 1. Representative mulullayer. A. Simple multilayer, composed
of alternating stiff and soft viscous layers, confined above with a
halfspace of viscosity y,, and below with a halfspace of viscosity
The multilayer, of total thickness H, is_subjected to mean horizont 1
stretch, Sx and mean vertical stretch, S_. The stretch is defined as
the rat10 of final to initial lengths of i material line element. For
the incompressible materials treated here, S S 1/S_. B. Segment of
representatlve layer, showing relation between horlfontal x-coordinate
and s- and n-coordinates tangential and normal, respectively, to
interfaces.” {, is height of top interface; {_ is height of bottom
interface. C.  Representative element 1nclud9ng parts of soft layer,
with viscosity u, and vertical thickness h,, and stiff layer (u,5 h,)s
as well as thin Interlayer film of viscous material (ug,h.). For The
example shown in Fig. 1, h, =h, u = u,, and u, /h = 10; the
viscosity of contact fllms is S0 hlgh tﬁ%t the stiff and soft layers are
bonded together and the media are bonded to the multilayer.
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one-half and one-third, respectively, that of the first waveform. The
amplitudes of the first cosine waveforms are initially very low; the
maximum corresponds to a slope angle of one degree; the others are

scaled according to the specification of an eigenvector of amplitudes,

which describes the relative amplitude of the first waveform at each
interface. For each multilayer there is a dominant wavelength, the
wavelength of the first waveform that grows most rapidly. The

eigenvector of amplitudes corresponds to the dominant wavelength and

.

thereby defines the multilayer fold form which amplifies most rapidly.

I broadly classify theoretical folds I have studied into parallel,

similar, and constrained. In parallel folds (van Hise, 1896},

thicknesses of layers measured normally to layering tend to be
preserved. In similar folds (van Hise, 1896), thicknesses of layers
measured parallel to axial planes tend to be preserved, so shapes of
successive interfaces can change only slightly. In constrained folds,
both normal and vertical thicknesses are variable, and amplitudes die
out systematically toward boundaries. Idealized concentric and kink
folds are examples of parallel folds; idealized chevron and box folds
are examples of similar folds. Constrained folds are generally unnamed.

Biot termed one type “internal instability"™ (1964).

Fold Forms
Two of the broad groups of folds, parallel and constrained, are
results of differences in properties of confining media, as can be

illustrated by examining .fold forms produced in multilayers comprised of
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identical stiff layers with free slip at contacts (Fig. 2). The
multilayers shown in Fig. 2, locations Al, A2, and A3, are confined by
identical upper and lower media (uU = uL) ranging from soft

(uu/u1 = 0.1) at loc. Al to rigid (uU/'u1 + o) at loc. A3. In each case,
the middle interface remains essentially a simple cosine waveform, which
was the waveform used to seed the fold, but the other interfaces change
shape during folding. For the multilayer confined by soft media

(Fig. 2, loc. Al), the top interface has broad crests and narrow troughs
whereas the bottom interface has broad troughs and narrow crests, and

the ensemble of interface waveforms defines a fold of concentric-like

form. Amplitudes of waveforms are nearly constant throughout the stack

of layers because the multilayer is weakly constrained by soft media.

The distribution of amplitudes is quite different for the
multilayer confined by very stiff media (Fig. 2, loc. A3). The
amplitudes are zero at the upper and lower contacts of the multilayer
and are maximal at middepth, so the fold is of the broad group of
constrained folds. In this particular multilayer, interfaces near the
upper boundary define broad, flat crests and narrow, puckered troughs,

and the ensemble of interface waveforms defines an internal fold form,

which is the high-amplitude analogue of the sinusoidal fold that Biot
(1964) terms “internal instability.* Finally, for the example where the
media have intermediate stiffness (Fig. 2, loc. A2), the fold form is

intermediate between the concentric-like and the internal fold forms.

Increasing the number of layers in the multilayer confined by stiff

media produces an ensemble of interface waveforms dominated by limbs and
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Figure 2. Array of fold forms, according to 3rd order analysis, of
multilayers compcsed of identical stiff layers with free slip at
contacts and confined by various media. A. Multilayers confined above
and below by identical viscous media, ranging from soft (uu/u1 = 0.1),
loc. Al, to rigid (w /u, + =), loc. A3. Fold form at loc. Al is
parallel, concentric-like; that at loc. A3 is constrained, internal.

B. Multilayers unconfined above but confined below by viscous media.
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intervening flats. The multilayer shown in Fig. 3 is composed of 40
identical layers with free slip at contacts. The limbs are shortest at
the upper and lower edges of the multilayer and gradusily lengthen to a
maximum at middepth. The intervening flat at a crest is insignificant
in the lower part of the multilayer and broadens to a maximum width near

the top of the multilayer.

Elements of both the concentric-like and the internal fold forms
may be blended within one fold if a simple multilayer is confined by
media of different stiffnesses above and below. The three multilayers
shown in Fig. 2, locs. Bl, B2, and B3, are composed of identical layers
with free slip at contacts and are unconfined above. For the multilayer
shown at loc. Bl, the medium below is much softer than the layers
(uL/u1 = 0.1). The ensemble of interface waveforms assumes a
concentric-like form, much like that shown at loc. Al. The multilayer
shown at loc. B3 is rigidly confined below. The top interface has a
well-developed arc-and-cusp structure, with rounded crests and pointed
troughs. The lower interfaces have broad, flat-bottcmed troughs and
narrow pinches as crests. The form of the ensemble of waveforms is a
hybrid, the upper few interfaces resembling the concentric-like form and
the lower interfaces resembling the internal form. The lower medium for
the multilayer shown at loc. B2 has the same viscosity as the layers.
The ensemble of interfaces shows a concentric-like form in crests, but
the troughs are flattened in the lower part of the multilayer; the
anticlines appear to be unconstrained and the synclines relatively

highly constrained in this multilayer.
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Figure 3. Constrained fold form in thick multilayer composed of
identical stiff layers, with free slip at contacts, and confined by very
stiff media. Ratio of fold wavelength L to total multilayer thickness H
is L/H = 0.3. Constrained form characterized by short limbs, narrow
anticlinal hinges, and flat synclinal hinges near bottom of multilayer;

nearly sinusoidal form at middepth; and short limbs, marrow synclinal
hinges, and flat anticlinal hinges near top.

[
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All three of the broad groups of fold forms -- parallel,
constrained, and similar -- c¢an be produced in identical multilayers
containing many layers and confined by soft (Fig. 4A) or stiff (Fig. 4B)
media. The similar form develops near middepth in the multilayer,
provided the fold wavelength is short, relative to the total thickness
of the multilayer, as will be shown in Chabter II. The fold form in the
multilayer confined by soft media (Fig. 4A) consists of essentially
similar, sinusoidal folds near middepth and parallel, concentric-like
folds near the upper and lower boundaries of the multilayer. These fold
forms have been observed experimentally (Currie and others, 1962;
Ramberg, 1963b; Johnson and Eillen, 1974). The fold form in the
multilayer confined by stiff media (Fig. 4B) consists of essentially
similar, chevron folds near middepth but has constrained, internal folds
near the upper and lower contacts with the stiff media. These folds
also have been observed experimentally (Honea and Jchnson; 1976; Latham,

1979).

Interbedding of stiff and soft layers in a multilayer introduces
several degrees of freedom in fold form. Even in simple, repetitive
multilayers such as those being considered here, shapes of individual
stiff layers can be quite different from shapes of soft interbeds, and
changes in thicknesses of soft interbeds can significantly affect the
multilayer fold forms. If soft interbeds are relatively thin, the stiff
layers cooperate and interact to produce parallel or constrained

multilayer forms. If soft interbeds are thick, however, the stiff

-
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Figure 4. Parallel, similar, and constrained forms, according to

3rd order analysis, in thick identical multilayers (59 layers) with free
slip at contacts and confined by soft (y,,/u, = 0.1) media (Fig. 4A) or
rigid (ug/h + «) media (Fig. 4B). Ratio of fold wavelength L to total
multilayer thickness H is L/H = 0.06. Similar, sinusoidal (Fig. 4A) or
chevron (Fig. 4B) folds form at middepth. Parallel, concentric-like
folds form near boundaries of multilayer and soft media (Fig. 4A);

constrained, internal folds form near boundaries of multilayer and rigid
media (Fig. 4B).
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layers act independently and the multilayer fold form defined by the
ensemble of stiff layers becomes similar. Johnson (1970, p. 149; 1977,
pp. 188, 384) has shown that the critical spacing for marked interaction
of stiff layers is on the order of the wavelength L of folds in stiff

layers, that is, h,/L = 1. Thus I define the degree of independence of
stiff layers, d, of a multilayer as

d=(h,A) (1 -u/n) (1a)

in which My is the normal viscosity. The normal viscosity of the

multilayer is the weighted average viscosity of stiff and soft layers,
o= L/th, + 00 (h, + hgu,) (1b)

in whicn subscripts 1 and 2 refer to stiff and soft, respectively. If d
is zero, the stiff layers will behave as an ensemble, whereas if d is
significantly greater than zero, say on the order of 0.5 or larger, the
stiff layers will behave weakly as an ensemble and the folds in stiff

layers will be independent.

The form of the ensemble of interfaces in a multilayer with low
degree of independence of stiff layers, d, will closely resemble the
form in a multilayer composed entirely of stiff layers (d = 0) if the
ratios of viscosity of media (uu or uL) to normal viscosity, Mo of the
multilayer are nearly the same. In all three multilayers of
interbedded stiff and soft layers shown in Fig. 5, d is low and the

normal viscosity is

—
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Figure 5. Fold forms of selected multilayers composed of alternating
stiff and soft layers (u, = u,/10). A. Viscosity of soft media same as
viscosity of soft interbeds; kree slip at contacts. Concentric-like
fold form nearly identical to that in same multilayer, but with bonded
contacts, shown in Fig. 1 and intermediate between those shown in

Fig. 2, locs. Al and A2. B. Viscosity of stiff media same as viscosity
of stiff layers; bonded contacts. Fold form intermediate between
constrained form shown in Fig. 2, loc. A3, and that shown at loc. A2.

C. Multilayer with free upper surface, stiff lower medium; bonded

contacts. Fold form intermediate between those in Fig. 2, locs. B2 and
BB.
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uy = (1/2)(u; + ) = 0.55
because h, = h, and u, = 10 u,

The forms of ensembles of interfaces in multilayers shown in Fig. 5
can be predicted in terms of the six forms shown in Fig. 2 and the
viscosity ratio uu/hn or uL/'un of the upper or lower medium to the
normal viscosity. The multilayer shown in Fig. 5A has a viscosity ratio
of uU/un = uL/hn = 0.18, which is intermediate between those for Fig. 2,
locs. Al (uL/un = 0.1) and A2 (uL/un = 1.0). The form of the ensemble
of interfaces in the multilayer shown in Fig. 5A is correspondingly
intermediate between those shown in Fig. 2, locs. Al and A2. Similarly,
the multilayer shown in Fig. 5B has a viscosity ratio of
uu/un = uL/un = 1.8, which is intermediate between the viscosity ratios
for the multilayers shown in Fig. 2, locs. A2 and A3; the multilayer
fold form is also intermediate. The multilayer shown in Fig. 5C also
has the viscosity ratio uL/'un = 1.8, but it is unconfined above. This
multilayer has a viscosity ratio and fold form intermediate between

those for multilayers shown in Fig. 2, locs. B2 and B3.

The change of multilayer fold form with increasing independence of
stiff layers is demonstrated in Fig. é by comparison of three 17-layer
systems in which the thicknesses of soft interbeds are one, three, and
five times that of the stiff beds, and in which d = 0.034, 0.184, and
0.430, respectivelv. For the multilayers shown in Fig. 6, the form of

the ensemble of interfaces is parallel, concentric-like if d is low

ol
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Figure 6. Forms of folds in multilayers that differ only in thickness

of soft interbeds, illustrating effect of degree of independence of
stiff layers, d, eq. (la). Viscosity of media same as that of soft

interbeds u, = ul/io). A. Closely-spaced layers with low d fcld as

ensemble into concentric-like form. B. As degree of independence of
increases, the stiff layers begin to fold as individual layers rather
than as an ensemble. C. For large d, individual layers fold virtually

independently, forming an overall similar fold throughout most of the
thickness of the multilayer.
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(Fig. 6A); as d increases, the fold form becomes more nearly similar in

form (Fig. 6C).

Thus, three broad, end-member fold shapes can be recognized in
simple, viscous multilayers folded to moderate amplitudes. For
multilayers composed of identical stiff layers or stiff layers and thin,
soft interbeds, in which the wavelength is roughly equal to the

multilayer thickness, the multilayer fold shape is a parallel,

concentric-like fold if the viscosity ratio uL/un (or uu/hn) is much
less than unity (Fig. 2, loc. Al; Fig. 5A; Fig. 6A) and is a

constrained, internal fold if the viscosity ratio is greater than unity

(Fig. 2, loc. A3; Fig. 3; Fig. 5C). For multilayers composed of thin
stiff layers ard ciuck soft interbeds, and for multilayers composed of
stiff layers folded at short wavelengths, the multilayer fold shape near

middepth tends to be a similar, sinusoidal (Figs. 4R, 6C) or chevron

(Fig. 4B) form even to moderate amplitudes, regardless of the relative

stiffness of confining media.

If stiff layers interact to fold as an ensemble, multilayer folds
may have virtually the same form regardless of whether the layer
contacts are freely slipping or bonded. For example, the multilayer
shown in Fig. 6A is identical to that shown in Fig. 5A except that
contacts are bonded for the former and freely slipping for the latter;
the fold forms are both concentric-like. Furthermore, a multilayer
composed entirely of stiff layers, with free slip at contacts, and

confined by soft media (Fig. 2, loc. Al) also folds into a
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concentric-like form. However, as will be shown in following pages,
folds grow much faster for multilayers with free slip at contacts than
for multilayers with bonded contacts, particularly if the viscosity

contrast of stiff layers and soft interbeds is low.
GEOMETRIC ANALYSIS OF FOLD SHAPES

Multi-interface fold forms are defined by an ensemble of interface
forms: the fold forms depend on the shapes of all the individual
interfaces and on the distribution of amplitudes of those shapes. For

example, the essential feature of the internal fold (Fig. 2, loc. A3)

is that amplitudes of anticlines and synclines decrease to zero at upper

and lower boundaries. A concentric-like fold, which can form in a

softly confined multilayer in which stiff layers interact (Fig. 2,
loc. Al), or in a softly confined single stiff layer, is characterized
by an internal transition from wide crests and narrow troughs on the
upper interface to narrow crests ano wide troughs on the lower

interface.

The shape of each interface, according tc the 3rd order analysis of
folding, results from the summation of first, second, and third

component waveforms. Each waveform is characterized by an amplitude and

a wavelength; nositive amplitudes are shown in Fig. 7. The height of a

single interface is described by the function

z= A cos(2x) + A cos(2%) + SR cos(38x) (2)

-
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Figure 7. First, second, and third component waveforms. Each is a pure

cosine wave. Wavelength of second component waveform is one-half that

of first, and wavelength of third component waveform is one-third that
of first. All amplitudes are positive.

-
;

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



First Waveform

/W
X

Second Waveform

L/L, Third Waveform

.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



35
in which £ is the wavenunber
L = 211‘/1_

L is the wavelength of the first waveform, and i& are amplitudes of the
various component waveforms. The wavelength of the second component

waveform is one-half that of the first, and the wavelength of the third
component waveform is one-third that of the first. The combination of

the first, second, and third component waveforms in eq. (2) produces the

resultant waveform of a single interface.

Four illustrations of the addition of two component waveforms to
produce a resultant waveform are shown in Fig. 8. Column 1 contains
four identical first component waveforms of positive amplitude ,A. Each
of these first waveforms is added to a second or third component
waveform, of positive or negative amplitude, t,A or tA, respectively,
shown in column 2. Column 3 shows the resultant waveforms. Comparison
of row A and row B, or row C and row D, demonstrates that the nature of
the effect of adding a second, or third, component waveform to the first
depends on the signs of their amplitudes; however, the magnitude of the

effect depends on the relative magnitudes of their amplitudes.

The shape of an individual layer is defined by the shapes of the
upper and lower interfaces of the layer; the shapes of the upper and
lower interfaces are each determined by three component waveforms. The
heights of the top (t) and bottom (b) interfaces of a layer are

described by the functions,

F
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Figure 8. Shapes of individual interfaces determined by addition of two

component waveforms. First component waveforms of positive amplitude in
column 1; second and third component waveforms of positive or negative
amplitude in column 2. Each row, A-D, illustrates the addition of a
waveform in column 1 to a waveform in column 2 to produce a resultant
waveform in column 3. A. Second waveform of positive amplitude
sharpens crests and broadens troughs. B. Second waveform of negative
amplitude sharpens troughs and broadens crests. C. Third waveform of
positive amplitude sharpens crests and troughs and decreases slope at
inflection points. D. Third waveform of negative amplitude broadens
crests and troughs and increases slope at inflection points.
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h/2 + lAtcos(li + ZAtcos(zﬁx) + 3Atcos(32x) (3a)

g, = -h/2 + Acos(®x) + A cos(28x) + A cos(38x) (3b)
in which h is the mean vertical thickness of the layer and Ay p are
’

amplitudes of various component waveforms.

One way to determine the shape of a layer is in terms of egs. (3},
where, for example, one sums the component waveforms in the bottom
interface, eg. (3b), to produce a resultant bottom interface waveform.
The pair of resultant interface waveforms, eqs. (3a) and (3b), defines
the shape of the layer. Alternatively, the equations for the individual
interfaces, eqgs. (3), could be added and subtracted to produce two new

equations which describe the shape of the layer:

(Ct + Cb)/2 =T = 1Aacos(zx) + 2Aacos(zzx) + 3Aacos(32x) (4a)
(¢, - &) =h=h+2Acos(x) + 2,Accos(28x) + 2,A cos(32x) (4b)
in which

Aa = GAL+ A2 AL = (A

i's it © iAI:J)/2 (4c)

Equation (4a) describes the variation in average height I of the

layer with horizontal distance x along the layer, and eq. (4b)

describes the variation in vertical thickness h with horizontal
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distance x. The pure folding mode is the shape of a layer with only one

wavelength and for which 55 is zero (Fig. 9A); the pure pinch-and-swell

mode results if Ea is zero (Fig. 9B).

Various layer shapes are produced by the addition of a
pinch-and-swell mode to a folding mode; four examples are shown in
Fig. 10. Column 1 contains the folding mode component of the first
waveforms, chosen because 1ﬁa is almost always the dominant coefficient
in eq. (4a). Column 2 contains four possible pinch-and-swell
components, positive and negative contributions of the first and second
ccmponent waveforms, chosen because 155 and zﬂs tend to be much larger
than aﬂs in eq. (4b). Layer shapes resulting from the addition of the
modes shown in columns 1 and 2 are shown in column 3. The folding modes
zﬁe and aﬂe of the second and third waveforms have the same effects on
the shape of a single layer as the amplitudes ,A and ,A have on the

shape of a single interface (Fig. 8).

The shapes of folds in multilayers analyzed in this chapter are
determined primarily by the distributions and relative magnitudes of
amplitudes of the first and second waveforms, A and ,A, within the
ensemble of interfaces. The distribution and magnitudes of amplitudes
within a multilayer depend, in turn, on the stiffness of confinement of
the whole multilayer and on d, the degree to which the stiff layers can

act independently.

Each multilayer shown in Fig. 11 consists of all stiff layers

(2 = 0) confined by identical media (uU = uL). The stiff layers

e -
‘}.
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Figure 9. Shapes of single layers with only one wavelength. A.
folding mode, for which A  is positive and A_ is zero. B. Pure
pinch-and-swell mode, for which A_ is zero aRd A_ is positive. Terms
are explained in eq. (4c) and text. -

Pure

Lt
;

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Folding Mode

As>0; Aa=o

W

)

X

~— T T

Pinch—-and-Swell Mode

-

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



42

Figure 10. Shapes of single layers as determined by addition of a
pinch-and-swell mode to a folding mode. Folding mode component of first
wavefcrms in column 1; pinch-and-swell mode components of first or
second waveforms of positive or negative amplitudes in column 2. Each
row, A-D, illustrates the addition of a folding mode in column 1 to a
pinch-and-swell mode in column 2 to produce a layer shape in column 3.

-
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strongly interact, so the distributions of amplitudes depend primarily
on the stiffness of confinement of the multilayer. The distribution of
first-waveform amplitudes A in column 1 reflects a folding mode of the
entire multilayer. Although the magnitudes change from interface to
interface as a function of the confinement. the signs of 1ﬁi are
positive on every interface. For example, the amplitudes are nearly the
same for every interface in a multilayer with soft confinement (loc. Al)
but die off to zero at the edges of a multilayer with very stiff

confinement (loc. C1).

The distribution of second-waveform amplitudes ,A in column 2
reflects a pinch-and-swell mode of the entire multilayer. In the
pinch-and-swell mode, the amplitudes of the second component waveform,
zgi, are negative in the top half of the multilayer, positive in the
bottom half, and zero at middepth. The amplitudes increase to maxima at
the edges of the softly confined multilayer (loc. A2) but go through
maxima halfway between the edges and middepth of the very stiffly

confined multilayer (loc. C2).

The multilayer shapes that result from addition of a folding mode
in column 1 to a pinch-and-swell mode in cclumn 2 are shown in column 3.
In a softly confined multilayer, the multilayer fold shape is a
concentric-like fold (loc. A3); in a very stiffly confined multilayer,
the fold shape is an internal fold (loc. C3). The components of a
concentric-like fold in a multilayer, Fig. 11, row A, correspond to the
components of a concentric-like fold in a single stiff layer,

Fig. 10, row D.

-
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Fold forms in column 1 differ from their counterparts in column 3
because of the addition of a pinch-and-swell mode in column 2. The
effectiveness of the pinch-and-swell mode in modifying the shape

produced by the pure folding mode depends on the strength of the second

waveform, measured as the ratio of the amplitude of the seconu waveform

to that of the first on the interface i with the maximum amplitude of

the second waveform. In column 2, (,A;)

i max/ A; is aporoximately -0.25

for all three modes; in loc. A2, the maximum oA; occurs on the top and
bottom interfaces, but in loc. C2, on the two interfaces halfway between
the edges and middepth of the multilayer. The fold form shown in
column 1 would also be the resultant fold form if the strergth of the
second waveform in column 2 were equal to zero, that is,

/ A = 0. If the strength of the second waveform were between

(A i max
zero and -0.25, the resultant multllayer fold shapes would be

e > ...
- -

intermediate between those shown in columns 1 and 3.

The differences between the concentric-like and internal multilayer
fold forms shown in Fig. 11 are a result of different distributions of
amplitudes of first and second waveforms throughout the multilayer.
Although the 3rd order analysis of folding determines these amplitude
gdistributions, it reveals very little about which parameters conircl the
distributions. For this purpose, the elementary folding theory of
multilayers (e.g., Johnson and Page, 1976; Johnson, 1982) provides
significant insights. The elementary folding theory indicates that, to
2nd order, the height of interfaces above middepth in a multilayer

coniined by media above and below is, approximately,
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Figure 11. Shapes of multilayers as determined by addition of a
multilayer pinch-and-swell mode to a multilayer folding mode.
Multilayer folding mode of first waveforms in column 1; multilayer
pinch-and-swell mode of second waveforms in column 2. Confinement
ranges from soft (ulf/u1 = 0.1) in row A to stiff (y /u, = 1.0} in row B
to rigid (u p, + @) in row C. Multilayer fold form in loc. A3 is

concentric-Iike; form in loc. C3 is internal; form in loc. B3 is
intermediate.

-
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z =z + R cos(czelL/2H)cos(2x) + A sin(czeLMH)cos(22x) (5)

in which z is the distance above middepth, H is the total thickness of

the multilayer, and ¢ is constraint.

I define the constraint operationally as
c = (2/7) cos™!? (er/xAm) (6)

where 1ﬂe is the amplitude at the upper or lower edge of the multilayer
(z = #H/2) and A is the maximum amplitude. Constraint may be
different at the top and bottom of the multilayer if the confining media

have different properties.

If A is zero, eq. (5) approximately describes the distribution of
amplitudes of first waveforms shown in column 1, Fig. 11, for values of
c of nearly zero, 0.5, and 1.0. Similarly, if A is zero, eq. (5)
approximately describes the distribution of amplitudes of second
waveforms shown in column 2, Fig. 1l1. However, eq. (5) is based on a
theory that approximates the behavior of a multilayer by selecting a
representative element consisting of an entire stiff layer with half of
a soft layer both above and below. Such approximations allow the
distribution of amplitudes of interfaces to be treated as a continuum
and expressed by a continuous function such as eq. (5). Because the
elementary theory describes the position of a line at middepth in a
stiff layer rather than describing the positions of the upper and lower
interfaces of each stiff layer, the results cannot be used to determine

fold shapes of individual layers.
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Constraint, c, will be used as one of the parameters in the
description of multilayer fold forms. Constraint ranges from zero to
unity, depending on the viscosity of the confining media, Moo the normal
viscosity of the multilayer, W, €q. (1b), and the
wavelength-to-thickness ratio of the folds. The derivation of c is
presented by Johnson and Page (1976), where variable n there is the

inverse of c here:

c tan(en/2) = (u /u J(HA) (7a)

The relation is nonlinear. For small values of ¢, however,

c =/ (2/m)(u /u JIHA) 5 c<«<1 (7b)

Furthermore, the wavelength-to-thickness ratio, L/H, itself is a
function of the constraint (Johnson and Page, 1976). According to
elementary multilayer folding theory, the dominant wavelength for soft
media depends on ﬂp, the number of pairs of stiff and soft layers,
u,/u,, the viscosity ratio, and h /h,, the thickness ratio of stiff to
soft layers. The functional relation is given by Johnson and Page
(1976). Here, the solution is presented graphically {Fig. 12B) by
relating the dominant wavelength ratio for soft media to the dominant

wavelength ratio for rigid media, which is

(LyMg = 21 VN V(w120 )1/ (140, /h )% (7¢)

The constraint for multilayers confined by soft media can be determined

for the dominant wavelength of folds by writing eq. (7a) in the form,

-
3
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Figure 12. Graphs for determining constraint and dominant wavelengths
according to elementary multilayer folding theory. A. Relations
between constraint, c, and ratio of dominant wavelength to total
thickness of rigidly confined multilayer, (L_MH),, for various ratios
of viscosity of media, u_, to normal viscosity, ﬁ , of multilayer.

Equations for (L /M)g and u_ are given in text. Values of (L M), for
several multilayers composed of identical stiff layers but co taiﬁing
different numbers of stiff layers indicated at top of figure.

B. Relation between dominant wavelength for multilayer confined by soft
media, (L.,/H)., and dominant wavelength for same multilayer confined by
rigid media, %Ld/H)R, for various values of um/un.
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c tan{cn/2) = (um/un)/(Ld/H)S

and using Fig. 12B to determine the dominant wavelength ratio for soft

media.

Relations between the constraint, ¢, corresponding to the dominant
wavelength for a multilayer confined by soft media, the viscosity ratio
um/un, and the dominant wavelength for the same multilayer confined by
rigid media, (Ld/H)R, are shown in Fig. 12A. Examination of Fig. 12A
and eqg. (7c) indicates that constraint will‘increase if any one of the
following happens: the viscosity of the medium, um/nn, increases; the
number of pairs, Ep’ of stiff and soft layers increases; the relative
viscosity, ul/hn, of stiff layers decreases; the relative thickness,

hz/hl, of soft interbeds increases.

One can use Figs. 12A and 12B as follows. For given properties of
a multilayer, one computes the dominant wavelength ratio for rigid media
using eq. (7c). Then one uses Fig. 12A to determine c by interpolating
between curves of constant relative viscosity of media, um/hn. The
constant ¢ provides information about fold shape. One uses Fig. 12B to
compute the dominant wavelength ratio for soft media, again
interpolating between curves of constant relative viscosity of media.
The dominant wavelength ratio provides information about the size of the

multilayer folds confined by soft media.

The relation for the dominant wavelength ratio for multilayers
confined by rigid media, eq. (7c), simplifies markedly if the multilayer

is composed solely of stiff layers, with free slip at layer contacts:

-

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



-

53
(LyMlg = 1.9 ¥TIAN) (7d)

as Biot (1984) showed. Here N is the number of layers. Wavelength

ratios of folds in such multilayers with ten to 500 layers are indicated

near the top of Fig. 12A.

The most important insight from the elementary theory is that the
shapes of multilayer folds can be expressed, approximately, in terms of
the constraint, c. The strength of the second waveform, (zAi)max/lAi’
and the degree of independence of stiff layers, d, have aiready been
identified (Fig. 11; eq. la) as significant parameters. Simple
multilayers with low degree of independence of stiff layers and with the
same constraint and strength of the second waveform will have the same

shapes, as defined by the ensemble of interfaces, whether the multilayer

consists solely of stiff layers or consists of interbedded stiff and

soft layers.

Therefore, folds with a wide range of shapes can be classified in
terms of constraint and strength of the second waveform (Fig. 13). Each
row of fold forms in Fig. 13 is for a certain value of constraint:

c = 0.05 for row A, ¢ = 0.50 for row B, and ¢ = 1.0 for row C. Each
column of fold forms is for a different strength of the second waveform:

A.)

(,A.) /1Ai = 0 for colum 1, (, 1 max

2R3 Imax /\A; = -0.15 for colum 2, and

(ZAi)max/lAi = =0.25 for column 3. The fold shown in loc. Al is
virtually similar, whereas that shown at loc. Cl is the constrainec form

that Biot (1963, 1964, 1965a) termed “internal instability.”™ The fold
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Figure 13. Multilayer fold forms corresponding to a range of values of
constraint and strength of the second waveform. Constraint, c, ranges
from 0.05 in row A to 0.50 in row B to 1.0 in row C; strength of the
second waveform, (zA')m /\A;, ranges from zero in column 1 to -0.15 in
column 2 to -0.25 in'cOidmn 3. The fold form at loc. Al is similar; the
fold forms at locs. A2 and A3 are concentric-like; the fold forms in
row C are constrained.
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shown at loc. Bl is intermediate. All three examples in column 1 are
for zero amplitudes of the second waveform, but the folds would look
nearly the same even if the maximum ampiitudes of second waveforms we.c
up to five or seven percent of amplitudes of first waveforms; I have
found that the effect of the second waveform is visually unrecognizable
until (zAi)max/lAi is at least +0.08. The folds shown at locs. A2 and

A3 are concentric-like folds, those shown at locs. C2 and C3 are

internal folds.

Figure 14 shows fold forms derived to 3rd order accuracy in maximum
slopes of interfaces for multilayers unconfined above and confined below
by a soft (Fig. 14A), stiff (Fig. 14B), or very stiff (Fig. 14C) medium.
The strength of the second waveform, (2Ai)max/1Ai’ is zero in column 1,
-0.15 in column 2, and -0.25 in column 3. The strengths of second

waveforms of other folds formed under similar conditions can be

estimated by comparison with the folds shown in Fig. 14.

The forms of folds shown in Fig. 14, locs. A3, B3, and C3, are
influenced by all three component waveforms. Although the signs of A
and ,A are positive and the sign of ,A is negative in all three
examples, the relative magnitudes of the amplitudes differ. The
amplitude ratios, or relative strengths of the component waveforms, for

the top interface shown in Fig. 14, loc. A3, are:
A/ A = =0.17; JA/A = 0,025 ,A/,A = -0.12

whereas at loc. B3 they are:

p-:
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Figure 14. Fold forms of multilayers unconfined above but confined
below. Forms derived by 3rd order analysis. Identical stiff layers.
Lower medium ranges from soft ( = 0.1) in row A to stiff

( = 1.0) in row B to rlglduk /h + o) in row C Column 1 shows
in er aces composed of only flrst aveforms, 2Ai = A, = 0. Columns 2
and 3 show interfaces composed of first, second, and fhlrd component
waveforms at two stages of deformation of the same multilayers. For
example, shortening of the multilayer shown at loc. Cl results in the
fold form shown at loc. C2, and further shortening of this same
multilayer results in fold form shown at loc. C3.

;r-.
.
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/A =-0.22; A/A=0.05 ,A/A=-0.21
and at loc. C3 they are
A/ A = -0.28; 3A/IA = 0.08; ,A/,A = -0.29

These results indicate that the flattening produced in the upper
interface by the second component waveform is greater at loc. C3 than at
loc. A3. Yet the form of the upper interface at loc. C3 is more rounded
than that at loc. A3. The reason lies in the relative strength of the
third component waveform. In loc. A3, the amplitude of the third
waveform is only -0.12(,A), whereas at loc. C3 it is -0.29(,A). The
third waveform has 3 positive amplitude, so it sharpens crests and
troughs, as shown in Fig. 8. Thus, it is the relative strength of the
second waveform and the relative weakness of the third waveform that
produces the flattened crests in the top interface shown in loc. A3, and
it is the relative strength of both the second and third waveforms that
nroduces the arc-and-cusp structure in the top interface shown at

loc. C3. The form of the top interface shown at loc. B3 is
intermediate, and the relative strength of the third waveform is

intermediate between the values for the multilayers shown at locs. A3

and C3.

This completes my presentation of the essential results of the
analysis of fold forms in simple, repetitive multilayers of viscous
materials. In following pages I present the theory and then, in the
Discussion, apply the theory to some large folds in rocks and to some

small folds in experimental multilayers.

e
3
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THEORY OF FOLDING OF VISCOUS MULTILAYERS

Solution for Constants

The analysis of folding of multilayets begins with an explanatiocn
of steps in the derivation of arbitrary constants that must be evaluated
in order to compute the growth rates of perturbations in interfaces of
layers. A representative layer is considered in some detail, but only

final results are presented for confining media.

The height of each interface, between layers or between a layer and

a confining medium, is described by the relation,
= + + ) + Lx) + '3
Cy,p = % h/2 1At’bcos( x) 2At,bcostz x) 3At,bcos(3 x) (8)

plus other trigonometric terms if the analysis is carried to an order
higher than 3rd. Here t refers to top and b to bottom interfaces of a
layer. The first term in eq. (8) gives the mean height of the upper
(+ h/2) and lower (- h/2) interfaces. Trigonometric terms describe the

variation of the height of the interface about its mean position.

Initially, each interface is a simple first cosine waveform and
A =0= _A,_,. However, as the first waveform grows, the second and
2—t,b -t,b
third waveforms develop spontanecusly, so the complete analysis must

consider all three waveforms.

The mechanical problem is to determine the amplitudes, iﬂt by 3S
?

functions of time. It is formulated by separating components of

velocity and stress within a layer into mean and perturbed values

-
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(Fletcher, 1974, 1977). The mean values of stress and velocity are
those that solve the problem describing the uniform deformation of a
layer with planar interfaces. The perturbed values of stress and
velocity are those that must be added to the mean values in order to
match stresses and velocities at perturbed interfaces between layers or

between a layer and a confining medium.

This analysis considers multilayers subjected to uniform shortening
parallel to layers and uniform thickening normal to layers; the rate of
shearing deformation is zero. The mean stresses and velocities within &

layer are

vV, = XDy (9a)
vz = 25zz+(vz)o = (vz)o -ZBxx (90)
axx =2, - P (9¢c)
azz = '2uﬁxx - P (9d)
o, =0 (%e)
P = -(3,,%3,,)/2 (9f)

in which Exx is layer-parallel deformation rate. For the incompressible

viscous material, gxx = 7222‘ This completes the solution for the mean

flow, which is exact.

The total velocities-and stresses are the sums of the mean and

perturbed values:

<
.
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V. =V +?/';V=\-l +'\7 (10a)

=0 + s =0 + ] =~
Oux = Opx T Oy 3 0,,=0 0.3 © o (10b)

The perturbed values satisfy the biharmonic equation in the stream

function,
v#l= 0 (11a)
where
Vx = -(3l/3z) ; Vz = (al/ax) (11b)
The soiution is,
v, = -[{ja+jd+jb(jzz)}j5 + {jb+jc+jd(jzz)}jc]sin(jzx) (12a)
v, = [{ja+jb(j£z)}jc + {jc+jd(jzz)}j5]cos(j2x) (12b)

Tyex -2Ju2[{ja+2jd+jb(3£z)}js + {jc+2jb+jd(JSLz)}jC]cos(JSLx)-p0 (12c)

4

o, = 2juz[{ja+jb(jzz)}js + {jc+jd(jzz)}jc]cos(jzx)-b‘0 (12d)
0,y = -23utl{ ja+ s+ 0(322)} € + {50+ b+ ;d(382)} ST sin(3x) (12e)
in which

jS =.sinh(jzz) ; jC:cosh(j!lz) (12f)

-
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and j =1, 2, and 3 (results summed). Here  a, ,3, ,3, b «ec.n. .9 .d

are twelve arbitrary constants.

The arbitrary constants are eliminated by means of velocity and
stress boundary conditions. In accordance with the coordinate system
shown in an inset in Fig. 1, with coordinate n normal to and s parallel

to an interface, the velocity and stress components normal and parallel

to an interface are:

<
I

n = [vz]ccos(e) - [vx]csinte) (13a)

<
1]

s [vx]ccos(e) + [vz-lgsin(e) . (13b)

Q
1]

on [ozgccosz(e) + [oxx]csinz(ej - Z[GXZJQCOS(B)S:'LH(G) (13c)

Opg = [Uzz-oxx}ccos(e)sin(e) + [oxz]c[cosz(aj-sinz(e)] (13d)

in which [ ]C indicates that the quantity is to be evaluated at the

interface, z = ¢, and

cos(8) =1 /v 14(3z/ax)? ; sin(B) = cos(B8) (3z/ox) (13e)

where 8 is the slope angle (Fig. 1).

In solving for the constants, egs. (9) and (12) are substituted

into eq. (10), z is replaced with ¢ and g, eq. (8), at the top and

-
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bottom of a layer, respectively, and egq. (10) is substituted into

eq. (13), maintaining a certain order of approximation in the results.

In the 3rd order analysis, terms containing powers of (lAz) up to
(IA,Q,)3 are maintained, but terms of higher order, such as (IAQ)“, are
omitted. The quantity (1A£) is the maximum slope of the first waveform,
so the analysis is accurate to 3rd order in the maximum slope of the
first waveform. Terms containing (,A%)(,A%) are maintained, but terms
of higher order, such as (,A%)%(,A%), (,AR)(,AL), (2,A%)%, and (3,A%)%,
are omitted, so the analysis is accurate to lst order in maximum slopes

of the second and third waveforms.

Each of the arbitrary constants, a, ,a, ... ,d, ,d, in egs. (12)
is actually a composite of constants, each of which is proportional to
1st or higher order in (,Af), (2,A%), or (3,A8). It is helpful to
rewrite the compasite constants in a way that indicates explicitly their
dependencies on orders of approximation. The following notation has
proven to be convenient: the leading subscript indicates the waveform
with which the constant is associated; the leading superscript indicates

tne product of maximum slopes that enters the expression for that

constant. For example,

a=ja+'2a+ s

1 1

in which ja is for the first waveform (subscript *1") and is to 1st
order in (,A%) (superscript “1"); '?a is also for the first waveform, as
is ''la, but '2a is to order (,A%)(2,A%) (superscript *12") and '!'a is

to 3rd order in (,AR) (superscript “111"). similarly, ja is for the

-
&
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second waveform (subscript of "2%) and is to lst order in (3 Az),
whereas '}a is to 2nd order in (,A%). This notation increases the
number of constants, but it markedly simplifies the maintenance of

correct orders of approximation.

The number of arbitrary constants for multilayer problems can be
extremely large: even for lst order analyses there are four constants
for each layer, so for ten layers and two confining media, there are 44
arbitrary constants. For 3rd order analysis, of ten layers and two
media, there are 352 constants. Therefore, I have devised a method of
solution that reduces the number of indepenuent constants for an entire
multilayer by about half, from four per layer to two per interface for
each waveform and each order of approximation. However, I wish to
emphasize that the method involves no special assumptions and therefore

in no way compromises the stated accuracy of the solution.

Two sets of constants, sigma and tau, are introduced via the

expressions,

(o

12 111
nn)t,b o, *+ () 1% bt 1%,b" 1%, p) cos(&x) + (%0 £,b" °t b) cos(2ex)

12 111
+ (3o £,67 %, 6" 0%, b) cos(3ex) (14a)
_ (1 12 11
(onedt,b = (T, 0" th,b+ Ty, p) Sin(ax) + (21 £, 5t Ty p) Sin(2x)
+ (8 3T, b+ art b+ 3Tt’b) sin(32x) (14b)
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in which the numeric subscripts and superscripts indicate waveform and
order of approximation, as described above. Trese constants reduce the
total number that needs to be determined because the constants for the
top of one layer are identical to the constants for the bottom of the
overlying layer.

To solve for the constants b 59’ b jg, I equate (1l4a) to (13c)
and (14b) to (13d), after egs. (13c) and (13d) have been expanded and
expressed to 3rd order accuracy. Then I use the resulting expressions
to eliminate constants R e jg in egs. (13a) and (13b).

Equations (13%a) and (13b), now in terms of sigma and tau, provide the

boundary velocities that must be satisfied at each interface. The final

results are:

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



67

(g, b = (Vg peos(ey ) - (V)y psin(ey p)
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(g r 2 (S £ A At ia )k

i+

P

+
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3 (A2 F (A IS )]
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(1At,b2/2)2[iAm(1C2) + (8,00 £ 1A(,87) ¢ I, (,5,0 1 cos(ax)

+LGAADGER) + A )2k £ (GAHIA (87D 5 (EAp+t 3 )2k

- - 1 2
+ (A M0k - 2002 7 30k 3 (52T cos(22x)

+ {(gAm+1§Am+11;Am)(3Cz) * (.;)‘p'*li)‘p"‘n;)‘p)Bk

1+

(gAp+1§Ap+“;Ap)(asz) T Gagriia it )3k

+

3(,A¢ o/ 2 LA A2k = (A A )(,C2)

T G+ iAI2k 3 GAsH I )(,52)]

+

30, p/2) [k - 1A (,e2) 5 Mk 3 1A (5%

1

211 2 o 1
(A, p72)2 (A (,62) + 1A (3,5,0-2%)

£ 10087 £ 6 (35,0426 } cos(3ix) (15a)

—
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(Vg p = (V)g psiney ) + (V) ycos(ey )

H{-Oagr g gk + A+ i+ 11 (,C%)

P P

£ Gttt ingdk £ QA AN ((S2)

+ (A W2 EAA(G,C2) + (A I )(4,5,6-2K)

+ (2A

£ GAF A N(3,5%) £ (A #1210 )(4,5,C42K)]

- Ay 2L e + IAp(2,5,04) ¢+ 1A (3,5) ¢ g (2,5,6-k)]

+ (A 2?0 Gs .00 + 1 (e2) £ A (5,00 & A (5]} sin(ix)

#{ (A2 (A () & GALPI 2K £ (34110 )(,5%)

+ Ay I (s ek 1 0 (s e0] Fsin(20x)

3 12 111 3y ai
H=Gagrsag i aa )3k + A+ Tane i) (,0%)

P

£ Qg 3 £ (G i s

+ (1At,b£/2)[(iAm+1;Am)(2C2) + (:Ap.klpp)(azszc'ék)
¥ (:Ap+‘;j\p)(252) + (zkm+léxm)(42520+6k)]

- GAy o2 (02 - 1A (2,5,0-3K) £ A(;5%) % 1A (2,5,0¥3K)]
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£ 1A(,5,Cv2k) £ 1A (3,5%)]} sin(38x) (15b)

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



—

3

69

in which the upper sign in + or 3 corresponds to the top and the lower

sign to the bottom of the layer. The dimensionless wavenumber, k, is

k = ﬂhA_ (lSC)

in which h is vertical thickness and L is wavelength of the first wave-

form, and

jS = sinh(jk) ; jC = cosh( jk) (15d)

in which j is waveform.

The lambda constants in egs. (15a) and (15b) are given by:

1 j
[jot *

In

3 j=1, 2, or 3 (no sum) (16a)
JP,m

4 5us( St k)]

in which pg is unit weight (density times acceleration of gravity).

J + 1 ‘1R
J A, m[aauz( S.C 3 ik = [ + Y1y - 4D (A # b)] (16b)

A n20,8,0 £ 20] = Doy + Yoy + 200220, (A2 + \AZ)] /s
+(38/8)(AL £ A CA(S,C-K)

+ (3/8)( At F lAb)( A )(,S,C+k) (16c)
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Equations (15) are the boundary velocities at the top and bottom of each

layer,

The boundary velocities for semi-infinite media are (U for upper

medium, L for lower):

Voly,L = (v,)y, cosley ) - (V)  sinley )

- 1 12 111
g, g Ty - GRYLVIGhy L+ Py, )

+ (A YIUN ) - (A W20 7 1hy )} cos(x)

1 ML AL - GA U, LAy )} cos(29x)

.. 12 111
{3hg, * M5y, * ey, - 3Ry LM2IGxg )

= 30,Ay M2)CGA O - GAy /2B 330 )] jees(30) (172)
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)} sin(&x)
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)]

GAy, Lﬂ/z)[lAu L 20y,

+1

(g, 7220y 7308 D]} sinG)

in which

e
=
i

- [g Coy e
ELTR [J UL Og(jAU,L)]/(ZJuQ) ; j =1,2,0r 3 (no sum)

J _[J Y
UL = [jTu,L 43ufd, JUL)]/(zgum
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Ung, = Dloy |+ 20208, (A )21/mut + (3R/8)CAY (G, ) (180)
Uy, = Carg,/eun - (ma 0 sty 0l (18d)

Mg, = Cloy, /2u0) - 480, (A IGA) ) - (32/2)(,A;  J(Ay, ) (18e)

gL = Gy, /20 - 2208 JGAy 7 24,0
+ (W2)GAy D0, | x 20 ) (18f)
11 L= 1114 u, L/2u8) - (23/8)( A \, Rh [iAU,L 3 6(1}‘U,L)] (18g)
Piag = Dy a0 Gy 11200 - 2008 DCH 3 Ty )
+ (22/8)( Ay )2 l6Cing )+ 1y - (18n)

1§AU,L = (12 oy, L /6ur) + (4%/3)D (A L)(zAU,L) + (M/B)(,AU,L)(?U,L)
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R P r“l 41 /5um + (49/3)C A (MA L)
shy,L = (o, /6u8) + (45&/3)(1 U, L 2y,L)
vt B0 D sty 1 O
YL = [“;TU LH(RIB, GAy ) )21 /6us
- 2u3)GA; 0y 3300 )]
+ (2/8)(,A )2 220n, ) 7 50y ) (189)

The values of the constants are determined as follows. The normal
velocities are equated at each interface, so for a layer i and an

overlying layer i+l,

i+10% 0 = 10Vt (19a)

The difference in tangential velocities at common interfaces
depends on the type of film assumed. In general, the difference in

velocity for layers i and i+l is,

(v - 30v)y = nelB)e Olo [+ A 0, ] (a9)

in which Q$ is the thickness of a film separating layers, and e is the
coefficient of viscosity of the film. The first term in brackets in

eq. (19b) is for a film of powerlaw fluid, where B and m are parameters
that describe the fluid. The second term is for a film of viscous

fluid. Powerlaw films are analyzed in Chapter II; in this chapter, only
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free slip or bonding of contacts will be considered. To use eq. (19b),
substitute eq. (l4b) into the right-hand-side of eg. (19b), maintaining
3ru order accuracy. For bonded contacts, He and B are very large, and

(19b) becomes
i+1Vedp = 10Vt | (196")

Then egs. (19a) and (19b'), applied to each interface in the

multilayer, provide sufficient equations to determine all the constants,

111

111
3Tt’

iTt, iUt, I;Tt 30 *»° g'rb, :ob, for the top (t) and

bottom (b) of each layer.
For fres slip at contacts, Ong = 0, so all the taus are zero and
eq. (19b) is indeterminate. In this case, only eq. (19a) is necessary

. 1 1 3 3 111 111
to solve foi the constants 195 1% =+* 30t 3Opr cor  Ops  3O0pe

Growth Rates of Component Waveforms

After the constants have been determined, the growth rates of
waveforms in all the interfaces are computed. To do this, one

calculates the rate of change in height of an interface,
(az/at) = [v 1. -], (ac/ax) (20)
in which ¢ is given by eq. (8).

To 3rd order in the maximum slope of the interfaces, eq. (20)
provides the following expressions for the rates of growth of

amplitudes:
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d(aAt,b)/de =T (SAt,b/gx)

+ (18,50 {GA# S i) (PR +EEA+ 0 )3k

-+

3 12 111 2y - (3 12 111
R R O =

+

2 11 2 11 2
30, p/2) LA+ 30 )2k = (A 1) (,0%)

T A2k 5 (2

2t ) (7]

+

300 /2T - A2 7 gk 3 A (57)]

- (3/2)( Ay 272200 (,07) + 1 (2,5,C-K)

£ 05,5 ¢ n2scsll (2
The identity
(15,) &5, =B dt (22)

has been introduced so that eq. (21) can be integrated with respect to

stretch (final length over original length) rather than time.

This completes the derivation of the basic equations. For further

details one may consult the appendices.

-
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Eigenvalues, Eigenvectors, and Dominant Wavelengths

Dominant wavelengths and fold shapes for multilayers are determined
using the eigenvalues and eigenvectors of the system of equations that
describe the growth of amplitudes of first waveforms, eq. (2la). First,
egs. (19a) and (19b) are written for each interface as a single set of

simultaneous equations:

s..S. = a._A (23a)

in which §j represents a column vector of sigma and tau values, §ij is
the matrix of coefficients, ﬁn is the amplitude of the first waveform in
interface n, and 3, . is a matrix of coefficients. Here j ranges from
one to twice the number of interfaces, and n ranges from one to the
number of interfaces. Summations are implied in eq. (23a). The matrix
3, contains amplitudes of the first waveform, so egs. (23a) are

nonlinear.
Then egs. {23a) are solved for the sigma and tau values

S. =b. A (23b)

in which

= S-1

bjn ijain (23c)

By substituting the sigma and tau values, egs. (23b), into the
growth-rate equations for the first waveform, egs. (2la), the

growth-rate equations can be written in the form

(8 /B)(5,) = [ivg; Jn, (2u8)
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in which g, = is the amplification factor

Qn = b

in (24b)

and Eij is the matrix of ccefficients of sigma and tau in the right-hand

sides of egs. (2la).

Dominant wavelengths and fold shapes occur for the maximum growth

rate of the first waveform, found by computing the maximum eigenvalue,

9ax + 1, that satisfies the equations

lq

i (25)

i
in which ﬁj and A; are amplitudes of the first waveform. The maximum
eigenvalue is one plus the maximum amplification factor for the
particular wavelength of the first waveform selected. The wavelength of
the first waveform that maximizes the eigenvalue is the dominant
wavelength; the amplitude distribution that corresponds to the maximum

eigenvalue is the eigenvector. Therefore, the eigenvalues and

eigenvectors determine both the dominant wavelength and the am
vector corresponding to the dominant wavelength for a multilayer. 1In
the linear analysis, both results are functions only of thickness and
viscosity ratios of layers, properties of contacts between layers, and
properties of the media, but in the nonlinear analysis, they are
functions alsoc of the maximum slope of the first waveform. In

Chapter 11, eigenvalues and eigenvectors are determined to 3rd order in
maximum slopes of interfaces, but here they are determined only to lst

order.

-
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Figure 15 shows representative multilayers with bonded (A-C) or
freely slipping (D-G) contacts at interfaces. The first five
multilayers (A-E) are composed of interbedded stiff and soft layers with
a viscosity contrast of ul/u2 = 10, whereas the last two (F,G) are
composed entirely of stiff layers. The viscosities of the media, Moo
are indicated below the multilayers. The eigenvectors are represented
in the figure by plotting the relative amplitudes of interfaces on the
horizontal axis; amplitudes are normalized to a maximum of unity. The
multilayers shown in Figs. 15A and 15D are identical, except contacts
are bonded for the former and are free to slip for the latter. Those
shown in Figs. 15B and 15E are also identical except for properties of
contacts. Comparison of the amplitude distributions in these two pairs
of multilayers shows that, for interbedded stiff and soft layers, the
variation of amplitude with interface position is much smoother for
bonded contacts than for free slip at contacts. In multilayers that
slip freely, the amplitudes change markedly beiween tops and bottoms of
soft layers but change smoothly with position in the multilayers

composed of identical layers (Figs. 15F and 15G).

The amplitude vectors in Fig. 15 reflect the constraints imposed on
the various multilayers. Values for the constraints were calculated
with eq. (6) and are indicated below the multilayers. The lowest value
of constraint is ¢ = 0.33, for the multilayer of interbedded stiff and
soft layers with bonded contacts and confined by soft media (Fig. 158).

The same multilayer, but with free slip at contacts (Fig. 15E), has a

e
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Figure 15. Eigenvectors of amplitudes for a variety of multilayers,
A-G. Maximum amplitudes normalized to unity. Horizontal length of
interface proportional to amplitude at that interface. Properties of
layers and media indicated in each diagram. Values for the constraint,
c, for each multilayer were calculated with eg. (6).

-
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constraint of c ¥ 0.49, so the constraint depends not only on the
wavelength and the ratio of normal viscosity to media viscosity, un/um,

but also on the properties of the contacts.

The rate at which a first waveform in a multilayer grows is
determined by gmax’ its maximum amplification factor (2igenvalue minus
one), which depends on wavelength and on the properties of the
multilayer. In Fig. 16, the wavelengths are normalized with the
thickness of a stiff layer. The curves labeled A through G correspond
to the multilayers shown in Figs. 15A through 15G, respectively. The
peak of a curve indicates, for a particular multilayer, the dominant
wavelength ratio, (L/hl)d, and the maximum amplification factor, Qnax’
which is the rate of growth of that dominant wavelength ratio. In
general, for otherwise identical multilayers, the maximum amplification
factor is larger for lower values of constraint (shown by comparison of
curves A and B, D and E, G and F) or for free slip, rather than bonding,
at layer contacts (shown by comparison of curves A and D, B and E). The
dominant wavelength ratio is larger for lower values of constraint, but

slightly smaller for free slip at contacts, compared to bonded contacts.

The significance of the amplification factor is made clear by

writing an approximate relation for the growth rate of the amplitude of

a perturbation in an interface

dn/5, = (A/5,)(1 + q) (262)

If I assume that g changes insignificantly as the multilayer is

shortened, then

-
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Figure 16. Relations between amplification factor, ig, of first
waveform and logarithm of ratio of wavelength to thickness of stiff
layer, (L/hl), for several multilayers. Amplification factor determines
rate of growth of first waveforms. Computed to lst order accuracy in
maximum slopes of first waveforms. Dominant wavelength ratio, (L/hl)

]
is wavelength ratio corresponding to peak of curve. Letters near curges
identify multilayers shown in Fig. 15.

-

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



104 / Mm= kg B
] + G free slip B
/u.m-—»eo

T LI
20 30 4050

L/h,

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



-

A/ = (1/§x)(1+Q) - §§l+‘” (26b)

in which Sz is the mean thickening of the multilayer, ﬂo is the initial
amplitude, and A/'A0 is the amplification of the perturbation. Suppose
the stretch is two, so the multilayer has doubled in thickness. Then,

for g = 6.3 (Fig. 15B), A/’I-\0 T 158, whereas for g = 29 (Fig. 15E),

Dominant wavelengths for multilayers can be determined to lst order
accuracy according to the theory presented here by using plots such as
those in Fig. 16. Approximate values of dominant wavelengths for
multilayers can be computed using the elementary folding theory
(Fig. 12B, eq. 7c) presented by Johnson and Page (1976). Figure 17
compares the results of the two methods. Figure 17A compares dominant
wavelength ratios for multilayers of identical layers, with free slip at
contacts, confined by rigid (um/'u1 + ®) or by stiff (um/u1 = 1) media.
There H is the total thickness of the multilayer and N is the number of
stiff layers. Dominant wavelengths computed with the two theories agree
closely for N greater than six. The elementary theory underestimates
dominant wavelengths for stiff media and overestimates dominant
wavelengths for rigid media. Figure 17B compares dominant wavelengths
computed with the 1st order analysis and the elementary analysis for
multilayers with viscosity ratios of u,/u, = 10, thickness ratios of
h,/h, = 1 and confined by rigid (um/u1 + o), stiff (um/"u1 = 1), or soft
(um/'u1 = 0.1) media, for numbers of stiff layers N ranging from two to

eight. For soft media, the elementary theory overestimates wavelengths,
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Figure 17. Comparison of relations between dominant wavelength ratio,
iLaﬁid, and number of stiff layers, N, according to elementary and lst
order folding theories. A. Multilayers composed of identical stiff
layers. Media range from stiff, w = u,, to rigid, u_ =+ =.

B. Multilayers composed of interb®dded stiff and sofl layers. Media
range from soft, My = Wy to rigid My *
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but closely estimates them for N greater than four (total number of
layers greater than nine). For stiff to rigid media, the elementary

theory underestimates dominant wavelengths.

According to Fig. 17, then, elementary theory (Fig. 12) can be used
to estimate dominant wavelengths for simple, repetitive multilayers.
Figure 12B will provide accurate estimates for multilayers with five or
more layers if the layers are identical and the media are either stiff
or soft, or if the layers are interbedded stiff and soft materials and
the media are soft. It will provide poorer estimates of dominant
wavelengths if the layers are interbedded stiff and soft materials and

the media are stiff to very stiff.

Amplification and Preferred Wavelengths

Amplification of perturbations is computed in the nonlinear,
3rd order analysis by numerically integrating egs. (21) for all three
waveforms. At each step in the integration, the constants tau and sigma
must be recomputed because they depend on the amplitudes themselves.
The integration is begun with a small maximum slope of the first
waveform (I use one degree) and with the eigenvector of amplitudes for
the initial wavelength ratio. The initial amplitudes of the second and
third waveforms are zero, so these waveforms develop spontaneously as
higher-order effects of the solution. The final result of the
computation is an amplitude vector for each of the three waveforms. The
three amplitude vectors are used in the equation for the heights of

interfaces, eq. (8), and shapes of interfaces are drawn (e.g., Figs. 1

through 6).
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To compute the preferred wavelength, that is, the wavelength of

perturbations in the first waveform that has grown the maximum amount
during a given amount of shortening (Fletcher, 1974), one performs the
integration indicated above for a range of initial wavelengths and
determines the wavelength that corresponds to the maximum amplification.
In this way, one computes the preferred vector of amplitudes of the
interfaces as well as the preferred wavelength corresponding to a
certain amount of stretch. For each value of stretch there is a
different preferred wavelength (Fletcher, 1974). The wavelengths of

folds shown in Figs. 1, 2, 3, 5, and 6 are the preferred wavelengths of

the first waveforms.

The computation of preferred wavelengths can be laborious using the
method outlined above. In the course of this investigation, a very
simple method of estimating preferred wavelengths for single- or
multi-layer folds has been developed. The method assumes only that the
relation between amplification factor for the first waveform and
logarithm of the wavelength-to-thickness ratio, (L/hl), is symmetric
about the logarithm of the dominant wavelength ratio (L/hl)d. For
multilayer folds, the method assumes the above plus that the
amplification factor changes insignificantly as the amplitude vector
changes during growth of the fold. Examination of Fig. 16 indicates
that the first assumption is very nearly satisfied for several
multilayers. Computations of amplitude vectors suggest that the second
assumption also is satisfied. As will be shown, the preferred

wavelength ratio is simply related to the dominant wavelength ratio:

A
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(wh,) = (Lh), G) (27a)
p d ““x

The initial wavelength ratio, which is the wavelength of the

perturbation that becomes amplified the most, is
(Lhd, = M)y G5 5, =15 (27b)

The proof is as follows. The growth-rate equation for amplitude,
A, of the first waveform in any interface is determined by an equation

of the form

laen(a/a,)/den(3 )] = (1+1q) (28a)

in which 50 is initial amplitude of the first waveform in the interface
and (l+iq) is the maximum eigenvalue. The current wavelength ratio,
(L/h1Jc’ is related to the initial wavelength ratio, (L/h1)o’ through

the stretch, EX:

(LA, = A, 52

SO

dan(S,) = (1/2) din(LA, ), (28b)
Upcn substitution of eg. (28b), eq. (28a) becomes
lamn(asa ) /amnm )] = (1+1a)/2

The value of #n(A/A) is the area under the curve relating (1+;q)/2

and n(L/,). Examples of such curves are shown in Fig. 16. Because
the curves are symmetric, the area is maximized if the wavelength ratios

satisfy the following condition:

T
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In(L, )y - enlLAy) g = 2nlLA) g - InlLA,)y (28c)

or

- 2
(L/hl)p (Lh), = WA (28d)
Equations (27) are derived using the definition

(LA, = (LA (B3) (28e)

1’p -z

in eq. (28d).

Equation (27a) is simpler than the relation derived by Sherwin and

Chapple (1968) from an approximate, thin-plate analysis of single-layer

folding:
(LA, = (m)y VBIEE2) = wh )y s, VIGes) 2l (29

which reduces to eq. (27a) for small strains; (§x+§z)=2’ Furthermore,
comparison of preferred wavelengths computed using the exact, 1lst order
analysis of single layers with those computed using both eqg. (27a) and
eg. (29) indicates that the simpler relation, eq. (27a), more closely
approximates the results of the exact theory; indeed, no error was
detected in eq. (27a), but results of eq. (29) differ slightly from
those of the exact analysis. Equation (27a) is approximate only insofar
as the relations between amplification factor and logarithm of
wavelength ratio deviate from perfect symmetry about the dominant

wavelength ratic and the eigenvector is different from the preferred

vector of amplitudes.
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Once the dominant wavelength has been computed using either the
elementary theory or the lst order theory, it is a simple matter to
compute the preferred wavelength using eq. (27a) and to determine the
corresponding fold form. First the dominant wavelength is calculated,
starting with the estimate provided by Fig. 12B and using a computer
program to solve egs. (16). Then the value of stretch, §z’ to which the

multilayer will be subjected is selected by solving the equation

(Age, 2)/(A ) = 3029 (30)

in which (xﬁmax

maximum slope. The quantity l+:q is the eigenvalue for the dominant

%) is the final maximum slope and (lﬂozo) is the initial

wavelength. For example, for a final maximum slope angle of 20°, an
initial maximum siope angle of 1°, and an eigenvalue of 10, a stretch of
§z= 1.32 would be computed, and a value of 1.4 esimated. Using the
estimated value of stretch, the initial wavelength-to-thickness ratio,
(L/h1)o’ is computed with eq. (27b), and a computer program is used to
solve eqg. (25) for the eigenvector of initial amplitudes. Then these
data are entered into a computer program that numerically integrates
eqs. (21) for the growth rates of the amplitudes of component waveforms.
The latter program provides results at many intermediate steps in the
integration so that the evolution of the fold form can be followed. The

computer programs are presented (in Microscft BASIC) in the appendices.
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Distributions of Amplitudes

In the complete 3rd order analysis the distributions of amplitudes
of the first, second, and third waveforms are determined as a function
of the amount of shortening or thickening of the multilayer. The
normalized amplitude vectors shown in Figs. 158 and 15E reflect the
distributions of amplitudes of the first waveform in these two
multilayers before shortening (§z = 1.0); amplitudes of the second and
third waveforms are zero. The interfaces are therefore pure cosine
waves; the fold forms corresponding to these amplitude vectors are
similar and resemble a very low-amplitude analogue of the fold form
shown in Fig. 11, loc. Al. Normalized amplitude vectors for these same
two multilayers after shortening show growth of all three waveforms
(Figs. 18A and 188, columns 1, 2 and 3, respectively). Distributions of
relative strengths of second and third waveforms (columns 4 and 5,
respectively) indicate the influence that these waveforms have on
modifying the original, similar fold shapes. Each set of amplitude
vectors corresponds to a concentric-like fold form, transformed from the
initial fold form by the development of a strong second waveform. The
fold form for the multilayer with bonded contacts (Fig. 18A) is shown in
Fig. 6A and that for the multilayer with free slip at contacts
(Fig. 18B) in Fig. 5A.

The distributions of amplitudes in Figs. 18A and 18B can be used to
analyze the resultant fold forms shown in Fig. 6A and Fig. 5A,

respectively, just as the diagrams in Fig. 11, columns 1 and 2, were
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Figure 18. Distribution of amplitudes of first, second, and third
waveforms for multilayers of interbedded stiff and soft layers confined
by soft media (multilayers B and E, Fig. 15). Amplitudes in columns 1,
2, and 3 represent amplitude vectors; those in columns 4 and 5 represent
distributions of relative strengths. Locs. Al and Bl: amplitudvs of
first waveforms normalized to maximum of one. Locs. A2 and

B2: amplitudes of second waveforms normalized by maximum amplitude of
first waveform. Locs. A3 and B3: amplitudes of third waveforms
normalized by maximum of first. Locs. A4 and B4: amplitudes of second
waveforms normalized by amplitudes of first waveforms in same
interfaces. Amplitudes of second waveforms range up to -0.27 to -0.29
that of first waveforms. Locs. A5 and B5: amplitudes of third
waveforms, normalized with first in same interface; negligible because
they are less than 0.10(,A). C. and D. Vectors of average sums, .A_,

and differences, ’ of amplitudes of first, second, and third Je
waveforms, calcula—gd according to eq. (4c). Normallzed by maximum
amplitude of first waveform. Dominance of vector over A vector

indicates that the layers behave as an ensemﬁie.
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used to geometrically analyze the resultant fold forms in Fig. 11,
coiunn 3. As discussed in conjuction with Fig. 11, the distribution of
,A amplitudes defines the multilayer folding mode of the first waveform;
this distribution is represented by the amplitude vectors in Fig. 18,
locs. Al and Bl. As in Fig. 11, column 1, amplitudes of the first
waveform are positive throughout the multilayer. The distribution of
,A amplitudes defines the multilayer pinch-and-swell mode of the second
waveform; this distribution is represented by the amplitude vectors in
Fig. 18, locs. A2 and B2. As in Fig. 11, column 2, amplitudes of the
second waveform are negative in the top half of the multilayer, zero at
middepth, and positive in the lower half of the multilayer. Vectors of
amplitudes of the third waveform are shown in Fig. 18, locs. A3 and B3.
In addition, the vector of amplitudes 1g_(column 1) contains information
about the constraint of the multilayer, and the vector of amplitudes
(column 2) plus the distribution of relative strengths (column 4)
together indicate the strength of the second waveform. The strength of

the second waveform is a single number used to characterize the

multilayer, (zAi)max/lAi; the relative strength of the second waveform

refers to the ratio (ZA/IA)i on any interface.

Calculation of the constraint of each multilayer using eqg. (6) is
straightforward because the quantity (IAe/lAm) is the component plotted
in Fig. 18, locs. Al and Bl, at the edges of the multilayer: the fold
form is more highly constrained in the multilayer with free slip

(¢ = 0.59) than in the multilayer with bonded contacts (¢ = 0.43).

—
3
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However, neither vector of ,A amplitudes corresponds to a constrained
fold form because the amplitudes do not approach zero at the upper and
lower edges of the multilayers. The amplitude vectors in locs. A2 and
B2 indicate the interface for which ,A is maximum: for both
multilayers, zﬁmax occurs on the outermost interfaces. The strength of
the second waveform, (zAi)max/lAi’ can be read directly off those same
interfaces in Fig. 18, locs. A4 and B4: the strength of the second
waveform is about -0.25 in both multilayers. A strength of magnitude
0.25 indicates that the effect of the second waveform is visually
recognizable in the resultant fold form. Because the second waveform is
strongest on the outer interfaces, flattening of crests and sharpening
of troughs is greatest at the top of the multilayer, as noted in the
fold forms, Fig. 6A and Fig. 5A. The strength of the third waveform,
(3Ai)max/1Ai’ is only about 0.05 (Fig. 18, locs. A3 plus A5 and B3 plus
B5), so it does not have a noticeable effect on the fold form. The
combination of a strong second waveform pinch-and-swell mode (Fig. 18,
column 2) and the first waveform folding mode (Fig. 18, column 1)

produces a concentric-like fold, as it did in Fig. 11, row A.

Figures 18A and 18B analyze the behavior of a multilayer, defined
by an ensemble of interfaces. One can, instead, study the behavior of
individual layers within the multilayer. For this purpose, each layer
is analyzed as though it were a single-layer fold by calculating its
folding and pinch-and-swell modes using eg. (4c). Plots of those

calculations as vectors of the average sums and differences of interface
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amplitudes are shown for the multilayer with bonded contacts in Fig. 18C
and for the one with free slip at contacts in Fig. 18D. The relations
between position within the multilayer and amplitude of the

pinch-and-swell mode for the first waveform, A /.A___, show that the

—s’ 1=max
soft layers accommodate much more thickening and thinning than stiff
layers in the multilayer with free slip (Fig. 18, loc. Dl). Both the
stiff and soft layers accommodate thickening and thinning in the

multilayer with bonded contacts (Fig. 18, loc. Cl).

For simple, repetitive multilayers, the shapes of amplitude vectors
for the first waveform reflect the constraint provided by upper and
iower confining media (Fig. 15). Identical upper and lower media
provide identical constraints, resulting in amplitude vectors that have
symmetry about middepth in the multilayer (Fig. 19). Figure 19 shows
normalized amplitude vectors and distributions of relative strengths for
three multilayers of identical stiff layers with free slip at contacts
and confined identically above and below by either soft (um/'u1 = 0.1)
(Fig. 19A), stiff (um/'u1 = 1.0) (Fig. 198), or rigid (um/'u1 + )

(Fig. 19C) media. The corresponding fold forms are shown in Fig. 2,
locs. Al, A2, and A3, respectively. The distributions of amplitudes of
first waveforms (column 1) clearly reflect the differences in constraint
for the three multilayers. The amplitudes of second waveforms
normalized by the amplitudes of first waveforms in the same interface
(column 4) show the relative strengths of the second waveforms. In all

three examples, the second waveforms have little effect on the shapes of
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Figure 19. Distributions of amplitudes for multilayers confined above
and below by soft (u /u, = 0.1) (R), stiff (u /u = 1.0) (B), or rigid
( /u1 + ») (C) media. Amplitude vectors of Birst waveforms (column 1)
rg’Plect degree of constraint.

-

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



soft 1A,1Amax 2A/1Amax sA/1Amax 2A/‘IA SA/1A
j Y T N Y [ B | 2 t ! PR | N S| ' i
-
-
A - |
- \
u X
-
= —,—.-l
=W L — T | T T L — LS |
soft{:3 o 1.0 -0.3 o 0.3 -01 0 0.1 -0.3 o 03  -0.1 0 0.1
s“" | | . 1 1 1 (] 1 L J L 1 1 1 | 1 L ) i
: \

. ‘V‘ZW—! L T /I T 1 f T T T T T f —1
stitti2 o 1.0 -0.3 0 0.3 -0.1 0 0.1 -0.3 o 0.3 -0.1 0 0.1
régidﬁ —_— 1 1 : L 1 ! t 1 1 L I L i

et
]

iai 7 T T 1 T 1 7 | ) T T T T 1 | S 1

e 10 -03 0 03 -0.1 0 0.1 -0.3 0 03  -01 0 01

e

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



104

interfaces near middepth and greater effect near the top and bottom of

the multilayer.

Upper and lower confining media with different viscosities provide
different constraints on simple, repetitive multilayers; svmmetry of the
amplitude vectors about middepth of the multilayer is lost. Figure 20
shows amplitude vectors and distributions of relative strengths for
multilayers with a free upper surface and confinement below by media
ranging from soft (um/'u1 = 0.1) (Fig. 20A) to rigid (um/u1 + ®)

(Fig. 20C). The corresponding forms of the folds are shown in Fig. l4,
locs. A3, B3 and C3, respectively. The differences in constraint
provided by the lower media are evident in the plots of normalized

amplitudes of the first waveforms, A/ (column 1). Amplitudes of

i
the second and third waveforms in columns 4 and 5 are normalized by
amplitudes of the first waveform in the same interface, indicating the
relative strengths of the second and third waveforms in each interface.
The distribution of relative strengths of the second waveform are
distinctly different for the different confining media. For a soft
medium, the distribution is essentially a lineer function of depth

(loc. A4), passing through zero slightly above middepth. For stiff
lower media (loc. B4), the amplitude ratios pass through zero well above

middepth, so flattened crests occur only in a few interfaces near the

free upper surface of the multilayer.

L
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Figure 20. Distributions of amplitudes for multilayers unconfined above
and confined below by soft ( /u, = 0.1) (R), stiff (u /u, = 1.0) (B),
or rigid (u /u, + ) (C) medilm. ’ Multilayers composedmof 1dent1ca1
stiff 1ayer@ Relatlve strengths of second waveforms significant in
upper and lower parts of all three multilayers. Relative strengths of

third waveforms significant only in top interface in multilayers
confined by stiff or rigid medium.
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Evolution of Fold Forms

Thus far the forms of multilayer folds have been discussed as
though they were determined by a two-stage process: the initial form
determined by the eigenvector of amplitudes of the first waveform, and
the final form determined by the vectors of amplitudes of first, second,
and, in some cases, third waveforms. The fold forms, however, evolve as
the folds grow, so a fold that is virtually a similar fold at low
amplitudes may become a parallel fold at moderately high amplitudes.
Furthermore, the fold may remain essentially similar for much of the
deformation history and then suddenly transform into a parallel form
with only minor additional deformation. In this section, the growth
rates of maximum amplitudes of component waveforms will be compared for
shortening of multilayers B and E (Fig. 15). Then three or four stages
of folding will be examined for two simple multilayers, one confined by
soft media (the concentric-like fold form) and the other confined by

rigid media (the internal fold form).

One measure of the growth of a fold form is the continuous increase
in maximum amplitudes with increasing thickening. Although such
information does not itself convey the form of the fold, it can document
the evolution of a known form or allow comparison of growth rates of
different fold forms. For example, Fig. 21 shows amplitude ratios for
second and third waveforms and maximum slope angles of the first
waveform as a function of thickening, §2, for a multilayer with free
siip at contacts and a multilayer with bonded contacts. The

eigenvectors for the two multilayers are shown in Figs. 15E and 158,
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Figure 21. Relations between amplitudes of three waveforms and mean
thickening Tor multilayers of interbedded stiff and soft layers confined
by soft media. One multilayer (E, Fig. 15) has free slip at contacts,
the other (B, Fig. 15) has bondéa contacts. is maximum slope
angle of first waveform. Maximum slope angle aﬂa amplitudes of second

and third waveforms grow much more rapidly in multilayer with free slip
than in multilayer with bonded contacts.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.

2Amaxl1Amax or SAmax/1Amax

o b oo by Loy g e |

- o
025~ 2Amax/1Amax H=10 4, —25°

- / o

. Mm= Mo -
0.20 — L 50°

T - 19max

- -
0.15— —15°

. _

] 2Amax/1Amax :
0.10 ~ E —10°

- free slip B

i bonded u

ontacts

7 3Amax/1Amax contact o

- -
0.05— / — 5°

3A max /1A max o

.

. T
0.0 DAL IULANLAN N N B B B B

1.0 1.1 1.2 1.3 1.4 15 1.6

s

4



-

110

respectively. The amplitude ratios are the maximum amplitude of the
second waveform, zﬂmax’ or of the third waveform, Sﬁmax’ divided by the

maximum amplitude of the first waveform, A The value of maximum

—max "’
slope angle of the first waveform, 18max? is related to the maximum

amﬁlitude of the first waveform

_ -1
8oy = tan™ (AL ) (31)

All the waveforms increase in amplitude more rapidly with
thickening, §z’ in the multilayer with free slip (Fig. 21, curve E) than
in that with bonded contacts (Fig. 21, curve B). For example, a maximum
slope angle of 16 degrees is reached at a stretch of §2 = 1.16 for the
multilayer with free slip at contacts but not until a stretch of
Sz = 1.45 for the multilayer with bonded contacts. In both multilayers,
the initial maximum slope angle of the first waveform is one degree. For
free slip at contacts, the slope angle increases slowly with stretch up
to_S'_Z of about 1.05, then rapidly up to Sz of 1.12, and then more slowly
thereafter. The reduction in amplification of the first waveform,
reflected in the tailing off of the upper part of the curve for 1max in
Fig. 21, is absent in the lst order analysis and is therefore a result
of the 3rd order corrections. Calculations to 3rd order accuracy
indicate that, if thickening were continued, the first waveform would
stop growing and then would decrease in amplitude; however, the decrease
in amplitude apparently is an artifact of the 3rd order analysis and
would vanish in a still higher order analysis. Presumably a higher

order analysis would show that the growth rate of the first waveform
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decreases to nearly zero when its amplitude reaches relatively large
values (corresponding to slope angles on the order of 25 to 30 degrees,

depending on the multilayer). Subsequent amplification would be purely
kinematic.

Ratios of 2Amax/1Amax and 3Amax/1Amax

because it is the relative magnitudes of the second and third waveforms

are plotted in Fig. 21

that determine non-sinuscidal fold shapes, as shown for second waveforms
in Fig. 13. The amplitude maximum of the second waveform is much larger
than that of the third for these multilayers. For free slip (curve E),
the amplitude of the second waveform is negligible, less than
0.10(1gmax), until the maximum slope angle in the first waveform is 10

degrees (Sz = 1.12). By the time the stretch reaches 1.17, though, the

amplitude of the second waveform is about 0.25( ), and the maximum

Lﬂmax
slope angle is 16 degrees. At that same stretch value, the amplitude of
the third waveform is only D.OS(lgmax), so its effect on fold form is

negligible.

The second waveform is somewhat weaker in the multilayer with
honded contacts (curve B, Fig. 21). It is negligible until the first
waveform reaches a slope angle of about 16 degrees (as compared to

10 degrees for free slip); its amplitude reaches 0.21( ) whea the

1Bmax
maximum slope angle is about 25 degrees (as compared to 16 degrees for
free slip), near the upper limit of validity of the 3rd order analysis.
The amplitude of the third waveform in Fig. 21 is always negligible,

less than 0.10(1ﬂmaxJ, for slope angles within the limits of the theory.

-
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The development of a particular fold form can be followed by
comparing the distributions of amplitudes, rather than just maximum
amnlitudes, at various stages of growth. A concentric-like fold will
develop in a multilayer composed of 17 identical layers confined by soft
media (um/'u1 = 0.1) (Fig. 22). The initial interface form was
sinusoidal; amplitudes of second and third waveforms were zero. The
initial shape of the fold was defined by an eigenvector of amplitudes of
first waveforms with a maximum slope angle of one degree near middepth.
The amplitude component of the eigenvector for the top and bottom
interfaces was 0.937 times the component at middepth, so the initial

form was essentially similar.

With thickening of five percent (52 = 1.05, Fig. 22A), the maximum
slope angle increased to 5.63 degrees. The fold form remained
essentially similar, with equally wide interface crests and troughs,
because the amplitudes of the third waveform were still nearly zero and
the amplitudes of the second waveform remained negligible, reaching at
most 0.05 times the amplitude of the first waveform in the same

interface (Fig. 22A).

As the multilayer was shortened and thickened to 6.4 percent
(§z= 1.064, Fig. 22B), though, the amplitude of the second waveform
increased to about 0.09 times the amplitude of the first waveform in the
top and bottom interfaces, and its effect on interface shapes became
evident. The crests broadened and the troughs narrowed in interfaces in

the upper half of the multilayer, so the overall form of the ensemble of

.
)
5
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Figure 22. Three stages in growth of parallel, concentric-like fold in
multilayer consisting of identical stiff layers confined by soft media.
Amplitudes of first, second, and third waveforms shown beside
corresponding fold. Initial form consisted of first waveforms with
maximum slope angle of one degree. A. After thickening of

five percent, the maximum slope angle of the first waveform was

5.63 degrees, and the waveforms remained essentially cosine waves.
Maximum amplitude of second waveform about 0.05 that of first.

B. After thickening of 6.4 percent, the maximum slope angle was

eight degrees, and the maximum amplitude of the second waveform had
reached about 0.09 that of the first. The concentric-like form has just
begun to emerge. C. After thickening of eight percent, the maximum
slope angle was 10.6 degrees, and the second waveform was strong
(maximum amplitude 0.16 that of first). The Told form had become
clearly concentric-like.
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Figure 23. Three stages in growth of constrained, internal fold in
multilayer confined by rigid media. Amplitudes of first, second, and
third waveforms shown beside corresponding fold. Growth of fold much
slower than that shown in Fig. Zz2, so thickening of multilayer during
growth is marked. Initial cosinusoidal waveforms with maximum slope
angle of one degree. After thickening of 33 percent, low-amplitude
folds shown in A have developed. Form remains essentially sinusoidal
because second waveform is still weak, as indicated to right in A.

After thickening of 48 percent the fold shown in B develops. The second
waveform is significant, with a maximum amplitude of about 0.16 that of
the first waveform in the same interface. After thickening of

62 percent as shown in C, the characteristic pinches and flats have
become well-developed in interfaces near the top and bottom of the
multilayer. The second waveform is strong near 1/4 and 3/4 depths,
where its amplitude is up to about 0.13 that of the first waveform in
the same interface. The third waveform remains insignificant during all
three stages of folding shown.
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interfaces began to appear concentric-like. At this stage, the maximum

slope angle of the first waveform was about eight degrees.

The broadening and flattening of crests in upper interfaces became
even more evident as thickening increased to eight percent (Ez = 1.08,
Fig. 22C). The maximum slope angle of first waveforms was about
10.6 degrees, and the ratio (,A/,A) in the top and bottom interfaces
increased to 0.16. As thickening increased further, to ten percent
(§z = 1.1), the maximum amplitude of the second waveform became about
0.25 that of the first waveform (Fig. 2, loc. Al), and the fold assumed

a strong concentric-like form.

Amplitude vectors for the first and second waveforms are compared
in Fig. 24A for the three slages of deformation shown in Fig. 22. The
three normalized amplitude vectors for the first waveform are virtually
identical (Fig. 24A) although the magnitudes of the maximum amplitudes
increase from 0.33 to 0.45 to 0.52 of the current thickness, h , of a
layer (Fig. 22). The shape of the normalized amplitude vectors for the
second waveform remains essentially linear throughout folding although
the magnitudes of the amplitudes increase with increasing deformation.
These amplitude vector shapes together are diagnostic of the

concentric-like fold form.

For the multilayer confined by soft media, the normalized amplitude
vectors (Fig. 24A) closely resemble the distribution of relative

strengths of amplitudes (Fig. 22). The strength of the second waveform,
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Figure 24. A. Amplitude vectors for three stages of folding of a
parallel, concentric-like form, shown in Fig. 22. B. Amplitude vectors
for three stages of folding of a constrained, internal form, shown in
Fig. 23. Amplitude vectors of first waveform are essentially identical
in form although different in magnitude. Shapes of amplitude vectors
for second waveform, normalized with maximum amplitude of first waveform
at each stage of folding, remain fairly constant although magnitudes of
elements increase with increasing deformation. The distributions of
amplitudes shown in Figs. 22 and 23 indicate the strength of the second
waveform compared to the first in each interface, whereas the
distributions shown here indicate the change in amplitude of second
waveforms from interface to interface. Amplitude vectors in A are

diagnostic of the concentric-like form; those in B are diagnostic of the
constrained fold form.

-
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(2Ai)max/1Ai’ equals the maximum relative strength of the second

waveform, (2Ai/ A:) X’ and both are calculated at the outermost

1"i’ma
interfaces. This will not be the case for the second waveform in the

multilayer confined by rigid media, as will be shown next.

A constrained, internal fold form will develop if the same
multilayer of identical layers with free slip at contacts is confined by
rigid (um/u1 + ®) (Fig. 23) rather than soft media. The initial forms
of interfaces were cosine waves, with maximum slope angle of one degree
near middepth. As the multilayer shortened and thickened, the first
waveform amplified and the second and third waveforms developed
spontaneously. The amplitudes of the second waveform were essentially
negligible for thickening up to 33 percent (Fig. 23A): the relative
strength of the second waveform reached a maximum of only 0.075, near
the boundaries; the strength of the second waveform was only 0.056,
calculated at 1/4 and 3/4 depth. The fold form was controlled by the
first waveforms, cosine waves with amplitudes that varied essentially
cosinusoidally with vertical distance above and below middepth. The

maximum slope angle of interfaces, near middepth, was about 9.4 degrees.

As thickening increased to §z = 1.48 (Fig. 23B), the maximum slope
angle of the first waveform increased to about 20 degrees. The strength
of the second waveform, calculated at depths of 1/4 and 3/4, increased
to 0.12; the relative strength of the second waveform increased to a
maximum of zbout 0.16 near the upper and lower, rigid boundaries.

Second waveforms widened anticlines in the upper part and synclines in

3
3
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the lower part of the multilayer. Interfaces near the top of the
multilayer had broad crests and narrow, pinched troughs; those near the

bottom of the multilayer had broad troughs and narrow, pinched crests.

The internal fold form had thus begun to form.

with further thickening, §Z = 1.62 (Fig. 23C), the maximum slope
angle of the first waveform reached 25.4 degrees. The strength of the
second waveform was 0.20 at 1/4 and 3/4 depth; the ratio (,A/,A) reached
a maximum of 0.27 near the upper and lower boundaries. The third
waveform never developed sufficiently to affect fold form. At 1/4
depth, the crests were broad and the troughs were narrow. Near the
upper interfaces, the crests were flat and the troughs were narrow

pinches, as is characteristic of the internal fold form.

Amplitude vectors for the first and second waveforms are compared
in Fig. 24B for the three stages of deformation, thickening of 33
percent (§Z = 1.33), 48 percent, and 62 percent (Sz = 1.62), shown in
Fig. 23 for a multilayer confined by rigid media. As in the case of the
multilayer confined by soft media (Figs. 22, 24R), the three normalized
amplitude vectors for the first waveform (Fig. 248) are virtually
identical, although the magnitude of the maximum amplitude increases
from about 0.22 to 0.36 to 0.39 times the current thickness of a stiff
layer (Fig. 23). The shape of the amplitude vectors for the second
waveform remains the same throughout deformation, although the
magnitudes of the normalized amplitudes increase with increased folding.
These amplitude vector shépes together are diagnostic of the internal

fold form.

——
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The strength of the second waveform in a rigidly confined
multilayer is calculated at 1/4 and 3/4 depth, where ,A is maximum
(Fig. 24B). However, the relative strength of the second waveform,

(ZA/lA), is maximum near the upper and lower rigid boundaries (Fig. 23).
DISCUSSION

The theoretical analysis indicates which parameters determine fold
forms and how fold forms evolve in repetitious multilayers composed of
alternating ¢tiff and soft viscous layers with bonded contacts or free
slip at contacts or composed of all stiff layers with free slip at
contacts. Three end-member forms can be recognized in these multilayers

on the basis of theoretical analysis: parallel, constrained, and

similar. Parallel, concentric-like forms develop after folds have grown

to moderate amplitudes in multilayers confined by soft media. Large
folds formed in layers near the ground surface will tend to be of this
type because the viscosity of the overlying medium (air) is essentially

zero. Constrained, internal forms develop in multilayers confined by

very stiff media. Similar forms result if fold wavelengths are short

relative to thicknesses of multilayers. For example, similar folds of
low amplitude (sinusoidal) and high amplitude (chevron) occur in
multilayers in which stiff layers are widely separated by soft
interbeds. Similar, chevron folds occur at high amplitudes in thick

multilayers composed only of stiff layers.

The 3rd order theoretical analysis has been motivated by structural

analyses of fold forms in a variety of tectonic environments (e.g.,

-
3
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Van Hise, 1896; Kuenen and DeSitter, 1938; Hudleston, 1973; Bayly, 1974;
Chapple and Spang, 1974; Ramberg and Johnson, 1976; Johnson and Page,
1976; Suppe, 1983), and by experimental or lst order theoretical
analyses of fold forms in a variety of experimental or theoretical
materials (e.g., Ramberg, 1963a, 1963b; Weiss, 1968, Ghosh, 1968;
Cobbold, Cosgrove, and Summers, 1971). Folds in rock and in
experimental materials form in multilayers with more complex dimensional
and rheological properties than those analyzed theoretically. However,
by focusing on the gross forms of both the theoretical and actual folds,
the origins of the gross forms can be understood. In this section,
forms of some large folds in the central Appalachians will be compared
with forms of folds in simple multilayers, and wavelengths and forms of
smaller folds in central California will be compared with those produced
theoretically in multilayers with analogous dimensional properties and
rheological contrasts. Finally, selected experimental folds will be

examined in light of the theory.

Berry-Buffale Syncline and Tuscarora Mountain Anticline

In order to estimate the forms of large folds in an area northwest
of Harrisburg, Pennsylvania, a composite down-plunge cross section of
the Berry-Buffalo syncline and the adjacent Tuscarora Mountain anticline
has been constructed (Aytuna, 1984) using parts of three 15-minute
quadrangles mapped by the Pennsylvania Geological Survey and
measurements of bedding attitudes at strategic locaticns (Fig. 25A).

The cross section shows only parts of the folds, but an estimate of the

gross forms of the folds is shown in Fig. 25B.
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Figure 25. Some large folds in the central Appalachians, Pennsylvania.
A. Composite, down-plunge cross section of Berry-suffalo syncline and

Tuscarora Mountain anticline (from Aytuna, 1984, Ch. I, fig. 10A).
B. Gross form of the folds in A.

a
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The largest folds in the central Appalachians, including the
Berry-Buffalo syncline, have wavelengths of 11 to 18 km and involve
rocks from the Cambrian to the Pennsylvanian. Intermediate-sized folds
have wavelengths of about 3 km and are best developed at the levels of
the Tuscarora, Juniata, and Bald Eagle Formations of Late Ordovician and
Early Silurian ages, shown as the lowest layer of the cross section in
Fig. 25B. The wavelengths of the large folds shown in Fig. 25 appear to
be controlled by the Devonian, Catskill and Trimmers Rock formations,
whereas the wavelengths of folds in the Tuscarora Sandstone and Juniata
Formation appear to be controlled by the thicknesses of those units as
well as by the occurrence of relatively soft units above and below

(Nickelsen, 1963; Aytuna, 1984).

Although folds of at least two very different wavelengths are
present in the central Appalachians (Fig. 25A), the 3rd order analysis
presented here deals only with simple multilayers in which all folds
have the same wavelength, so my results relate only to the gross forms
of the large folds (Fig. 25B). The large folds formed just below the
ground surface and are underlain by the Resdsville or Martinsburg
Formation, which probably behaved much as a soft to moderately stiff
medium. Therefore, among the 3rd order theoretical models, the one that
relates most closely to the conditions inferred for these folds is that
shown in Fig. 14, loc. A3: a multilayer with no medium above and a soft
medium below. The gross fold forms also correspond: the flattening

which is apparent in the Berry-Buffalo syncline (Fig. 25A) is present

—
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also in Fig. 14, loc. A3, which shows flattening of crests and
sharpening of troughs in the upper part of the multilayer and flattening

of troughs and sharpening of crests in the lower part of the multilayer.

Thus, the gross form of the large Appalachian folds is reproduced
by folding of a theoretical multilayer subjected to the same idealized
conditions of confinement as inferred for the actual folds. The
correspondence between the theoretical fold forms and the gross form of
the actual folds would presumably improve if the theoretical multilayer
represented more closely the actual structural-lithic units. Other
physical parameters of the fold forms, such as wavelength-to-thickness
ratio, could then be compared. However, a complex multilayer, designed
by examination of the stratigraphic section, is required to model the
central Appalachian folds (Aytuna, 1984). Another discrepancy between
the actual and theoretical fold forms is that the slopes of limbs in the
Appalachian folds are much larger than those in the theoretical
multilayer, which are at the limit (~20°) allowed in the 3rd order
analysis. A theoretical solution carried to a higher order of accuracy
in the maximum slope of the layering would permit limb dips in the

resulting theoretical fold forms to approach those in the actual folds.

The preceding discussion illustrates that one way to analyze an
actual fold form is to idealize its conditions of folding and determine
the corresponding theoretical fold form, for which the distributions of
amplitudes are known. This method is relatively simple but limits the

accuracy of the analysis to that of the existing theoretical models. An

5_.
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alternative procedure would be to analyze the shapes of actual interface
waveforms. This method would identify the number of component waveforms

and perhaps suggests the order of accuracy required adequately to

describe the fold.

In the theoretical analysis I derive amplitudes of component
waveforms in interfaces between layers and compute the theoretical fold
forms by synthesizing the waveforms. One can reverse the process for
fold forms in the field or laboratory by performing least-squares
analyses of each interface using Fourier series. If the origin of
coordinate x is selected at the axis of the Tuscarora Mountain anticline
(Fig. 25A), the height of each interface can be described by a

cosinusoidal Fourier series
L =C7 A cos(8x) + A cos(2ex) + A cos(3%x) + ... A cos(nex)  (32)

in which To is the mean height for that interface, ig_are amplitudes of
component waveforms, and £ = 2n/, in which L is the wavelength of the
first waveform. Stabler (1968) and Hudleston (1973) explain the

application of Fourier analysis to determination of interface shape.

Using least-squares analysis, I determined amplitudes of the first
five component waveforms in eq. (32) that best describe the forms of
individual interfaces shown in Fig. 25B; I sequentially recombined those
component waveforms to discover the contribution of each one to
interface form (Fig. 26). In the fold form determined by the first

waveform alone (Fig. 26R), each interface shape is purely cosinusoidal,
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Figure 26. Results of Fourier analysis of gross fold form shown in Fig.
25B. A. Form according to first waveform. B. Form synthesized from
first and second waveforms. C. First, second, and third waveforms.

D. First through fourth waveforms. E. First through fifth waveforms.
The gross form of the large folds in Fig. 25B is reproduced with the
first through third waveforms, C; the fold with shorter wavelengths in
Silurian and Ordovician rocks do not appear until the fourth and fifth
waveforms are added, in D and E.

-
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and the fold form poorly matches the gross form constructed on the basis
of field information (Fig. 25B). Summing the first and second waveforms
in each interface produces a fold form in which the crests are flattened
and the troughs are sharpened in upper interfaces (Fig. 26B). Summing
the first through third waveforms (Fig. 26C) further sharpens the
synclines but rounds the anticlines. The fourth waveform re-flattens
the crests and produces waviness in the lower two interfaces (Fig. 26D),
and the fifth waveform has insignificant effect on fold form (Fig. 26E).
On the bases of this analysis of component vaveforms and the high slopes
of the actual interfaces, I would suggest thal a theoretical analysis
carried to at least 4th order in maximum slopes of the first waveforms
would be required to simulate closely the forms of folds shown in

Fig. 25B. This example from the Appalachians serves to illustrate,
however, that the gross forms of the folds can be understood using the

3rd order analysis and some deductions about the conditions of folding.

Folds in Riverbank Exposure, Huasna Syncline

Figure 27A is a composite, down-plunge cross section of the
southern end of the Huasna syncline, centered about 15 km north of Santa
Maria and 20 km southeast of San Luis Obispo, California (Johnson and
Page, 1976). The Huasna syncline is about 30 km long and 12 km wide and
plunges 20 to 30 degrees at its southern end. At midlength, the
syncline is exposed within Pliocene sandstones, where it is broad and
cpen, with gently dipping limbs. In the southern part (Fig. 27A), it is

expesed within Oligocene to Pliocene rocks and ranges from an open form

-
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Figure 27. Forms of folds in southern end of Huasna syncline,
California, as determined by constructing a down-plunge cross section
(from Johnson and Page, 1976, fig. 6). A. Down-plunge section, showing
folds with several distinct wavelengths. B. Ideal form of folds in
Riverbank Exposure, showing how the folds probably would appear had they
not formed near the crest of a larger anticline. Solid lines are
relatively well-controlled contacts; dashed lines are estimated.
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with gentle limbs in Pliocene rocks to a tight chevron-like form in

underlying Middle Miocene rocks.

At either side of the axis of the Huasnha syncline, within the
Monterey Formation, are smaller folds with wavelengths on the order of
one-half to one km. I will analyze the folds labeled “Riverbank
Exposure™ in the left half of the structural section (Fig. 27A) because
their good exposure along the bank of the Cuyama River and in road cuts
permits observation of fold form and measurement of folding parameters.
The idealized shapes of these folds are nearly classic concentric-like
forms, with open outer arcs and sharply bent layers in cores (Fig. 27B).
The forms grade upward, toward the contact with the Pliocene Santa
Margarita Formation, into smooth, broad warps with narrow pinches; they
grade downward, in the lower part of the Monterey Formation and the
upper part of the Point Sal Formation, into intense and chaotic folding

similar in scale to that at The Eagle (Fig. 27A).

Field study of the rocks involved in the Riverbank Exposure folding
(Johnson and Page, 1976) indicates that folding ir the Monterey was
controlled by structural-lithic units which are 30 to 40 m thick,
bounded by gouge zones 1 to 3 cm thick, and composed of lithologic
layers which are only 0.5 to 8 cm thick. In addition, there are small
faults oriented at an acute angle to bedding which accommodated 4 to
10 cm of reverse slip and which are spaced 30 to 35 m apart. The
spacing between crests of the anticlines is about 500 m, and about 1.2

km of section is involved in the folding, so the ratio of wavelength to
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total thickness, (LMH), for ithe Riverbank folds is about 0.42. The
structural units involved in the folding shown in Fig. 27B: are
relatively massive sandstone below (Vagueros Fm.); overlain by
interbedded soft shale and siliceous shale and dolomite (Point Sal Fm.),
containing numerous surfaces and zones of slip; which, in turn, are
overlain by predominant siliceous shale and porcelanite (Monterey Fm.)
with surfaces of bedding-plane slip spaced 30 to 40 m apart; all of
which is overlain by relatively massive sandstone (Huasna member, Santa

Margarita Fm.) (Johnson and Page, 1976).

These field observations, which suggest that the multilayered rock
behaved much as a series of stiff layers between which slip was
accommodated in thin shear zones, can be represented theoretically as a
simple, repetitive multilayer. There is no reason to suspect
significant differences in viscosities of layers, so I assume that
M, = W,. I assume that layer contacts were frictionless, for example as
a result of high pore-water pressure. I also assume that the rocks
above and below behaved as homogeneous, viscous media, with thicknesses
scmewhat greater than the wavelength of the folds, so I treat the media

as infinite half spaces.

According to eq. (7d), for these conditions, the dominant

wavelength for rigid media would be
N o —
(LyM)g T 1.9 VN

where N is the number of layers. The field observations indicate that

h, =30toc 40 m, soI assume h, = 35 m. The total section involved in

-
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folding is about H = 1200 m, so N = 34, and (Ld/H)R = 0.33. Using this
value, and assuming that the media have the same stiffness as the
layers, um/'un = 1, one computes the dominant wavelength for stiff media,

according to Fig. 128, as (Ld/H)S = 0.38.

On the other hand, if the medium below is one hundredth as stiff as

the layers,

My = Gy +w )/2 = (u + 0.01n,)/2 = 0.51p,

and um/un = 0.51. According to Fig. 12B, (Ld/H)S ~ 0.43. Thus

(Ld/H)S is estimated as 0.38 to 0.43. This range includes the measured
value of 0.42.

If the low-angle faults are included as boundaries between
structural-lithic units, then the average thickness of units would be
estimated to be on the order of 15 m, and the number of layers would be
about 80. 1In this case, the dominant wavelength ratio would be 0.27 if
the upper and lower media were both stiff. This is much smaller than
both the ratio of 0.38 computed for 34 layers and the observed ratio of
about 0.42.

The wavelength of the folds in the Riverbank Exposure may be closer
to the preferred wavelength than the dominant wavelength, because the
wavelength of the perturbation that amplifies the most for a given
amount of stretch is the preferred wavelength. However one needs to

know or to be able to estimate the shortening in order to compute the
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preferred wavalength. I do not'know the amount of shortening
responsible for the folds in the Riverbank Exposure, but the amount
should not be less than the difference between the wavelength, L, and
the arclength, s. According to estimates from Fig. 27B, (s-L)/s = 1/7
to 1/11, so the amount of shortening was 9 to 14 percent. Let us assume
15 percent. Then the stretch §x = (1.0 - 0.15) = 0.85 and, according to

eq. (27a), the preferred wavelength ratio is

(Lp/H)S = Sx(Ld/H)S = o.as(Ld/H)S ~ 0.32 to 0.37

This is somewhat lower than the ratio of 0.42 observed in the structural
cross section. It would seem, then, that the average number of
structural units involved in the folding was even less than the 34 units

estimated by examination of part of the section involved in the folding.

The folds in the Riverbank Exposure (Fig. 27B) appear to be
hybrids, reflecting an overlying confining medium with properties
similar to those of the stiff layers and an underlying medium that is
soft. These conditions most closely match those for the theoretical
multilayer shown in Fig. 14, loc. B3, turned upside down because the
multilayer shown at loc. B3 is confined by a stiff medium below and no
medium above. The fold forms in Fig. 27B also resemble closely those

in loc. B3.

The component waveforms neceded to describe the form of the
reconstructed Riverbank Exposure folds (Fig. 27B) can be identified

using eqg. (32) and the method described in the preceding example. Data

=
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only from the observed contacts, represented by solid lines in Fig. 278,
were used in the Fourier analysis. Fourth and fifth waveforms
contribute insignificantly to the correspondence between the

reconstructed form (Fig. 278) and the synthesized form (Fig. 28).

Experimental Folds in Elastic Multilayers

Folds with a wide range of forms have been produced in multilayers
composed of materials with a variety of properties, including rubber,
gelatin, paper cards, potter's clay, modeling clay, silly putty,
foliated rocks and single crystals (e.g., Kuenen and DeSitter, 1938;
Currie, Patnode and Trump, 1962; Ramberg, 1963b; Ghosh, 1968; Donath,
1968; Weiss, 1968; Hudleston, 1973; Johnson, 1977; Latham, 1979). Here
consideration will be restricted to multilayers of elastic materials,
for two reasons: First, the conditions of the experiments are known.
Second, using the same materials to produce fold forms of various types
provides experimental control; the possibility that the fold forms are
solely a result of peculiar properties of the layers themselves, such as
plastic or brittle yielding, can be eliminated. The experiments show
that fold forms can be changed merely by changing certain experimental

conditions.

Fold forms developed in experimental multilayers consisting of
stiff rubber strips and soft gelatin are shown in Fig. 29. Column 1
shows fold forms produced in multilayers with free slip at interfaces or
in multilayers of interbedded stiff and soft materials with bonded

contacts. Column 2 shows fold forms produced in multilayers of
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Figure 28. Fourier analysis of first three waveforms for folds in
Riverbank Exposure, Fig. 27B. Only solid lines in Fig. 27B used for
analysis. A. First waveforms only. B. First plus second waveforms.
C. First through third waveforms. The second waveform flattens crests
or troughs of several bedding surfaces, and the third waveform primarily
rounds troughs and sharpens crests in the bottom bedding surface.
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Figure 29. Fold forms developed in experimental multilayers consisting
of stiff rubber strips and soft gelatin. Drawn from photographs. Two
stages (I, II) in the development of the folds are shown for each
multilayer. All subjected to layer-parallel shortening and layer-normal
thickening. Column 1: Multilayers with lubricated contacts or
interbedded stiff and soft layers. Loc. Al, stiff layers with
lubricated contacts confined by rigid media. Loc. Bl, interbedded stiff
and soft layers confined by rigid media. Loc. Cl, interbedded stiff and
soft layers. Thickness ratio hz/h = 3. Confined by medium-soft media.
Loc. D1, interbedded stiff and fort layers confined by soft media.
Thickness ratio h /h1 = 1. Column 2: Multilayers of stiff layers in
frictional contac% with one another. At loc. A2 the media are rigid,
and at loc. D2 the media are soft. At loc. D2, the upper half of the

multilayer is composed of thin layers and the lower half is composed of
thick layers.
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identical layers with significant contact strength (friction), making
slippage difficult. The latter folds are kink-like, a form that I
investigate in Chapter II by treating contact strength via a film of

powerlaw material at layer contacts.

All the theoretical forms described in this chapter have been
derived by assuming zero slip at contacts (bonded) or free slip at
contacts (zero friction), and none of the forms resembles the kink-like

folds shown in Fig. 29, column 2.

The two figures at loc. Al show two stages in the development of
folds in a multilayer consisting of 68 rubber strips confined by stiff
media. The contacts between strips were lubricated with silicone
grease. As the multilayer was shortened parallel to layers, folds
initiated and grew near the right-hand end of the multilayer (stage I),
but with further shortening folds developed throughout the width of the
multilayer (stage II). The form of the folds is nearly identical to the

ideal constrained, internal folds (Fig. 2, loc. A3), particularly in the

example with 40 identical stiff viscous layers (Fig. 3).

In elastic materials, the wavelength of the fold is essentially the
dominant wavelength; the concept of a preferred wavelength is
irrelevant. Therefore, wavelengths of these experimental folds will be
compared to dominant wavelengths predicted by theory. According to the

elementary theory, eq. (7d), the dominant wavelergth ratio should be,

(LyM)g T 1.9 2/IN = 0.23; (N = 68)

i
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if contacts between layers were frictionless. The
wavelength-to-thickness ratic for folds shown at middepth in Fig. 29,
loc. Al, stage I, is about 0.26. The average wavelength ratio for the
four complete anticlines at middepth in Fig. 29, loc. Al, stage II, is
about 0.24; the ratic for only the two larger anticlines on the right is
about 0.26. Thus the observed wavelengths closely correspond to, but
are slightly larger than, the dominant wavelengths predicted by the
elementary theory. The lst order part of the exact theory developed

here would predict the same dominant wavelength as the elementary theory

(Fig. 17A).

Figure 29, loc. Bl, shows two stages in the development of folds in
a multilayer of interbedded stiff and soft layers confined above and
pelow by essentially rigid media. The folds in stage II are internal
folds (e.g., Fig. 2R), with the characteristic flats and pinches near
the upper and lower boundaries of the multilayer. The contacts are
bonded; the modulus ratio of the stiff and soft layers is GI/G2 = 45;
and the thickness ratio is hl/h1 = l. Assuming a viscosity ratio of

u,/u, = 45, the normal viscosity of the multilayer (eq. lb) is
w /= D/t #n )] Th + Gy /un, 1 = 0051

and the dominant wavelength ratio is, according to the elementary theory

(eq. 7c),

(LyMlg = 1.9 VAN ¥ (u /u)/(#h,/h,)° = 0.3

-
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in which gp is the number of pairs of stiff and soft layers (ﬁp = 16).
Compared to the exact, lst order theory presented here, the elementary
theory slightly underestimates the dominant wavelength ratio for a
viscosity ratio of stiff to soft layers of ten (Fig. 178), so it
presumably underestimates the wavelength ratio for a viscosity ratio of
45. The average wavelength ratio for the thrze anticlines at middepth
in Fig. 29, loc. Bl, stage I, is 0.36, and that for five anticlines at
middepth in stage II is 0.35, so the elementary theory, again, slightly

underestimates the wavelengths in the elastic materials.

Figure 29, loc. Cl, shows folds in a multilayer of interbedded
stiff and soft layers confined by moderately soft media: GI/GZ = 67 and
Gl/'Gm = 28. The thickness of soft layers is three times the thickness
of stiff layers: hl/h2 = 1/3. The 3rd order theoretical fold form that
is most closely analogous to the fold form shown in Fig. 29, loc. Cl, is
shown in Fig. 58. In the theoretical fold, hoﬁever, the ratios are
u,/u, = 10 and ul/hm = 10, so the contrast in material properties is
much stronger in the experimental example than in the theoretical
example. Nevertheless, the tendency for the fold form to be similar if
the degree of independence of stiff layers, d, is large (Fig. 5), is
apparent in the experimental folds, Fig. 29, loc. Cl, even though d is

only about 0.20.

The dominant wavelength is calculated by assuming that hz/h1 3;
ul/um = 28; “1/”2 = 67; and that N = 8. In order to use Fig. 12B to

compute the dominant wavelength for soft media, eq. (7c) must first be
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used to compute the dominant wavelength for the samz multilayer confined
by rigid media. According to eq. (1b), un/u1 = 0.26, and according to
eq. (7c), (Ld/H)R = 0.33. The ratio of normal viscosity of the
multilayer to viscosity of the media is un/um = 7.3, so according to
Fig. 128, (LdA-I)S ~ 0.62 (0.906) = 0.56. The factor 0.906, which
corrects for the thickness of the multilayer, is required because
elementary theory assumes soft interbeds on either side of stiff layers,
whereas in the experiment outer stiff layers contact the confining
media. The wavelength ratio of low-amplitude folds shown in Fig. 29,
loc. Cl, stage I, is about 0.53, so the elementary theory narrowly

overestimates the wavelength for these folds.

Finally, the form of experimental folds in a multilayer composed of

16 stiff and 15 soft layers confined by soft media (G,/G, = 22 = Gl/Cm_
’

h,/h, = 1) is a neerly perfect concentric-like form (Fig. 29, loc. Dl1).
Contacts between layers are bonded; so the experimental conditions are
most like the theoretical conditions assumed in the derivation, to 3rd
order accuracy, of Fig. 1. The concentric-like form was shown to be
characteristic of multilayers with low d, confined by sofl media, and
folded to moderate amplitudes. At loc. D1, d = 0.05, as compared to

d = 0.20 for the folds shown at loc. Cl.

The wavelength of the experimental folds is analyzed by assuming
that u,/u, = 22 = ul/um. Thus, un/u1 = 0.52 and, according to eq. (7c),
(Ld/H)R = 0.33. Further,’un/um = 11.4, so according to Fig. 12B,
(LyMs

0.70 to 0.74. Measurements of folds shown in Fig. 29,
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loc. D1, result in a calculated wavelength ratio of 0.73 to 0.74,

essentially the same as the dominant wavelength ratio computed with the

elementary theory.

The results presented here indicate that fold forms in viscous
materials are nearly identical to those produced experimentally in
elastic materials, including experimental folds shown by Currie,
Patnode, and Trump (1962), Ramberg (1963b), and Johnson and Honea
(1975). The close correspondence of fold forms indicates that the forms
are controlled largely by nonlinearities in equations that describe
boundary conditions at contacts between layers, which are the same for
elastic and viscous materials, rather than by nonlinearities in the
material behaviors, which exist for elastic materials (Johnson, 1977,
Ch. 10) but not for viscous materials. One significant difference
between folding of elastic and viscous multilayers is that the chevron
form typically is weakly developed at the preferred wavelength in
viscous materials (Figs. 1, 2, and 5), whereas it can be strongly
developed in elastic materials (Fig. 29, loc. Dl; also, Johnson and
Ellen, 1974, fig. 20). Although the chevron form can be produced in
viscous multilayers if wavelengths of folds are relatively short
(Fig. 4B), a strong chevron form probably generally reflects some kind
of yielding within layers at hinges, a phenomenon that is lacking in the
viscous material but is possible in elastic, elastic-plastic, and

nonlinear fluid materials (Johnson, 1977).

-
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FORMATION OF KINK AND BOX FOLDS IN VISCOUS MULTILAYERS
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ABSTRACT

Different forms of folds can be produced by shortening
of identical viscous multilayers merely by changing the
wavelengths of folds and the behavior of layer contacts.

Theoretical analysis presented here shows that the
folds are kink or box forms if slip is localized along short
segments of layer contacts; slip is localized if interfaces
have finite adhesional strength or some other type of
nonlinear resistance to slip. The folds are concentric-like
or chevron forms if slip is distributed 211 along layer
contacts; slip is distributed if interfaces have low
adhesional strength or constant resistance to slip.

The theory also shows that different forms of folds can
be produced in identical viscous multilay=srs by changing the
wavelength of folds relative to the thickness of the
multilayer being folded. Parallel folds, including kink and
concentric-like forms, develop if the thickness of the
multilayer is on the order of the folding wavelength.
Similar folds, such as box and chevron forms, develop if the

thickness of the multilayer is large compared to the folding

wavelength.
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INTRODUCTION

Several quite different methods of research have
focused on causes of kink folds, which are bands or, more
typically, sets of bands of finite width within which
foliated elements are rotated relative to those outside the
bands (Fig. 1). One method is experimentation and is
represented by a relatively rich literature (Paterson and
Weiss, 1966; Ghosh, 1968; Donath, 1968; Weiss, 1968;
Johnson, 1970; Ellen, 1971; Cobbold and others, 1971;
Scofield, 1975; Ramberg and Johnson, 1976; Reches and
Johnson, 1976). The experiments, which have involved such
diverse materials as phyllite, decks of paper cards,
plasticene, rubber, potter's clay, and cardboard,
demonstrate that kink folding can occur as a result of
layer-parallel compression of strongly foliated materials
with a variety of properties and subject to boundary
conditions ranging from rigidly confined to softly confined.
In addition to indicating the general conditions necessary

for kink folding to occur, the experiments provide
opportunities to observe the inception, growth, and
propagation of kink bandg.

Another method of research is field observation, which
has largely verified -that the kinds of structures observed

in experiments closely resemble those observed in foliated
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Figure 1. Kink fold near Northumberland, Pennsylvania at the
confluence of the east and west branches of the Susgquehanna
River in the central Appalachians. The short limb of the
fold defines the kink band, which dips steeply to the right.

Beds within the kink band are rotated relative to those
outside the kink band.

r
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materials in the field (e.g., Dewey, 1965; Clifford, 1968;
Anderson, 1968; Ellen, 1971; Ramberg and Johnson, 1976).

A third method is theoretical analysis. To date,
theoretical analyses of kink folding have followed two
directions. One, introduced by Biot (1965a), treats
multilayers as continua and investigates conditions under
which the differential equations governing such continua
have different types of solutions. For example, Biot
(1965b) suggested that folds of "the first kind"
(sinusoidal, internal instability) form in materials in
which the normal modulus (of elasticity) 1is greater than the
shear modulus and that folds of "the second kind" {(kink)
form in materials in which the shear modulus is greater than
the normal modulus. The latter conditions are associated
with the existence of two or four real characteristics,
which allcow certain discontinuities te exist. Thus, the
Biot approach recognizes that kink folds form in highly
foliated materials and represents the foliated materials by
anisotropic elastic materials.

Biot's approach to kink folding was followed
subsequently by Johnson (1970), Cobbold and others (1971),
Ellen (1971), and Latham (1985a, 1985b). Elien (1971)
recognized that real characteristics could not exist for the
simple elastic materials discussed by Biot, so he analyzed
elastic-plastic materials. Latham (1985a, 1985b) reworked

the Biot method and concluded that four real characteristics

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



ot -
£

158

can exist in layers of powerlaw rheology. Latham (1985a)
added couple stresses to the behavior of the fundamental
element of the foliated material in order to account for
bending resistance. Biot's approach was the basis for a
discussion of relations between lines of discontinuity and
various kinds of faults, folds, and flexures (Johnson and
Ellen, 1974) and for studies of conditions that favor
folding on the one hand and faulting on the other (Johnson,
1980; Latham, 1985b).

The second theoretical approach to kink folding treats
multilayers as stacks of discrete layers with contact
strength. This approach originated during a study of axial
fracturing and subsequent faulting by buckling of bands
containing small columns of rock in granite (Peng and
Johnson, 1972) and was subsequently applied to research on
fcld forms (Honea and Johnson, 1976; Reches and Johnson,
1976; Collier, 1978). Layers were assumed to behave as
elastic materials. Contact properties were represented by
simple adhesion or by Coulomb strength, involving both

adhesion and friction. Honea and Johnson (1976) showed that

finite adhesional contact strength can result in the
development of kink forms in elastic multilayers by allowing
slip to occur only locally along layer contacts.

My research follows this second theoretical approach.
I consider multilayers composed of discrete layers so that I

can investigate details of fold form. This has an advantage
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over the Biot approach, which focuses on the characteristics
that the theory generates rather than on fold form. The
Biot approach, however, has the advantage of being able to
investigate discontinuous structures. I treat linear
viscous layers because the folding of viscous material is
easier to analyze than the buckling of elastic material and
because viscous material probably more closely resembles the
behavior of rocks than does elastic material. I model
nonlinear resistance to slip at layer contacts either by
representing the rate of slip at contacts as a nonlinear
function of the contact shear stress or by including thin
interbeds of nonlinear material between thick viscous
layers. My models of nonlinear resistance to slip at
contacts closely relate to adhesional contact strength,
which is a highly nonlinear resistance to slip.

My thecretical analysis differs from that of Honea and
Johnson (1976) in that it can model nonlinear resistance to
slip at countactis using trolding theory derived to 3rd order
accuracy in slopes of interfaces. As a result, I can
describe both the development of localized slip at laver
contacts and the consequent evolution of a conjugate,
kink-like fold from an initial, sinusoidal perturbation.

Methods of analyzing the folding of viscous layers to
ist order accuracy were developed by Biot (e.g., 1959, 1961,
1965a), Ramberg (e.g., 1982, 1970), Fletcher (1974, 1977),

and Smith (1975, 1977). First order analyses provide
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dominant wavelengths and amplitude distributions for the
initial perturbation. However, they are restricted to
infinitesimal amplitudes and thus can only describe the
initial, sinusoidal shape of the perturbation.

Study of non-sinusoidal fold forms requires higher
order analyses. Fletcher (1979, 1982) extended the 1st
order analysis to 2nd order accuracy in maximum slopes of
interfaces of a layer. As a result, he was able to describe
the evolution of a concentric-like fold from a sinusoidally
perturbed single layer. My analysis of folding of viscous
multilayers in Chapter I extends this method to 3rd order
accuracy. The 3rd order analysis can treat relatively
high-amplitude folding (maximum slopes of 25-30° in some
problems).

Previous theoretical analyses of single- or multi-layer
folding of viscous materials were unable to address
localized slip because they were restricted either to bonded
contacts, for which slip is zero, or to free slip, for which
layers slip everywhere. By characterizing the behavior of
layer contacts as a resistance to slip, I am able to model
localized slip at layer contacts in addition to zero slip
and free slip at contacts. In this chapter I incorporate
the general model of contact properties into the equations
which I have derived to 3rd order accuracy to describe the
development of fold forms in viscous multilayers.

One purpose of this chapter is to investigate not only

-
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the conditions under which kink-like folds will form, but
also the conditions under which they will not form. Honea
and Johnson (1976) attempted to determine conditions under
which idealized "kink folds" would develop on the one hand
and "sinusoidal folds" would develop on the other. More
recently, Latham (1985b) has used Biot's model (1965a), with
powerlaw rheology of layers, to suggest conditions under
which folds of various forms should develop. Latham {1985h)
suggests that two parameters control fold form: "intrinsic
anisotropy"” and "induced anisotropy." Intrinsic anisotropy
is defined as the ratio of the averaged ncrmal modulus to
the averaged shear modulus of the multilayer, and induced
anisotropy is related to the power of the exponent of the
powerlaw materials composing the multilayer. Latham
suggests that, for low intrinsic anisotropy and low power,
the feclding is passive (kinematic). 1f intrinsic anisotropy
is high and power is low, the folding is "similar"
(actually, a combination of chevron folds and the pattern
Biot terms "interanal instability"). If intrinsic anisotropy
is low and power is high, the multilayer faults or shears
within narrow zones. Finally, if both anisotropy and power
are high, kink folds form. These qualitative results are
consistent with those suggested by Honea and Johnson (1976)
and Johnson (1980).

As in the work by Honea and Johnson {(1976j, focus on

the properties of contacts between layers as the most likely

-
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seat cf different forms of folds. I describe the behavior
of contacts with a powerlaw model. My results will show
that it is the nonlinear behavior (powerlaw exponent > 1.0)
of the layer contacts that is responsible for the kink-like
and box forms. Increasing the powerlaw exponent enhances
the kink-1like appearance of the theoretical fold forms.
Linear behavior (powerlaw exponent = 1.0) of contacts
results in sinusoidal, concentric-like, and chevron fold
forms. Thus the power of the powerlaw exponent plays a
critical role in the development of fold form, as noted by
Latham (1985b).

The chapter is organized as follows. First, I Jdescribe
the properties of contacts between layers and present the
results of my theoretical analysis of fold forms in viscous
multilayers by describing and geometrically analyzing the
fold forms that develop for different tyvpes of laver
contacts. Then I present the theoretical model. The
influence of contact properties on fold form is investigated
by solving equations for multilayers of infinite thickness.
Analysis of multilayers with finite thickness shows the
effect of confinement on the forms and growth of folds. The
focus will be on multilayers with localized slip at layer
contacts, but results for multilayers with bonded or

frictionless contacts are presented for comparison.

F_v .
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THE REPRESENTATIVE MULTILAYER

The simple, repetitive multilayers I analyze in this
chapter consist of identical layers of constant coefficient
of internal viscosity (Fig. 2). Each multilayer is confined
abcocve and below by infinitely thick, viscous media and
subjected to uniform rates of horizontal shortening and
vertical thickening. The contacts between the top layer and
the overburden and between the bottom layer and the
substratum are frictionless, allowing free slip there.

Initial perturbations of interfaces between layers are
positive cosinusoldal waveforms. The amplitudes and
wavelengths are selected on the basis of an analysis of
eigenvalues and eigenvectors, as will be explained in
following pages. The maximum slope angle of the
perturbation is initially one degree.

The model I have selected for contact properties
relates rate of slip, 3v., between layers to magnitude of
shear stress, o¢,,, applied at contacts (Fig. 3). Each layer
contact is represented by some specified resistance to slip
Gescribed for the general case by a powerlaw relationship
between the rate of slip and the contact shear stress.

If the powerlaw exponent is one, the resistance to slip
is constant all along the layer contacts, and the rate of

glip is a linear function of the contact shear stress

e
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Figure 2. Representative multilayer. Simple finite

multilayer containing an initial, low amplitude perturbation
and subject to uniform rates of horizontal shortening,

-D.x, and vertical thickening, D,,. Multilayer, of total
thickness H, consists of identical layers, of individual
thickness h and coefficient of internal viscosity p,, and is
confined above and below by infinitely thick media with
coefficient of internal viscosity p..
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Figure 3. Powerlaw relationship between rate of slip, dv,,
and shear stress, ¢,,, at layer contacts for several values
of the powerlaw exponent, m.

.
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(m = 1, Fig. 3). Resistance to slip ranges from infinite,
in which case contacts are bonded, to zero, in which case
contacts slip freely. Constant, finite resistance to slip
produces slip which is distributed along layer contacts.

If the powerlaw exponent is greater than one, the
resistance to slip varies with position along the contact,
and the rate of slip is a nonlinear function of the contact
shear stress (m > 1, Fig. 3). Nonlinear resistance to slip
is closely related to adhesional contact strength and

produces slip which is localized along layer contacts.
EXAMPLES OF FOLD FORMS

Different fold forms can be produced in identical
viscous multilayers merely by changing the behavior of
contacts between layers. Fold forms generated theoretically
in multilavers with free siip at contacts and with localized
slip at contacts (m = 2.0) are compared in Fig. 4. The form
of the multilayer with free slip at contacts (Fig. 4A) is
concentric-like; the form of the multilayer with localized
slip at contacts (Fig. 4B) is kink-like. Thus a slight
change in contact properties (fromm = 1.0 to m = 2.0)
markedly changes fold form.

In the concentric-like fold (Fig. 4A), the upper
interfaces define broad, rounded anticlines which are
separated by narrow, .sharpened synclines; these forms change

gradually down through the multilayer until, at the lower
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Figure 4. Effect of rheology of layer contacts on fold forms
in simple finite multilayers confined by soft media

(Mn/Hy = 0.01). Each multilayer has folded at its preferred
wavelength ratio, (L/H)., where H is the total thickness of
the multilayer: (L/H), is 1.2 for the multilayer with free
slip at contacts (Fig. 4A) and is 5.5 for the multilayer
with localized slip at contacts (Fig. 4B).

A, Concentric-like fold form in multilayer with free slip

at contacts. B. Kink-like fold form in multilayer with
localized slip at contacts.
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interfaces, broad, rounded synclines are separated by
narrow, sharpened anticlines. The interfaces at middepth
are of approximately sinusoidal shape. The axial planes of
these folds are vertical; the inflection surfaces dip toward
axial planes in anticlines and away from axial planes in
synclines.

In the kink-like fold (Fig. 4B), the inflection
surfaces are inclined to the vertical, as in the
concentric-like fold, but both the inner and outer arcs of
anticlines and synclines are flattened and the limbs are
straightened and steepened. The form of each limb resembles
a monoclinal flexure and is strikingly similar to the
"kinkform" derived by Honea and Johnson (1976) for elastic
multilayers with adhesional contact strength.

Different fold forms also can be produced theoretically
be
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thickness of the multilayer being folded, as illustrated in
Fig. 5 for two multilayers with free slip at contacts

(Fig. 5A) and for two multilayers with localized slip at
contacts (Fig. 5B). Folds in multilayers with very low
ratios of wavelength to total thickness (L/H << 1) are shown
in column 1; folds in multilavers with wavelengths on the
srder of the multilayer thickness (L/H = 1) are shown in
column 2. The fold wavelength is 12 to 13 times the
thickness of a single layer, (L/h) = 12 to i3, in all four

examples.

=
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Figure §. Effect on fold form of wavelength L relative to
total thickness H of multilayer.
Wavelength-to-total-thickness ratio, (L/H), is very low in
multilayers shown in column 1 and approximately equal to 1
in multilayers shown in column 2.
Wavelength-to-single-layer-thickness ratio, (L/h), is 12 in
all four multilayers. A. Free slip at contacts. Chevron
folds form in multilayers of infinite thickness (loc. Al);
concentric-like folds form in multilayers of finite
thickness (loc. A2). B. Localized slip at contacts. Box
folds form in multilayers of infinite thickness (loc. B1l);

kink-like folds form in multilayers of finite thickness
{loc. B2).
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The folds in very thick multilayers (column 1) are
similar in form because the shape of each layer must be
identical to that of its neighbors. The folds in thin
multilayers (column 2) tend to be parallel in form and
reflect the tendency for individual layers to maintain
uniform orthogonal thicknesses.

The parallel, concentric-like fold, which develops in
thin multilayers with free slip at contacts (Fig. 5,
loc. A2), is absent in the corresponding very thick
multilayer (Fig. 5, loc. Al). Instead, the folds are

similar, chevron folds.

A parallel, kink-like fold develops in thin multilayers
with localized slip at contacts (loc. B2), whereas a
similar, box fold, a kink-like fold with vertical inflection
surfaces, develops in the corresponding very thick
multilayer {lcc. B1).

Hybrid forms of folds with short wavelengths develop in
thick multilayers: layers at middepth fold as though the
multilayer were infinitely thick; layers near top and bottom
are affected by the relative viscosity of the confining
media. Thus in a finite multilayer composed of 59 lavers
with free slip at contacts, chevron folds develop at
middepth (Fig. 6A). In the same multilayer with localized
slip at contacts (m = 2) (Fig. 6B), box folds develop at
middepth. Because these multilayers are confined by rigid

media, fold amplitudes must die out at upper and lower

-
]
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Figure 6. Hybrid fold forms in thick (59 layers) viscous
multilayers confined by very stiff media (p,/p, = 1000).
A. Free slip at contacts. Wavelength-to-total-thickness
ratio, (L/H), is 0.06. Chevron folds form at middepth;
constrained folds form in upper and lower quarters.

B. Localized slip at contacts. (L/H) = 0.14. Box folds
form at middepth; kink-like folds form in upper and lower
gquarters,

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



176

i

|

|

1)

r

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



177

interfaces. Accordingly, the chevron folds btlend into
constralned folds in the upper and lower gquarters of the
multilayer (Fig. 6A), and the box folds become kink-like in

the upper and lower quarters of the multilayer (Fig. 6B).
GEOMETRIC ANALYSIS OF THE FOLD FORMS

The fold forms which develop in simple multilayers with
free slip at contacts and with localized slip at contacts
(Figs. 4 through 6) can be described in terms of differences
in amplitudes and wavelengths of component waveforms at
layer interfaces. A fold form is a pattern defined by the
shapes of all the layer interfaces in a single- or
multi-layer. The shape of a single interface in a

multilayer is a resultant waveform which can be described by

the superposition of component waveforms. The component

waveform is a single sinusoidal or cosinusoidal waveform and
is the fundamental element of shape.

As the typical multilayer containing solely a first
cosinusoidal waveform is shortened, cosinusocidal second,

third, and fourth waveforms spontaneously develop. The

wavelength of the second waveform is L/2, one half that of

the first waveform; the wavelength of the third is L/3; and

the fourth is L/4.

The mode of the first waveform the component waveform

of wavelength L, is the pattern defined by the first

waveforms in the entire collection of interfaces, and for
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conditions studied here it is always a folding mode: the
sign of the amplitude of the first waveform is the same
throughout the multilayer (Fig. 7A). The mode of the second
waveform is a pinch-and~swell mode: the sign of the
amplitude of the second waveform in the upper part of the
multilayer is opposite that in the lower part (Fig. 7B).
The mode of the third waveform is a folding mode; the sign
of the amplitude of the third waveform can be positive or
negative (Fig. 7C), depending on the conditions of folding.
The fourth waveform forms a pinch-and-swell mode

(Fig. 17D).

The fold form in a finite multilayer with free slip at
contacts (Fig. 5, loc. A2) essentially reflects the
contributions of only first and second waveforms. Figure B8A
shows part of the fold train from Fig. 5, loc. A2, and
Fig. 8B shows the first and second component waveforms
individually for each interface. The concentric-like fold
form shown in Fig. 8A is the result of the summation of the
waveforms shown in Fig. 8B. On the uppermost interface, for
example, the second waveform reduces the upward deflection
in the anticline and increases the downward deflection in
the syncline. At the inflection point of the first
waveform, the second waveform deflects the interface upward.
The second waveform, ti.erefore, flattens the peak and
sharpens the trough produced by the first waveform and moves

the inflection point closer to the sharpened trough. At the

-t
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Figure 7. Modes of component waveforms. A. Folding mode
formed by first component waveforms (wavelength L) with
positive amplitudes. B. Pinch-and-swell mode of second
component waveforms (wavelength L/2) with negative
amplitudes in upper half of multilayer and positive
amplitudes in lower half of multilayer. C. Folding mocde cof
third component waveforms (wavelength L/3) with negative

amplitudes. D. Pinch-and-swell mode of fourth component
waveform (wavelength L/4).

-
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Figure 8. Effect of second component waveform on form of
fold. A. Concentric-like fold form in finite multilayer
witn free slip at contacts. Shape of each interface is
resultant waveform produced by addition of first and second
component waveforms. B. Individual first and second
component waveforms at each interface.

-
L :
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lowermost interface the effect of the second waveform is
reversed because its sign is opposite. There the peak is
enhanced and narrowed and the trough is reduced and
broadened. Thus the concentric-like fold shown in Fig. 8A
reflects the superposition of a positive, cosinusoidal,
folding mode and a negative, cosinusoidal, pinch-and-swell
mode.

Analyses of very thick multilayers are ideal for
illustrating effects of third waveforms on the shapes of
folds because second and fourth waveforms cannot develop in
such multilayers. Because the amplitude of each waveform is
constant throughout an infinitely thick multilayer, the
third waveform has the same effect on the shape of each
interface. Parts of the fold trains in infinitely thick
multilayers with free slip at contacts and with localized
slip at contacts (Fig. 5, locs. Al and Bi} are shown in
Fig. 9, locs. Al and Bl, respectively. The first and third
waveforms, shown individually for each interface in Fig. 9,
locs. A2 and B2, are both cosinusoidal.

The amplitude of the first waveform has a positive sign
in both infinitely thick multilayers: the amplitude of the
third waveform has a positive sign in the multilayer with
free slip (Fig. 9, loc. A2) and a negative sign in the
multilayer with localized slip (Fig. 9, loc. B2).

The fold in the 'infinitely thick multilayer with free

slip is a chevron fold. The third waveform sharpens the

-
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Figure 9. Effect of third component waveform on form of
fold. Shape of each interface shown in column 1 is
resultant waveform produced by addition of individual first
and third component waveforms at that interface, shown in
column 2. A. Chevron fola form in infinitely thick
multilayer with free slip at contacts results from addition
of first and third component waveforms which both have
positive amplitudes. B. Box fold form in infinitely thick
multilayer with localized slip at contacts results from
addition of first component waveform with positive amplitude
and third component waveform with negative amplitude.
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fold at crests and troughs of the first waveform, decreases
the upward deflection on either side of a crest, and
decreases the downward deflection on either side of a
trough. Thus the hinges sharpen and narrow and the limbs
straighten and lengthen to produce the chevron shape as a
result of the superposition of the first and third component
waveforms.

The fold in the multilayer with localized slip at
contacts (Fig. 9, loc. Bl) is a box fold. The amplitude of
the third waveform has the opposite sign, so it flattens
crests and troughs produced by the first waveform, increases
the upward deflection on either side of the crests, and
increases the downward deflection on either side of the
troughs. The net effect of the combination of first and
third component waveforms is the box fold, characterized by
fiattened and broadened hinges, shortiened, straightened, and
steepened limbs, and vertical inflection surfaces.

The degree to which a second or third waveform will
modify the shape of the interface is determined by the
relative amplitudes of the combining waveforms. Parts of a
concentric-like fold (Fig. 5, loc. A2) and a kink-like fold
(Fig. 5, loc. B2) are reproduced in Fig. 10, locs. Al
and Bl, respectively, and analyzed in terms of
amplitude-to-thickness ratios of first, second, third, and
fourth component waveforms (,A/h, .A/h, sA/h, and ,A/h)

(column 2) and amplitude ratios (.A/;A)., (5A/,A), and

-
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Figure 10. Relative amplitudes of component waveforms in
finite multilayers. Ratio of wavelength to thickness of
single layer, (L/h), is 12 for fold forms shown in column 1.
Amplitude-to-thickness ratios for component waveforms on
each interface are shown in column 2; individual amplitude
ratios for each interface are shown in column 3.

A. Concentric-like fold form in finite multilayer with free
slip at layer contacts. The maximum amplitude of the second
waveform, .A,.., which occurs on the outer interfaces, is

six times larger than 3A,... (loc. A2) and 70.20 times as
large as A,.. (loc. A3). B. Kink-like fold form in finite
multilayer with localized slip at layer contacts. The
maximum amplitude of the third waveform, which occurs at
middepth, is -0.06(,An.x); 2Bnax is $0.15(3An..) (loc. B3).
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(+A/;A) (column 3).

That the concentric-like fold form is a consequence of
the development of a strong second waveform is demonstrated
by the geometric analysis in Fig. 8 and by the analysis of
relative amplitudes in Fig. 10, locs. A2 and A3. For the
fold form shown in Fig. 10, loc. Al, the absolute magnitudes
of the amplitudes of the second waveforms are much larger
than those cof the third (loc. A2), and the largest A is
about 70.2(,A) on the outermost interfaces (loc. A3). The
third waveform slightly sharpens crests and troughs of the
first waveforms in the upper and lower interfaces of the
multilayer.

That the kink-like fold form with flattened hinges and
straightened limbs is a consequence of the development of a
strong second waveform and a strong third waveform with a
negative amplitude is demonstrated by the geometric analysis
in Pig. 9B and by the analysis of relative amplitudes in
Figs. 10B and 10C. The largest ;A is about 30.15(,A) on the
outermost interfaces; the largest ;A is about -0.06(;A) at
middepth. The third component waveform with negative
amplitude produces the flattened hinges and straightened
limbs, and the second waveform produces the inclination of
the axial planes to the vertical. The inclination of the

axial planes differentiates the box from the kink-like fold.

—_
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ANALYSIS OF FOLDING

I showed the different forms of folds which develop in
multilayers with free slip and with localized slip at layer
contacts and analyzed the forms in terms of their component
waveforms in preceding pages. Here I will derive the
theoretical model of slip at contacts and explain, by means
of analytical expressions which describe the folding, how
the signs and amplitudes of component waveforms depend on
variables such as the rate of slip at layer contacts, the

wavelength-to—-thickness ratio, and the number of layers.

Properties of Layer Contacts

The behavior of layer contacts is modelec by a powerlaw
relationship between rate of slip, év., and magnitude of

shear stress, o,,, applied at contacts beiween layers:

Ve = (0ns/Bc)lons/Bc} ™ P (1)

where p. is a material constant and m is the powerlaw
exponent, also assumed to be a material constant. The
relationship between rate of slip and contact shear stress
is illustrated for several values of m in Fig. 3.

The coefficient of contact viscosity, E, is the local

slope of the curve describing slip at that contact and is

itself an inverse powerlaw function of the contact shear

stress:
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E = (Bc/m)|Bc/Tpe | ™1 (2)

Contact viscosity increases as the shear stress decreases.

Combining egs. (1) and (2) gives
Tne = ME(JV,) (3)

The coefficient of contact viscosity, times the power m, is
thus the resistance to slip at layer contacts.

The coefficient of contact viscosity, E, essentially
controls the contact properties of the multilayers 1
analyze. According to eq. (2), E depends on both g. and m.
Suppose that o,./B. is unity, which occurs at the crossover
point shown in Fig. 3. Then the slope of the curve, the
contact viscosity, simplifies at that point to B./m (eqg. 2).
At the crossover point, E is inversely proportional to m and
proportional to B8.. The effect of the power m for other
conditions depends upon whether the state of stress
corresponds to a point above or below the crossover point.
If above, the effect of increasing m is to decrease the
contact viscosity, and if below, the effect is to increase
the contact viscosity. The contact viscosity always
increases with increasing B., as eq. (2) indicates.

A special case occurs for m = 1. Then the contact
viscosity is equal to B., resistance to slip is constant
everywhere along a contact, and rate of slip is a linear

function of the shear stress (Fig. 3). As B. becomes very

-
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large, the contacts become effectively bonded, and as B8,
approaches zero, contacts slip freely.

Another special case occurs for m » . In general,
because the powerlaw exponent m is greater than one, the
rate of slip at layer contacts increases nonlinearly with
the contact shear stress, eq. (1). As m becomes very large,
eq. (1) describes a contact with finite strength (Fig. 3),
as shown by Smith (1979).

Thus, by specifying the coefficient of contact

viscosity, E, relative to the thickness, h, and the

coefficient of internal viscosity, p,, of the layers, one
can model free slip (hE << y,), linear or nonlinear viscous
slip (h& < u,), or bonding (hE 2 u,) at layer contacts.

The nonlinear relation between shear stress and rate of
slip, eq. (1), can have a profound effect on fold form by
localizing interface slip. The dependence of the powerlaw
(m > 1.0) contact viscosity on the local magnitude of the
contact shear stress, eq. (2), causes resistance to slip to
vary along contacts. At places along layer contacts where
stress is higher, the resistance to slip is lower, which
produces a local increase in the rate of slip. As a result,
slip on the contact becomes localized where the shear stress

is maximal.

Extension of Coulomb's Law. My study of fold forms in

multilayers with nonlinear resistance to slip at contacts

was motivated by studies of folding of multilavers with
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Coulomb adhesional contact strength (Honea and Johnson,
1976; Reches and Johnson, 1976). For example, Honea and
Johnson (1976) showed that kink forms develop in response to
layer-parallel compression in multilayers with finite
contact strength which allows slip to occur locally along
layer contacts.

Finite contact strength on a plane of potential failure

commonly is modeled theoretically by Coulomb's Law:
onwe € ¢t (C - o), tand) (4)

where ¢,, is the shear stress at the contact, C is the
cohesive strength, ¢, is the effective normal stress
across the contact, and tan$é is the coefficient of contact
friction. The expression (C - ¢/, tang) is the finite
contact strength which must be overcome by the shear stress
for slip to occur between lavers.

The shear stress along a cosinusoidally perturbed
contact variezs with horizontal position. According to
eg. (4), then, local slip could occur along parts of the
perturbed contact while the rest of the contact remained
bonded. The disadvantage of the application of Coulomb's
Law to perturbed contacts is that, once the criterion for
slip is met locally, the behavior of the contact becomes a
discontinuous function of the stress.

I chose a powerlaw function of the shear stress to

describe slip at contacts because it can model nonlinear
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resistance to slip but has the mathematical advantage that
its behavior is a continuous function of stress. 1In analogy
with the coefficient of contact friction, tan$, which
describes resistance to slip if interfaces have a finite
strength, a coefficient ¢f contact viscosity, E, describes
resistance to slip if interfaces have powerlaw or linear

viscous rheologies.
Varicus constant and nonuniform resistances to slip can
be incorporated into the familiar Coulomb's Law, eq. (4), by

adding a time-dependent term:
One = t (C - o/, tand) + mE(3v,) (8)

where E is the coefficient of contact viscosity, m is the
powerlaw exponent, and 3v, is the rate of slip at the

contact,
Ve = (Va)o = (Vo). (6)

Here, (Vv.), and (v,). are the velocities parallel to the
interface on either side of the contact (Fig. 2). The rate

of slip, dv,, can be expressed by rearranging eq. (5):
5V. = [ans ¥ (C - o'n'n tana)]/(ms) H
|onel 2 C - o4, tand (7)

Local slip occurs when the equality in eq. (7) is met

only locally while other portions of the contact remain
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bonded. Local slip on a perturbed interface is possible if
the contacts are completely described by adhesional strength
(8v. becomes indeterminate).

Localized slip is th2 approximation that the powerlaw
function makes to local slip. Localized slip occurs when
the inequality in eq. (7) is true everywhere along the
contact and the local rate of slip is controiled by the
local resistance to slip, or local contact viscosity, E. 1In
this chapter, the rate of slip depends solely on the contact
viscosity; the contact strength is equal to zero.

Equation (7) then reduces to eqg. (3).

Model of Contacts. The rheological model of contact
behavior is derived by describing the behavior of a thin,
interlayer film in the limit as the thickness of the film
goes to zero. The powerlaw formulation of the Reiner-Rivlin
gsimple fluid is assumed to describe the interlaver films.
For plane strain, the shear stress parallel to interface

films of powerlaw rheclogy is:

0ne = B'[(Di; + D3, )1 ™/™M]12(Dy,) (8a)
in which D is the deformation rate,
Dy, = (1/2)(dv,/3x;, + dv,/dX;) (8b)

p' is a material constant, and m is the powerlaw exponent,
also assumed to be a ‘material constant. The powerlaw fluid

is treated as a thin film so that it cannot thicken or thin

.
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significantly. in which case D,, = 0 = D,,, and eq. (8a) can
be written in the form
(0ne/B) = [2/|0ne/B|™ 1] Dy (9)

where g is a material constant. The rate of shearing
deformation is given by the rate of slip, 8v., between

adjacent layers across the film and by the thickness, dn, of

the film:

D = (1/2)(8v,/3n) (10)

For a powerlaw film, therefore, the rate of slip is

v, = [(0ns/B) |0ne/B|™*?](dn) (11)

By analogy, eq. (1) describes the rate of slip at a

contact between two lavyers:

Ve = (0ne/Bc) |0ns/Be] ™Y (1)

where B. is a property of the contact.

The patterns of slip along layer contacts are quite
different for contacts with different resistances to slip,
as shown schematically in Fig. 11. The shear stress along
the upper contact of a cosinusoidally folded layer
(Fig. 11A) within a multilayer varies sinusoidally, to 1st

order, along an interface with a non-zero resistance to slip

(Fig. 11B):



Figure 11. Variation of shear stress, ¢,,, and rate of slip,
dv., along interface between layers. A. Interface between
cosinusoidally folded layers. B. Sinusoidal variation of
¢,, along upper contact of layer. C., D., E. Variation of
dv, along contacts with constant resistance to slip (m = 1),
variable resistance to slip (m > 1), and strength k,
respectively. The variation of 3v. along the contact with
variable resistance (D) resembles that on the contact with
strength (E).

r.
-
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anu = 4Pisxx(lAQ) Sin(QX) (12)

The rate of slip at a contact is, according to egs. (3) and

(12),
dv, = (1/mE)[4p,D..(,AL)] sin(ix) (13)

For a constant resistance to slip (m = 1), the rate of
slip varies sinusoidally with position, as shown in Fig. 11C
and eq. (13). The magnitude of the slip depends on the
contrast between the contact viscosity, E, and the internal
viscosity of the lavyers, p,.

For a nonuniform resistance to siip (m > 1), the
variation of the rate of slip at the interface is more
complicated (Fig. 11D) and resembles that in a plastic
material with strength (Fig. 11E): a plastic material of
shear strength k will slip locally where the shear stress at
the contact is equal to the strength; this occurs first, and
perhaps exclusively, at the inflection points of the fold.
In the nonlinear, powerlaw mcdel, slip is localized in the
vicinity of the inflection points (Fig. 11D).

Selection of m. In all of the analyses presented in

this chapter, the powerlaw exponent m is restricted to
values of one, two, or three in conjunction with the
decision to derive an analytical solution for the folding
accurate to 3rd order in the maximum slcpe of the first

waveform. Relative to the center of a layer, the height, &,

-
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of a point along an interface at the top of a layer is

initially

$ = h/2 + ;A cos(2x) (14)

where £ = 2n/L and L is the wavelength of the fold
(Fig. 11A); the left subscript refers to the waveform with

which the amplitude is associated. The maximum slope of the

interface is
tan(e)max = IAQ' (15)

where 6 is the slope angle. The boundary stresses, ¢,, and
0.., and velccities, v, and v,, at a point with coordinates
(x,2) on an interface are derived in terms of powers of the
maximum slope, (,A%). The order of approximation of a
solution is defined in terms of the largest power to which
the maximum slope is raised (Fletcher, 1977, 1979, 1982),
For a 3rd order solution, then, terms proportional to (,A%l),
{(,A2)%, and (,AL)3 are retained.

The 3rd order analysis of an initial, cosinusoidal
waveform with wavelength L reveals that second, third, and
fourth component waveforms may develop spontaneously. In
the solutions presented here, only terms proportional to
(:A%), (sAL), (4AL), or (,AL)(.AL) are retained.

Increasing the power m beyond three not only increases
the nonlinearity of the contact behavior but also increases

the amount of algebra required to solve problems because the

-
3
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analytical solution would need to be derived to a
correspondingly higher order of accuracy. Selection of
m = 2 or 3 permits an investigation of the fundamental
effects of nonlinearity without posing an intractable
algebraic problem.

Anisotropy. The anisotropy of a multilayer is defined
as the ratio of the effective normal and shear viscosities.
For a representative element of a multilayer with nonlinear

resistance to slip at contacts, the effective shear, p,, and

normal, u,, viscosities are:

i/p, = 1/p4 + 1/(hE) (16a)
Hn = Mg (16b)
According to egs. (2), (12), and (16), the anisotropy is
Mn/He = 1 + {(m[4(;A0)}]™ " /B)} sin‘m 1> (4x) (17a)
where
B = (Be)™h/[Ha(eDux) ™ ?’] (17b)

For constant resistance to slip at contacts (m = 1),
the coefficient of contact viscosity, £, is constant.
Therefore, the shear viscosity, eg. (16a), and the

anisotropy, eq. (17a), are constant. Anisotropy varies from

one for bonded contacts to infinity for free slip at

contacts. The corresponding § ranges from infinity for
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bonded contacts to zero for free slip at contacts.

For variable resistance to slip at contacts, however,
the contact viscosity and the anisotrepy vary with position
along the interface. The anisotropy of a multilayer with
nonlinear contact viscosity decreases from a maximum at the
inflection points, where &x = tn/2, to a minimum at the
hinges of the fold, where fx = tn. The maximum

anisotropy, «,

& = (Mn/Me)max = 1 + m[4(,AL)]"/B (18)

According to eq. (18), the maximum anisotropy of a
simple multilayer with nonlinear contact viscosity is a
function of the maximum slope at inflection points along an
interface, the powerlaw exponent m, and the constant . If
an initial maximum anisotropy and an initial maximum slope
are selected for the multilaver, eg. (18) can be used to
compute the constant §.

Because the maximum slope (;A%) increases during
folding, the anisotropy increases during folding. Early in
folding, when slopes are low, the anisotropy is close to
one, and the multilayer folds slowly as a single, thick
layer. Later in folding, when slopes are higher, the
anisotropy is higher, the layers slip relative to one

another, and the multilayer folds much more rapidly.
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Mean and Perturbed Flows

The height of each interface in the multilayer is
described by the relation

Sc.o = t(h/2) + A, , cos(Lx) +
A, , COS(24Xx) + sA.,, cos(32x) (19)

Here, t refers to top and b refers to bottom interfaces of =z
layer, and h is the thickness of a single layer. 1Initially,
each interface is a simple first cosine waveform. However,
as the first waveform grows, the second, third, and fourth
waveforms develop spontaneously.

The mechanical problem is to determine2 the amplitudes,
jA., v, as functions of time. It is formulated by separating
components of velocity and stress within a layer into mean
and perturbed values (Fletcher, 1974, 1977). The mean
values of stress and velocity are those that solve the
problem describring the uniform deformation of a layer with
planar interfaces. The perturbed values of stress and
velocity are those that must be added to the mean values in
order to match stresses and velocities at perturbed
interfaces between layers or between a layer and a confining
medium,

This analysis considers multiiayers subjected to
uniform shortening parallel to layers and uniform thickening

normal to layers; the rate of shearing deformation is zero.

—

3
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The mean stresses and velocities (indicated with a bar)

within a layer are

V. = x b, (20a)
V. = 2 b;; + (V.)o = (V,), - 2 D, (20b)
Tux = 2HyDy, = P (20c)
G:: = = 21,0, - P (204)
.. =0 (20e)
P = - (Gux + 0:;)/2 (20f)

in which B,, is layer-parallel deformation rate. For the
incompressible viscous material, D,, = -D,,. This
completes the solution for the mean flow, which is exact.

The total velocities and stresses are the sums of the

mean and perturbed (indicated by a tilde) values:

v, = ¥, + ¥, (21a)
v, =¥, + ¥, (21b)
Gux = Guu + Gy (21c)
G,z = 0, + &, (21d)
O, = &, (21e)

The perturbed values satisfy the biharmonic equation in

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



-

the stream function,

V¢y = 0
where
U, = =(dy/dz)
¥. = (dy/d¥x)

The solution is

. = -[{;a + ;,d + ;b(jLz)};8 +

{;b + ;c + ;d(j2z)},C] sin(jex)
v. = [{;a + ,b(j2z)},C +

{;c + ;d{jez)};S] cos(jLx)
F.. = —-2juli{;a + 2;d + ;b(jlz}},;S +

{;c + 2,b + ,d(j%z)),C] cos(jix)
F.. = 2jull{;a + ;b(jlz))};s +

{;c + ,d(j%z)},;C] cos(jix) - B
e = -2Jp0({;a + ;4 + ;b(jlz)},C +

{;c + ;b + ;d(jlz)};S] sin(jix)

in which

;8 = sinh(jfz) : ;C = cosh(jiz}

- B
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and j =1, 2, 3, and 4 (results summed). Here, ;a, ;b, ;c,
and ;d are arbitrary constants.

The arbitrary constants are eliminated by means of
velocity and stress boundary conditions. Eguation (1), in
conjunction with eq. (6), provides one of the boundary
conditions at interfaces between layers. Additional
boundary conditions are provided by equating normal
velocities, v,, normal stresses, o¢,,, and shear stresses,
.., at interfaces.

The growth rates of waveforms in all the interfaces are

determined by computing the rate of change in height of an

interface

(35/73t) = [v.]y - [Vilg(0E/0x) (25)

in which & is given by eg. (19). The eguations for the

growth of the component waveforms take the general form:
d(,A)/d4S, = +{(,A)/5,]1(1 + g); n=1,2,3,4 (26)

where 5, is horizontal shortening (stretch), h,/h, which
ranges from one to zero; ,A is current amplitude; A, is
initial amplitude; and n denotes the component waveform.
The term (1 + g) is the amplification factor for the
waveforms. In the case of kinematic amplification, g is
zero; the kinematic amplification factor is always equal to

one. Dynamic amplification of the perturbed interface is

-
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represented by g. In this chapter, the term "amplification
factor" will refer to the dynamic amplification factor, g.

The basic equations are derived in further detail in

the appendices.

Growth and Shapes of Similar Folds in Very Thick Multilavers

I showed in previous pages that the geometrical
differences between forms of chevron and box folds, which
develop near middepth in thick multilayers or everywhere
within infinitely thick multilayers, are results of the
opposite signs of their third component waveforms. Here I
show that the characteristic shapes of chevron and box folds
develop spontaneously, even if the initial perturbation in a
multilayer is simply a sinusoidal shape, and that the
opposite signs of the third waveforms are results of
rheological properties of layer contacts.

First I compare amplification factors for the first,
cosinusoidal waveform in various types of multilayers. I
briefly discuss dominant and preferred wavelengths, which
have been investigated at length for various systems in
Chapter I and elsewhere (Fletcher, 1974, 1977). Then I
present amplification factors that control the growth of the
third waveforms. I analyze three multilavers:

1. Multilayers with constant resistance to slip at layer
contacts. Of these, I consider two special cases:

A. Bonded contacts. The contact viscosity is so high
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that layers cannot slip and interfaces between layers are
merely passive markers.

B. Free slip at contacts. The contact viscosity is so
low that layers slip freely.
2. Multilayers with variable resistance to slip at layer
contacts. In this case, slip is localized.

Amplification Factors. The amplitudes of the first and

third waveforms grow according to the following expressions:

d(,A)/dS,

(1A/5,)[1 + i{q + ''iq] (27a)

d(sA) /45,

(:A/5.)[1 + 3q] + (,A/5.)[''4q] (27Db)

The heights of interfaces, relative to centers of

layers, are
Z = h/2 + ;A cos(&x) + ;A cos(3Lx) (28)

The subscripts and superscripts used in egs. (27) are
interpreted as follows. The left subscript identifies the
waveform with which the variable is associated. The left
superscript indicates the product of maximum slopes that
enters the expression for that variable. For example,
113q is an amplification factor for the third waveform, and
it is accurate to 3rd order in (;Af), the slope of the first
waveform. The factors jg and g are accurate to 1lst order
in the amplitudes of the first and third waveforms,

respectively.

-
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The full expressions for the amplification factors for
multilayers with frictionless contacts, localized slip at
contacts (m = 3), and bonded contacts are compared in
Table I. All the dynamic amplification factors for bonded
contacts are zero, so perturbations in the multilayer will
be amplified solely kinematically. The 1st order
amplification factors for the first and third waveforms,
tq and ig, respectively, are both zero for the multilayer
with localized slip at contacts. Therefore, to 1st and 2nd
orders, the multilayer behaves as though it has bonded
contacts. Of the three considered, only the multilayer with
free slip at contacts has nonzero 1st order amplification
factors, i{g and iq.

Both the multilayer with free slip at contacts and the
multilayer with localized slip at contacts have significant
3rd order amplification factors, !tig and !'!ig, which
drive the growth of the first and third waveforms,
respectively. Because !'iq and !!ig have opposite signs
for free slip and localized slip at contacts (Table I), they
have quite different efrfects on the folds in those
muitilayers.

For the multilayer with localized slip, the
amplification factor for the first waveform, tlig, is
always positive (Table I) but approaches a limiting value at
long wavelengths (Fig. 12). There is no finite dominant

wavelength for which amplification is maximized.

-
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TABLE 1

AMPLIFICATION FACTORS FOR INFINITELY THICK MULTILAYERS

Localized Slip Bonded
Free Slip at Contacts at Contacts (m = 3) Contacts
14 + [2k/(,S,C-k)] 0 0
tlq - [(,AR)2/2(,8,C-K)21[+ 4(,8,0)?
- 2(,8)2(,C/,8) (,5,C~k) + 48[ (,A0)2/B1(k/ 5)? 0
+ (,5,00k + K?]
3q + [6k/(,5,C-3k)] 0 0
' + [(,A0)?/4(,8,C-K) (,8,C-3K) [~ 6(,5,C)(,C, 5+,5,C)
+ 4(;8)%(,€/,5) (3,8,6-k) ~- 48[(,a0)?/B1(K/48)? 0

+ 5(,8,0)k + 3(,8,0)k - 2k?]

01¢
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TABLE I continued

where

L is the wavelength of the first waveform

=2

is the dimensionless wavenumber of the first waveform:

|=

is the horizontal stretch: = ho/h

s
-x
= sinh(nk); C = cosh(nk)

is the initial amplitude of waveform n

j> ﬁm Jml

w»

1/8 = [1/(B)*h]1luyCugD )*]

is the thickness of one layer; ho is the initial thickness of one layer

k = (21/L) (b/2)

11¢
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Figure 12. Relationship between amplification factor ,g and
wavelength-to-thickness ratio (L/h) for first waveform in
infinitely thick multilayers. A finite dominant wavelength
exists in an infinitely thick multilayer with free slip at
contacts but not in one with localized slip at contacts.
The dashed lines indicate combinations of (,A%)2/f and (L/h)
for which egs. (27a) are not strictly valid. The magnitude
of the 1st order term in ¢,, was assumed to be much greater
than the magnitudes of the higher order terms. 1In cubing
0., therefore, higher order terms were considered
negligible. However, magnitudes of the higher order terms
in ¢,. increase with increasing (,A%) and may become
significant at certain combinations of slope and low
wavelength-to-thickness ratio,
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Although finite dominant wavelengths are absent in
infinitely thick multilayers according to 1st order analyses
of viscous and elastic multilayers (Ramberg, 1962, 1963,
1964; Honea and Johnson, 1976), they exist to 3rd order
accuracy in the simple viscous multilayer with free slip at
contacts. To 3rd order, the amplitude of the first waveform
is driven by both 1st and 3rd order contributions. The 1st
order amplification factor for the first waveform, ig, is
positive and increases indefinitely with increasing
wavelength; the 3rd order amplification factor for the first
waveform, !!i{g, is negative, and its magnitude increases
with increasing wavelength (Table I). Together, i{gq and
111g produce a finite dominant wavelength, Fig. 12.

Several dominant wavelengths for the multilayer with free
slip at contacts are listed in Table II.

The preferred wavelength-to-thickness ratic is the
wavelength ratio of the perturbation that has achieved the
highest amplification, (,A/,A,), for a given amount of
horizontal shortening, S§,. Preferred wavelength ratios for
infinitely thick multilayers with free slip at contacts are
indicated by the peaks of the curves in Fig. 13.

Where=as the magnitudes of the amplification factors for
the first waveform are important because they determine the
amplitudes of the folds, the magnitudes and signs of the
amplification factors for the third waveform are important

because they determine the forms of the folds. The
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Figure 13. Relationship between amplification (,A/;A,) of
first waveform and wavelength-to-thickness ratio (L/h) for
selected values of horizontal shortening S, in an

infinitely thick multilayer with free slip at contacts. The
(L/h) that has become most amplified after a given amount of
shortening is (L/h),, the preferred wavelength ratio.

o
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amplification factors for the third waveform are positive
for free slip at contacts and negative for localized slip at
contacts, for all wavelengths (Table I, Fig. 14). According
to eq. (27b), the positive values of g + !!'ig for firee

slip produce a positive third waveform. The result is the
chevron fold (Fig. 5§, loc. Al). On the other hand, the
negative value of '!i{g for localized slip at contacts

results in a negative third waveform. The result is the box
fold (Fig. 5, loc. B1).

Changes in Amplification Factors during Folding. One

of the interesting results of analyses of folding to 3rd
order accuracy is that amplification factors can change
markedly during folding. For example, the amplification
factor for the dominant wavelength in the case of free slip
reduces considerably as the maximum slope angle of the
multilayer increases from 1° to 15° during folding
(Table II). Values of the amplification factors during
folding are determined by using values for the current
amplitudes and wavelength ratios in the expressions in
Table I. Values for the amplitudes during folding are
found, in turn, by integrating eqgs. (27) with respect to
horizontal stretch, §,, which is the variable I use to keep
track of the shortening.

Each instant during the growth of a particular fcld can
be identified by a single point in Fig. 12, and a line

connecting successive points describes the patin of

-
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Figure 14. Relationship between amplification factors 3g

and ttijg for the third waveform and wavelength-to-thickness

ratio (L/h) for the first waveform in infinitely thick
multilayers.

|

-
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TABLE II

DOMINANT WAVELENGTH-TO-THICKNESS RATIOS IN AN
INFINITELY THICK MULTILAYER WITH FREE SLIP AT CONTACTS

Dominant Fold

Maximum Amplification
Slope Angle Wavelength Factor
tan™! (,AR) (L/h) GO
1° 85 1100
5° 17 42
7.5° 11 18
10° 8 9
15° 5 3

r
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amplification factors during folding. Several paths of
amplification factors for first waveforms are shown in
Figs. 15A and 15B.

The amplification factor ,qg (= ig + ''{g) decreases
sharply as the slope of the perturbation increases in a
multilayer with free slip at contacts (Fig. 15A). The
reason is given in Table I: the positive contribution, ig,
is independent of slcpe, but the absolute magnitude of the
negative contribution, !!lqg, increases as the square of the
slope.

In striking contrast, the amplification factor ,g
characteristically remains nearly constant and then suddenly
increases with increase in slope of a perturbation in
multilayers with localized slip at contacts (Fig. 15B).
Again, the reason is given in Table I: the amplification
factor for the first waveform, !l'ig, is positive and
proportional to the square of the maximum slope of the
perturbation.

Paths of amplification factors in multilayers with
localized slip (Fig. 15B) reflect unstable yielding of
contacts. As the slope increases, the anisotropy increases
and the contact viscosity decreases, which further drives
the folding. Comparison of paths B-B' and A-A' (Fig. 15B)
suggests that a critical slope must be reached for unstable
vielding to begin. Perturbation A has an initial slope

greater than the critical value and immediately yields
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Figure 15. Selected paths of progressive change in
amplification factor ;g during folding. A. In an
infinitelv thick multilayer with free slip at contacts,

19
decreases as the slope of the perturbation increases.

B. In an infinitely thick multilayer with localized slip at
contacts, ;g increases as the slope of the perturbation
increases.
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unstably as folding begins. Perturbation B, however, has an
initial slope below the critical value; shortening (decrease
of L/h) increases the maximum slope, but yielding is stable
until the critical slope is achieved, in the vicinity of
point B".

Evolution of a Box Fold. Examination of several steps

in the formation of a box fold from a simple, cosinusoidal
perturbation allows one to correlate the change in form of
the fold to the change in amplification factors. Analysis
of the differential equations describing the rates of growth
of the component waveforms, egs. (27), reveals how the fold
form grows (Fig. 16). Analysis of the integrated form of
these equations reveals how the fold form appears (Fig. 17).
Each of these approaches will be used to study the evolution
of the box fold shown in Fig. 5, loc. B1l.

The paths of the amplification factors for the first
and third waveforms, !'ig and !!ig, are superimposed on
graphs showing the relationship between amplification factor
and current wavelength ratio, (L/h)., contoured for constant
values of (,AL)2/f, in Fig. 16. The material property 8 is
constant, so the lines are contours of equal current slope
and equal current anisotropy.

The paths in Fig. 16 document the continuous evolution
of the box fold shown in Fig. 5, loc. Bl. The five points
indicated by Roman numerals in Fig. 16 are analyzed in

Table III. Initial conditions are represented at point I
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Figure 16. Paths of progressive change in amplification
factors !!'i{g and !!ig during growth of box fold shown in

Fig. 5, loc. Bl. While the slope and anisotropy remain low,
the amplification factors increase slowly; at a slope and
anisotropy between points III and IV, the amplification
factors begin to increase rapidly, reflecting unstable
vielding of contacts. As explained in the caption to

Fig. 12, the dashed lines indicate combinations of (,A%)?/B
and (L/h) for which the limits of the 3rd order solution
have been exceeded. Where the paths of the amplification
factors encounter a dashed line, the equations describing
the growth of the fold are out-of-bounds because
higher-order terms discounted by the 3rd order analysis are
no longer negligible. The essence of the stage V fold form
is present at stage IV; continaing the fclding into the
dashed region exaggerates the elements sufficiently to make
the fold form visible for illustration but does not change
the nature of the effect of the third waveform.
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TABLE III

ANISOTROPY AND AMPLIFICATION FACTORS AT
FIVE STAGES IN EVOLUTION OF BOX FOLD SHOWN IN FIG. 5, LOC. Bl

Stage §x (L/h) tan'l(lAl) Anisotropy (un/us) Amplification Factors
(1+ q) e

I 1.0 28.0 1° 1.48 1.48 -0.05

IT 0.80 17.9 2° 2;80 2.78 -0.18
I1I 0.72 14.6 3° 5.77 5.70 -0.46
v 0.69 13.1 5° 15.29 15.02 -1.34

' 0.67 12.4 14° 97.92 95.87 -8.91

Lz
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(Fig. 16, Table III): wavelength-to-thickness ratio

(L/H), 28; maximum slope cof the first wavefornm

(1AL), = tan(1°) = 0.017; (,AL)%/B

0.01; anisotropy
x, = 1.48.

Starting from the initial conditions (point I}, the
amplification factors increase slowly early in the
shortening. When the multilayer has shortened by 20 percent
(5, = 0.80; point II, Fig. 16), the wavelength-to-thickness
ratio has reduced from 28 to 17.9, about one-third its
original value (Table III). The amplification factors have
tripled, but folding remains largely kinematic.

As the maximum slope angle of the first waveform
reaches four or five degrees (between points III and IV,
Fig. 16), the magnitudes of the amplification factors begin
to increase rapidly with further shortening. Points III
and IV correspond to shortening of 28 to 31 percent (S5,
of 0.72 to 0.69).

Between points IV and V (Fig. 16}, the shortening
increases slightly, from 31 to 33 percent (5, from 0.69
to 0.67), but the amplification factors for the first and
third waveforms, t!!ig and !!ig, both increase by an order
of magnitude (Table III). Folding has become dynamic. The
rapid increase in amplification factors reflects the
phenomenon of unstable yielding of contacts, which is the
driving mechanism of ‘folding in multilayers with nonlinear

resistance to slip at contacts.

-
]
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The left-hand column in Fig. 17 shows the fold forms
corresponding to points II to V in Fig. 16. The middle
column shows the individual amplitude-to-thickness ratios,
1A/h and 3A/h. The right-hand column shows the ratio 3;A/,A
and demonstrates that the amplitude of the third waveform is
increasing relative to that of the first during shortening.
The ratio ;A/;A indicates the relative strength that the
third waveform has in modifying the shape of the fold.

Initially, stages I through III, the shape of the
interfaces is essentially cosinusoidal because the magnitude
of the ratio ;A/;A is less than 0.04. By stage III, the
slope has increased from 1° to only 3°, so even the first
waveform is subtle.

A discernible box fold begins to emerge as unstable
vielding at contacts begins (between points III and IV). At
stage IV, the maximum slope angle of the first waveform
is 5°, 3A/:A = -0.06, and the third waveform is starting to
flatten crests and troughs anrd to localize steepening in
limbs. By stage V, the slope angle of the first waveform
has increased to 14° and the amplitude of the first waveform
is 2.5 times that in stage IV, so the fcld is quite
perceptible (Fig. 17). In addition, the strength of the
third waveform has increased to eight percent,
sA/A = -0.08. The resultant fold form is a box fold with a

maximum slope angle of 17°:
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Figure 17. Four stages in evolution of the box fold shown in
Fig. 5, loc. Bl. A. Fold forms. B. Amplitudes of first
and third waveforms for each interface. C. Relative
amplitudes for each interface. At point IV, the slope is

5°, 3A is -0.06(,;A), and flattening of hinges is just
discernible. By point V, the slope is 14°, 3;A is -0.08(,A),
and flattening of the hinges is distinct.
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(38/3K)wetse = (1AR)[1 - 3(5A/,A)] (29)

because tan-! (,AQ)

14° and ;A/;A = -0.08.
In these ways Figs. 16 and 17 show how a simple,
cosinusoidal initial perturbation, with maximum slope angle

of 1°, evolves into a box fold.

Folding of Finite Multilavyers

Analysis of folding of infinitely thick multilayers
allows one to investigate basic causes of similar fold forms
and to write closed form expressions for amplification
factors. Investigation of parallel fold types, including
concentric-like and kink-like folds, requires multilayers to
be of finite thickness.

Three significant changes occur in the folding of the
three standard multilayers -- with bonded contacts, free
slip at contacts, and lccalized slip at contacts —-- if the
multilayer thickness is made finite:

1. Both even and odd waveforms grow, to 3rd order, in finite
multilayers. First, second, and third waveforms grow in
multilayers with free slip or bonded contacts. First

through fourth waveforms grow in multilayers with localized
slip if the power, m, is 2. (If m = 3, only the first
through third waveforms grow).

2. A multilayer with localized slip at contacts has finite
dominant and preferred wavelengths.

3. A bonded multilayer behaves as a single layer with free

|
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slip at contacts.

Eigenvectors _and Eigenvalues for the First Waveform.

Each interface in a finite multilayer can have different
amplitudes of component waveforms, and growth of each
waveform can, in principle, be affected by all the other
amplitudes in all the other interfaces. The differential
egquations that describe the growth of the waveforms are
nonlinear, but the description of amplitude distributions is
considerably simplified by extraction of eigenvectors and
eigenvalues from the differential equations for the first
waveform. Use of eigenvectors and eigenvalues to analyze
linear differential equations is discussed in Chapter I and
by Ramberg (1970) and Smith (1975, 1977).

The equations that describe the growth of the first
waveform in each interface, to 3rd order accuracy, are a

system of n coupled, nonlinear differential eguations:
d(;A,)/d4(ens,) = (A, + (,A))[iq: + 'lq;; + ‘'lg;;)
i=1,2...n; j=1,2...n (30a)

where n is the number of interfaces in the multilayer
(summation on repeated indices). Expressions for the g's
are preovided in the appendices.

My approach to the analysis of egs. (30a) is to
determine iteratively the eigenvalues and eigenvectors of

the system of equations. The eigenvalue of greatest

-
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absolute value equals one plus the maximum amplification
factor, iQ..., for the first waveform for the system of
layers. The ratio of wavelength to thickness (L/h) that
maximizes the eigenvalue is the initial dominant wavelength
(L/h)s. The eigenvector corresponding to the eigenvalue
represents the relative amplitudes of the first waveforms in
the interfaces of the multilayer. Thus the amplitude in one
interface is specified and the eigenvector determines the
others.

Eigenvectors for finite multilayers confined by soft
media (R = MHpegia/Hiayers = 0.01) are shown in Fig. 18 for a
range of initial wavelength ratios. The maximum slope
was 1°, but each eigenvector has been normalized to 1.0.
These eigenvectors were used to design the forms of the
initial perturbations in the finite multilayers shown in
Figs. 4 and 5.

If the contacts slip freely (Fig. 18A), the initial
perturbation has nearly the same amplitude at every
interface for all wavelength ratios. If slip at contacts is
localized (Fig. 18B) or if contacts are bonded (Fig. 18C),
the eigenvectors vary with wavelength ratio: at low (L/h),
the amplitude of the initial perturbation is much lower on
the outer interfaces than on the middle interfaces; at
larger (L/h), the amplitudes become more nearly uniform.

Relationships between amplification factor anad

wavelength ratio are compared for infinitely thick and
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Figure 1i8. Eigenvectors at selected wavelength-to-thickness
ratios (L/h) for finite multilayers confined by soft media
(Mn/1ty = 0.01). A. Free slip at contacts. B.
slip at contacts. C.

Localized
Bonded contacts.

-
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unconfined finite multilayers in Fig. 19. For all the
multilayers considered, amplification factors are higher for
unconfined finite multilayers than for the corresponding
infinitely thick multilayers (Table IVa,b). For free slip
at contacts, dominant wavelength ratios are slightly larger
in the unconfined finite multilayer than in the infinitely
thick multilayer (Table IVc,d).

Unconfined finite multilayers with bonded contacts and
with localized slip at contacts (m = 3) have similar
deminant wavelength ratios and amplification factors. The
dominant wavelength ratios are an order of magnitude greater
than those in the multilayer with free slip at contacts;
however, the amplification factors are nearly identical
(Fig. 19, Table 1IV).

For multilayers with free slip at contacts and with
bonded contacts, the difference in dominant wavelength ratio
is a function only of the number of layers in the
multilayer. Because all the multilayers in this chapter
have frictionless contacts with the confining media, the
10~-layer multilayer with bonded contacts is equivalent to a
multilayer consisting of one thick layer with free slip at
centacts.

Increasing confinement produces lower dominant
wavelength ratios and lower amplification factors (Fig. 20,
Table IV). Comparing various multilavers with localized

slip at contacts to one with bondsd contacts, the dominant

-
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Figure 19. Relationship between amplification factor ,qg and
wavelength-to-thickness ratio (L/h) for the first waveform
in infinitely thick and unconfined finite multilayers. The
dominant wavelength ratio in unconfined finite multilayers
with bonded contacts or with localized slip at contacts is
an order of magnitude greater than the dominant wavelength

ratio in the corresponding multilayer with free slip at
contacts.

pr---

3

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



AR SO WA S N TN SN S S ENUNE SR W N SR N TR SR NN N B T

7 N
E 1500 —
2
w -
>
..}
; -
- - LOCALIZED SLIP—//— BONDED
™ 4
:.- 1000-—
- ! <—FREE SLIP
I . a4
(&)
.-}
“ -
_§ - Omax =1°
] R 2 A
= (AN?/B=050
2 500 —
e FINITE<—
g =
< ~ Y ‘/10 Iayers\‘ R 'amedia"ulayers
S < | INF. R=0

- | INFINITE l LOCALIZED SLIP

v
o— LR l ¥ 1 | § R ' 1 1 1 1 ] 1 1 ) I I 1 ]
0 250 500 750 1000

(L/h) Wavelength-to- Thickness Ratio ot First Waveform

-

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.




"uoissiuuad Inoyum panqiyosd uononpoidas Jayung “Jaumo WbuAdoo ayy Jo uoissiwiad yym paonpoisday

TABLE IV

MAXIMUM AMPLIFICATION FACTORS AND DOMINANT WAVELENGTH-TO-THICKNESS RATIOS
IN MULTILAYERS OF FINITE AND INFINITE THICKNESS

a. Maximum Amplificatiom Factors (lq)max in b. Maximum Amplification Factors (lq)max in
Multilayers of Finite Thickness Multilayers of Infinite Thickness
o R 4] 0.01 0.1 a
L EE;ee slip) 1641 118. 26 w (free slip) 1100
13 1654 29 12 13 12
5.8 1647 27 7 5.8
1 (bonded) 1642 25 5 1 (bonded)

d. Dominant Wavelength-to-Thickness Ratios (L/h)d

c. Dominant Wavelength-to-Thickness Ratios (L/h)d
in Multilayers of Infinite Thickness

in Multilayers of Finite Thickness

a R 0 0.01 0.1 o
o (free slip) 104 35 16 o (free slip) 85
13 1036 138 18 13 o
5.8 1038 154 55 5.8 o
1 (bonded) 1040 165 82 1 (bonded) 0
R = umedia/ulayers o = anisotropy

10 layers m=3

o%e
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Figure 20. Relationship between amplification factor ;g and
wavelength-to-thickness ratio (L/h) for finite multilayers
confined by soft media (p,/Ms = 0.01). As the anisotropy of

the multilayer increases, the dominant wavelength ratio
decreases and its associated ;g increases.

-
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wavelength ratio is always found to be larger -- and the
amplification factor always lower -- for the multilayer with
bonded contacts (anisotropy = 1.0). As the anisotropy of
the multilayer increases (as the (,A%)2/8 ratio increases),
(L/h)s is reduced and ;g.,.. is increased (Table IV).

Amplification Factors for Second, Third, and Fourth

Waveforms. Equations describing the growth of the second,

third, and fourth waveforms in a finite multilayer are, to

3rd order accuracy:

d(.A;)/d(Lns,)

2A; + (24;)[3q:;] +

(:B;)[iq:; + 'iq;;] (30b)

d(3A;)/d(24nS,)

sA; + (34;)[3q;;] +

(:A;) [Y4q;; + ''iq;,] (30c)

d(.A;)/d(&ns,) +A + (48;)[2q;;] +

(:Ay)['q;;] (30d)

Expressions for the g's are provided in the appendices.
Initial growth rates for the second, third, and fourth
component waveforms are determined by the quantities

11

{(1ig + '13g), ('4g + ''ig), and ('t}g), respectively,
because ,A;, 3A;, and (A, are zero initially. Initial
values of these amplification factors can be calculated for

sach interface using the eigenvector of values ;A;, found by

-
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solving eq. (30a), and are designated .g, s:g, and .d,
respectively.

A critical amplification factor for the development of
strong concentric-like and kink-like forms in multilayers is
24, the amplification factor for the second waveform.
Relations among g, wavelength ratio, properties of
confining media, and properties of interfaces between layers
are shown in Fig. 21.

Figure 21A shows that the amplification factor of the
second waveform can be relatively large for multilayers with
free slip at contacts, depending on the wavelength ratio and
the relative stiffness, R, of the confining media. As
relative stiffness increases from very soft to soft,

R = 0.01 to 0.1, the maximum amplification factor decreases,
and the corresponding wavelength-to-thickness ratio
decreases from about 23 to 18,

The amplification factor of the second waveform for the
multilayers with localized slip depends on the order of
approximation and the exponential power. For 3rd order
analysis and power m = 2, the strength of the amplification
factor is determined largely by the anisotropy of the
multilayer, that is, the (,A%)¢"-?’/8 ratio. As anisotropy
increases, the amplification factor increases (Fig. 21B).
For 3rd order analysis and m = 3, the amplification factor
is very small (Fig. 212); one would have to perform a 4th

order analysis to see a strong second waveform for a power

-
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Figure 21. Relationship between amplification factor ,gq for
the second waveform and wavelength-to-thickness ratio (L/h)
for the first waveform for unconfined and confined finite
multilayers. A. Confinement by soft media (p./H; = 0.01)
maximizes ,g for a particular initial (L/h). To 3rd order,
maximum values of ,g are significantly higher in the
multilayer with free slip at contacts than in the multilayer
with localized slip at contacts (m = 3). B. Increase in
anisotropy of multilayer with localized slip at contacts

(m = 2) increases the maximum valnrz of .g.
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m = 3.

The relative magnitudes of g, shown in Fig. 21 for
finite multilayers with different contact properties, are
reflected in the corresponding fold forms. The second
waveform is well developed in multilayers with free slip at
contacts (Fig. 4A, Fig. 5, loc. A2) and in multilayers with
localized slip at contacts, provided m = 2 (Fig. 4B, Fig. 5,
loc. B2). However, the second waveform is poorly developed
in multilayers with localized slip for the case m = 3 if the
analysis is carried only to 3rd order accuracy.

The third waveform also is critical to the
determination of fold form. If the third waveform is
strong, its sign determines whether the folds will be
chevron-like or kink-like. Relations between the initial
amplification factor of the third waveform, ;q, and the
initial wavelength ratic of the first wavefeorm are shown in
Fig. 22. The sign of 3g is negative for multilayers with
localized slip at contacts (Fig. 22). The negative sign
corresponds to a negative third waveform, which is
responsible for the box form and the steep limbs of the
kink-like form (Figs. 5B, 6B).

The amplification factor for the third waveform is
generally small for the finite multilayer with free slip at
contacts and consequently has minor effect on the form of
such multilayers (Fig. 102A). However, for thick multilayers

and short wavelengths, the amplification factor for the
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Figure 22. Relationship between amplification factor 3;g for
the third waveform and wavelength-to-thickness ratio (L/h)
for the first waveform for unconfined and confined finite
multilayers. Confinement by soit media (p./pg = 0.01)
maximizes ;g for a particular initial (L/h). Maximum values
of ;g are significantly higher in multilayers with localized

slip at contacts (m > 1.0) than in multilayers with free
slip at contacts.
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third waveform becomes large and the chevron form becomes

distinct (Fig. 5§, loc. Al, Fig. 6A).
DISCUSSION

The analysis of folding of multilayers consisting of
identical viscous layers shows that different fold forms can
be produced by changing the properties of the layer contacts
or the wavelengths of the first waveforms. In the
Discussion I will focus on two aspects of the theoretical
analysis:

1. The theoretical kink-like folds invariably are pervasive,
whereas kink bands commonly are isolated.

2. The form of folds generated by a particular theoretical
analysis depends on the combination of the order of
approximation and the power of the powerlaw contact property
selected in performing that analysis.

All the folds shown in this chapter are pervasive:
regardless of contact properties, the waveforms repeat
indefinitely along each interface. Pervasive folding in
viscous multilayers with free or localized slip at contacts
is a result of assumptions that all the interfaces are
initially perturbed into cosinusoidal waveforms of low
amplitude and that the powerlaw exponent m is one, two, or
three. But only the latter assumption is fundamental. One
could relax the first assumption and introduce a local

perturbation into the multilayer. However, unless the

a
3
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properties of the multilayer allow the perturbation to grow
only locally, waveforms would spontaneously grow in the
multilayer on either side of the local perturbation,
producing pervasive folds. This was shown by Reches and
Johnson (1977) experimentally and theoretically for elastic
materials.

Apparently, the second assumption, that m is one, two,
or three, must be changeG to produce the local deformation
that characterizes isolated kink bands. Honea and Johnson
(1976) have shown that a particular form of isolated
flexure, a "kinkform," can exist in a multilayer with
finite, plastic, adhesional contact strength. Smith (19792)
has demonstrated that a powerlaw material behaves as a
plastic material with strength as m approaches infinity, so
slip will becomez local in a multilayer with powerlaw
rheologv at contacts as the power m increases indefinitely.
Also, Latham (1985b) concludes that, for multilayers
composed of powerlaw material, a large powerlaw exponent
results in local deformation. For these reasons, the
differences between forms of isolated kink-like folds and
the pervasive kink-like folds I have investigated can be
removed by indefinitely increasing the power exponent, m, in
the equations that.describe contact properties between
layers. We have seen in this chapter that removal of these
differences is inessential to understanding the general

conditions responsible for kink folding.

-
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The second aspect of the theoretical analysis that I
feel should be discussed is the necessity of selecting an
appropriate combination of order of approximation, 0, and
powerlaw exponent, m, to investigate fold form. The fold
form predicted by the theoretical approximation depends on
the relationship between the exponent, m, and the order of
the solution, 0, as follows. (In all examples, the
multilayers are composed of identical layers and confined by
soft media.)

1. 0 < m. Folding described by analyses in which the
order of the solution is less than the exponent power is
purely kinematic; it reflects merely passive deformation of
interfaces.

For example, Oth order analysis of a multilayer with
constant resistance to slip at contacts (m = 1) is
kinematic. A kinematic analvsis does not reveal much about
fold form. It is less obvious, but true, that a 1st order
analysis cannot be used to investigate fold form of
multilayers with variable resistance to slip at contacts
(m > 1). Any 1st order analysis of a multilayer with
localized slip at contacts (m > 1) is equivalent to a
kinematic analysis, as is a 2nd order analysis of folding of
a multilayer with contact behavior described by m = 3.

2. 0=m. If the order of the solution 0 and the power
m are equal, analyses of multilayer folding describe the

growth of essentially similar folds.

a
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If slip at contacts is distributed, a 1st order solution
for folding of a multilayer with m = 1 produces nearly
similar cosinusoidal fold forms because no waveforms other
than the first develop. If slip at contacts is localized, a
3rd order analysis with m = 3 describes the growth of nearly
similar, box folds.

3. 0> m. Analyses of folding in which 0 is greater
than m can produce distinctly non-similar fold forms, and
results of these analyses are the ones that provide the most
information about fold form.

In a 2nd order analysis of folding of a finite
multilayer for which m = 1, a strong second waveform
develops which modifies the cosinusoidal shape, resulting in
a concentric-like fold. A 3rd order analysis of this
multilayer may produce no new information about fold form,
because the third waveform is very weak, as shown in
Chapter I. Under some conditions, though, the analysis
determines a strong third waveform which further refines the

fold form to produce a combination of concentric-like and

chevron forms.

Similarly, a 3rd order analysis of folding for which
m = 2 describes the development of strong second and third
.waveforms which produce a kink-like fold form in finite
multilavers.

On the basis of ‘this understanding of my theoretical

resnlts, I would anticipate that a 4th or higher order
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analysis of multilayers with nonlinear resistance to slip
described bv m = 3 would also produce kink-like folds in

finite multilavyers.

T
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ABSTRACT

If the orientation of the principal compressive stress
is oblique to layering, viscous multilayers fold in response
to the layer-parallel shortening and develop asymmetric
interfaces in response to the layer-parallel shearing
deformation. For a given sense of layer-parallel shear
stress, the sense of asymmetry of folds can be reversed by
changing only the behavior of the layer contacts: If the
resistance to slip at layer contacts is a constant, the
resistance is the same everywhere along interfaces, and
folds develop the sense of asymmetry of drag folds. If the
resistance to slip at layer contacts is a function of shear
stress, however, the resistance is lower on slopes facing
one way and higher on slopes facing the other way, and folds
develop the sense of asymmetry of monoclinal kink folds.

The orientations of axial planes of drag folds and
monoclinal kink folds differ fundamentally with respect to
the orientation of layer-parallel shearing. The axial
planes of drag folds on the limb of a large fold are
approximately parallel to the axial plane of the large fold,
but the axial planes of monoclinal kink folds dip toward the

axial plane of the large fold.

-

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



-

E

261

INTRODUCTION

Folds may have opposite senses of asymmetry for a given
sense of layer-parallel shear (Fig. 1). The short limb of a
érag fold (Figs. 1, 2A) faces right in response to
right-lateral simple shear strain parallel to layering and
faces left for left-lateral simple shear strain parallel to

layering. The short limb of a monoclinal kink fold

(Figs. 1, 2B), however, faces left for right-lateral shear
and faces right for left-lateral shear. The central purpose
of this chapter is to explain the conditions responsible for
the opposite senses of asymmetry of drag folds and
monoclinal kink folds.

This research on fold asymmetry is partly motivated by
my field study (Chapter IV) of minor folds on the southeast
limb of the New Bloomfield anticline, near the confluence of
the Juniata and Susquehanna rivers, central Pennsylwania.
Minor folds with opposite senses of asymmetry (Fig. 3) are
exposed in adjacent roadcuts on the same limb of the major
fcld. All but one of the minor folds in the northern
roadcut (on left in Fig. 3) have the sense of asymmetry of
drag folds because their short limbs all dip toward the
axial plane of the major anticline. The minor fold in the
southern roadcut (on ;ight in Fig. 3) has the sense of

asvmmetry of a monoclinal kink fold because its short, steep
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Figure 1. Opposite senses of asymmetry of idealized drag and
monoclinal kink folds. The sense of shear responsible for
asymmetry of folds is indicated by arrows and implied by
position in larger fold. The short limb of a drag fold (4d)
faces right in response to right~lateral simple shear strain
parallel to layering and faces left for left-lateral simple
shear strain parallel to layering. The short limb of a

monoclinal kink fold (k) faces left for right-lateral shear
and faces right for left-lateral shear. Traces of axial
planes (a) shown for both minor and major folds.
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Figure 2. A. Folds with the sense of asymmetry of drag
folds near the core of an anticline within the Huasna
Syncline, California (from Johnson and Page, 1976, fig. 8).
The sense of shear is right-lateral on the left side of the
drawing and left-lateral on the right. B. Folds with the
sense of asymmetry of monoclinal kink folds on the east limb
of the Wills Mountain Anticline, near Pinto, West Virginia.

The sense of shear is left-lateral on this limb of the
anticline.
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Figure 3. Minor folds with opposite senses of asymmetry on
ths southeast limb of the New Bloomfield anticline, central
Pennsylvania. The sense of shear is left-lateral on this
limb of the major anticline. Chevron and concentric-like
folds with drag fold asymmetry in northern roadcut on the

left; kink-like fold with monoclinal kink fold asymmetry in
southern roadcut on the right.
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limb dips away from the axial plane of the major
anticline.

In this chapter, I focus on the sense of asymmetry of
folds rather than on the forms of asymmetric folds. For
example, the drag folds in the roadcut shown on the left in
Fig. 3 are tight chevron folds near the left end of the
roadcut and relatively open, almost concentric-like folds
slightly right of center in the roadcut. Yet despite their
different forms, these folds have the same sense of
asymmetry. The forms of the relatively open,
concentric-like drag folds resemble parts of the fold with
monoclinal kink fold asymmetry (in rosdcut shown on right in
Fig. 3), but these have opposite senses of asymmetry. In
Chapters I and II, I discuss parameters which control forms

of folds., In the fcocllowing pages, I address the causes S

opposite senses of fold asymmetry.
PREVIOUS WORK AND STATEMENT OF PROBLEM

Drag Folds

Hans Ramberg (1963) explained that drag.folds develop
in response to a combination of layer-parallel shortening
and shear (Fig 4). The shortening is responsible for the
folding; the shear is responsible for the asymmetry.
Ramberg (1963) reasoned that the formation of drag folds on
the limbs of large folds requires either that the large and

small folds grow simultaneously or that the small folds form
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Figure 4. Minor folds with drag fold sense of asymmetry
developed in response to layer-parallel shear strain on

limbs of major fold, according to Ramberg (1963) (from
Ramberg, 1963, fig. 6).
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first, so that shear on the limbs of the large folds can
cause the small folds to become asymmetric. According to
Ramberg (1963), the deformation responsible for the
asymmetry of drag folds is passive, or kinematic.

Ivar Ramberg and Johnson (1976) applied H. Ramberg's
concept of drag folding to a field study of asymmetric folds
in interbedded cherts and shales of the Franciscan Complex
and to a collateral experimental study of asymmetric folding
in elastic multilayers composed of rubber strips or
interbedded rubber and gelatin strips. In the experiments,
drag folds formed as a result of layer-parallel shortening
and simultaneous or subsequent simple shear in elastic
multilayers composed of stiff layers with lubricated
contacts or of interbedded stiff and soft layers.

I. Ramberg and Johnson showed that during simple shear, the
asymmetry of drag folds is produced by passive reorientation
of layers in limbs much as predicted by H. Ramberg's
kinematic model.

Other studies of drag folds have been restricted
primarily to single layers. Ghosh (1966) produced drag
folds in single layers of modeling clay embedded in putty,
materials with relatively low contrasts in properties.
Treagus (1973) theoretically analyzed the effects of shear
on folding of single viscous layers in soft media and
concluded that dominant wavelength is independent of shear.

Manz and Wickham (1978) had difficulty in producing

%]

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



272

experimentally asymmetric folds in ethyl cellulose layers
and media having viscosity contrasts ranging from 20 to 100.
Similarly, Anthony and Wickham (1978) were unable to produce
strong asymmetric folds using finite-element solutions for
single layers in media with viscosity contrasts ranging from
17 to 42.

This was essentially the level of understanding of drag

folding at the time my research began.

Monoclinal Kink Folds

Dewey {1865) recognized on the basis of field study of
faults and associated asymmetric folds that the sense of
asymmetry of monoclinal kink folds is opposite to that of
drag folds (Fig. 1). Subseqguent experiments by Weiss
(1968), Donath (1968), Johnson (1970), Ellen (1971), Cobbold
and others (1971), Gay and Weiss (1974), and I. Ramberg and
Johnson (1976), and subsequent field, experimental, and
theoretical studies by Reches and Johnson (1976), confirmed
the relation between sense of layer-parallel shear stress
and sense of monoclinal kink fold asymmetry shown in Fig. 1.

The sense of asymmetry of monoclinal kink folds has
been explained qualitatively by Reches and Johnson (1976)
and by Reches (1979) in the context of the theory of kink
folding developed by Honea and Johnson (1976). They
considered a multilayer containing various irregularities in

slope (Fig. 5), with the contacts between layers having
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Figure 5. The sense and magnitude of the local contact shear
stress in multilayers with finite strength at layer contacts
(from Reches and Johnson, 1976, fig. 11). A. The sense and
magnitude of the local shear stress depends only on the sign
and magnitude of the local slope if multilayer is subjected
only to mean horizontal compression. B. Sense and
magnitude of local shear stress depends also on sense and
magnitude of mean horizontal shear stress if principal
compressive stress is not horizontal.
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finite strength, as described by Coulomb's Law.

If the multilayer is subjected solely to mean
horizontal compression, ¢., the initial irregularities
produce shear locally at contacts between layers; the shear
stress is zero where slopes are zero and maximal where
slopes are maximal. Thus, the shear stresses are largest at
points a and ¢ (Fig. 5A), but at these points the sense of
shear is opposite. Contacts yield simultaneously at points
a and ¢, and the resulting kink bands are conjugate (Honea
and Johnson, 1976).

Consider the same multilayer as being subjected not
only to a mean horizontal compression, o¢., but also to a
mean horizontal, left-lateral shear stress, v (Fig. 5B).
The magnitude of the mean shear is less than the contact
shear strength, so contacts between flat layers remain
bonded. As a result of superposition of the mean shear
stress on the local shear stresses produced by the
interaction of the irregularities (at a, b, ¢, 4, and g) and
the layer-parallel compression, however, the layer-parallel
shear stresses are locally increased to exceed the shear
strength at points b and c, but locally decreased at points
a, d, and e (Fig. 5B). Accordingly, yielding will occur
first at point ¢, then at point b. Yielding will not occur
at points a, 4, or e for this state of stress. For this
reason, left-lateral shear stress favors initiation of

right-lateral kink folding (Reches and Johnson, 1976).

oI
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This was essentially the state of understanding of

monoclinal kink folds at the time my research was initiated.

Focus of Pavper

Together, the studies by Hans Ramberg (1963) on the
causes of drag folds and the studies by Reches and Johnson
(1976) on the causes of monoclinal kink folds account for
the opposite senses of asymmetry cf the two kinds of folds.
Neither of these studies, however, proceeded significantly
beyond qualitative analysis of conditions causing the
different kinds of folds or the different senses of
asymmetry. There was no bridge between the ideas developed
in the studies of drag folding and those treating monoclinal
kink folding; there were no equations to describe the growth
of either type of asymmetric fold from an initial, symmetric
perturbation.

In this chapter I present a comprehensive, theoretical
model of asymmetric folding of viscous multilayers. The
model is designed to include not only the two end members
considered by Ramberg (1963} and by Reches and Johnson
(1¢76), but also to cover the continuum of intermediate
behaviors.

To determine the conditions under which folds with drag
fold asymmetry form in preference to folds with monoclinal
kink fold asymmetry, I consider the folding of simple,

repetitive, viscous multilayers. As in the work by Honea
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and Johnson (1976) on conjugate kink folding and by Reches
and Johnson (1976) on monoclinal kink folding, my research
focuses on the properties of contacts between layers as the
most likely source for different senses of fold asymmetry.

As I will show, this requires a 2nd order theoretical

analysis.

MEAN FLOW AND CONTACT PROPERTIES

Components of wvelocity and stress within the lavyer are
separated into mean and perturbed values (e.g., Fletcher,
1974. 1977); the mean values of stress and velocity are
those that sclve the problem describing the uniform
deformation of a layer with planar interfaces, and the
perturbed values of stress and velocity are those that must
be added to the mean values to match sitresses and velocities
at perturbed interfaces.

The mean stresses and velocities within a layer are:

v, = ®xDb,, + 220,, + (V.,), (1a)
V. = 2D,;; + (V;), = 2D, + (V.), (1b)
Tux = 2M3Dux = P (1c)
G2z = =2130u = P (1d)
.z = 24,0, (1e)
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f’ = =(0. + 6::)/2 (1f)
in which b;; is the mean deformation rate,
B,y = (1/2)(dv,/3x, + 3¥3V;/3x,) (1g)

and p, is the coefficient of viscosity for a layer. For
incompressible viscous materials, B,, = - B,;,; for the
simple shearing assumed here, (3V,/3x) = 0.

The orientation of maximum compression, ¢., within a
stiff, viscous layer is defined by the angle &, measured
clockwise from the x-direction (Fig. 6), which lies in the
plane of the unperturbed layering. The ratio of the mean
shear stress, g,,, to the difference of the mean normal

stresses, ¢g,, and ¢g,,, is

a'xz/(ax)( - c‘—'zz) = _(1/2) tan(zé) (za)

Within viscous layers, therefore,

axz = —2}‘115)0( tan(26)

...
-
:
o
A

or
sz/Bxx = - tan(zg) (2C)

For the boundary conditions, I have elected to specify
a combination of uniform, layer-parallel normal deformation
rate, D,,, and uniform, layer-parallel shear stress, &,,.

The multilayer and confining medium are allowed to shear in
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Figure 6. Representative multilayer of total thickness H
composed of identical layers of thickness h and coefficient
of viscosity p, and confined by media of infinite thickness

and coefficient of viscosity u,. Interfaces between layers
initially perturbed intc symmetric, cosinusoidal waveforms.
Multilayer and media subjected to uniform rates of
layer-parallel shortening, D,,, and layer-parallel simple
shearing, ¢,,. Orientation of maximum compression, o,

defined by angle &, measured clockwise from the
x-direction. :
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a combination of mean pure shearing, as specified by

B.x - D,., and mean layer-parallel simple shearing, 2D,,.
The mean velocities specified for a layer, egs. (la) and
(1b), reflect this choice.

Because d,, is constant throughout the multilayer, the
mean shearing deformation, D,,, varies locally according to
the viscosity of the layer. However, an averaged mean
shearing deformation for the entire multilayer, (D.:)ave:
can be related to the mean shear stress through the mean

shear viscosity, H,, of the multilayer:

OXZ = 2}1.(5X2)CV0 (3)

Then, for a principal compressive deformation rate D,

acting at an angle &' clockwise to the layering,
(Dyz)ave/ (Dyx = D) = =(1/2) tan(28') (4a)

which is analogous to eq. (2a) for the mean stresses. For

incompressible materials,
(ﬁxz)ave/ﬁxx = = tan(zé') (4b)

Combining egs. (2b), (3), and (4b), a relationship can
be derived among the orientation of the principal stresses,

the orientation of the principal deformation rates, and the

mean anisotropy, &, of the multilayer:

& = tan(28')/tan(26) (5a)
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According to egs. (2c) and (4b),

a = (Bxx)lvc/(sxz).tlff layers (5b)

The mean anisotropy, &, is the ratio of the normal to mean

shear viscosity of the multilayer.

Properties of Contacts between Layers

Model of contacts. The model I have selected to

describe contact properties relates rate of slip, 48V..,
between layers to magnitude of shear stress, ¢,,, applied at
contacts (Fig. 7). 1If contacts between layers are bonded,
0v. is zero, and if contacts between layers slip freely,
o, 1S Zero. These two end member conditions, bonded
contacts and free slip at contacts, can be considered
extremes of either contact strength or contact viscosity.
If, as Honea and Jounnson (1576) assumed, contacis have
a finite strength described by Coulomb's Law of contact

friction, then

|one] € C - o, tan($) (6)

in which ¢,, is the shear stress parallel to the interface,
6.n 15 the stress normal to the interface, C is adhesion,

and & is angle of internal friction. {Normal stresses are
negative if compressive.) If the inequality in egqg. (6) is

satisfied, the contacts are bonded, and if adhesion and

friction are zero, contacts slip freely.
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Figure 7. Powerlaw relationship between rate of slip, év.,
and shear stress, o¢,,, at layer contacts for several values
of the powerlaw exponent, m.
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If, as I assumed in Chapter II, contacts have a contact

viscosity of powerlaw form, then

8Ve = 0ne/(Em) (7a)

in which m is the powerlaw exponent and E& is the coefficient

of contact viscosity. 1In this model, the rate of slip is a

powerlaw function of the shear stress:

Ve = (0na/Bec) |0na/Bc| ™ P (7b)

where B. is a constant. The slope of the relation between
contact shear stress and rate of slip is the coefficient of

contact viscosity

d(on,)/d(8vs) = E = (Bc/m) [0n,/Bc| '™ (7c)

The contact viscosity describes the resistance to slip at the
interface. If £ is very large, contacts are bonded, and if
E is very small, contacts slip freely.

The powerlaw formulation of contact viscosity,
eq. (7c), can model resistance to slip ranging from constant
(m = 1) to highly nonlinear (m » o). A plot of the relation
between (o,,/8.) and 8v,, Fig. 7, shows that the powerlaw
model of contact viscosity, eq. (7), closely resembles the
model of contact strength, eq. (6), particularly as the
exponent m becomes large.

At the crossing point, where the curves for different

powers cross in Fig. 7, the coefficient of contact viscosity
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is

1]

= (Be/m); (one/Bc) =1 (74)

Thus £ at that point is controlled by the parameter B. as
well as by the power m. The parameter B. plays two roles.
The lower the magnitude of B., the lower the shear stress
¢, at which the ratio (o,,/8.) is unity; and the lower the
magnitude of B., the lower the contact viscosity at the
crossing point. The power m also plays two roles. The
higher the value of m, the more strength-like the relation
between rate of slip and shear stress; the higher the value
of m, the lower the contact viscosity at the crossing point.

Rate of Slip. The rate of slip at layer contacts is
ava = (Vg)s - (Vs)t (8)

where (v,), and (V,), are the velocities parallel to the
interface on either side of the contact (Fig. 6); b refers
to the bottom of overlying layer and t to the top of
underlying layer.

The shear stress at layer contacts, o¢,,, depends both
on the mean shear stress, ¢,,, which is a function of the
inclination of the principal compressive stress to planar
interfaces, and on the perturbed shear stress, ¥, which is
a function of the local slope of the perturbed interfaces.

The shear stress at the contact is
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One = Oy + % (9a)

As shcwn in Chapters I and 1I, % is

£ = ot + ;1 sin(&x) + .t sin(24x) + 2T cos(24x) (9b)

whcere the ccmstants 1, .7, 2nd ;1 2re zxnplitudes cf the
perturbed shear stress distribution.

The rate of slip at an interface described by a
powerlaw resistance to slip is expressed as a series

expansion to 2nd order of eqgqs. (7) and (9a) in the perturbed

shear stress at the interface:

dve = (1/B.) Cx2: {Iaxz/BCI(m—l) +
m|a,./Bc| ™2 (¥/8:) +
[m(m-1)/2) 0., /Bc| ™3 (7¥/B)%) (10a)

If the powerlaw exponent m is greater than one, the

rate of slip is a nonlinear function of the contact shear

stress. If m equals one, eq. (10a) simplifies to a linear

function of the shear stress

ve = (1/Bc) 0. + ¥] (10b)

in which the coefficient of contact viscosity is B., a

constant.

Velocity jump at layer contacts. The total mean

velocity parallel to flat layering, V,, is a consequence of

both the layer-parallel normal and shearing deformation

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



288

rates, respectively D,, and D,, (eq. 1a). Using egqg. (1le),
we can write an expression for v, at the top of a single

representative layzsr as
vx = Bxxx + (axx/pl);c + (Gx)o (11)

where &, is the height of the top interface witn reference to

the middle of the layer,

. = h/2 + A cos(2x) + B cos(28x) + C sin(2%x) (12)

and h is the thickness of a layer.

If the mean shear stress, o,,, is zero, the mean
iayer-parallel velocity reflects only the shortening,
through b,.x. If the mean simple shearing stress is not
zero, however, a velocity gradient across the layer is
preoduced which is inversely propertional te the viscosity of
the layer. Thus the mean velocity parallel to layering
increases from the middle to the top of the layer.

At the contacts between layers, there is a velocity
jump in the x-direction that depends on the rate of slip
parallel to the contact, eq. (10). The mean part of the
velocity jump in the x-direction is the difference in mean
velocities at the top (t) of one layer and at the bottom (b)

of the overlying layer:
(Vxdo = (V). = (G:)8[1/(Ha)e = 1/(Hp)e] +

(Gaz/Bc)™ + 8(Vs)o (13)

=N
E‘v
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where the last term, A(¥V.),, acts as a correction to the
mean velocity jump at the layer contacts.

Anisotropy. I define the anisotropy of a multilayer as
the ratio of the normal to the effective shear viscosities.
For a representative element of a multilayer consisting of
identical viscous layers with powerlaw resistance to slip at
iayer contacts, the effective coefficient of shear

viscosity, M., and the normal viscosity, p,., are:

1=
~
]

w, = 1/p, + 1/(Eh) (14a)

Mo = Ry (14b)

in which h is the thickness of a layer and £ is the
coefficient of contact viscosity, eq. (7c).

Combined with eqs. (7c) and (9a), egs. (14) provide an

expression for the anisotropy, «:

& = Ho/He = 1 + (p/h)(m/Bc) (0. + T)/Bc |V (15)

According to eqg. (15), the value of the anisotropy
depends on both the mean shear stress and on the perturbed
shear stress. The mean shear stress, &,,, in turn, is a
function of the mean orientation, 8§, of the layering. The
perturbed shear stress, ¥, is a function of the local

orientation, &, of the layering.

I define the mean anisotropy, &, of a multilayer as
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the value of the anisotropy calculated with the mean shear

viscosity:
& = p,/u, = 1 + (p/h)(m/Bc) |0x./Bc| ™Y (16a)
or
& =1+ (m/B) |2 tan(28) |-V (16b)
where
B = (Be)h/[paHaDux/Bc 1] (16c)

and eq. (2b) has been used to express the mean shear stress
in terms of the angle &.

According to eq. (16b), the mean value of the
anisotropy for a multilayer is a function of the powerlaw
exponent m, the inclination of the layering to the principal
stresses, 5§, and a parameter, $, which is a function of the
mean deformation rate, D,,, causing folding. Anisotropy
rangés from one for contacts with infinite resistance to
slip (bonded) to infinity for contacts with zero resistance
to slip (free slip). The corresponding value for § ranges
from infinity for infinite resistance to slip tc zero for
zero resistance to slip.

The mean anisotropy is related to the proportion of the
mean layer-parallel velocity that is accommodated by a
velocity jump at an interface compared to the proportion

that is accommodated by deformaticn within a layer. For the

3
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mean value of the anisotropy, eq. (16a) can be rewritten as

@ =1+ (,/h)(1/8) (17)

where B is the mean value of the contact viscosity, eq. (7c).
computed assuming zero perturbation. Using egs. (le) and

(7a), eg. (17) becomes

a =1 + m(3v,/av,) (18)

where §v, is the mean velocity jump at the interface and
AV, is the increase in mean layer-parallel velocity across
the thickness, h, of a layer. If there is no slip at
contacts, the anisotropy equals one, and all shearing
deformation is accommodated within the layer. If there is
zero resistance to slip at contacts (free slip), the
anisotropy is very large and much of the shearing
deformation is accommodated as siip at the interfaces.

Thus we have seen two ways of understanding the mean
anisotropy of a multilayer composed entirely of stiff,
viscous layers. Equation (18) shows that the anisotropy is
related to the partitioning of shearing between the layers
and the interfaces. Equation (5b) shows that the anisotropy
is also related to the difference in orientations of

principal far-field deformation rates and principal

far-field mean stresses.
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GEOMETRIC PROPERTIES OF ASYMMETRY

Although fold form is a property of the entire package

of interfaces in a multilayer, asymmetry is a property of a

single interface. Each interface in a multilayer can have a

different strength of asymmetry and, in some multilayers, a
different sense of asymmetry.

The waveform one observes in an interface is a
resultant waveform, defined here in terms of cosinusoidal
and sinusoidal component waveforms. Differences in the
sense and strength of asymmetry which develops at interfaces
in simple multilayers with constant or variable resistance
tc slip at contacts can be understood in terms of
differences in the amplitudes, signs, and wavelengths of the
component waveforms.

I define the asymmetry, A, operationally to be the
difference in the lengths of the left- and right- dipping
limbs of an interface waveform divided by the sum of the
lengths of the left- and right- dipping limbs, with both
sets measured parallel to the wavetrain (the x-axis in my

analyses) (Fig. 8):
A = (Ap = 2Aro)/(Ap + Agrp) (19)

The lengths of the limbs are measured from crests to troughs,

which are defined as positions of zero slope on the
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interface waveform.
If the shape of an interface (Fig. 8) is described by

an equation of the form,
& = h/2 + A cos(x) + B cos(24x) + C sin(2¢x) (20a)
the positions of crests and troughs can be derived from
(d3&/3x) =0
= —-(Al) sin(4x) - (2B%) sin(24&x)
+ (2CL) cos{2LXx) (20b)
Let two troughs and a crest be defined by the positions
X, = e,; X, = % + €,; QX3 = -% + €4 (21)

in which ¢,, ¢,, and &3 are:

£, sin-'{2[{(C/A) cos{2¢e,;) - (B/A) sin(2e,)]} (22a)

£, = €3 = sin*{-2[(C/A) cos{(2e;3) - (B/A) sin(2e3)]} (22b)

Using egs. (21) to describe the lengths of the left-
and right- dipping limbs on the interface, the asymmetry, A

(eq. 19), becomes

A= (e, - e;z)/n (23a)

Asymmetry, A, is determined by substituting into eq. (23a)

the values for £,, £,, and €3, obtained by solving

5
5
-
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Figure 8. Asymmetric interface waveform. Lengths of left-
and right- dipping limbs designated as A, and Agxp,
respectively.

- |
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egs. {22). Table I lists the asymmetry, A, computed using
egs. (22), for various values of C/A and B/A.
A 1st order approximation to A can be derived as

follows. The 1st order approximations to egs. (22) are
e, « 2(C/A)/[1 + 4(B/A)] (24a)
€, = €3 « -2(C/A)/[1 - 4(B/A)] (24a)
Substituting eqs. (24) into eq. (23a), we find
A = (4/m)(C/A)/{1 - [4(B/A)]%}; |[B/A|<<(1/4) (23b)

The ist order expression in eq. (23b) indicates the nature of
the dependence of A on C/A and B/A.

The magnitude, or strength, of asymmetry A increases
as the disparity in the lengths of the fold limbs increases
(eq. 19). The strength of the asymmetry also increases as
the ratios of amplitudes of the component waveforms, C/A and
B/A, increase (Table I, eq. 23b). If C is zero, the
asymmetry A is zero and the waveform is symmetric. If C is
nonzero. the magnitude of asymmetry increases with the
amplitudes B and C.

I have arbitrarily defined the sign of the asymmetry A
to be positive if the left-dipping limb is longer than the
right (Fig. 8). A positive sense of asymmetry corresponds
also tc a positive C/A ratio but is independent of the sign

of the B/A ratio (egs. 22, 23b).

T
%
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TABLE 1

-]
ASYMMETRY A CORRESPONDING TO VARIOUS
RATIOS CF AMPLITUDES OF COMPONENT WAVEFORMS

+ B/A c/A A
0 0.05 0.063
0.10 0.119
0.15 0.167
0.20 0.207
0.25 0.239
0.30 0.265
0.10 0.05 0.073
0.10 0.133
0.15 0.180
0.20 0.217
0.25 0.247
0.30 0.271
0.20 0.05 0.123
0.10 0.179
0.15 0.216
0.20 0.245
0.25 0.268
0.30 0.289
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Interfaces in a multilayer drift, or undergo a phase
shift, in response to layer-parallel shear. The drift is
measured by a phase angle, ¢, which necessarily enters the
trigonometric terms used to describe each interface shape
(egq. 20a) in the multilayer. 1If the phase angle is the same
on all interfaces, the resultant waveforms are in phase
throughout the multilayer. If the phase angle varies from
interface to interface, the resultant waveforms are out of

phase.

The height of a singlé interface subjected to a phase

chift is
E = h/2 + A cos(&x+$) + B cos(28x+2¢)
+ C sin(24x+2¢) (25a)

As in the previous example, eq. (20b), the positions of peaks

and troughs can be determined by the relation

(8g/3x) =0

-(AL) sin(fx+d) - (2BL) sin(28x+2¢)
+ (2CL) cos(28x+2¢) (25b)

The amount of phase shift has no affect on asymmetry.

Although the asymmetry of a composite waveform in an

[nde

nterface can be described quantitatively by the operational

asymmetry, A, effects of various component waveforms on

/
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interface asymmetry and shape can be best appreciated
visually. Illustrations of the addition of component
waveforms to produce a resultant waveform are shown in

Fig. 9. Column 1 contains four identical first component
waveforms of positive amplitude A. Each of these first
waveforms is added to a second component waveform of cosine
or sine form and amplitude B or C, respectively, shown in
column 2. Column 3 shows the resultant waveforms.

The effects of the second waveform depend on the sign
of its amplitude and whether it is a sine or cosine wave.
Addition of a cosinusoidal second waveform (rows A and B) to
a cosinusoidal first waveform produces a symmetric resultant
waveform. For example, the second component waveform shown
in loc. A2 has a positive amplitude and sharpens the crests
and flattens the troughs defined by the first waveform, as
shown in loc. A3. 2Addition of the cosinusoidal second
component waveform moves the inflection points of the first
component waveforms closer to the sharpened crests but does
not affect the positions of the crests.

Addition of a sinusoidal second component waveform
{rows C and D) to a first component waveform produces an
asymmetric resultant waveform. For example, a sinusoidal
second component waveform of positive amplitude C (loc. C2)
steepens the dip and decreases the length of right-dipping
limbs, and shallows the dip and increases the length of

left-dipping limbs (loc. C3). A sinusoidal second component

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Figure 9. Asymmetry and shapes of interfaces determined by
addition of two component waveforms. Cosinusoidal first
component waveforms of positive amplitudes in column 1;
cosinusoidal and sinusoidal second component waveforms, of
positive or negative amplitudes, in column 2. Each row,
A-D, illustrates the addition of a waveform in column 1 to a
waveform in column 2 to produce a resultant waveform in
column 3. Addition of a cosinusoidal second waveform

(rows A and B) to a cosinusoical first waveform produces a
svmmetric resultant waveform. Addition of a sinusoidal
second waveform (rows C and D) to a cosinusoidal first
waveform produces an asymmetric resultant waveform.

T
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waveform with a negative amplitude C (loc. D2) produces a
resnultant waveform with the opposite asymmetry: steeper,
shorter left-dipping limbs and shallower, longer
right-dipping limbs (loc. D3). Addition of the sinusoidal
second component waveform moves the positions of the crests
closer to the inflection points on the steepened limbs but
does not a2ffect the positions of the inflection points.

The effectiveness of a second component waveform in
modifying the interface shape produced by the first
component waveform alone depends on the relative strength of
the second waveform. The relative strength of the second
waveform at an interface is measured by the ratio of its
amplitude to that of the first waveform on that interface.
The relative strength of the second cosinusoidal waveform in
Fig. 9, loc. A3, is B/A = 0.20; in loc. D3, the relative
strength of the second sinusoidal waveform is C/A = -0.20.

As the strength of the second sinusoidal waveform
increases, the shape of the interface becomes more
asymmetric. Asymmetry is difficult to recognize visually
when the C/A ratio falls below about 0.08, that is, when &
is‘less than about 0.1.

Nine resultant waveforms produced by adding a positive
sinusoidal second waveform to a positive cosinusoidal first
waveform are shown in Fig. 10. The strength of the second
waveform, C/A, and the operational asymmetry, A, for each

interface are indicated to the right of that interface. At

%
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Figure 10. Values of asymmetry, A, for various interface
waveforms. Asymmetry & increases with increasing strength
of the sinusoidal second component waveform, measured by
ratio C/A, where C is the amplitude of the sinusoidal second
waveform and A is the amplitude of the first waveform.

Asymmetry is difficult to recognize visually if A is less
than about 0.1.

1
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a C/A ratio of zero, the interface shape is symmetric.
ANALYSIS OF ASYMMETRY IN INFINITELY THICK MULTILAYERS

I will show that jumps in the mean layer-parallel
velocities across interfaces are responsible for the
spontaneous development of the first and second waveforms
that produce both the drift and the opposite senses of
asymmetry described in preceding pages.

I will first analyze infinitely thick multiiayers.
Equations that describe folding of multilayers are greatly
simplified when adapted to infinitely thick multilayers
because o terms are needed to account for media or for
differences among layers. Fold forms are similar, and each
interface in an infinitely thick multilayer can be described
by a combination of two folding-mode waveforms, A cos(4x)
and C sin(2%x). B, the amplitude of the cosinuscidal second
component waveform, is zero. Asymmetry is the result of
growth of C, the amplitude of the sinusoidal second
waveform.

The mean velocity parallel to layering offsets each
interface an identical amount from its neighboring
interfaces, introducing a phase shift, ¢, between pairs of
neighboring interfaces. Every interface, therefore,
continues to bear an identical relationship to the center of

its underlying layer, and the height of each interface can
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be written as

Z = h/2 + A cos(x+¢) + C sin(22x+2¢) (26)

The equations for growth of the two component waveforms and

the phase angle are

dA/dS, = -(A/S,) (1 + {q) (27a)
dc/ds, = -(C/S,) (1 + §q) + (A/5,) 'iq (27b)
d¢/ds, = -(1/5,) r (27c¢)
5, = h,/h = L/L, (278)

where S, is the horizontal stretch (shortening); A and C are
current amplitudes; r is a drift factor; and g is an
amplification factor. Expressions for the amplification
factors are presented below; I will discuss each set,
egs. (28), egs. (29), and egs. (30), in following pages.

I consider three infinitely thick multilayers which
differ only in the nature of the rate of slip at layer

contacts:

1. The Ramberg model of drag folds. (Bonded contacts). The

rate of slip at layer contacts is zero, and the interfaces

serve only as passive markers.

2. General drag fold model. The rate of slip at layer

contacts is a linsar function of the contact shear stress.

3. Monoclinal kink fold model. The rate of slip at layer
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Variable Resistance to Slip at Contacts (m > 1.0; a > 1.0)

g = [2k/(,S,G-k)1(1 - F) (30a)
2q = [4Kk/(,5,C-2K)](1 - ,F) (30b)
1q = ~(A2) tan(20) [1 + [30/16m)] {4m + u[2(,5/,8)%-1] + 4(k/ 8)*(0-Dul2(,S,C/k)~(,S, C/k)~1]
- 4m(m—l)[1F/tan(2§)]2} ] (30¢)
r = -2k tan(28) {1 + (0-1)u/m] (30d)
1/A2)% - m{1 - (w-1)[ F/tan(28)1?
. (1/A2)2 - mf ? )[,F/tan } (300)
(1/82)% + 3/4 + (a-1)k(,S,C+k)/(,5%)
where
SZ
F = n
n =~ -
ns2 + (OL—l)an(nSnC-—nk)

tan(20) = -(1/2) o _ /(D _uyd
nC = COSh(nk); nS = Sinh(nk)

k = Th/L
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contacts is a nonlinear function of the contact shear

stress.

Ramberg Model

I first investigate asymmetry in the case of an
infinitely thick multilayer composed of identicai layers
with bonded contacts. The multilayer behaves as a
homogeneous, viscous material, and interfaces are merely
passive markers. Horizontal compression, parallel to
interfaces, amplifies perturbations in interfaces
kinematically, as shown in Chapter I. With the addition of
mean simple shear parallel to flat interfaces, both
asymmetry and drift develop kinematically, as indicated by
the non-zero amplification factor, !'jg, and drift
factor, r, egs. (28).

I identify the model of passive interfaces subjected
both to layer-parallel shortening and shear with Ramberg's
model because both ascribe the develiopment of asymmetry to a
kinematic superposition of shear strain onto folds (Ramberg,
1963).

The equations for kinematic folding are relatively
simple and can be written completely here. From eqgs. (27)

and (28), we find

dA/ds, = -(A/S,) (31a)

dc/ds, -(C/5,) - (1/5.) A (AL) tan(28) (31b)
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d¢/dS, = (1/5,) 2k tan(28) (31c)
in which
k = th/L (314)

Integrating eqgs. (31), we obtain:

A = A,/S, {(32a)
C = (A./2)(A.2,) tan(28) (1 - SZ)/53 (32b)
¢ = -k tan(28) (1 - 52) (32c)

The first waveform amplifies only in response to
layer-parallel shortening (eqg. 32a). Both the amplitude C
of the second waveform and the drift are zero without

layer-parallel shear (6§ = 0) (egs. 32b,c). The amplitude

of the second waveform depends on the square of the
amplitude of the first waveform -- the square of the
perturbed thickness of the layer -~ whereas the magnitude of

the phase angle depends on the mean thickness, h, of the
layer. Therefore, layer-parallel displacement of a pcint by
the second waveform depends on the position of that point on
the perturbed interface, but the lateral displacement caused
by the drift is the same for every point along an interface.
The second waveform changes the shape of the interface, but

the drift does not.

The strength of the second waveform. C/A, indicates

d
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the magnitude of the asymmetry. According to eqgs. (32a)
and (32b),

(C/A) = (1/2)(A.2,) tan(28) (1 - S5£)/5% (33a)

A 1st order approximation to the operational asymmetry, A&,

can be derived from egs. (33a) and (23b)
A = (2/7)(A.,) tan(28) (1 - 52)/52 {33b)

The sense of asymmetry of folds is determined by the
sign of C/A, relative to the sense of layer-parallel shear
stress. For passive interfaces, the sign of C/A, eq. (33a),
and of &, eqg. (33b), is positive if the layer-parallel
shear is positive (right-lateral) and negative if the
layer-parallel shear is negative (left-lateral). Thus, the
sense of asymmetry recorded by a passive interface must be
that of a drag fold; this is consistent with the result
Ramberg (1963) obtained.

The phase angle, ¢, enters the argument of the sine and
cosine functions to describe the drift of waveforms. The
phase shift can also be expressed as an angular drift, ¢,
which is the inclination after deformation of a line that

was originally vertical. The relationship between ¢ and ¢

is:

tan(¢) = - (é/2) (2/h) = - ¢/k (33c)

The angular drift, eq. (33c), can be expressed in terms of
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8 for passive interfaces by using eg. (32c)
tan(¢) = tan(28) (1 - 8%) (334)

According to eq. (33d), the angular drift of passive
interfaces is positive (right-lateral) if the layer-parallel
shear is positive, and it is negative (left-lateral) if the
layer-parallel shear is negative.

Kinematic growth of both component waveforms during
layer-parallel shortening and shearing of an infinitely
thick multilayer with bonded contacts is analyzed in
Fig. 11. The multilayer contains an initial, symmetric,
cosinusoidal perturbation (Fig. 11A) with a maximum slope
of 20°., The orientation of the principal compression is
& = 40° clockwise with respect to bedding.

Kinematic amplification of the first component waveform
results solelv from the laver-parallel compression (eq. 32a,
Fig. 11B). Deformation resulting from the mean,
layer-parallel shear stress produces drift and asymmetry of
interface waveforms (egs. 32b,c). The effect of
superimposing the drift on the first waveforms (Fig. 11B) is
shown in Fig. 11C: each interface waveform is symmetric but
offset from its neighbors. The asymmetry is added in
Fig. 11D: each resultant interface waveform is asymmetric,
with the short, steep limb dipping to the right. During
deformaticn cf a multilayer subjected to laysr-parallel

shortening and shearing, A, C, and ¢ grow simultaneously,

y
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Figure 11. Analysis of kinematic growth of component
waveforms and phase angle during layer-parallel shortening
and shearing of infinitely thick multilayer with bonded
contacts. A. 1Initial, symmetric perturbation consists of
first component waveforms. B. Kinematic amplification of
first waveforms in response to layer-parallel shortening
maintains symmetry of interfaces. C. Drift of waveforms
shown in B results in offset of neighboring, symmetric
interfaces. D. In addition to producing the drift shown in
C, layer-parallel shearing deformation causes waveforms at

bonded contacts to develop the sense of asymmetry of drag
folds.
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transforming the fold form shown in Fig. 11A directly into
that shown in Fig. 11D.

Kinematic growth of A, C, and ¢ according to the
H. Ramberg model is closely related to, but not equivalent
to, simple shear strain of passive folds, which is the model
of drag folds analyzed by I. Ramberg and Johnson (1976).
Here I briefly examine kinematic amplification resulting
solely from simple shear.

In simple shear, the deformed position (x,z) of a

material point with initial position (X,Z), is

]
]

X + Z tan(y) (34a)

N
i

Z = h/2 + A cos(4X) (34b)

where ¢y is the angle of simple shear strain, h/2 is the mean
vertical distance from the origin of coordinates, and
A cos(fX) is the initial shape of a symmetric, passive
perturbation. The angle of simple shear strain, ¢, is the
angle of inclination resulting from simple shear of an
initially vertical line in homogeneous material. Thus,
although ¢y is closely related to the drift angle, ¢,
egs. (33c,d), ¢ is not egual to y because ¢ arises from
compression as well as from shear; ¢ would equal ¢ if D,,
were zero (S5, = 1).

The simple shear strain of pre-existing, passive,

symmetric waveforms produces asymmetric interface waveforms
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(Fig. 12A) which are virtually identical to waveforms
produced by kinematic amplification of perturbations
subjected simultaneously to layer-parallel normal and
shearing deformations (Fig. 12B). Figure 12A shows a
multilayer subjected to simple shear strain, with y = 20°.
Figure 12B shows the same multilayer kinematically deformed
bty layer-parallel compression and simple shear; 5, is 0.97
(three percent shortening), & is 40°, and $ is 20°. Both
sets of interface waveforms are asymmetric, and both have

the sense of asymmetry of a drag fold.

General Drag Fold Model

Drag folds occur in identical multilayers in which the
resistance to slip at contacts is constant. The coefficient
of contact viscosity, E, which reduces to a constant for
m =1 (egq. 7c), can range from infinity (bonded contacts) to
zero (free slip). The corresponding mean anisotropy of the
multilayer, «, can range from one for bonded contacts to
very large for free slip (eq. 17). Viscous slip, which is
characterized by a constant, finite resistance to slip at
contacts, is a behavior intermediate between these two
extremes.

A sinusoidal second component waveform and fold
asymmetry are ccunsequences of layer-parallel shear stress.
The second waveform starts to grow as a 2nd order

interaction between the mean layer-parallel velocity and the

=
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Figure 12. Simple shear strain of symmetric waveforms (A)
and layer-parallel shortening and shearing deformation of
symmetric perturbation (B) produce virtually identical

resultant waveforms with drag fold asymmetry. Multilayer
shown in B is analyzed in Fig. 11.

.
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perturbed interface (eq. 29b). Once growth of a second
waveform has been initiated, both the layer-parallel
compression, through the amplification factor g, and the
mean shear, through the amplification factor !ig, promote
its continued development.

Growth of the second waveform in an infinitely thick
multilayer is driven by a discontinuity in the mean
layer-parallel velocity, V., at each interface. The mean
layer-parallel velocity jump, in turn, is driven by the mean
shear stress (eg. 13). If contacts are bonded, the ¥,
discontinuity can arise only if the layers have perturbed
interfaces and different viscosities. If the layers have a
finite resistance to slip at contacts, however, a
discontinuity in v, can also be generated by slip at
interfaces.

The sense of asvmmetry of the resultant waveform at an
interface with constant resistance to slip is always the
asymmetry of a drag fold. The amplitude of the second
waveform, C, takes its sign from that of the mean shear
stress because in the expressions for 'ig, the coefficient
of the mean shear stress is positive for all wavelengths and
anisotropies (eq. 29c).

The Ramberg model of bonded contacts correctly
determines the sense of asymmetry of drag folds at
interfaces with viscous slip, but considerably

underestimates the magnitude of the asymmetry. The strength

[
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of the second waveform, C/A, and the magnitude of the
asymmetry, A (egs. 22, 24a), increase with anisotropy
(curve m = 1, Fig. 13A). For anisotropy of & = 2.0,

C/A = 0.113, and the asymmetry is A = 0.133; for anisotropy
of & = 8.3, C/A = 0.3, and A = 0.265. The strength of the
second waveform, C/A, is about 0.063 and the corresponding
asymmetry is A = 0.078 for the Ramberg model of drag
folding (& = 1.0. Fig. 13A4).

The increase of the phase angle, ¢, in multilayers with
finite, constant resistance to slip at contacts is
controlled by a drift factor, r, eq. (29d). The value of
the drift factor for interfaces which accommodate
deformation by slip is greater than the kinematic value
produced by deformation that is confined to layers

{eg. 28d). The drift factor increases in magnitude with

anisotropy and is inversely proportional to the wavelength

(p]
t

the first waveform, eqg. (29d). The factor u, eqg. (29e),
iimits the growth of the phase angle at large slopes and
anisotropies: u is always positive, ranging from one to
zero for slopes ranging from 0° to 45° and approaching zero
as anisotropy becomes large.

Neither asymmetry nor drift develops, to 2nd order, in
muitilayers with free slip at contacts. In the limit of
very large anisotropy (free slip), the contacts offer no
resistance to £lip, so the contact viscosity is zero and the

contact shear stress is zero.
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Figure 13. Relations between sense and strength of asymmetry
A, strength of second waveform, C/A, nonlinearity of

contact behavior, m, mean anisotropy, &, and orientation of
maximum compression, 8. A, Strength of asymmetry A
increases with & for constant resistance to slip at

contacts (m = 1) and is maximized at intermediate value of

a for variable resistance to slip at contacts (m > 1).
Monoclinal kink fold asymmetry can develop if contacts have
variable resistance to slip. B. Tendency toward drag fold
asymmetry increases with . Strength of asymmetry

increases with & for constant resistance to slip at

contacts and decreases with &8 for variable resistance to
slip at contacts.

e
3

r:

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



L
3

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.

drag fold asymmetry

monoclinal kink fold
asymmetry

Y

———

m=
e

Y
|

—t—
10
=9

| —~x Infinite Multilayer

/|

Y
- g °
80 % 8=15

?/ Infinite Multilayer
x=25




323

Growth of the first cosinusoidal component waveform is
a function of the layer-parallel compression and the
anisotropy of the multilayer. Therefore, the amplification
factor for the first waveform, !g, reduces not only to that
for bonded contacts if the anisotropy is one but also to

that for free slip at contacts if the anisotropy is very

large:
bonded contacts: i{g = 0 (35a)
2k ] (,5%
viscous slip: (g = |———| {1 - — (35b)
(,5,C-k) | {(,8*)+(0~1)2k(,S,C-K)}
2k 1
free slip: iq = —_— (35c)
(ISIC—k)

For viscous slip at contacts, the amplification factor for
the first component waveform, eq. (35b), is intermediate
between the amplification factors that would occur for the

two end members, egs. (35a, 35c). As the anisotropy of the

multilayer increases, {g increases.

Monoclinal Kink Fold Model

Folds with monoclinal kink fold asymmetry occur in
multilayers with variable resistance to slip at layer
contacts. Variable resistance to slip is modeled by a

powerlaw rheology for which the powerlaw exponent, m, is

2
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greater than 1.0. According to this model, eq. (7c), the

contact slipperiness (the inverse of viscosity) is
1/8 = (m/B.) |0ne/Bc| ™" (36a)

Using the expression for the contact shear stress, eq. (9),

the expression for the contact slipperiness can be expanded

to
1/E = 1/8 + (1/5)(m=-1)(%/G..) + ... (36b)

in which the mean contact slipperiness, generated solely by

the mean shear stress, is
1/2 = (m/B.) |o../Bc ™Y (36¢)

The perturbed shear stress in eqg. (36b) can be replaced by a
sinusoidal function of x, it sin(%x), and the expression

for contact slipperiness becomes:
1/ = 1/ + (1/E)(m-1)(i7t/0..) sin(Lx) (364d)

Equation (36d) holds one of the keys to understanding
different senses of asymmetric folding, as I will explain in
following pages. The egquation shows that the slipperiness
consists of two terms: The first term is a mean value, 1/%,
and is constant along interfaces between layers. The second
term, a perturbed value, is nonzerco only if m is greater
than 1.0. The effect of this term is to reduce the

slipperiness on limbs facing one way and to increase the
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slipperiness on limbs facing the other way.

The contact slipperiness is used in the expression for
anisotropy, eq. (15). The mean value in eqg. (36d)
determines the mean anisotropy, eq. (16a). The form of the
perturbed value in eq. (36d) indicates that anisotropy to
first and to higher orders of approximation will be a
function of the local slope of interfaces between layers and
therefore will be a function of position along layer
contacts.

The rate of slip at layer contacts is expressed in
terms of contact shear stress in eqg. (10a), which can be

rewritten as
8ve, = (6,./Em) + (1/E){¥ + [(m-1)/2]}(%/0,.)%} (37a)

A more general expression incorporating the form of eq. (37a)

is

Ve = (8V,)o + (8Ve)y + (8V.)e (37b)

The Oth order contribution to the rate of slip,
(eq. 37a), is proportional to the mean contact slipperiness
and to the mean shear stress and can be expressed in terms

of mean anisotropy, eq. (17):

(8Ve)o = (0,:/Em) = (d,;)(h/p)(a-1)/m (38a)

In a Oth order analysis, therefore, the rate of slip is

proportional to the slope of a straight line on a plot in
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stress and slip space (Fig. 7) that connects the point at

the origin of coordinates to the point that represents the
contact shear stress and rate of slip. The slope of that

line is Em.

The Oth order rate of slip contributes to the growth of
the phase shift, eqg. (30d). Because the drift factor r is
inversely proportional to m, drift of contacts with variable
resistance to slip is less than that of contacts with
constant resistance to slip, eqg. (29d), for low slopes of
the first waveform; the rate of growth of ¢ is essentially
kinematic if m is large.

The 1st order, perturbed contribution to the rate of

slip is proportional tco the magnitude of the perturbed shear

stress:

(3vs)y = (a-1)(h/ue) (it) sin(Lx) (38b)

The constant of proporticnality is the mean contact
viscosity, E, which is the local slope of the curve that
relates 3v, and o,,, Fig. 7. 1In a 1st order analysis, then,
the slipperiness is constant everywhere along perturbed
interfaces and is determined by the mean inclination, &, of
the far-field stresses in stiff layers.

To 1st order, the rate of slip is proportional to the
mean anisotropy. In this respect, multilayers both with
linear and nonlinear contact properties behave alike.

Folding occurs to 1st order in an infinitely thick

s
T
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multilayer because the mean shear stress lowers the
resistance to slip at layer contacts. Without
layer-parallel mean shear stress, the resistance to slip
would be infinite to 1st order, as noted in Chapter II for
multilayers subjected solely to layer-parallel shortening.
The 2nd order contribution to the rate of slip in

eq. (37a) is:

(8v.)z = (1/2)[(1/8)(m-1)(iT/d,.) sin(x)] (it) sin(Lx)
(38c)
According to eq. (38c¢c), 2nd order folding of multilayers
with variable resistance to slip at contacts is controlled
by a 1st order perturbed slipperiness, eq. (36d), which
varies with the local slope of the perturbed interface.

The rate of slip at interfaces will be different on
limbs facing in opposite directions, according to the 2nd
order analysis. The local resistance to slip depends on the
relative signs of the mean shear stress and the perturbed
shear stress. The sign of the perturbed shear stress,
it sin(2x), is a function of the sign of the slope of the
first cosinusoidal waveform. The resistance to slip is
lower on positive slopes of the first waveform if mean shear
stress is positive because the positive mean shear stress
and the positive perturbed shear stress together produce a
higher contact shear stress. The resistance to slip is

higher on negative slopes of the perturbation because the
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mean and perturbed shear stresses have opposite signs.

Using a trigonometric identity, the 2nd order
contribution to the rate of slip (eq. 38c) can be rewritten:

(8ve)e = (1/4)[(1/E)(m-1)(it/0.:)] (iTt) [1 - cos(2&x)]
(38d)

By increasing the magnitude of the factor u, eqg. (30e), the
x-independent term in eq. (38d) strengthens the terms in
eq. (30c) which promote drag fold asymmetry.

The sinusoidal second component waveform that produces
monoclinal kink fold asymmetry is driven by the x-dependent

term in the 2nd order contributicn to the rate of slip,

eq. (38d). The last term in !ig, eqg. (30c), can be

expressed as

dg =
-L1/{AD}1{3q/i64({a-1}k]} (i/B)(m-1)(iT/0..) (iT)
(39)
which makes clear its dependence on the 2nd order rate of
slip, eq. (38d). Because the sign of the last term in ‘ig

is opposite to those of the rest of the terms in iig,
eq. (30c), the last term can reverse the sign of the

amplitude C of the second waveform and thereby produce the

monoclinal kink fold sense of asymmetry.
Thus, for a positive sense of mean shear stress,
menoclinal kink fold asymmetry can form because the

resistance to slip is lower on positive slopes and higher on
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negative slopes.

The asymmetry, A, of folds in infinitely thick
multilayers with variable resistance to slip at contacts is
a function of the strength of the second waveform, C/A,
which in turn depends on the mean anisotropy, &, the degree
of nonlinearity of the resistance, m, and the orientation,
8, of principal stresses in stiff layers (Fig. 13). The
strength of the asymmetry, A, is indicated by the strength
of the second waveform, C/A, and the sense of asymmetry is
indicated by the sign of C/A relative to the sign of the
mean shear stress. Figure 13 was constructed for a positive
mean shear stress, so a positive C/A in that figure
indicates the sense of asymmetry of a drag fold and a
negative C/A indicates the sense of asymmetry of a
monoclinal kink fold. For all the relations shown in
Fig. 13, the multilayers are infinitely thick and consist of
identical layers. The initial wavelength-to-thickness ratio
is 35, the initial slope of the first waveform is 1°, and
the final slope is 15°.

The strength of the second component waveform, C/A, is
plotted in Fig. 13B as a function of the powerlaw exponent
m for different magnitudes of the mean shear stress, as
measured by the inclination & of the maximum compressive
stress, ¢.. For a given mean layer-parallel compression

and shear stress, corresponding to an inclination of

8 = 11°, for example, fold asymmetry progresses from drag
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asymmetry (C/A > 0) to zero asymmetry (C/A = 0) to
monoclinal kink asymmetry (C/A < 0) as the power m is
increased (Fig. 13B). For & = 7°, the sense of asymmetry
reverses (C/A = 0) at m = 1.4; for 6§ = 11°, C/A = 0 at
m= 1.95; and for § = 15°, C/A = 0 at m = 2.6.

As the relative magnitude of the mean shear stress is
increased, that is, as § is increased, fold asymmetry tends
toward drag fold asymmetry for any value of m (Fig. 13B).
For constant resistance to slip at contacts (m = 1), the
sense of asymmetry is that of a drag fold and the strength
of asymmetry increases with increasing magnitude of the mean
shear stress. For variable resistance to slip at contacts
(m > 1), the sense of asymmetry is that of a monoclinal kink
fold, and the strength of asymmetry decreases with
increasing magnitude of the mean shear stress.

Relations between the strength and sense of the
asymmetry and the anisotropy, &, are shown for different
values of m in Fig. 13A. As the anisotropy increases, the
strength of the asymmetry increases for constant resistance
to slip at contacts (m = 1). For variable resistance to
slip at contacts (m > 1), in contrast, the strength of the
monoclinal kink fold asymmetry is maximum at an intermediate
value of anisotropy. For the conditions assumed for
construction of Fig. 13A, asymmetry is maximum at « =« 3.

As the multilayer anisotropy is increased beyond three, the

strength of the asymmetry decreases.

2
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For variable resistance to slip at layer contacts (for
example, m = 3) and 10w anisotropy (& « 1, Fig. 13A), the
mean resistance to slip is high, so the contact behaves as
though it were bonded all along its length. Consequently,
the component waveform of amplitude C is initiated
kinematically. The sign of dC/dt is positive, and the
resultant waveforms have the asymmetry of drag folds.

As anisotropy increases slightly (1 < a < 1.3), the
mean resistance to slip decreases, but the total resistance
is distinctly lower on slopes facing cne way and higher on
slopes facing the other way. The component waveform with
amplitude C grows more slowly than it did kinematically.
The resultant waveform still has the sense of asymmetry of
drag folds, but the strength is weaker.

As the anisotropy increases beyond about 1.3, the
amplitude, C, of the second waveform becomes negative
because the sign of dC/dt becomes negative; the sense of
asymreetry of monoclinal kink folds develops.

At an even higher anisotropy (a = 5.5), the mean
resistance to slip may be sufficiently low so that the
difference in resistance to slip on the two sets of slopes
is negligible. Then the sign of dC/dt will become positive,
and the sense of asymmetry of interface waveforms will
become that of a drag fold.

Figure 14 shows boundaries between domains of drag fold

and monoclinal kink fold asymmetries, as the sense of
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Figure 14. Domains of combinations of
thickness-to-wavelength ratio, h/L, and orientation of
maximum compression, 8, which favor development of
monoclinal kink fold or drag fold asymmetry in infinitely

thick multilavers. Domain boundaries are defined by the
dC/dt = 0 contour.
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asymmetry varies with thickness-to-wavelength ratio, h/L,
and orientation of maximum compression, 8. The domain
boundaries are defined as conditions at which dc/dt = 0.
The sign of dC/dt depends on the sign of the mean shear
stress. For positive &, corresponding to a positive mean
shear stress (Fig. 14A), the dC/dt = 0 contour encloses a

region of negative values of 4C/dt. For negative mean shea

e |

stress (Fig. 14B), this region contains positive values of
dc/dt.

Only the positive state of mean shear stress will be
shown in following figures. The discussions will apply
equally to the negative state of mean shear stress if
appropriate sign changes are made.

In Fig. 15, the nonlinear contacts are described by

m = 5. To focus on the dependence of mean anisotropy, «,
on 6, I rewrite eg. (16b) as
& - 1 =R |tan(28) |V {(40a)
where
R = (m/B)(2)P (40b)

and g is defined in egqg. (16c). For the construction of
Fig. 15, R was selected to be 50 and m = §.

The parameters that control the sign of 4C/dt can be
investigated in more getail by making assumptions which

further simplify eq. (30b). At long wavelength, L, the

]
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Figure 15. Domains of monoclinal kink fold and drag fold

asymmetries for positive orientation of maximum compression,
8,

in infinitely thick multilayer with variable resistance
to slip at contacts (m = 5).

i
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parameter k becomes small, and for small k, sinh(nk)

approaches nk and cosh(nk) approaches unity. Thus, for long

wavelengths, !ig becomes
Ramberg model (bonded) (eq. 28c):

‘4q = -(AL) tan(28§) (41a)
Constant resistance to slip (eqg. 29c):

g = -(AL2) tan(28) [1 + R(11/4 + 2R)] (41b)

Variable resistance to slip (eq. 2390c):
14q = -(AL) tan(28) {1 + R[tan(26)|<™-[1 + 7/(4m)
+ (2R/m) |tan(268)|*> - (m-1)/tan2(28)] } (41c)

for the three models of contact slip I have considered.
These are the terms that are responsible for the initiation
of a second sinusoidal waveform, which, in turn, determines
the asymmetry at interfaces.

Let us examine the term in braces in eq. (41c) for the
model of variable resistance to slip. The first term, "1%,
is the kinematic amplification factor resulting from
shearing deformation within a layer. It is the only term
considered in the Ramberg model, eq. (41a). The other terms
in eqg. (41c) represent dynamic amplification factors
resulting from slip at layer contacts.

The first three terms within brackets in eq. (41c),
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1 + 7/(4m) + (2R/m)|tan(28) -1

are a result of the constant, mean resistance to slip. The
sign of these three terms is always positive, so they always
enhance the kinematic term, that is, these three terms
always contribute to growth of the waveform that causes the
fold to have drag asymmetry. If m = 1, these terms simplify
to a constant, (11/4 + 2R), as indicated in eq. (41b).
Furthermore, if m becomes very large, these terms approach
unity.

The last term in brackets in eq. (41c),
- {(m-1)/tan?(28§)

results from the perturbed resistance to slip at contacts and
produces unegual rates of slip on interface limbs with
erent slopes. This term, which is negative for all
values of m and §, can reduce and even reverse the sign of
the amplification factor, making dC/dt negative and
producing interface waveforms with the sense of asymmetry of
monoclinal kink folds. The magnitude of the term is
relatively large for low inclinations of the principal
compressive stress and decreases, slowly at first and then
more rapidly, for increasing 8.

The domain of monoclinal kink folding described by the
dC/dt = 0 contour for long wavelengths (left side of

Fig. 15) can be explained using eq. (41c) for fixed m and R.
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If the maximum compressive stress is parallel to the
layering, § is zero and the mean anistropy is & = 1, so
dCc/dt is kinematic and positive.

If the maximum compression is inclined to layering, @
is nonzero. For non-zero values of 8, the sign of
eg. (41c) depends on the interplay between egs. (40a) and
(40b). Initiation and growth of the second waveform will be
zero when the term in brackets in eq. (41c) is zero, which

occurs for conditions satisfying

1 + R[1 + 7/(4m)] |tan(26) ] + (2R2/m)|tan(28)|t2m-12

- R(m-1) |tan(28)}|™3> =0 (42a)

For relatively small values of 6, the negative term in
eq. (42a), proportional to |tan(28)|‘-3’, dominates; this
term produces monoclinal Rink asymmetry. At relatively high
values of 8§, the other, positive terms in eq. (42a)
dominate; these terms produce drag fold asymmetry. Thus,
the lower part of the loop, near h/L = 0.01 (Fig. 15), is
the transition between bonded contacts, with § = 0, and
monoclinal kink fold asymmetry, with & small. The upper
part of the loop is the transition from monoclinal asymmetry
to very easy slip at contacts.

Monoclinal kink fold asymmetry develops in multilayers
with initial conditions plotting within the domain where

dc/dt < 0. Contouvrs of C/A corresponding to final slope
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values of (AL2) = tan(15°) have been plotted in Fig. 16
relative to the initial dC/dt = 0 curve (Fig. 15). The
degree of asymmetry which develops at the interface is
larger for longer wavelengths and for values of & plotting
closer to the middle of the domain. However, the shortening
required to produce the slope of (A%) = tan(15°) for points
near the bottom of the domain is much larger than that near
the top of the domain.

The effect of m on the position of the dC/dt = 0 curve
is illustrated in Fig. 17. For a powerlaw exponent m = 3,
the sign of eq. (41c) is negative for very small 6. As m
is made larger, a larger value of 8 is required to reverse
the sign of eq. (41c), and the interval of & values for
which dC/dt is negative is reduced (Fig. 17). Thus, for
larger values of m, the domain of monoclinal kink fold
asymmetry shifts to higher § values and operates OVer a
narrower range of 8 values.

In the limit of very large m, which describes contact
strength, the range of monoclinal kink asymmetry becomes a
single value of & below which the contacts remain bonded
and at which monoclinal kink asymmetry develops. This is
the critical angle for unstable yielding of contacts,
discussed by Reches and Johnson (1976).

Equation (42a) can be simplified and rearranged for
iarge m to give an upper limit to the & at which drag fold

asymmetry will occur:

2
!,,
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Figure 16. Contours of C/A, the strength of the second
sinusoidal waveform, for final slope values of
(AL) = tan(15°) at interfaces with monoclinal kink fold

asymmetry in multilayers with variable resistance to slip at
contacts (m = 5).

-
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Figure 17. Effect of exponent m on position of dC/dt = 0
curve defining domain boundaries.

-
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1/R = |tan(26) ‘3> [m - tan?(28)] (42b)
Equation (42b) is possible only if

tan(28) < vm (42c)

Thus

6 < 45°
which gives the maximum & for drag fold asymmetry.
ASYMMETRY IN FINITE MULTILAYERS

Analysis of folding of multilavers with a finite number
of layers enclosed by media of infinite thickness is more
complicated than analysis of infinitely thick multilavers.
For example, each interface in a multilayer of finite
thickness can have a unique phase angle and set of
amplitudes of component waveforms which determine its
asymmetry. In principle, some interfaces in a finite
multilayer can have one sense of asymmetry and others can
have the opposite sense of asymmetry. However, the
explanations of asymmetry of interfaces in infinitely thick
multilayers apply equally to asymmetry of interfaces in
finite muitilayers.

The simple, finite, repetitive multilayer I analyze has

a total thickness H consisting of 11 identical layers of
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thickness h and coefficient of viscosity p, and is confined
above and below by thick media with coefficient of viscosity
Hm (Fig. 6). The multilayer is subjected to a combination

of layer-parallel compression and simple shear. The

interfaces between layers are initially perturbed into
cosinusoidal waveforms, the amplitudes of which are
determined by an analysis of eigenvalues and eigenvectors,
as explained in Chapter I. The eigenvalues determine the
dominant wavelength for the multilayer. Each interface,
originally described by a cosine wave of amplitude A,
evolves, according to my 2nd order analysis, into a waveform

containing two cosine waveforms and one sine waveform:

ew = t h/2 + A, , CcOS(LX+0, ,) + B, , COS(24x+2¢, )
+ C..p Sin(228x+2¢. . u) (43)

in which t is top and b is bottom of a layer.

In following paragraphs I will determine the conditions
under which folds with drag asymmetrvy and moncclinal kink
fold asymmetry develop in finite multilayers; I will examine
the effect that layer-parallel shear can have on dominant
wavelengths of multilayer folds; and I will analyze some

examples of theoretical asymmetric folds in finite

multilavyers.
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Domains of Asymmetry

Through study of Figs. 15, 16, and 17, I showed
conditions under which folds with monoclinal kink asymmetry
will develop in finite multilayers, primarily emphasizing
effects of inclination, &, of the far-field compression,
that is, the relative magnitude of the layer-parallel shear
stress, and the ratio of layer thickness to wavelength, h/L.
I showed that the boundary between the two types of
asymmetry is unbounded for long wavelengths.

A similar diagram for a finite multilayer with 11
layers is shown in Fig. 18. The same material constants
were assumed as in Fig. 15, the boundary from which has been
superimposed in Fig. 18. The two contours of dC/dt = 0
closely correspond for short wavelengths (right-hand end)
and diverge markedly for h/L ratios smaller than 0.05, that
is, for wavelengths L greater than 20h. Thus, except for
long wavelengths, the discussion of conditions of sense of
asymmetry of waveforms in interfaces of infinitely thick
multilayers applies to multilayers of both finite and

infinite thicknesses.

Dominant Wavelength

A spectacular effect of layer-parallel shear on folding
of finite multilayers with variable resistance to siip at
centacts is the reduction of wavelengths of folids that

develop in such multilayers. If layer-parallel shear stress
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Figure 18. Comparison of positions of dC/dt = O curves for

finite multilayer confined by soft media (p,/n, = 0.1) and
for corresponding infinitely thick multilayer (Fig. 15).
Domain of monoclinal kink asymmetry for finite multilayer is
limited to wavelengths shorter than the dominant wavelength
for bonded contacts (anisotropy a« = 1).
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is zero, the contacts between layers are bonded, and the
multilayer folds as a thick unit, as discussed in Chapter 1I.
If, on the other hand, layer-parallel shear stress is
relatively high, the contacts are virtually free to slip,
and the multilayer folds as though contacts were
frictionless.

I measure the resistance to slip in simple multilayers
by the anisotropy for linear contact behavior and by the

mean anisotropy for nonlinear contact behavior:

Q
]

1 + (Hy/hBe); linear (m = 1; egqg. 16a)

]
]

1 + R |tan(28)|™-12; nonlinear (m > 1; eqg. 40a)

where R is defined in egs. (16c) and (40b). As the
anisotropy approaches one, the contacts are bonded, and as
the anisotropy approaches infinity, the contacts slip
freely.

The marked effect of anisotropy on amplification
factor, ig, for the first waveform, as a function of
thickness-to-wavelength ratio, h/L, is shown in Fig. 19.
For @ =« 1, ig « 4, and for o « 100, {g =« 27. The
viscosity ratio of media and layers for Fig. 19 is
Hn/Hy = 0.1. The relations between {g and h/L (Fig. 19)
depend only on anisotropy and are thus valid whether the
contacts between layers have constant or variable

resistances to slip.

Ci
1
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Figure 19. Increase in amplification factor for the first
waveform, lg, and decrease in dominant wavelength with
increasing mean anisotropy, «, of multilayer.

- -
j:

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



| i

L aaald i v bt 1 [

Lo+

20

q) Amplification Factor for First Waveform

15 — =
&=101.86
. &x=25.79
&=13.02 -
&= 656
_&=2.96
5— _ 1&:2 3’_’_\ L
a:
3 & =1.05 "_\ N\
0 1 ) l 1L l'l ) ] | lﬁ 1 lll ] { 1 l DL
0.001 0.005 0.01 0.05 0.1 0.5 1.0

.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.

(h/L) Thickness—to-Wavelength Ratio of First Waveform



353

The peaks of the curves correspond to the dominant
wavelengths. The dominant wavelength for the multilayer
with the hichest resistance to slip at laver contacts (mean
anisotropy closest to 1.0), according to Fig. 19, is about
95h. The dominant wavelength decreases as the anisotropy
increases. The dominant wavelength for the multilayer with
the highest anisotropy, a« = 102, is about 18h (Fig. 19).
Thus there is a five-fold decrease in wavelength as the
anisotropy increases from about 1 to 100.

According to Fig. 19, however, multilayers fold at the
dominant wavelength corresponding to free slip at contacts
for mean anisotropies greater than about 5. As the
anisotropy changes from 5 to 1, the dominant wavelength goes
through a transition from that of nearly free slip at
contacts to that of bonded contacts.

The relations between dominant wavelength and
anisotropy for multilayers confined by media ranging from

very soft to verv stiff are shown in Fig. 20

'z

. or stiff
media, the dominant wavelengths are smaller for low
anisotropy than for high anisotropy, although the variation
is small. For very soft media, p,/H, = 0.01, anisotropy
ranging from 1 to at least 14 affects the dominant
wavelength, although the effect is greatest for anisotropies
between 8 and 12. For soft media, u,/H, = 0.10, the change

in dominant wavelength is drastic for anisotropies between 1

and 4, as noted earlier.
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Figure 20.

Comparison of change in dominant wavelength with
increasing anisotropy for finite multilayers confined by
media ranging from very soft (n,/H; = 0.01) to very stiff
(Hm/Hy, = 10).
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The relation between the dominant wavelength of the
first waveform and the sense of asymmetry of folding on the
middle interface of 11i-layer multilayers is shown in
Fig. 18. The dominant wavelengths are shown as functions of
tan(28), rather than of anisotropy, and R was assumed to be
50 for the analyses.

Figure 18 shows that the domain of monoclinal kink fold
asymmetry is limited to wavelengths shorter than the
dominant wavelengths for bonded contacts. As the anisotropy
of the multilayer increases, the dominant wavelength becomes
shorter; at an anisotropy of 1.2, the curve for dominant
wavelength crosses into the domain of monoclinal kink fold
asymmetry. The decrease in dominant wavelength with
increasing anisotropy is most dramatic in the vicinity of
thie wavelength which is halfway between those for bonded
contacts and free slip at contacts. The dominant wavelength
decreases from 55h at an anisotropy of 2.0 to 25h for an
anisotropy of 2.6. Dominant wavelengths in multilayers with
anisotropies greater than sbout 10 falil outside the domain
of monoclinal kink asymmetry. Interface waveforms in these
multilayers have the asymmetry of drag folds.

Once the dominant wavelength has been determined for a
multilayer, the preferred wavelength can be calculated
according to the method described in Chapter I. The
wavelengths of folds I will show in following pages are at

or near the preferred wavelengths corresponding to the

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



357

anisotropy of the multilayer.

Examples of Asymmetric Folds

I have shown that interfaces with different senses of
asymmetry can be produced in simple multilayers of infinite
or finite thickness by changing the behavior of layer
contacts. Two finite multilayers are shown in Fig. 21 which
differ only in the behavior of the contacts. The
multilayers in row A, Fig. 21, have constant resistance to
slip (m = 1) at layer contacts. The multilayers shown in
row B, Fig. 21, have variable resistance to slip (m = §).
Both multilayers in column 1, Fig. 21, were subjected to
right-lateral sense of layer-parallel shear, and both
multilayers in column 2, Fig. 21, were subjected to
left-lateral sense of layer-parallel shear.

If resistance to slip at layer contacts is constant
(m = 1; Fig. 21A), interfaces exhibit both a relative offset
and an asymmetric shape. For the right-lateral sense of
shear shown in loc. Al, the sense of asvmmetrv is that of a
drag fold because the short limb on the interface waveform
dips to the right; the sense of relative offset of
interfaces is right-lateral because each layer has shifted
to the right compared to the layer below. For the
left-lateral sense of shear shown in loc. A2, the sense of

asymmetry is that of a drag fold because the short limb on

the interface waveform dips to the left; the sense of
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Figure 21. Sense of asymmetry in finite multilayers with
constant resistance to slip (m = 1) (row A) and variable
resistance to slip (m = 5§) (row B) at contacts. Multilayers
with constant resistance to slip at contacts have drag fold
sense of asymmetry because the short limbs on interface
waveforms dip to the right for right-lateral sense of shear
(loc. Al) and to the left for left-lateral sense of shear
(loc. A2). Multilayers with variable resistance to slip at
contacts have monoclinal kink fold asymmetry because short
limbs dip to the left for right-liateral sense of shear and
to the right for left-lateral sense of shear.
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relative offset of interfaces is left-lateral.

If resistance to slip at layer contacts is variable
(m > 1; Fig. 21B), the sense of asymmetry is reversed. The
interfaces shown in loc. Bl have the sense of asymmetry of a
monoclinal kink fold because, for the right-lateral sense of
shear stress applied to the multilayer, the short limbs on
the interface waveforms dip to the left. The individual
interfaces appear to be approximately in phase. For the
left-lateral sense of shear shown in loc. B2, the fold has
the sense of asymmetry of a monoclinal kink fold because the
short limb on the interface wavefcrm dips to the right.

The strength of the asymmetry of folds with monoclinal
kink fold asymmetry increases with m, the powerlaw exponent
describing nonlinear contact behavior. The sense of
asymmetry in the three multilayers shown in Fig. 22 is that
of a monoclinal kink fold, but the strength of asymmetry of

the fold in Fig. 22C (m = 7) is stronger than that in Fig.

22A (m = 3). The asymmetry is weak (A = -0.05) for the
fold shown in Fig. 22A, strong (A = -0.14) for the fold
shown in Fig. 22B, and very strong (A = —-0.20) for the fold

shown in Fig. 22C.

The apparent offset of layer interfaces, on the other
hand, decreases as the power m increases (Fig. 22).
Relative drift of layer interfaces is reduced for larger m
(egq. 30d). In addition, the cosinusoidal second waveform of

ampiitude B is stronger for the multilayer shown in Fig. 22C
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Figure 22. Increase in strength of asymmetry & of folds
with monoclinal kink fold asymmetry with increase in
powerlaw exponent m describing nonlinear contact behavior.
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than for the one shown in Fig. 22A. This component
waveform, which tends to maintain the uniform orthogonal
thickness of a finite multilayer (discussed in Chapter II),

reduces the relative drift between layer interfaces.
DISCUSSION

The 2nd order analysis of viscous multilayers subjected
to principal compression oblique to layering demonstrates
that layer-parallel compression causes folding of the
multilayer and that layer-parallel shearing causes
individual interfaces to drift and to develop asymmetry.
Although properties of the layers and the layer contacts
control the wavelength and rate of growth of the folds,
properties of the layer contacts control the sense and
strength of drift and asymmetry.

Each increase in the order of accuracy of the solution
adds to our understanding of the effects of layer-paralilel
compression and shear on multilayer folds:

1. Oth order solution. An analysis carried to Oth order
accuracy reveals that the mean shearing deformation causes
interface waveforms to drift. The sense of drift is always
the same as that of the mean layer-parallel shear stress.
The amount that the drift exceeds the kinematic value, the
value in a homogeneous material, is a function of the
anisotropy and the ncnlinearity of the multilayer. The

drift increases with anisotropy and decreases with

e
X
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nonlinearity (with m). For large m, the amount of drift
reduces to the kinematic value.

Layer-parallel compression produces kinematic
shortening of layers.
2. 1st order solution. The 1st order analysis shows that
folding of multilayers is a result of layer-parallel
compression. For multilayers with the same anisotropy, the
wavelength and rate of growth of the folds are the same
whether contact behavior is linear or nonlinear. For
nonlinear contact behavior, however, the mean shear stress
reduces the resistance to slip at layer contacts. This, in
turn, increases the anisotropy and rate of growth and
shortens the dominant wavelength of the fold.
3. 2nd order solution. To 2nd order, two additional
component waveforms develop spontaneousliy. The
laver-parallel compression initiates a second cosinusoidal
component waveform which tends to maintain uniform
orthogonal thickness of layers (Fletcher, 1974). The
layer-parallel shear stress initiates a second sinusoidal
component waveform which causes the resultant waveforms at
interfaces to become asymmetric. Contacts with constant

resistance to slip (m

1) develop the sense of asymmetry of

drag folds; contacts with variable resistance to slip

{m > 1) develop the sense of asymmetry of monoclinal kink

folds.

4. 3rd order solution. Here I anticipate effects of mean

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



365

shear which would be revealed by an analysis carried to 3rd
order accuracy. In a 3rd order analysis, the shape of an

interface will be determined by component waveforms of three

different wavelengths
E = A cos(x+9d) + B cos(24x+2¢) + C sin(28x+2¢)

+ D cos(32x+3¢) + E sin(3L4x+3¢) (44)

The cosinusoidal third component waveform of amplitude D
arises as a result of layer-parallel shortening; the
sinusoidal third component waveform of amplitude E is a
result of layer-parallel shearing deformation.

To 3rd order, the behavior of layer contacts affects
fold form as well as fold asymmetry. The effect of contact
properties on fold forms resulting solely from
layer-parallel compression is investigated to 2rd order
accuracy in Chapters I and II. A suite of fold forms,
including sinusoidal, concentric-like, and chevron folds
(Fig. 23A), can be produced in viscous multilayers with
constant resistance to slip between layers. The multilayers
may be confined by stiff or soft media and may consist of
all stiff layers or of interbedded stiff and soft layers,
provided the layer contacts or the soft interbeds behave
linearly. A different suite of fold forms, including box
folds with vertical axial planes and kink-like folds with

inclined axial planes (Fig. 23B), can be produced in
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Figure 23. Effect of contact properties on theoretical fold
forms produced solely by layer-parallel compression (8 = 0)
and determined to 3rd order accuracy. A. Constant
resistance to slip at contacts. Chevron folds form in
multilayers of infinite thickness (loc. Al); concentric-like
folds form in multilayers of finite thickness (loc. A2).

B. Variable resistance to slip at contacts. Box folds form
in multilayers of infinite thickness (loc. B1l); kink-like
folds form in multilayers of finite thickness (loc. B2).

3
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otherwise identical multilayers by imposing variable
resistance to slip between layers. Resistance to slip
between stiff layers may be provided by thin interbeds with
nonlinear properties or by nonlinear contact viscosities.
Moreover, isolated kink folds presumably can occur if the
resistance to slip is highly nonlinear, as in the contact
strength assumed by Honea and Johnson (1976).

Multilayers with constant resistance to slip at
contacts develop concentric-like and chevron folds, to 3rd
order, as a result of layer-parallel compression, and
develop drag fold asymmetry, to 2nd order, as a result of
layer-parallel shear. I anticipate that an asymmetric
chevron fold form, much like that shown in Fig. 24A, would
develop in thick, viscous multilayers with constant
resistance to slip at contacts subjected to principal
compression oblique to layering. I simulated this fold by
adding the 3rd order solution for a chevron fold form

Fig. 23, loc. Al), produced by a positive amplitude D of
the third cosinusoidal component waveform, eg. (44), to the
2nd crder solution for drag fold asymmetry (Fig. 21, loc.
ai).

Multilayers with variable resistance to slip at
contacts develop kink-like and box folds, to 3rd order, as a
result of layer-parallel compression, and develop monoclinal
kink fold asymmetry, to 2nd order, as a result of

laysr-parallel shear. I anticipate that an asymmetric
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Figure 24. Anticipated effects of layer-parallel shear
stress on 3rd order theoretical fold forms. A. Asymmetric
chevron fold form in thick viscous multilayer with constant
resistance to slip at contacts. B. Asymmetric kink-1like
fold form in finite viscous multilayer with variable
resistance to slip at contacts. Fold forms in A and B
simulated by adding 3rd order solution determined for
layer-parallel compression alone (Fig. 23, locs. Al and B2,
respectively) to 2nd order solution determined for
combinaticn of layer-parallel compression and shear

(Fig. 21, locs. Al and Bl, respectively).
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kink-like fold form, much like that.shown in Fig. 24B, would
develop in a finite multilayer with variable resistance to
slip at contacts. I simulated this fold form by adding the
3rd order solution for a kink-like fold (Fig. 23, loc. B2),
produced by a negative amplitude D of the third cosinusoidal
waveform, eqg. (44), to the 2nd order solution for monoclinal
kink fold asymmetry (Fig. 21, loc. B1).

A consistent difference I have observed between folds
with drag and those with monoclinal kink asymmetry is the
orientation of the axial plane of the fold relative to the
orientation of the simple shearing deformation. The trace
of the axial plane of a drag fold is reoriented, with
respect to a line perpendicular to the direction of
layer-parallel shearing, in the same sense as the simple
shearing deformation. As a result, a drag fold on the 1limb
of a large fold (Figs. 1, 2A, 3A) has an axial plane which
is approximately parallel to the axial plane of the large
fold. The trace of the axial plane of the monoclinal kink
fold, on the other hand, is criented in the opposite sense.
Consequently, the axial plane of a monoclinal kink fold on
the limb of a large fold (Figs. 1, 2B, 3B) dips toward the
axial plane of the large fold.

The different inclinations of the axial planes of drag
folds and monoclinal kink folds is a fundamental distinction
which appears even in a 0Oth order analysis of the effects of

layer-parallel shear. To Oth order, interfaces at contacts
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with constant resistance to slip develop a sense of relative
offset, due to drift, which is the same as the sense of
applied mean shearing stress. The amount of relative offset
is less at contacts with varliable resistance to slip in an
otherwise equivalent multilayer, and approaches kinematic
values for large m. The trace of the axial plane, which is
defined by a line connecting corresponding hingepoints on
successive interfaces, is initially normal to layering. As
a result of the shearing deformation, the trace of the axial
plane is inclined from the vertical a maximal amount for
linear contact behavior and a minimal amount for highly
nonlinear contact behavior.

The sinusoidal third component waveform of amplitude E,
eq. (44), probably contributes to differences of dips of
axial planes of asymmetric folds. The trace of the axial
plane in the kink-like fold shown in Fig. 25 is inclined in
a direction opposite to that in Fig. 24B. I reversed the
plunge direction of this line by adding a third sinusoidal
component waveform of positive amplitude E to the fold form
simulated in Fig. 24B. For the fold shown in Fig. 25, I
removed the drift to emphasize the inclination of the axial
plane. Thus I anticipate that a 3rd order analysis of
layer-parallel shear stress will produce the diagnostic,
opposite inclinations of axial planes in drag folds and

monoclinal kink folds, that are observed in nature.

!
..
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Figure 25. Asymmetric kink-like fold form with trace of
axial plane oriented, with respect to a line perpendicular
to the direction of layer-parallel shearing, in the opposite
sense as the simple shearing deformation. Fold form
simulated by adding anticipated 3rd order effect of

layer-parallel shearing deformation to fold form shown in
Fig. 24B.

-
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ABSTRACT

Among the variety of fold forms which occur on the
southeast limb of the New Bloomfield anticline, two are
particularly intriguing because they have opposite senses of
asymmetry. One fold form has the sense of asymmetry
associated with drag folds -- its short, steep limb dips
toward the axial plane of the major anticline. The other
fold form has the sense of asymmetry associated with a
monoclinal kink fold -- its short, steep limb dips away from
the axial plane of the major anticline.

The folds occur in the Upper Devonian Trimmers Rock and
Brallier formations and are exposed in roadcuts on
Highway 22/322, six km north of the confluence of the
Juniata and Susquehanna Rivers in central Pennsylvania. The
monoclinal kink fold occurs within units of massive
siltstone, each about 20 m thick, alternating with units of
massive mudstone or interbedded mudstone and siltstone. The
drag folds occur lower in the section in an interbedded
siltstone and mudstone sequence.

The exposures of complete, small-scale folds occurring
in adjacent roadcuts within the same stratigraphic unit
present an excellent opportunity to investigate deformation
mechanisms responsible for different senses of fold

asymmetry. Both fold forms consist predominantly of
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straight segments separated by relatively narrow hinge
zones. Layer-parallel slip is a common deformation
mechanism in both types of asymmetric folds. The slip
surfaces within the chevron folds, with drag-fold asymmetry,
occur in both limbs and in hinges; the slip surfaces within
the monoclinal kink fold are more prevalent in the hinges
and on the short, steep limb.

Enigmatic folds occur in rocks between the chevron
folds and the large monoclinal kink fold. On the one hand,
these folds have the asymmetry of drag folds and their axial
planes are subparallel to the axial plane of the major fold.
On the other hand, the concentration of slip surfaces in
short limbs of these folds is the same as that in the
monoclinal kink fold. I tentatively interpret them to be
kink folds, part of a conjugate set, that formed at a

different time than the chevron and monoclinal kink folds.
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INTRODUCTION

It is generally assumed in structural geology that
parasitic folds that form on the limb of a developing larger
fold tend to be asymmetric because they are subjected to
simple shearing by the larger fold. This assumption is
substantially correct because it does not specify the sense
of asymmetry. On the other hand, Pumpelly's Rule (Wilson,
1960) of structural geology states that parasitic folds have
the sense of asymmetry of drag folds and therefore can be
used to infer the location of structural features of the
large folds. Pumpelly's Rule can be gquite misleading
because monoclinal kink folds develop a sense of asymmetry
opposite to that of drag folds in response to the same sense
of shear.

According to theory presented in Chapter III, folds in
multilayers with constant resistance to slip at contacts
develop the sense of asymmetry of a drag fold, but folds in
multilayers with variable resistance to slip at contacts
develop the sense of asymmetry of a monoclinal kink fold.
Thus, the theory indicates that a difference in properties
of thin interbeds or of contacts between layers can cause
fold asymmetry to be opposite in different parts of a rock
saction being folded. Pumpelly's Rule is therefore valid

only for multilayers with certain physical properties.
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In this chapter I describe small folds in the Trimmers
Rock and Brallier formations within the southeastern limb of
the New Bloomfield anticline (Fig. 1), in central
Pennsylvania. Study of the small folds was part of the
motivation for the theoretical analysis of fold asymmetry
presented in Chapter III; examination of the small folds
provides an opportunity to apply some of the results of the
theoretical analyses presented in Chapters I, II and III.
After describing the small folds I will use the observations
and the results of the theoretical analyses to estimate the

conditions responsible for the folding.
STRATIGRAPHIC AND STRUCTURAL SETTING

Small, asymmetric folds, with wavelengths of 10 to 60 m
and with cpposite senses of asymmetry, are exposed in a
series of roadcuts along Highway 22/322 on the east side of
the Juniata River, a few km northwest of its confluence with
the Susquehanna River in central Pennsylvania. The outcrops
expose part of the southeast limb of the New Bloomfield
anticline (Fig. 1), a large, first order fold* with a

wavelength of 15 km. At the Juniata River, the anticline is

*Orders of folds should not be confused with order of
approximation used in the theoretical analysis. The concept
of orders of folds is an old one (e.g., Rogers, 1858,
p. 887, Van Hise, 1896); the notion is that folds of
distinctly different sizes form roughly at the same time in
a complex multilayered rock sequence. Nickelsen (1963) has

- -
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Figure 1. Study site on the southeast limb of the New
Bloomfield anticline near the confluence of the Juniata and
Susquehanna rivers, central Pennsylvania. The map shows
traces of contacts between some of the rock units included

on part of the Pennsylvania State Geologic Map (Gray and
others, 1960).
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asymmetric, with a steeper northwest limb (Fig. 2). Its axis
plunges to the northeast at angles of 5 to 20 degrees
(Dyson, 1963).

The small, asymmetric folds indicated in Fig. 2 occur
in the central part of the Trimmers Rock-Brallier formations
(610 m undivided, upper Devonian) (Dtrb, Fig. 2). The upper
part is predominantly siltstones of the Trimmers Rock
Formation. This lithology grades downward into increasingly
finer siltstones, mudstones, and shales. The lowest part of
the section (75 m) is predominantly shaly Brallier Formation
(Dyson, 1963, p. 22). The constituents of the siltstones
and mudstones in both the Trimmers Rock and Brallier
formations include a large fraction of quartz grains
{Frakes, 1967; Samuels, 1979). The siltstones are generally

cemented by silica and locally by carbonates (Faill and

Wells, 1974).

provided a useful classification of sizes or orders of folds
in the Appalachians: First-order folds are anticlinoria and
synclinoria with wavelengths of 11 to 18 km and involve
rocks from the Cambrian to the Pennsylvanian. Second-order
folds have wavelengths of 2.5 to 3 km and are best developed
at the levels of the Tuscarcra and Bald Eagle formations.
Third-order folds have wavelengths of several meters to one
kiiometer. They are best developed in the middle Silurian
and middle Devonian rocks above the Rose Hill Shale and
belcw and Hamilton Group. Fourth-order folds have
wavelengths ranging from a few tens of centimeters to a few
meters. Fifth-order folds are smaller than these.

-
-
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Figure 2. Crouss section through the New Bloomfield
anticline. The location of the line of section is indicated
on Fig. 1. The location

of contacts and faults is taken
from the geologic map of the northern half of the New
Bloomfield quadrangle, Pennsylvania (Dyson, 1963).
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Layer contacts of the siltstone and mudstone beds
within the Trimmers Rock-Brallier unit may be planar and
persistent, irregular, or gradational (Frakes, 1967). The
Trimmers Rock Formation is characterized by very hard
graywacke siltstone beds up to two meters thick which appear
massive or structureless but have planar upper and lower
contacts. The planar contacts persist over long distances
within an outcrop but may wedge out within an exposure.
Interbeds of shale and mudstone may be totally absent or may
constitute the bulk of the local section. The siltstones
commonly form resistant ledges and weather as yellowish
blocks equal in thickness to the bed thickness. Siltstones
of the Brallier Formation are also graywackes and have
planar basal contacts, but upper contacts are gradational

with overlying shales.
THE SMALL, ASYMMETRIC FOLDS

All the small folds (Figs. 3 and 4) in the roadcuts are
characterized by relatively straight limbs and narrow
hinges; some of the folds are chevron-shaped and others are
kink-shaped. Relative to the position of the folds on the
limb of the New Bloomfield anticline, the small folds can be
differentiated by sense of asymmetry and by orientation of
axial planes. All but one of the minor, asymmetric folds in

the northern roadcut (on left in Figs. 3 and 4) have the
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Figure 3. Small asymmetric folds on the southeast limb of
the New Bloomfield anticline are exposed in roadcuts along

highway 22/322 on the east side of the Juniata River about
33 km northwest of Harrisburg, Pennsylvania.

3
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Figure 4. Controlled sketch of minor folds exposed in the
roadcuts shown in photographs in Fig. 3. Chevron folds with

drag fold asymmetry in northern part of the northern roadcut
(on left); large monoclinal kink fold in southern roadcut
(on right).

-
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sense of asymmetry of a drag fold because their short, steep
limbs dip toward the axial plane of the major anticline.

The minor fold in the southern roadcut (on right in Figs. 3
and 4) and one of the minor folds in the northern roadcut
have the sense of asymmetry of a monoclinal kink fold
because their short, steep limbs dip away from the axial
plane of the major anticline.

Plots of structural elements on stereographic
projections (Fig. 5) indicate that layers in the two
roadcuts were folded about axes with approximately the same
attitude and that bedding-plane slip was essentially normal
to fold axes. Poles to bedding around a synclinal hinge
{(location A, Fig. 4) indicate a fold axis that plunges 10°,
N73E (solid triangle in Fig. 5A); a similar plot of poles to
bedding around a kink hinge (northern hinge, location B,
Fig. 4) indicates a fold axis that plunges 15°, N76E (solid
triangle in Fig. 6B).

Fold axes were also derived from the attitudes of
slickenlines on bedding planes by assuming that the
direction of the slickenlines is perpendicular to the fold
axis. Axes were derived for one fold with drag-fold
asymmetry (open circles, Fig. 5A) and one fold with
monoclinal kink-fold asymmetry (open circles, Fig. 5B). The
fold axes derived from orientations of slickenlines cluster
about the fold axes (indicated by solid trian

determined from the attitudes of bedding planes. Therefore,

%
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Figure 5. Stereoplots of poles to bedding and fold axes.
Lower hemisphere projection, Wulff net.

A. Structural data
for asymmetric fold at location A, Fig. 4. B. Structurail
data for monoclinal kink fold at location B, Fig. 4.

g
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bedding-plane slip was essentially normal to fold axes for
these small, asvmmetric folds, as it was for many other
folds in the central Appalachians analyzed by Nickelsen
(1963) and by Faill (1973).

The axial planes of most of the folds in the northern
roadcut (on left in Fig. 4) tend to be vertical or to dip
steeply tc the southeast. The axial planes of the large
fold in the southern roadcut and the fold in the southern
part of the northern roadcut dip approximately 40 degrees to
the northwest. The dip of the axial planes of the larger
fold is interrupted in the vicinity of a conspicuous reverse
fault (Fig. 4). Below the fault, the axial planes dip
approximately 45° NW, but above the fault, they dip 30° NW.

The fold in the scuthern roadcut (on right in Fig. 4)

OCCurs in rocks characterized by markKed changes. At the
upper end of the fold the short limb is in mudstones
containing a few siltstones. Below that, the short limb
cuts through a package of four rock units, each about 20 m
thick. The units alternate from predominantly mudstone to
predominantly siltstone.

This fold is an isolated structure, and I consider it to

be a monoclinal kink fold. The bedding in the long limbs on

either side of the kink limb dips 20 to 25° SE. 1In the kink
limb, the bedding dips southeast much more steeply, in

places slightly through vertical.

The asymmetric folds in the northern part of the

S
3
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northern roadcut are in interbedded mudstones and siltstones
(Fig. 6A). Thicknesses both of siltstones and of mudstones
are generally a few cm to a few dm. The short limb of these
folds dips to the northwest. Tight hinges grade upsection
or downsection into more rounded forms. The folds have a

chevron form, and I consider them to be chevron drag folds.

The folds are repetitive structures but die out along the
bedding.

The asymmetric folds in the central part of the northern
roadcut are in a section of predominantly siltstone,
containing many beds up to three dm thick (location A, Fig.
4; Fig. 6B). Mudstone interbeds are one to five cm thick.
Some of the layers in the folds have a relatively open,
almcst concentric-like form, but many are sharp and
chevron-like (Fig. 6B). My first interpretation of these
folds was that they are drag folds of concentric-like form
or of combinations of concentric-like and chevron forms.
However, I now interpret them to be kink folds, partly on
the basis of my study of deformation mechanisms which I will

discuss next.
MECHANISMS OF DEFORMATION

The nearly complete exposure of folds with opposite
senses of asymmetry occurring in adjacent roadcuts along the
Juniata River within -the same stratigraphic uvnit appeared to

present an excellent opportunity to investigate deformation
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Figure 6. Photographs of some asymmetric folds in the
northern roadcut shown (on left) in Fig. 4. A.
folds with drag fold asymmetry. B.
of location A, Fig. 4.

Chevron
Asymmetric folds left

e
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mechanisms responsible for different asymmetric folds. With
this in mind, I examined in detail parts of the small folds
in the roadcuts and mapped my observations of slip surfaces
and faults on enlarged photographs of the outcrops. I
recognized bedding-plane faults in the field by the presence
of slickensides, and the lines shown in Figs. 7B and 8B
represent only those surfaces on which I observed
slickenlines.

Slip between mechanical units, as manifested in
layer-parallel, bedding-plane faults, was a common mechanism
of deformation in all the folds. Bedding-plane faults are
prevalent in the hinges and on both limbs of the asymmetric
chevron folds shown at the left in Fig. 4.

The number of bedding-plane faults is relatively few on

the long limbs outside the large monoclinal kink band but

shown in Fig. 7B; bedding-plane slip was almost
non-existent in layers on either side of the kink band, but
was intense within both hinges and the short, steep limb.

A similar phenomencn can be observed in the asymmetric
folds in the central and southern parts of the northern
reoadcut (location A, Fig. 4; Fig. 6B). Bedding-plane faults
are much more common in the hinges and on the short, steep
limb (Fig. 8). The spacing of bedding-plane faults defines
the thicknesses and nmumbers of mechanical units, which are

thus more numerous in the hinges and on the short, steep

X
3
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Figure 7. Location and distribution of slip surfaces on part
of monoclinal kink fold. A. Area of map shown in Fig. 7B

is along bench above upper highway at location B, Fig. 4.

B. Map of slickenlined faults in monoclinal kink feld.
Faults along axial plane dip to the north (left).
Layer-parallel (bedding-plane) faults are more numerous in

the hinges and on the short, steep limb, and are much less
abundant outside the kink band.
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Figure 8. Location and distribution of slip surfaces on
asymmetric fold at location A, Fig. 4. A. Photograph of
fold mapped in detail in Fig. 8B. B. Map of slickenlined
layer-parallel faults. Bedding-plane faults are more
numerous in hinges and on short, steep limb. Veins in

synclinal hinge are indicated by dotted lines. Stippled
areas are covered.

A
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limbs. The slip surfaces tend to follow bedding planes, but
may cut across bedding, especially in the hinge areas.

The larger number of bedding-plane faults on the short,
steep limb is evident on a finer scale, too. Figure 9 shows
a detailed map of traces of fractures in a layer in the
synclinal hinge shown in the center of Fig. 8B. The layer
is bounded above and below by through-going, bedding-plane
faults. Several bedding-plane faults enter the hinge area
from the short, steep limb on the right and terminate in the
vicinity of the hinge, so they do not extend into the long
limb on the left. The bedding-plane faults are strongly
slickenlined.

Each fault terminates by branching into several small
offshoots, almost all of which trend upward, reflecting
right-lateral shear on the faults (e.g., Segall and Pollard,
1983). Bedding-plane faults in hinges mav bifurcate to form
wedge-shaped units, and the wedges may slip over each other
as observed by Cloos {1964). Faill (1973) reported that the
slickenline directions on wedge faults are congruent with
those on bedding planes, and inferred on this basis that
slip on wedge faults was simultaneous with slip on bedding
planes, which occurred during folding.

Right-lateral shear is also reflected in filled fault
steps (Segall and Pollard, 1983), shown in black in Fig. 9.
The filled steps are -rhombohedral-shaped in cross section.

Each fault surface consists of a series of stepped fault

-
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Figure 9. Detailed map of traces of fractures in a layer in
the synclinal hinge of the asymmetric fold shown in Fig. 8.
Right-lateral shear is indicated by the offset of mechanical
hinges from the fold trough, by the shape of the filled
rhombchedreons, by the orientation of small cracks at the
ends of bedding-plane faults, and by the larger number of
bedding-plane faults on the short limb.
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segments, and the slickenside steps, which show up clearly
in this cross section (Fig. 9), occur where fault steps
overlap.

Veins perpendicular to bedding are related to stepped
slickensides in the synclinal hinge of the drag fold
(Fig. 10). Each slickenlined slip zone around the curved
hinge consists of a series of overlapping surfaces connected
by a short segment at an angle to the bedding plane
reminiscent of a ramp between two levels of a thrust
surface. Individual slickenlined surfaces seem to be rooted
at one end to a bedding-perpendicular vein.

The mechanical hinge of each layer interface in a fold
can be defined by determining where the slip direction
reverses. The bed shown in Fig. 9 is bounded by
bedding-plane faults, and the sense of movement indicated by
the slickenside steps reverses direction along the faults.
Interestingly, the mechanical hinges for the bed are not
located at the troughs of the interfaces of the fold, but
are offset slightly to the left (north). Offset of the
mechanical hinge from the trough probably is a result of
superimposition of layer-parallel compression and shear, and
the sense of offset in this example indicates right-lateral
shear relative to the local orientation of the bedding-plane
faults.

The right-lateral shear, which is reflected in the

offset of mechanical hinges (Fig. 10), the shape of the
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Figure 10. Observed relationship between veins and
overlapping slickenlined surfaces on lower bedding plane in
hinge mapped in Fig. 9. A. Photograph focusing on the

lower bedding surface. B. Illustration of observed rooting
of individual slickenlined surfaces at one end to
bedding-perpendicular veins.
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filled rhombohedrons (Fig. 9), the larger number of
bedding-plane faults on the left limb (Fig. 8), and the
orientation of small cracks at the ends of bedding-plane
faults (Fig. 9), is inconsistent with the setting of the
small folds on the limb of the New Bloomfield anticline.
There, the shear should have been left lateral, as viewed in
the figures described herein.

In summary, detailed mapping of the folds shown in
previous pages provides some information about deformation
mechanisms during folding, but provides no information about
differences in rheological properties of layers or of
contacts in the folds with different asymmetries. In all
the folds, flexural slip was accommodated by slip along
bedding-plane faults. In the chevron folds in the northern
roadcut (Fig. 6A), shear appears to have been distributed as
well within shalv interbeds between siltstone lavers.
Examination of numerous fold hinges in concentric-like,
kink-like and chevron folds in the Trimmers Rock-Brallier
unit indicates that bending in all types of folds typically
was eased by the existence or development of bedding-plane
faults and that bending was accomplished by internal
deformation of layers, not by visible faulting or
fracturing. Thus the deformation mechanisms were the same

qualitatively, but presumably not quantitatively, in all the
folds.

A
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DISCUSSION

The field work was aimed originally at documenting an
example of folds which I assumed had formed simultaneously
with opposite senses of asymmetry. Instead, the field
observations have provided an interesting challenge to the
assumption that the asymmetric folds formed simultaneously.
The descriptions of the asymmetric folds in the Trimmers
Rock-Brallier unit on the southeastern limb of the New
Bloomfield anticline raise several problems regarding
interpretation of the conditions during folding.

Folds with opposite senses of asymmetry occur in the
same or adjacent rcadcuts. Folding theory indicates that
such folds could have formed simultaneously, or at least
under the same stress state, provided the properties of
interbeds or contacts between layers were different where
the fold asymmetries are different. Theory developed in
Chapter III indicates that folds with drag-fold asymmetry
will form if the interbeds or contacts have constant
resistance to slip, whereas folds with monoclinal-kink
asymmetry will form if the interbeds or contacts have
variable resistance to slip (for example, contact strength
or nonlinear contacts). The theory, however, provides no
information about how one is to determine rock properties.

The field descriptions indicate that the chevron folds

in the northern end of the northern rvadcut (Fig. 6A) occur
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within a sequence of interbedded siltstones and mudstones.
The asymmetric folds in the central part of that roadcut
occur within a sequence of predominant siltstone. The large
monoclinal kink fold in the southern outcrop occurs within a
package of predominant siltstone units alternating with
predominant mudstone units, each about 20 dm thick. Thus
the rock units involved in folding are not obviously
different rheologically.

The difficulty of recognizing differences in properties
of rocks responsible for different fold forms is perhaps
typical. Asymmetric folds of chevron shape are common near
San Francisco in parts of the Franciscan Assemblege,
consisting of interbedded cherts and shales (Ramberg and
Johnson, 1976). A few monoclinal and conjugate kink folds
occur in the same seguence, but apparently where shale
interbeds are thinner. Multilayered rock consisting of
interbedded limestone and shale, near Cody, Wyoming,
contains well developed monoclinal-kink folds (Aydin, M.S.
thesis, 1973; Reches and Johnson, 1976).

The essential differences in properties of the rocks
near San Francisco and near Cody may welil be a result of
pore-water pressures at the times of folding. Where
pore-water pressures are high, the shales will have low
strength and behave essentially as linear viscous materials,
for which theory predicts drag-fold asymmetry. Where

pore-water pressures are low, the shales will have high
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strength and behave a2s highly nonlinear materials, for which
theory predicts monoclinal-kink asymmetry (Chapter III).

The same may well be true for the folds in the Trimmers
Rock-Brallier unit in central Pennsylvania. The pore-water
pressures might have been higher when and where the chevron
folds formed. However, I have no relevant observations with
which to evaluate this speculation.

An observation that supports the interpretation that
most of the folds in the northern outcrop have drag-fold
asymmetry and that one fold in the northern outcrop and the
large fold in the southern roadcut have monoclinal kink
ssymmetry is the marked difference in orientation of axial
planes. As shown in Fig. 4, the traces of axial planes of
all but one of the folds in the northern roadcut are
essentially vertical whereas the traces of axial planes of
the large fold in the southern roadcut and of one of the
small folds near the southern edge of the northern roadcut
are inclined 30 to 45 degrees from the horizon. These
orientations are consistent with the orientations of axial
pianes of minor, asymmetric folds that form at the same time
as the major fold, as shown in Fig. 1, Chapter III.

On the basis of these observations, I would (indeed, I
did) tentatively conclude that the folds with opposite
asymmetry formed under the same general state of
iazver-parallel shortening and (left-lateral) layer-parallel

shear. The field observations suggest that the rocks that
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folded with the opposite asymmetry are nearly identical, so
I presume that the properties of the rocks were the same at
the times the folds formed but that the strengths of
contacts or interbeds were different. For example, strength
may have been reduced by higher pore-water pressures in the
part of the section where the chevron folds formed.

The tentative conclusion is questioned, however, by
several additional observations. The folds in the central

part of the northern roadcut (Figs. 4, 6B, and 8A) resemble

fold with opposite asymmetry at the southern end of the
northern roadcut. The concentration of slip surfaces in the
short limb of these folds (Fig. 8B) is closely related to
that in the limb of the monoclinal kink fold (Fig. 7B), in

the southern rcadcut. In con

ot

rast, the chevron folds in the
northern part of the northern roadcut have slip surfaces on
both limbs and even in hinges.

The marked development of slip surfaces on the limb of
the large kink fold in the southern roadcut, Fig. 7B, is as
expected. Reches and Johnson (1976) showed that the sense
of asymmetry of local, monoclinal-kink folds can be
explained in terms of early yielding of layer contacts along
interfaces facing right for left-lateral shear and facing
left for right-lateral shear. I showed in Chapter III that
the same type of explanation can be derived for multilayers

with nonlinear contact properties.
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A possible explanation for the high concentration of
slip surfaces on the short limb of the asymmetric fold
mapped in detail (Fig. 8B) is that the slip surfaces were
generated late in the folding, after the folds had become
markedly asymmetric. In this way, the shear stress could be
larger on the short limb than the long limb (as one can
demonstrate with a Mohr diagram, for examplej. Yielding
could thus have occurred on the short limb of the fold shown
in Fig. 8B.

However, study of Fig. 9 indicates that, in the limb of
a layer within that fold, the slip accommodated along
surfaces within the layer was sufficiently large to produce
the slope of the limb by simple shear. This contradicts the
assumption that the slip surfaces formed late, after the
limb had been strongly tilted. Alternatively, the fold
considered, until now, as a drag fold might in fact be a
kink fold, part of a conjugate set in the southern end of
the northern roadcut. This interpretation contradicts the
assumption that all the folds formed when the rocks were
subjected to the same stress state. However, the initial
assumption of simultaneity was made only for simplicity.

I would mention one final difficulty facing
interpretation of the small folds. All the folds are either
local or localized. How can the theory of asymmetric
fclding, which is based on the assumption that folding is

repetitive, be relevant to local or localized folding? I
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believe that the theory qualitatively is relevant to
localized folding in spite of the fact that it assumes an
infinite train of waveforms. There is no reason to suspect
that the prediction of sense of asymmetry would be changed
by a theory that addresses local or localized folding. The
3rd-order theory developed in this dissertation is unable to
solve problems involving local folding, but it could be
extended, in principle, to very high powers in the powerlaw
equations, which would allow local folding, as discussed in
Chapter II.

However, I feel that the localization of folding is
important because it probably reflects changes of rock
properties or stress states along layering. For example,
folding in the Trimmers Rock-Brallier unit may have been
localized by faulting deeper in the section. Perhaps the
overall shearing accommodated by the drag folding in the
northern roadcut (left end of Fig. 4) reflects localized
shearing near the termination of a low-angle reverse or
thrust fault, such as those suggested in the regional cross
section of the New Bloomfield anticline (Fig. 2). According
to the theoretical analysis (Chapter III), the localized
shearing would not only produce asymmetry of folds but would
allow contacts to slip locally and thereby cause the folds
to be localized. Thus I suggest that the localized folding
is a result of layer-parallel shortening and shear localized

near a terminating thrust fault.

o
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On the basis of my study of the minor folds exposed in
the roadcuts (Fig. 4), I would suggest the following
sequence of events during their formation: Early in the
growth of the New Bloomfield anticline and of a thrust fault
in its southeastern limb, minor folds were initiated near
the termination of the thrust fault. The rocks were
subjected to layer-parallel compression, and the first folds
formed were symmetric chevron folds in the thinly
interbedded siltstones and shales and conjugate kink folds
in the relatively massive siltstones immediately overlying
them. As the New Bloomfield anticline grew, shearing
increased on its limbs, and the chevron folds became drag
folds and the large monoclinal kink fold in the southern
roadcut initiated and developed. The conjugate kink folds
changed insignificantly, although the dip of the
right-facing limb reduced and the dip of the left-facing
limb increased slightly as a result of the layer-parallel
shear strain. Most of the shear strain was accommodated in
the shaly unit containing the chevron folds by shearing and

faulting of the folds (Fig. 4).
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APPENDIX
INTRODUCTION

The Appendix consists of three parts: In Appendix A, I
present the method of analysis of uniform shortening of
viscous multilayers and extend the analysis to 3rd order
accuracy. In Appendix B, I expand the analysis to include
layer-parallel shearing deformation in addition to
laver-parallel shortening. In both analyses, I derive
equations for the mean and perturbed stresses and
velocities, the stress and velocity boundary conditions, and
the rates of growth of amplitudes.

The differential equations for rates of growth of
amplitudes of waveforms are integrated numerically on a
computer. In Appendix C, I list computer programs for
calculating amplitudes of waveforms to 3rd order accuracy in
multilayers subjected to maximum compression parallel to
layering ("Folding3rdOrder.bas") and to 2nd order accuracy
in multilayers subjected to maximum compression oblique to
layering ("Shear.bas"). I also list computer programs for
analyzing the corresponding infinitely thick multilavers
("Infault.bas" and "Infshear.bas", respectively). Finally,
I present a computer program for calculating eigenvalues and

eigenvectors for the 3rd order analysis ("Eigen.bas").
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APPENDIX A

Folding theory analyzes the deformation of a single- or
multi-layer in response to applied stresses and velocities.
The method that I follow in analyzing the deformation of
viscous multilayers was developed by Fletcher (1977) for a
single viscous layer embedded in viscous media.

The multilayers I analyze consist of linear viscous
layers and are confined above and below by infinitely thick,
viscous media. The application of stresses and velocities
to the multilayer and media produces internal stresses and
velocities which result in the flow of the viscous material.
The flow of the viscous materials is governed by the
equilibrium equations (the equations of motion), the
rheological equations, and the boundary conditions.

The multilayer and media are shortened at a uniform
rate by applied layer-parallel compression. The resulting
flow of the material at any point within the system is a
combination of a mean and a perturbed flow.

The mean flow is uniform throughout the layer and
throughout the duration of the deformation because it
results from the uniform rate of deformation of a laver with
planar interfaces at their mean positions. If interfaces
are perturbed about their mean position, a perturbed flow

arises which varies both with position in the layer and with

=
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time.

Folding occurs if the perturbed flow is unstable, that
is, if the perturbed flow increases the departure of the
interface from its mean position, which in turn increases
the magnitude of the perturbed flow.

We keep track of the response of *he layers to the
deformation by calculating the change in position of
material points on the interfaces of the layers. The
position of points on the interface is described by &, the
height of the interface above the origin of coordinates. 1In
my analyses, the origin of coordinates for each layer is at
middepth in that layer, which has a vertical thickness h.
The heights of the top (t) and bottom (b) interfaces of a

single layer are initially:

8. h/2 + A, cos(4x) (1a)

Go -h/2 + A, cos(x) (1b)

The mean positions of the top and bottom interfaces are h/2
and -h/2, respectively; the variation of points about the
mean position is described initially by a cosinusoidal
function of amplitude ,A.

Changes in the heights of points on the interface show
the evolution of the interface during deformation. The
change in mean height records the amount that the layer has

shortened and thickened. The change in perturbed height

2N
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desqribes the change in shape of the interface.

The height of the interface changes at any point
because of the local flow of the viscous material in
response to stresses and velocities at that point. The flow
of the material must satisfy the boundary conditions, which
specify the relationships of internal stresses and
velocities across the interfaces of layers. '

An exact description of the interface position is
necessary to satisfy the boundary conditions exactly. We
can describe the mean height of the interface exactly, so we
satisfy the boundary conditions exactly if the layers have
planar interfaces. We only describe the perturbed position
of the interface approximately, so the solution to the
boundary conditions is accordingly approximate when the
layer interfaces have a non-planar shape. The approximation
enters the analysis only where the position of the interface
must be specified in the boundary equations, so the degree
of approximation of the analyses is very closely controlled.

The perturbed height of the interface, the shape of the
interface, changes initially because the mean internal
stresses interact with the perturbed interface. The
interaction sets up a perturbed flow and causes the
perturbation of the interface to grow and to change shape.
Growth of the perturbation further feeds the perturbing

flow, which further changes the shape of the interface.

Additional waveforms are necessary to describe the

&
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change in shape of an initial, cosinusoidal waveform. The
interactions feed the growth of existing waveforms and
generate new ones. Each new waveform generates a new
perturbed flow. The accuracy with which we describe the
deformed shape of the interface determines the number of
waveforms we use.

The order of approximation refers to the maximum power
to which the slope of the original perturbation is raised.
The order of approximation in turn limits the slope which
the perturbation may attain and still remain within the
limits of the theory. For a 3rd order solution, then, terms
proportional to (,A¢), (;Af)?, and (,A%)3 are retained,
whereas terms proportional to (;AL}* or to other powers
larger than three are considered negligible. The 3rd order
analysis of an initial, cosinusoidal waveform with
wavelength L reveals that second, third, and fourth
waveforms, with wavelengths L/2, L/3, and L/4, respectively,
develop spontaneously. In the solutions presented here,
only terms proportional to (,AL%), (3AL), (,AL), or
(:A2)(,AL) are retained.

The description of the shape of the interface to 3rd
order accuracy involves the use of as many as four component
waveforms. Other waveforms may be generated during the
deformation, but we consider them to be negligible, to 3rd

crder accuracy.

To 3rd order, we write the height of the interface in

-
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terms of its mean position and a variation about that mean

that is described in terms of four compcnent waveforms:

. = h/2 + A, cos(&x) + A, cos(2Lx)

+ 3A, cos(3Lx) + (A, cos(44x) (2a)
Zv = -h/2 + A, cos(2x) + A, cos(24x)

+ 3A, cos(38x) + A, cos(44X) (2b)

The total velocities and stresses within a layer are

the sums of the mean and perturbed values,

v, = ¥, + U, (3a)
v, =V, + ¥, (3b)
Tux = Oux + Gy (3c)
Tz = 05, + §yy (34d)
Cuz = Gy + &, (3e)

For convenience, we analyze the mean and perturbed values
separately and then add the two solutions.

The mean stresses and velocities within the layer are

V. = %D, (4a)
‘_,z = zszz + (‘—,z)o = (‘—’z)u - szx (4b)
Tex = 20D, = P A (4c)
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&zz = _zpﬁxx - ﬁ (4d)
.. = O (4e)
ﬁ = _(axx + &zz)/z (4f)

The layer-parallel deformation rate, or shortening rate, is

[]

Diy = (1/2)(37V,/3x; + ¥37V;/08x,) (4g9)

For incompressible materials, the rate of layer-parallel

shortening is equal to the rate of layer-normal thickening
Exx = —- D, (4h)

The perturbed values satisfy the biharmonic equation in

the stream function, ¥:

Viy = O (5a)
The stream function y for this problem is

Y = (1/3L) ;g(z) sin(jex); j = 1,2,3,4 (results summed) {(5b)

in which ¢ is the wavenumber, £ = 2n/L, L is the wavelength
of the perturbation, and ;g are functions of z.
The perturbed velocities are derivatives of the stream

function:

T, = 3y/d¥x; ¥, = -2¢/dz (5c)

B
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Performing the derivatives indicated in eq. (5c¢)
provides solutions for the perturbed velocities. The
solutions for the perturbed stresses are derived by
substituting the perturbed velocities into the rheological

equations. The results are:

. = [{;a + ;b(jlz)} cosh(jlz)

+ {,c + ,d(3j2z)) sinh(j2z)] cos(jex) (6a)
¢, = -[{,a + ,d + ,b(j2z)} sinh(jLz)
+ {;b.;c + ,d(jez)} cosh(jlz)i sin(jix) (6b)

§.. = 2jull{;a + ,b(jlz)} sinh{jez)

+ {;c + ,d(jkz)} cosh(jlz)] cos(jix) - B, (6¢c)

(%}

xx = —2jull{;a + 2 j2z)} sinh(jez)

+ {;c¢ + 2;b + ;d(jlz)) cosh(jlz)] cos(jix) - B, (6d)
.. = -2jutl{,a + ,d + ;b(jlz)} cosh(jlz)
+ {;c + ;b + ;d(jlz)} sinh(jfz)] sin(jix) {6e)

in which j = 1,2,3,4 (results summed).

Each of the four waveforms used to describe the shape
of the interface gives rise to a set of perturbed stresses
and velocities, generated from eq. (6) by letting j take on

values of one, two, three, and four. The gquantities a, .a,
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38, 2@, 1b, ..., 4d in eqg. (6) are arbitrary constants which
will be eliminated by means of the velocity and stress
boundary conditions.

So far, the equations for the perturbed stresses and
velocities are exact and apply at any point within the
layer. However, we need to describe the stresses and
velocities at the interfaces. 1Insofar as the description of
the position of the interface is approximate, the
expressions for the stresses and velocities at the interface
become approximate. Because I describe the shape of the
interface to 3rd order accuracy, I derive the expressions
for the perturbed stresses and velocities to 3rd order
accuracy.

The 3rd order expressions for the perturbed stresses
and velocities are derived by substituting the 3rd order

expression for the height of the interface, ¢ (eq. 2), for

z in eq. (6), maintaining 3rd order accuracy. The same

crder of approximation is used in the series expansion for
the cosh and sinh functions, which also contain the

approximation for the height of the interface.
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Expressions for the perturbed stresses and velocities,

to 3rd order accuracy, are:

[¢.] = [{;at;bjk}(,C) + {t;c+;djk}(;S)] cos(jLx)

+ jl{;b+;ct;djk}(;C)

+ {t;at,d+;bjk)(;S)]1 (,AL)cos(&x) cos(jLx)

+ jl{;b+;ct;djk}(,;C)

+ {t;ai;d+;bjk}(;8S)] (AL)cos(24x) cos(jix)

+ (j3/2)[{;a+2;d¢;bjk} (;C)
+ {t,ct2;b+;djk}(;S)] [(1AL)cos(2x)]? cos(jix)

(7a)

[¢.] = - [{;b+;ct;djk}(;C) + (t;at;d+;bjk}(;S)] sin(jex)

- jl{;a+2;d¢ ;bjk}(;C)
+ {;c:2,b+,djk}(;S)] (,AR)cos{ix) sin(jLx)
- j[{,a+2,dtjbjk}(jC)

+ {t;ct2;b+;djk)}(;S)] (.Al)cos(28x) sin(jix)

= (J2/2)[{;c+3;bt;djk} (;C)
+ {t,at3,d+,bjk}(,S)] [(:AL)cos(Lx)]? sin(jLx)

(7b)
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[F:.] = 2jur([{;ct,;djk}(,C) + {t,a+;bjk)(;S)] cos(Lx)

+ 2(j2)ue({;a+;dt;bjk} (,C)

+ {(%,ct;b+;djk}(;S)] (;BL)cos(Lx) cos(jiLx)

+ 2(j2)us({,;a+,dt,;bjk}(,C)

+ {t;ct;b+;djk}(;S)] (.AL)cos(2&x) cos(jix)

+ 2(33/2)p2{;c+2;bt ;djk} (,C)

+ {*;a:2;d+;bjk}(;S)] [(,AL)cos(Lx)]? cos(jLx)

- P + pgz (7¢)

[F.] = - 2jp[{;c+2;bt;djk} (;C)

+ {t;a12;d+;bjk}(;S)] cos(jix)

- 2(j8)ur[{;a+3;d¢;bjk} (;C)

+ {t;ct3;b+;djk}(;S)] (,Af)cos(L&xX) cos(jix)

- 2(j?)ue[{;a+3;d¢;bjk}(;C)

+ {(t,ct3;b+;djk}(;S)] (.Af)cos(28x) cos(jix)

~ 2(j3/2)uL[(;c+4,bt djk} (,C)

+ {t;at4;d+bjk}(;S)] [(;AL)cos(2X)]? cos(jix)

- P, + pgz (74)
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[x:] = -2jus[{,a+,dt;bjk} (;C) + {¢,ct;b+;djk}(;8)] sin(jLx)

2(J2)pel{;c+2;bt;djk} (,C)

+ {t;at2,d+;bjk}(;S)] (;AL)cos(&x) sin(jix)

|
N
pag
.
~n
-~
T
©
-~
o~
Q
.{.
[
o
[
Lo
<
”
Ny
-~
Q
—

+ {t;a:2;d+;bjk}(;S)] (.AL)cos(2&x) sin(jiLx)

2(3°/2)pe[{;a+3;dt,bjk} (;C)
+ {t;ct3;b+;djk}(;S)] [(,AR)cos(2x)]? sin(jix)

(7e)

in which

;€ = cosh(jk) and ;$ = sinh(jk)

j is the waveform number (j = 1,2,3, or 4)
k = 2(h/2)
2 is the wavenumber, £ = 2n/L

L is the wavelength of the first component waveform
h is the vertical thickness of a layer.

The ":" sign refers to the top (+) and bottom (-) of a layer.
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Each of the arbitrary constants in eq. (3) is actually
a composite of constants, each of which is proportional to
1st or higher order in (,A%), (2,A2), (33AL), or (4,A2). It
is helpful to rewrite the composite constants in a way that
indicates explicitly their dependencies on orders of
approximation. The following notation has proven to be
convenient: the leading subscript indicates the waveform
with which the constant is associated; the leading
superscript indicates the product of maximum slopes that

enters the expression for that constant. Fer example,
1@ = la + 'fa + %3a + tlla (8a)

in which j{a is for the first waveform (subscript "1") and is
to 1st order in (.Af) (superscript "1"); !ia is also for

the first waveform, as are !4a and !'ia, but tla is to

2nd order in the slope of the first waveform (;A%)
(superscript "11"}), '2a is to order (,AL)(2,AL)

(superscript "12"), and !!ia is to 3rd order in (,A%)

(superscript "111"). Similarly, the constant ,a stands for

a composite of constants
22 = %a + !'la + !3a + llia (8b)

in which 3a is for the second waveform (subscript "2") and
is to 1st order in (2,A%} (superscript "2"), whereas !ia

and !''j}a are to 2nd and 3rd orders, respectively, in (;A%).

i
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The expanded expressions for the constants for the_third and

v > 0 o

fourth waveforms are:
3@ = 3a + !ja + !5a + itila (8c)
@ = ja + 2a + '!a (8d)

Finally, we rewrite the expressions for the perturbed
stresses and velocities, eq. (7), using the components of
the arbitrary constants, eg. {(8), and trigcnometric
identities to regroup terms according to waveform. The

expressions for the perturbed stresses and velocities

become:

[¢.] = {[{iatibk}(,C) + (tic+idk}(,S)]
+ [{'latiibk}(,C) + {t'lc+'idk}(,S)]
+ (1/2)[{ib+ictidk}(,C) + {tiatid+ibk}(,S)](.AL)
+ [{3b+3ct23dk}(,C) + {t3at3d+23bk}(,S)]1(,AL)
+ [{*fat'ibk) (,C) + {2'fc+'idk}(,S)]
+ (3/8)[{ia+2idtibk}(,C) + {tict2ib+idk}(,S)](,AL)?
+ [{'3c+!'3b22'3dk}(,C) + {t!'jat'id+2'tbk}(.S)](,AL)

+ [{'*fat'tibk)} (,C) + {(ttijc+iidk)(,S)] } cos (Lx)

{ [{3at2fbk}(.C) + {t3c+23dk}(.S)]
+ (1/2)[{ib+ictidk} (,C) + (tiatid+ibk}(,S)](,AL)
+ [{'iat2'ibk} (.C) + {t'ic+2'idk}(.S)]

+ [{*3a22'5bk} (.C) -+ {t'3c+2'3dk}(.S)]
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+ (1/2)[{'lc+iibs1idK) (,C) |
+ {t'}at'}d+1ibk} (,S)](,AL)

+ (3/2)[{'ic+'ib231idk)} (5C)
+ {t'jar!id+5'ibk} (sS)](,AL)

+ [{*'3at2!13bk) (,C) + {t''3c+2'13dKk)(.S)] !} cos(28x)
+
{ [{3at3ibk}(sC) + {t3c+33dk)(sS)]
+ [{'3at31ibk} (3C) + {:'ijc+3tidk}(3S)]
+ (1/2)[{ib+iczidk} (,C) + {tlatid+ibk}(,S)]1(:AL)
+ [{3b+3c*23dk)}(,C) + {*3at3id+23bk}(,S)](,AL)
+ [{'3a+313bk} (3C) + {!'§c+3!3d4k}(5S)]
+ (1/8)[ {1a+2id+1bk} (;C) + {tict2ib+idk)(,S)](,AL)?
+ [{'ic+1ib2213dk) (,C) + {t!iat!'id+2'ibk)(.S)]1(,AL)
+ [{''3at3'14bk} (5C) + (t''4c+3'13dk)}(5S)]1 } cos(34x)
+
{ [{3at4ibk}(4C) + {tic+4idk}(,S)]
+ [{'3at4!Zbk)} (,C) + {t'Zc+412dk}(.S)]
+ (1/2)[{'ic+'ibtiidk}(,C)
+ {t1ta*!id+'}bk}(,S)](,AL)
* (3/2)[{!éc+1§b131§fk{}t(lsfa)t1§d+3‘§bk}(38)](,AQ)
+ [{1'at41lbk) (4C) + {*''ic+4'1}dk}(,S)] } cos{42x)

+ (1/2)[{ib+ictidk} (,C) + {tiatid+ibk}{(,S)](,AL)
(9a)

2
Yo .
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[¢.] = { - [{ib+ictidk}(,C) + {t}atid+ibk}(,S)]
- [{'ib+}icttidk) (,C) + {t'iat!id+'ibk)}(,S)]
+ (1/2)[{ja+2{dtibk)}(,C) + {tict2ib+idk}(,S)](.AL)
- [{3a+23dt23bk)} (,C) + {%t3ct2ib+23dk}(.S)](,AL)
- [{*{b+fc2'idk} (,C) + {t'fat'i{d+'fbk}(,S)]
- (1/8)[{ic+3ibtidk}(,C) + (tiat3id+ibk}(,S)](,AL)?2

- [{'la+2'id*2!ibk} (.C)
+ {t'ic22!'ib+2'idk} (.S)]1(,AL)

- [{'{b+itfcti11dk) (,C)
+ {tittariiid+iiibk}(,S)] } sin(£x)

{— [{2b+3ct23dk}(,C) + {tsatid+23bk}(.S)]
- (1/2)[{ta+2{dtibk} (,C) + {2lct2ib+{dk}(,S)]1(,AL)
- [{'ib+tict2idk} (,C) + {tiiat!id+2!ibk}(.S)]
- [{'8b+'3ct2'3dk)} (.C) + {:'3ari3d+2'5bk}(,S})]

- (1/2)[ {t*ia+2'{dttibk} (,C)
+ (tlict2'ib+'idk}(,S)]1(,AL)

- (3/2)[{'ia+2'id+3'ibk} (5C)
+ {t'ict2'ib+3'idk} (3S)](,AL)

- [{*'tb+1t4ct2113dk} (,C)
+ {t1aria+2 bl (2S)] ) sin(2¢x)

{ - [{3b+3ct33dk}(sC) + (*3a:3d+33bk}(5S)]
-~ [{'ib+'ict313idk)} (sC) + {¢'ia:!id+3!'ibk}(sS)]
- (1/2)[{i{a+2idtibk}(,C) + {*tict2ib+idk}(,S)](.AL)

- [{3a+23d£23bk} (,C) + (*Zct23b+23dk)(.S)](,AL)

3
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[{t§b+18c2315dk)} (5C) + {ti3ati5d+3!5bk} (5S)]
(1/8)[{ic+3ibtidk} (,C) + {ti{at3{d+ibk}(,S)](,AL)?

[{‘ia+21id221ibk} (,C)
+ {ttict2!'ib+2'idk}(.S)](,AL)

[{*'3b+114ce3114dk) (5C)
+ {t114a2113d+3111bk) (s8)] } sin(34x)

{ - [{3b+fctaidk}(,C) + {tiatid+4ibk}(,S)]

[§..]

[{'fb+'fc24'3dk} (4C) + {(2'jat'id+4'fbk}(4S)]

(3/2)[{*3a+2'1d23'ibk} (5C)
+ {t13ct2'1b+3!3idk} (5S)]1(,AL)

[{*ib+11ict411}dk} (4C)
+ {t!1jat11id+411ibk} (,8)] } sin(44x)

(9b)

= {2p8[{lctidk} (,C) + {tia+ibk}(,S)]
2ugf{tictiidk}(,C) + {t'ja+'ibk}(,S)]
He[{la+idtibk}(,C) + {*lctib+idk}(,S)](.AL)
4l {3a+3dt23bk)} (,C) + {*3ctib+2idk} (.S)1(,AL)

2pul [ {tfctidk} (,C) + (t'fa+'ibk}(,S)]

[ V]

d+ibk} (18)1(,AL)?
ticttib+2'4dk} (.S) ]1(:AL)

2pg[ {*1jctiijdk) (,C) + (*i'fa+'tibk}(,S)] } cos (LX)

+ 4pl8[{3ct23dk} (,C) + {*3at2ibk}(,.S)]

e[ {ia+idtibk} (,C) + {tictib+idk}(,S)](.AL)
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4pe[{*ict2'idk} (.C) + {t'la+2'ibk}(.S)]
4pR[(*3ct2'3dk} (.C) + (t'3a+2'3bk}(.S)]
pe[{'ta+'ide!{bk} (,C) + {t'ict!ib+'idk}(,S)](,AL)

9uL[{*la+4dt31ibk} (5C)
+ {t'ict'ib+3'4dk} (5S)](,AL)

4u[{*13ct2113dk) (.C) + {t'i3a+2iiibk}(.S)] } cos(24x)

{ + 6Ll {3ct33dk} (3C) + (:3a+33bk}(3S)]

+

+

+

6pe[{*4ct3'4dk} (3C) + (t!ia+3'ibk}(3S)]

el {ia+{dstibk}(,C) + {tictib+idk}(;S)](.AL)
4ul [ {2a+3d223bk} (,C) + {t3c:ib+23dk}(.S)]1(,AL)
6pL[{'5c23'3dk} (3C) + {:t'3a+3'3bk}(3S)]

(re/4)[{ic+2ibtidk} (,C)
+ {t{at2id+ibk} (,S)]1(,AL)?

4pl[{*ta+'3d221ibk} (.C)
+ {ttictiib+21idk} (,S)](,AL)

6ul[{''4ct3'1idk} (5C)
+ {t''ja+3!1ibk} (5S)] } cos(38x)

[ + 8uf[{ictdidk}(4C) + {(ia+d4ibk}(.S)]

+

+

+

F
X

B8R [{'3cta'idk} (4C) + ('Za+4'ibk}(4S5)]

ML [ {'ia+'5d3'ibk} (5C)
+ {#!'ict!ib+3'1dk} (5S)]1(,;AL)

8RR [{1ict411}dk) (4C)
+ {t11}a+4'1ibk) (,S)] ! cos(4Lx)
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+ pe[{ia+idtibk}(,C) + {tictib+idk}(,S)](,AL)
+ pe{*ia+tids!ibk} (,C) + (t'ict'ib+'{dk}(,S)](,AL)

- ﬁo -~ pPgz
(9¢c)

[#..1 = { - 2u8[{ic+2ibtidk}(,C) + (tiat2id+{bk}(,S)]
- 2u[{'{c+2!ibtt{dk} (,C) + (tliat2!id+'ibk}(;:S)]
- w2 {ja+3idtibk}(,C) + {ict3ib+{dk}(,S)](.AL)

- 4nef{3a+33dt23bk} (.C)
+ {t3ct33b+23dk} (.S)]1(:AL)

- 2pe[{'fc+2'fbt'3dk} (,C) + {t'f{at2'id+'{bk}(;S)]

= (3pL/4)[{ic+4ibeidk} (,C)
+ {t{at4jd+ibk}(,S)](,AL)?

- 4u[{'a+3'id:2:ibk} (,C)
+ {t'lct3'ib+2'idk}(.S)](,AL)

- 2uf[{!ic+211ibt11dk) (,C)
+ {(ti1jat2itjd+t1ibk} (,8)] |} cos(2x)

{ - 4p[{3c+28bt23dk} (,C) + (t3at2id+2ibk}(.S)]

e[ {ia+3idtibk}(,C) + ({tict3ib+idk}(,S)](,AL)

4l {*ic+2ibt 2:idk} (,C)
+ {t'iat2'id+2'ibk}(.S)]

- 4pR[{'3c+2'5bt2'3dk} (,C) + {(t!3at2'3d+2'sbk}(.S)]

- po[{*ia+3tidt'i{bk} (,C)
+ {t'ict3'ib+'1dk} (,S)](,AL)

- ope[{*ia+3'4d¢3'4ibk} (5C)
+ {t'ict3'ib+3'4dk} (5S) ] (,AL)

— apl[{'13c+2113bt2111AK} (,C)
+ {t113a£2113d+2113bk} (,S)] } cos(2£x)
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{ ~ 6p[{3c+23bt33dk)} (3C) + {(t3a23d+33bk}(5S)]

6HL[{*ic+2'ib314dk)} (5C) + {(t'iat2'1d+3'ibk}(3S)]
- e[ {ja+3idtibk}(,C) + {tict3ib+idk}(,S)](.AL)

- 4ulf{3a+33dt25bk} (,C)
+ {t3ct3ib+2%dk} (.S)]1(,ALR)

~ 6pL[{'5c+218b2t3'3dk} (sC) + (t!'3at2!'3d+3'3bk}(3S)]

- (r2/4)[{ic+4ibtidk}(,C)
+ {tiat4}d+ibk) (,S)]1(,A2)°2

- 4ul[{*1a+3'id:2'ibk} (.C)
+ {t'ict3!ib+2'idk} (.S)](,AL)

- 6pL[{11ic+2:1ib2311idk} (5C)
+ {t!'jat2114d+3'14bk} (s8)] ! cos(32x)

{ - Bul[{ic+2ibt4idk} (,C) + {*iat2id+4ibk} (,S)]

BuR[{3c+2'2bt412dk} (.C) + {t'2at2!'7d+4'ibk)}(48)]

9ue[ {*3a+313d¢ 314bk} (5C)
+ {tl4ct3'ib+iidk} (5S) ] (,AL)

Bul[{*tic+211ibt411idk} (4C)
+ (#11jat211}d+4114bk) (,8)] | cos (42x%)

He[ {{a+3idtibk}(,C) + {tict3ib+idk;(,5)]j{,1A%)

- ugi{'ia+3'idt'{bk} (,C)
+ {t'ict3'{b+idk} (:S)](.AL)

P, - ogz
(9d)

3 ,
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[#..1 = { -2pe[{{a+idt{bk}(,C) + (tictib+idk)(,S)]
- 2uL{{*ta+'idribk} (,C) + {t'ict!ib+!{dk}(,S)]
+ pR[{ic+2ibtidk}(,C) + {tiat2id+ibk}(,S)](.AL)
- 4uL[{3c+23bt23dk) (.C) + {t3at23d+23bk}(.S)](,AL)
- 2pQ[(*3a+'3dt1fbk} (,C) + {¢'2ct!?b+!2dk)}(,S)]

- (p2/4)[{ia+3{dt}bk} (,C)
+ {tict3ib+idk}(,S)](,AL)?

- 4pL[{tic+2'ibt211dk} (.C)
+ {t'lat211d+2'ibk} (,S)](,AL)

- 2p2[{*'ia+itide bk} (4C)
+ {titictitipb+rridk) (,S)] } sin(ex)

{- 4pul[{sa+3dt25bk} (,C) + {tictib+2idk}(:S)]
- ML[{ic+2ibtidk} (,C) + {*lat2id+ibk}(,S)](;AL)
- 4u[{la+1ide21ibk} (,C) + {tilict'ib+2!'idk}(,S)]
~ 4ue[{'3a+13dt2'3bk} (.C) + {tlict'3b+2'3dk}(.S)]

= pe[{!ic+2'{b2'idk} (,C)
+ {t'}at2!{d+'ibk} (,S)]1(,AL)

= 9L [{*4c+2'ibt3'idk} (5C) :
+ (t'3a$2!'3d+3'ibk} (3S)](,AL)

-— 4HQ[{Xléa+1léd3211ébk}(zc)
+ {t11jceiibe2i1dk) (2S)] | sin(2¢x)

[ - 6u[{3a+3dt33bk}(5C) + {t3ct3ib+33dk}(5S)]
- 6pL[{'ia+'4dt314bk} (sC) + {*!ict!ib+31idk}(sS)]
- pe[{lc+2ibtidk}(,C) + {*lat2id+ibk)}(,S)](.AL)
- 4pf[{3c+23b:23dk} (,C) + {*3a*23d+22bk)(,S)1(,AL)

- 6}.12[{‘§a+1§d23‘§b.k}(30) + {+!3ct'2b+3!2dk)} (3S)]

F
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- (ne/4)[{ia+3idtibk}(,C)
+ {tict3ib+idk}(,5)]1(,AL)?

- 4u[{'ic+2'ibt21idk} (,C)
+ {tliat2'1d+2'ibk} (,S)](,AL)

= 6uL[{!3a+!13dt3114bk) (sC)
+ (ti14cti1yb+3r1idk) (sS)] ) sin(34x)

{ - 8ue[(fa+1de41bk) (,C) + {tictib+41dk) (,S)]
- 8uf[{'3a+'3dt413bk} (4C) + {t!Zct!fb+4!2dKk}(4S)]

- 9ue[{!ic+2'ibt31idk} (3C)
+ {t'4a$2'1d+3'ibk} (3S)](,AL)

= 8pi[{'ia+''idr4'1ibk} (,C)

+ {titicti1ib+4t13dk) (,S)] |} sin(44x)
(9e)
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The complete expressions for the velocities and
siresses, eqgs. (3), are found by summing the individual
expressions for the mean and perturbed values, egs. (4) and
(9), respectively.

The constants are eliminated by application of the
stress and velocity boundary conditions. The boundary
conditions pertain to the stresses and velocities normal and
parallel to the interface. Using the coordinate system
shown in Fig. 1, Chapter I, with coordinate n normai to and
s parallel to an interface, the velocity and stress

components norm&l and parallel to an interface are:

Vo, = [v;]y cos(8) - [v,]¢ sin{e) (10a)
v, = [V,]y cos(8) + [v,]c sin(e) (10b)
Inn = [0::]y cos?(8) + [0, ]y sin?(6)

- 2[0.,]¢ cos(e)sin(e) (10¢c)
Ons = [0;: = 0. ]¢ cos(e)sin(e)

+ [0,,)s [cos?(8)-sin?(8)] (10d)

in which [ ]¢ indicates that the quantity is to be evaluated

at the interface, z = & (eq. 2), and

cos{e) = 1//[1+(b¢/ag)2; sin(g) = cos(6) (3Z/3x) (10e)

where 6 is the slope angle (Fig. 1. Ch. I).

-
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The number of arbitrary constants for multilayer
problems can be extremely large. For each waveform and each
order of approximation, four stress and velocity conditions
can be written for each layer and two for each confining
medium. For each waveform and each order of approximation,
there are 44 boundary conditions which must be solved
simultaneously for the 44 unknown constants in a confined,
i0-layer multilayer. For 3rd order analysis of ten layers
and two media, there are potentially 660 constants.

In the course of the derivations presented here, I have
devised a method that reduces the number of constants by
about half, from four per layer to two per interface for
each waveform and each order of approximation. The new
method applies the same stress and velocity boundary
conditions as the previous method, but applies them
sequentially rather than simultaneously.

In the new method, the stress boundary conditions are
applied first to eliminate half the constants. The stress
boundary conditions state that the normal and shear stresses
in two adjacent layers, or in a layer and adjacent medium,
must be equal at the interface between the twc layers, or

layer and medium. The stress boundary conditions are

written:

s
3
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(ann)b (onn)c (lla)

(dne)o = (0ns)e (11b)

The sequence of operations in the new method of
solution is:
1) Expand the interface stresses, eq. (10c,d), to 3rd order
and substitute the 3rd order expressions for the stresses,
egs. (3c,d,e), found by summing egs. (4c,d,e) and (9c,d,e).

The results are:

(ann)c.b = _2}15,, + 2H5xx(1At.bQ)2 - f’o - bu t pg(h/2)
- p[{{a+idsibk} (,C) + {tictib+i{dk}(,8)](,A. ok}

- nR[{*la+'{dtibk} (,C)
+ {t'{ct!ib+'idk} (,S)1(1A: L)

[ 4B, (1A, o2) (2Ac.028) + PG(1Ac.s)

+ 2uR[{ictidk} (,C) + ({tia+ibk}(,8)]

+

2pe[{tict idk} (,C) + {i‘ja+iibk}j(,S)]

3ul[{ja+{d¢ibk} (,C) + {tictib+idk}(:S)](zA. +2)

+ 22 {*fct13dk} (,C) + (i'fa+'ibk}(,S)]

(n2/4)[{5ic+6ibt5idk} (,C)
+ (t5{at6id+5ibk}] (1A, 2)°?

+

2ug [ {**1ct 1{dk) (,C)
+ (t't1a+iiibk) (,8)] | cos (2x)

{ -2uB, (1A, o2)2 + pglzA, )

+

4p[ {sct25dk} (,C) + {*2a+2ibk}(.S)]
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+ 3u[{ia+idtibk} (,C) + (tictib+{dk}(,S)](iA: %)
+ 4ut[{'ict21dk} (.C) + (t'ia+2'ibk}(,S)]
+ 4ue[{'3ct2'3dk} (.C) + {t'3a+2!3bk}(.S)]

+ 3pL[{tta+tidstibk}(,C)
+ {tlict!ib+'idk} (,;S)](,Ac.04)

+ 3pf[{'ia+'4d+31ibk} (5C)
+ {t'jct!ib+3'4dk} (3S)] (1A, L)

+ 4pl[{''ice211idk}(.C)
+ {t13a+2!13bk}(,S)] } cos(22x)

[ —4uBax (1A. o2) (2A. 622) + Pg(sA..s)
+ 6pL[{3ct33dk} (sC) + {*3a+33bk}(3S)]
+ 6pQ[{!ict31idk} (5C) + {*'ia+3'ibk} (3S)]
+ 5ul[{ila+idtibk}{,C) + {tictib+idk}(,S)](:A. o2)
+ 8uplL[{%a+3dt23bk}(.C) + {*3ctib+23dk}(.S)](.A, L)
+ 6pL[{'5ct313dk}(3C) + {t!3a+3:3bk} (5S)]
+ (pR/74)[{91c+14ibt9ldk} (,C)
+ (+91a*14:1d+9ibk} (,5)] (A, o2)?

+ Bull{tla+1id1214bk} (.C)
+ {tlictiib+211dk} (:S) ] (LA »0)

+ 6pL[{itict3114dk} (5C)
+ {t113a+3114bk} (sS)] } cos(34x)

{+ pglsAc v)
+ 8SuL[{4ct4idk) (4C) + {tia+dibk}(.S)]
+ BpR[{'3cta'idk}(.C) + (¢'fa+4'ibk}(.S)]

+ 15uf[{'ia+'3dt3'4bk} (5C)
+ {t'4ct'ib+3'4dk} (s5) ] (1A. . o2)

-
E
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8pe[{*'jctartidk} (,C)
+ {(t''ja+4'1}bk) (,S)] } cos(4£x)

(12a)

(Fnede,p = { 4pD,, (1A L) - 3pD. (A, s2)3

2ug[{{a+idsibk} (,C) + {tictib+idk}(;S)]
2pi[{'ia+'ide'ibk} (,C) + {t'ict'ib+'idk}(,S)]

M2 [ {3ic+2ib:3idk}(,C)
+ {t3{ar2{d+3ibk} (15) ] (2A.oL)

4pL[{3b} (2C) + {£3d}(.S)](:A. %)
2pe[{*fa+ifdsfbk} (,C) + (t'fct'ib+'fdk}(,S)]

(n2/4)[{7ia+{d¢7ibk} (,C)
+ {17i{ctib+7{dk} (1S)](:A. ,2)?

4p{*b}(C) + {2'3d}(2S)](iA. L)

2uL [ (1fa+tide11ibk} (,C)
+ {(tilctiiib+riidk) (,8)] } sin(2x)

{4P6xx(2At.b2'Q')
4pl[{3a+3d:28bk} (.C) + {t3ctib+2idk}(.8)]

pe[{3ic+4ibe3idk} (,C)
+ {¢3lat4]d+31bk} (;S)]1(,A. %)

4 {tla+11dL2tibk}(,C) + {tlictlib+2'idk}(,S)]
4ulf(3a+14d+213bk} (,C) + {t!'3ctiib+2'idk}(,S9)]

re[{3'ic+4!'ibt3t{dk} (,C)
+ {(¢3!'1at4'id+3'ibk} (,S)](;A...2)

Spl[{'ic+4'ibe314dk} (5C)
+ {t'4at4'4d+3'4bk} (58) 1 (1A v2)

4pLf{ttsa+itide2174bk) (.C)
+ {t!tict1ib+213dk} (.S)] } sin(24x)
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+
{ 4ub,, (3A. ,3%) + ub,,. (A, ,L)8
- 6pL[{3a+idt33bk) (sC) + {tIctib+33dk} (sS)]
- 6nL[{1}a+'1dt3'1bk) (sC) + {t'ict!'ib+3'1dK) (sS)]
- uo[{5ic+61bs6ldk}(,C)
+ {(t5!at6ld+5i1bk) (,S)](-A, o8)
- 4p0[{23c+33bt42dKk) (,C)
+ {t2%a133d+45bk)} (.S)]1(1A..,2)
- 6pL[{'5a+'§d23!5bk} (5C)
+ {t13c2'gb+315dk} (5S) ]
- (pe/4)[{9{a+15{dt9ibk} (,C)
+ {$91ct151b+91dK) (;S)](,A, o2)2
- 4pf[{2'ic+3'ibt413dk)} (,C) :
+ {(£2'3a¢313d+413bK) (,S)] (LA, L)
- 6pL[{'tjat+1ide311ibk} (5C)
+ ($113c2111b+3113dK} (sS)] } sin(32x)
+

{ 4p6xx(4At,b49—)
- Bul{ia+id24ibk} (,C) + {2icitib+4idk}(48)]
- Bul[{'3a+13dt4Zbk} (4C) + {t'3ctiib+4'2dk} (4S)]

- 3ul[{5'4ic+8'4bs151idk} (5C)
+ (£5'3a+8'5d+15'4bK) (55) 1 (,A, o)

- BuR[{!'}a+11}dt411ibk) (,C)
+ {t1iceiiib+4ttidk) (45)] | sin(44x)

(12b)
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2) Introduce 3rd order expressions for the normal and shear
stresses at the interface, ¢,, and ¢,,, which are written in

terms of two new constants, ¢ and t. These expressions are:
(Goan)es = 0o + (10, ot {0, v+'0, o+ 0, ,p) COS(LX)

+ (30, pt'bo, t+'30,, ,+''40,. ) cOS(24X)

+ (30, p+'iv, o0, 41130, ,) cos(3Lx)

+ (0. ot'30, ,+''0,. ) cOsS(42X) (13a)

(Ons)ep = To + (1T ot T ot ¥Te o+ 1T, ,s) sin(Lx)
+ (3T ot'iT, o187, o tMiT, ) Sin(24x)
+ (3T o t'4T, o+'§T. o+ 137 .p) SIN(3Lx)
+ (31, 13T, o+lliT,. ) sin(48Lx) (13b)

3) Equate the expressions for the interface stresses written
in terms of arbitrary constants for the layer, eq. (12), to
the expressions written in terms of arbitrary constants for
the interface, eq. (13); equate (12a) to (13a) and (12b) to
(13b). The interface constants, ¢ and T, are thereby
expressed in terms of the layer constants, a, b, c, and d.

A pair of equations, one for ¢ and one for T, can be written
for each combination of order and waveform contained in

eg. (8). An example is shown in egs. (14) for the 1st order

-
2
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constants for the first waveform:

10,0 = Pg(1A.v) + 2p8[{ic t }dk}(,C)
+ {t ia + ibk}(,S)] (14a)
1Te.o = 4pD.(1A: o2) - 2pf([{ia + {d ¢ ibk}(,C)

+ {¢ ic ¢t ib + 1dk}(,S)] (14b)

4. However, we need expressions for the layer constants, a,
b, ¢, and d, in terms of the interface constants, ¢ and .
We derive these expressions by solving each pair of
equations, such as (14a) and (14b), simultaneously. The
expressions for the layer constants in terms of the

interface constants are:

;a = [An{Jk{;8) + ;C} + ;A {Jk{;C)}] (15a)
i = -8 (;8) + ;2. (;C)] (15b)
1€ = [A{JK(;C) + ;S} + ;An{jk(;S)}] (15c)
id = —[;A.(;C) + ;A (;8)] (154)

In deriving egs. (15), we have introduced new
constants, lambda. The constants lambda for each
combination of order and waveform contain the corresponding
interface constants and the interaction terms responsible

for generating that waveform-order combination. The values

of lambda are:
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ﬁf\p,m = s j=1, 2, or 3 (no sum) (16a)

Eajuz(jsjc + k)l

in which pg is wnit weight (density times acceleration of gravity).

] w2l :5:C 3 k)] = [, + 31, - 43
JAp’m[AJul(JSJC 3 k) = [jTt 45T, aJu'QDXX(jAt t jAb)] (16b)

i, al208,C £ 20] = Doy + Moy + 2000200, (A2 & A2)]/6us
+(3U6)( AL £ RIGAD(,S,CK)

+ BYGI(AL 3 A (I )(,S,C) (16c)

o, n208,C 7 20] = ey # tir) /e

- (/A = A DA (S C-3k) + I (4,02

- (/)R 3 AL (s 003k + a(4,5%)] (16d)
g al208,C 2 ] = (o £ o) /2m - 40D, [(AD(AY) £ ()AL

(38/2)(,A, + AI(AI(S,C-K)

(322) (AL 7 AN )(,S,C¥K) (16e)
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12
o, m2,8,C

+1

k)] = (‘ftt + ‘ftb)/zuz

20 (A,

+

AR B (,5,0) + (2]

20 (\A,

+1

A (8,00 + 2a(,5%)]

+ (/) A A(S,Co3k) - D (2,0%)]

+ (0/2)(A 7 A ling(5,0-36) - 1A (2,5%)] (16f)

Py n208,C £ 1] = Moy £ Moy /2w

14+

- (2/8)(,A¢ £ AR Lin (S ,C-5K) + 1 (6,C2)]

- (2/8)(,A7 7 AR Ling((S.0+sk) + 1A (6,5%)] (169)

+

iy [2(s,c

3 r,
Ao k] = [3teg & 2tn + 3000200, (A2 ¢ A3)] /2

+1

- 200,A,

1+

A [13A0(,8,0) + 1 (,c2)]

- 20(,A, 7 A A (55,00 + I (,5%)]

2’pt2

+

+

- (22/8)(,A2 £ AL (6,07) - 1A (;5,C-Tk)]

+

- (2/8)(,A2 5 AR 1A (6,5%) - I (,5,047k)] (16n)

s
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Y0, m20,5,C £ 3K)] = Moy & o) /eus
+ (6338, [(,RGAL) £ (AD(A]
+ (883)C A £ A (GAD(,S,C-2K)
+ (49/3) (AL 5 AL (BA)(,S,C¥2K)
+ (5U/6)(,A £ ADGAI(S,C-K)

+ (5Y6)(,AL 7 Ay (1A )(,S,C+K)

M al208,C 73K = (M3ry x M )/eus

- 29/3)(A £ AL (5,C-ak) + 2A (3,0%)]

- (29/3)(A, 7 A 20 (S, CHak) + §xp(3zsz)]

- (/6)(,Ay = AL ((5,0-5K) + 1A (6,07)]

- (W63, 5 AN ((5,Cv5k) + 1 (6,5%)]

Ping al20SC £ 3] = (Mloy x Moy )/eut

+

(42/3)( Ay

1+

Ap) (2250 (;5,C-2K)

+
+3

(4%/3)(,A 5 AN )(,S,C42k)

+

(22/26) (A2 & AZLIA(5,5,C-9K) + I (14,C%)]

+

(£2/26)( A2 5 AZYLIA (5,5,Co9K) + ;xp(lalsz)]

T
¥
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ni o forscrak)] = [, & Mg LB, (A £ AD] /6w
3Xp,m 3Vsv + s't = 3'b xx'17t = 1"'p

- (20/3) (A,

I+

A DEA(S C-tk) + 13 (3,22)]

- (20/3)( Ay 3 A DA (S Crak) + A (3,57)]

+1

- (2/B),Ag £ AN (2,0%) + 1A (5, c-3k)]

+1

- (2/8)(,A¢ = A LA (2,5%) + 1A (5,5 ce3k)] (162)
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1A, m[2(,8,Ctk)]

(o, t '}o,)/2n2

1Ne.m[2(18,C3Kk)] (Yite t '{Tp)/2n8

lgﬁn,m[2(252032k) ]

(130, t '30,)/4u8
ls)\p.m[z(zszcz 2k) ]

(37, t '37,)/4pL

V3, m[2(28.Ct2k)] = (''30, t ''lo,)/4p
+ (32/4) (1At A,) [N (1S,C-K)+14A, (3S5C-3Kk) ]
+ (32/4) (1A, 5,2, [N (;S,C+k) +14A, (5S5C+3k) ]

Miho m[2(28.C32k)] = (it iliT,)/4uL

(L/74) (1At A,)[1AL(,S,C-3k)+4' N, (,C2)]

(2/4) ((A7.A,) [*1A (1S, C+3K)+41 1A (,87) ]

(32/4) (1A 2R ) [13A,3(385C-k)+4'30,(5C?) ]

(32/4) (1A, 71A;) ['§A,3(385C+Kk) +414N;(552) ]
1é!“p.m[‘?(E!S3Ci'3k) ]

(40, ¢ 'Jo,)/6n2

2. m[2(3S3C338k)] = (471, ¢ '37,)/6pL
1ZA, m[2(4S4Ct4k)] = (20, t 1'20,)/8Bul
'iXe.mL2(4S4C34Kk) ] = (47, t '%7,)/8Bul
A, o[2(4S,Ct4k)] = ("o, t '1g,)/8ulL

+ (152/8) (1A 2,A,) [*§A,(553C-3k) ]
+ (152/8) (1A 7,8,) ['4An(3S3C+3k) ]
1%, m[2(4S4C74k) ] = (YT, t1tiT,)/8pL
= (32/8) (1A t,A;) ['4A,3(3S5C-8k) +815A,(3C?) ]

- (32/8) (1A 7,A,) ['3A,3(3S3C+5k) +8'4A;(5S?) ]

2
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(16m)
(16n)
{160)

(16p)

(16q)

(16r)

(16s)

{161t)

(16u)

(1ov)

(16w)

(16x)
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The interface velocities can now be written in terms of
the interface stress constants. First, we expand the
expressions for the interface velocities, egs. (10a,b), to
3rd order. Then we substitute the 3rd order expressions for
the mean and perturbed velocities, eqg. (38a,b), using
egs. (4a,b) and (9a,b), into the expanded expressions for
the interface velocities. Now the interface velocities are
expressed, to 3rd order, in terms of the layer constants.

We rewrite the interface velocities in terms of the
interface stress constants using egs. (15).
The resulting expressions for the velocities normal and

tangential to the interface are:

(Vadeo = (V). pc08(8,,,) - (V,).. o5in(se, ,)
+ { (JAFUIAHI2AHITEAL) (,C?)
T ({AeF iR+ A F ALK
O (PAH A HIEA A L) (,S52)
FO(IAHUIALHIIALHILIA ) K
+ (1A o2/2) [ (3A+13A,) 2k — (BAqn+1EAn) (,C%)

F3AL+EAL) 2k 3 (BN 413N, ) (28%) ]

- (A o2/2) [1AR=1N, (1 C2) F1AKTFIN,(,82)]
- (1A ,2/2)2[1A,(1C2) 41N (,5,C)

£10,(,S2) 1N (,S,C)] |} cos (&x)

+  { (BAR+IEAL 1AL+ T1LA,) (5C2)

+ (BRI BN+ AN ) 2K
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t (A +AA BN 41 1EA,) (282)

PR+ AL F AL AN ) 2k

+ (1A o2) [1AKR=1AL (1 C?) F{AKTIN, (,82) )

+ (1A o) [HAKR- AR (1 C?) # AR AL (,52) ]
+ (1A o2) [*3A,8k-14A,(3C2)

$14A,3k5 130, (582)]  } cos

N
s

X)

+ { (BA+13A+13A+11EA,) (5C2)

+ (AN HIEA+1EN, ) Bk

£ (A H+MAHIEA A (582)

(3N AL H+13A+1 130, ) Bk

+ 3(1A. o2/2) [(BA.+13A,) 2k = (BA.+1EN,) (2C?)
FOEALHAAL) 2R 7 (BN +1120,) (282)])

+ 3(2A, ,0/2) [1A k=17, (,C?) #iAkTIN,(,S2)]

= (1A, o2/2)23[1A,(,C2)+iN,(8,S,C-2Kk)

£10,(,8%) 1A, (3,8,C+2Kk) ] } cos(34x)

+ { (3A.+14A+1 1AL ) (4C2)
+ (3N HEN 41N ) 4K
t O (3A+5A 41100, ) (£82)
F($AnHZAL+1 1A, ) 4K
+ 2(;Aco8) [13A,3k-14A, (5C2)
F11A0,3K7 A, (352) ] ) cos (44%)

(17a)

i
3
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(Ve)e.o = (V) p8in(6,,,) + (VU.):,0Cc08(8, )

+ { = (1A +1IA 4128 41100, ) K

+ ({An ARt AR+ 1 AL ) (1 C7)

t (LA +FMIAH12A+1HIA K

£ (A N+ RN+ ) (,S2)

+ (1A, 52/2) [ (3An+13A,) (32C2) + (3N, +13N,) (42S.C-2Kk)
£ (3A.+13A,) (3,52) t (3A.+11A,) (42S,C+2k)]

- (2B, v2/2)[1A,(3,C2)+IN,(2,S,C+k)
t1A,(3,82) %A, (2,S,C-k)]

+ (1A o2/2)2[{A(,S,C)+{ N (:C?)

$1A,(,S,C) 1A, (,S2)] } sin(4x)

+ { - (BAHAH3A 4+ 1A ) 2K

+ (BAn iR BN EAL) (2C2)

t (EAL+UIAFIBA AN ) 2K

 (BhaH N HIEN LA ) (2S?)

+ (A o) [N +A) (1S, C-k) & (1AL + 1A, ) (:1S,C+k) ]
+ (18:.62)[2'4A,(5C2)+314A,(53S3C-k)

£213N, (352) £33\, (5S5C+k) ] } sin(29x)

+ { - (A +4A +13A +114A,) 3Kk
+ (B AN HIEAL 1 EAL) (5C7)
\HIEAL LA ) 3R

£ (FAHUA N +1EA,) (552)

+ (1A o 8/72) [(3AL+130,) (2C%) + (3N, +'1N,) (4.S.C-6k)
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£ (3A,+13A,) (2S2) & (2N, +13A,) (4.5,C+6k)]
~ (2A...2/2) [1A.(,C?)-{A,(2,S5,C-3k)
£1A,(,S2) 1A (2,5,C+3Kk)]
+ (1A, 2/2)2[1A,(,S,C-2k)+{A,(3,C2)

£1A,(,S,C+2k) 12, (3,52)] } sin(3¢x)

+

{ = (3n+230.41140,) 4k

+ (I AN, ) (4C7)

L4

(§An+13AL+111A, ) 4k

£ (TR N H1EA) (452)
+ (1A, 02) ['4A,(5C%) +34), (5S5C-2Kk)
$14A,(552) 347, (3S5C+2k) ] } sin(44x)
(17b)
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The derivation of the velocities for the upper and
lower confining m=dia uses the same equations as used for
the layers and follows the same progression of steps. The
derivation for the media is different, however, in that:

1. The perturbed velocities and stresses in the media must
vanish with increasing distance above or below the
multilayer-medium interface. As a result, the four
arbitrary constants, a, b, c, d, used to describe stresses
and velocities in a layer are reduced to two in each medium.
For the upper medium, a and b are zero; for the lower
medium, ¢ and d are zero.

2. The origins of coordinates for the media are at the
multilayer-medium interfaces. The term for the mean
position of the interfaces. which was t(h/2) for a lavyer, is
zero for the media, and the heights, §, of the upper (U) and

lower (L) multilayer-medium interfaces becomes:

Su.L = 1Ay, cos{&x) + .Ay,L cos(28x)

+ 3Ay,L cos(3Lx) + Ay, . cos(4x) (18)

As a result, the variable k used in the derivation for a
layer, is zero for the media because k is a function of the
mean height of the interface.

The expressions for the lambda constants for the upper

(U) and lower (I.) media are:

r
:
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gI\U,L = [:];UU,L - pg(jAU,L)]/(Zqu,) s J = 1,2,0or 3 (no sum) (19a)
P, = Gy, - b Ay 1/A25u8) 5 (19b)
g = Loy + 2u(e?)B, (A, )2 /mue + Go/wdGAy OGN, ) (19e)
S = Caty, /e - (m)(ay DB 3 ey (19d)
2y = Cloy | /2u9) - 4B GAy DGR ) = BU2)GA, Gy ) (19€)
o = Gl /2 - 2008, DGRy 3 23y,
+ (/2)a; D0, (IAU,L)] (19f)
iy = Clloy /2un) - (2/)(GAy 020y 3 ety O] (199)
Mg = Dy mudb, Ay 02120 - 200Ry DN F )
£ (22/8)C,Ay )2l6Ciny ) 2 1y (] (19n)
Mg, = (o, /6ue) + (a0, A GA )+ (4/3) (A G )
+ (5L/6)(,Ay  JGAy,, ) (191)
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C;

12 NI
2, = (g /oun) - (20/3)C Ay LN, | 5 3CA )

)]

- /6)Ay DLy | 360N |

111 - 111 11
iy = C(oy  Jeut) + (@2/3)(Ry 0y )

+ (2728348 )20y ) 7 180 )

111
T

[23r,  -u(a®)8,, Ay 7] f6ue
- @Ay D 3 3(1;AU’L)]

£ (22/8)(,Ay 220203 ) )]

1UL
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(193)

(19k)

(194)



HAy,. = Yoy /208
HAg.o = Ty, /2p8

= 130y, /4t

ru:
=
c
[
(

$hy.e = Ty, /4M8
Mihy,L = Moy, /4pL

+ (3/4) (LAu. L) (MHhu,o + MAg,0)
Hihpgoo = YTy, /4p8

= (1Ay.(2/4) (1HAy, L34 Ay L)

- 3(1Ay, 2/4)(3Ay, 74Ny, )

BAy . = 4oy, /608
YAy = Y41y /6pL
AL = oy, /8ul

AL = Ty, L/8uk
MihyL = Mioy./8u8

+ (15/8) (1Au. L) (Mdhy )
Hiky,L = ity /88

- (3/8)(1Ay.L2) (313Ay (7815, )

The expressions for the velocities normal and

tangential to the interface for the media are:
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(19p)

(19q)

(19r)

(19s)

(19t)

(19u)

(19v)

(19w)

(19x%)
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(Vodu.r = (V)u,L cos(8y,) - (Ve)u,L sin(ey,,)
¥ { Ay, 0 + Ay, + HAg L+ Ay
= (1A, L/72) (Bhy, + Mhy.) + (2R, 0L2/72) (iAy,0)

~ (1Ay, 2/2)2(1Au, ¥ 1Ay,) } cos(x)

+
¥ { EAy,u + Ay L+ BAy. o+ MUAAy
= Ay, ) (fAu.L + YAy + 1§7\U.L)} cos(24x)
+
¥ { FAy.L + YAy o + Ay L + A L
- 3(:AU.LQ/2)(57\U.L + léku.x.) - 3(2AU.LQ/2)(§7\U.L)
= (A, 2/2)2(1Ay.L ¥ 3iAy.L) } cos(34x)
+
B { Ay, + Ay L+ VAL
- 2(,Ay. ) (4Ay,L) } cos(4Lx) (20a)
(Vedu.o = (V2)u,o 8in(6y,L) + (Vi)y,L cOsS(8y,L)
P P AL+ AL+ TR
+ (1A 8/72)[3(3Ay L+ Ay L) 7 4(3Ahy.L + '3Ay.L)])
= (2Au. . 2/2)[3(1Ay,0) 7 2(iNy. )]
Po(1Bu.8/2)% 1A 5 (1Ae.)] | osin(ex)
+
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+*t

{ Shu.t + Ay, + BAy + YUy,
FOo(Au L) (HAu.e + AgL)

+ (1By. 2){2'3Ay., ¥ 3%A,..) } sin(22x)

+
¥ { Ao+ MAuL + AL+ YAy
+ (1A, L 2/72)[(3Ap,L + Ay.L) 7 4(3hy, L+ iy, )]
- (zAu.LQ/z)HAU.L : 2(”\0,1.)]
P (B0l 2/2)2(1Ay,. F 3iAy..) | sin(3ex)
+

+

ey

PN
=

c

(a4

+ A+ AL

+ (1Ay. )[4y, 33(Ay )] } sin(4x) (20b)

E .
=3
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The velocity boundary conditions are applied to
determine values for the interface constants.

For all the multilayers I analyze, the normal velocity

components must match at each interface:
(Va)o = (V). (21a)

The tangential velocity boundary condition controls the
nature of the slip at layer contacts. The theoretical model
of slip at layer contacts is derived in Chapter II. 1In
general, the difference in velocities of two layers, or of a
layer and a medium, across their mutual interface is a
function of the interface shear stress, o¢,.,, and of
parameters which describe the ability of the contact to

resist slip. The boundary condition is:
(Vs)tl - (Vs)t = (hf)(ons/a)lons/si(m-!) (21b)

in which h; is the thickness of the film separating the
layers, and B and m are parameters describing a powerlaw
fluid.

By specifying the nature of the resistance to slip at
the contact, one can use the tangential boundary condition
to describe a wide variety of slip conditions: no slip at
contacts (bonded contacts), viscous slip at contacts, free
slip at contacts, or_localized slip at contacts.

The power m of the powerlaw expression determines
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whether the film behaves as a linear viscous fluid (powerlaw
exponent m equals one) or a nonlinear fluid (powerlaw
exponent m greater than one).

If the powerlaw exponent m is one, the material
constant B reduces to the coefficient of viscosity, u., of
the film. The resistance to slip at contacts is constant,
and slip is distributed along layer contacts.

For bonded contacts, the coefficient of viscosity of
the film, p¢, is very large. The resistance to slip is then

infinite, and the rate of slip at contacts is zero:
(Vs)b - (Vs)t =0 (22a)

For viscous slip at contacts, the coefficient of
viscosity is finite. The resistance to slip is then finite
and constant all along the interface, and the rate of slip

is a linear function of the contact shear stress
(Vs)b - (Va)t = (hf‘)(ans/Hf) (22b)

The tangential velocity boundary condition is
indeterminate if there is free slip at contacts. In that
case, the interface shear stress, ¢ is zerc, and all the
T constants are zero. For free slip at contacts, the normal
velocity boundary condition is sufficient to determine all
the ¢« interface constants.

If the powerlaw exponent m is greater than one, the

fiim is a nonlinear material. The resistance to slip then
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varies with position on the interface, which produces
localized slip at layer contacts. The rate of slip at
contacts then becomes a nonlinear function of the contact
shear stress, eqg. (21b).

To use the tangential velocity boundary condition, one
substitutes the 3rd order expression for the contact shear
stress, o,,, Written in terms of the v interface constants,
into the velocity boundary condition, eq. (21b):

(Ve)o = (Vs)e =

(hq/8™) { [To+;T sin(Lx)+,T sin(24x)+;7 sin(34x)]

| To+:T Sin(Lx)+,T sin(28x)+sT sin(34x) |0 |} (23)
Here, each 1t is a composite variable: ;1 = it+'éT+'liT;
2T = 3t+'3i1; and 37 = 3v+13T+1iT.,

The absolute value of the shear stress in the boundary
condition, eq. (21b), is taken by using binomial series to
express the square root of the square of the shear stress.

For a 3rd order analysis, the powerlaw exponent m is
limited to values of one, two, or three. If the exponent
were greater than three, then additional waveforms, ones not
contained in the 3rd order description of the height of the
interface, § (eq. 2), would be produced upon substituting
the 3rd order expression for the contact shear stress into
the 3rd order veloci?y boundary condition, eqg. (21b).

The 3rd order expression for the tangential velocity

x
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boundary condition, valid for powerlaw exponents of one,

two, or three, is:
(Vva)o = (Ve)e = (he/Bm)[|iT}/v2)¢mP
{ tv[1 + (m-1)/4] sin(2&x)

+ (31 + 7)) sin(ix)

+

m(3t + 'it1) sin(28&x)

+ (31 + '3t + '!i71) sin(3Lx)

[(m-1)/4]{iT)sin(34xX)

[3(m-1)/4](37 + 'i1) sin(4&x) } (24a)

Different waveforms and T constants will remain in the 3rd
order expression for different values of the powerlaw
exponent m,

For a powerlaw exponent of one, the rate of slip,
eq. (24a), reduces to a linear function of the first three

waveforms:
(Vels = (Vo)e = (he/ue) { (it + 2t + 'i1) sin(8x)
+ (371 + 'it) sin(2%&x)
+ (3T + 37T + '37) sin(38¢x) } (24b)

For a powerlaw éxponent of two, the rate of slip,

eg. (21b), becomes a nonlinear function of all four

-
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waveforms:

(Va)o = (Vi) (he/g2) [liT]/v2]

{ (5/4){it) sin(ex)

- (1/4)(it) sin(3%x)

+ 2(37 + 'it) sin(24x)

- (3/4){%7 + i) sin(42x) |} (24c)

For a powerlaw exponant m of three, the rate of slip,

eqg. (21b), is also a nonlinear function, but only of two

waveforms:
(Vve)e = (vi)e = (he/B3)(iT)3 [(3/4) sin(ex)

- (1/4) sin(32x)] (244)

To 3rd order and for an exponent of three, all the =
constants except it are zero.

To solve for the interface stresses, the equation
matching the normal velocity boundary condition, eq. (21a),
and one of the tangential velocity boundary conditions,
eg. (24 a, b, or c), are applied to each interface in a
multilayer, and the set of interfaces stresses is determined
simultaneously. A different set of velocity boundary
conditions is solved'for each set of constants corresponding

to a different combination of waveform and order of
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approximation. Thus, the 15 sets of constants listed in
eg. (8) are determined by 15 sets of velocity boundary
conditions.

As an example, I will use the velocity boundary
conditions to determine the interface stress constants for
the first waveform to lst order.

I write the velocity boundary conditions for the
multilaver in matrix form. To illustrate the method, I will
consider an arbitrary multilayer composed of three layers of
different thicknesses and viscosities confined above and
below by infinitely thick, viscous media. 1Individual layers

and media are identified by the variable L; individual

interfaces between layers are identified by the variable I:

L=20 Upper Medium

I = b mmmmmrmr e
L=1 Layer 1

I = 1t -
L =2 Layer 2

I = 26—~
L =3 Layer 3

I = 3pmmmmrr e
L =4 Lower Medium

Figure Al. Notation used to identify individual
layers and interfaces in arbitrary multilayer.

-
i
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vn(O):
vS(O):
vn(l):
vs(l):
vn(2):
vS(Z):
vn(3):

vs(3):

As before,

which

475

The matrix form of the velocity boundary conditions for

multilayer,

S002501250295¢3> 05 0, 0

$,925,1°51275,32 0,0,0,0

0 0
S20’521’522’823’524’525’ ’

sao’sal’saz’ssa’ssu’sss’ 0,0

0, 0 s

s s
25,225, 32 s4 54525462547

0, 0 ,s__,s 58,,95:535:¢55

52

0,0,0,0

53 557 56 57

95,8

S
64 ss’sse’ 67

0,0,0,0 38,,287525762579

the interface constants,

°]

for the first waveform to 1st order,

o(d;
T(0)
o(l)
(1)
0(2)
T(2)
a(3)
T(3)

is:

85023py 0,
a;598;,s 0
3,082,022 0 fla(o)
840184;585,2 0 lAD)

(25)

0 ’aul’auz’aua

0 8., ,2,,,4

52 53

0,0 28559853

¢ and T,

the left subscript indicates the waveform with

and amplitude, A4,

are associated, and the left superscript indicates the order

of accuracy of the variable.

refers to the layer number,

L,

Here,

the right subscript

and the number in parentheses

indicates the interface with which the variable is

associated.

The v,{(I) or v.,(I) at the left of egs.

(25) indicates

whether the equation represents a normal or tangential

velocity boundary condition.

Thus, v,(0) indicates the

normal velocity boundary condition applied at the top
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interface, I = 0. In the notation of eq. (21a), the normal

velocity boundary condition is:
Vn(o) = (Vn)b - (Vn)t =0

In the notation of Fig. Al and eq. (25), the normal velocity

boundary condition becomes
vn(o) = (Vn)L-O - (vn)L-l =0 (zea)

because the top interface (I = 0) is defined by the bottom of
the upper medium (L = 0) and the top of Layer 1 (L = 1).
For bonded contacts, the tangential velocity boundary

condition is:
Vs (0) = (Vg)ieo = (Va)-y = 0 (26b)

The boundary conditions, egs. (26), are written in
terms of the interface stress constants, ¢ and 1, using the
expressions for the normal and tangential velocities for the
layers and media, eqgs. (17) and (20), respectively.

At the uppermost interface, I = 0, the velocity
boundary conditions for the first waveform to 1st order

accuracy and for bonded contacts are:

Vn(0): [(¥;)y cos(8y) = (V.)y sin(ey) - Ayl
= [OiAL): (CE) + (iA) (k)

+ “‘Ap)z (1S§) - ({%m)x (kl)] =0 (278)
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Ve(0): [(¥.)y sin(ey) + (V¥.)y cos(8y) - {Ay]
= [=(iA:)y (ky) + (iAn): (:CP)
+ ({An)s (ky) + (i2), (4SE)] = O (27b)
Using the values for the constants {A and (A given in
egs. (16a,b) and 19(a,b), and noting that, for example,

oy = 03, = d(0), I rewrite egs. (27) as:

Va(0): -io(0)

(Ho/21,) [{1o(0)-10(1)}(,CE) +

{1t (0}+it (1)} (k)

4 (1 )20, {(;A(0)+,A(1) } (k) 1/{(:S:) (1C:)~ky}

(Ho/2p,) [{ia(0)+io (1)} (,SF) -

{(1t(0)-it(1)}(ky)

+

4(1:) 20, {4A(0)=A(1) } (k) I/{(18:) (1Cy)+ky} = O {28a}

Ve(0): -iT(0) + 2D,..{,A(0)}
+ (Mo/2p ) [{i0(0)+ia (1)} (ky) -
{it(0)-it(1)}(.CF)
+ 4(p )20 (HA(0)—,A(1) Y (4CE) 1/ ((1S,) (WCy ) +ky}
= (ro/2p ) [{i0(0) -1 (1)} (ky) +
{1t (0)+it (1)} (:S)

= 4(M) 20 (LA(0)+A(2) } (4S3) 1/ {(1Sy) (LCy) =Ky} = O
(28b)

{(\—’z)o}o - {({72)0}1 + Bxx(hl/z) =0 (280)

-
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in which

1S, = sinh(k,)

:C; = cosh(k,)

X, = mh,/L, where h, is the thickness of Layer 1 and L is the

wavelength of the first waveform. The densities are assumed

to be equal.

Equation (28a) is represented by the first equation in

eg. (25). Thus,

Soo = =1 = (Ho/20;)[(:C3)/{(sS,)(,Cy)-k,} +

(:83)/7{(1S;) (:C,)+k,}] (29a)
Sor = = (Ho/2p)[(Ky)/{(:Sy)(:Cy)-ky} -
(ky)/{(:1S1) (1Cy)+Kki}1] (29b)

Soz = + (Ko/21,)[(:C3)/{(1S:) (:1Cy)-ky} -

(18%)/7{(1S:) (1C1 ) +k, } ] (29c)
Sos = = (Mo/2mi)[(KRy)/{(:8;)(1C1)-ky} +

(k) /7{(:S:) (1Cy)+ky )] (29d)
Qo = = 2M.AD. (k) /T1/{(,S:) (LC,) -k} -

1/7{(:S:) (1Cy)+k, }] (29e)
Qo1 = = 2D, (ki) /[1/{(:8,) (1Cy) -k} +

1/7{{18:) (4Cy ) +ki}] (29f)

Equation (28b) is represented by the second equation in
egs. (26) and is used to define the coefficients s,0, S::.
S:2:, Si3s 310, Qi1

At interface 1 (I = 1), the velocity boundary

=

E
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conditions are:

I
o

(Vo)1 = (Vn)e = (30a)

[
o

(Vs)l - (Vs)z = (30b)

The equation for the tangential velocity boundary condition,
eg. (30b), written in terms of the constants A and X,

becomes:

={ i) (k)= (18,)2(ke) }
+ {(12a) (CT)=(1Mn)2(1C3) }
={(iAn) i (k) +(1An) 2 (ke ) }

= {0A) (ST +(iA:)2(188)) = O (31)

Equation (31) is used to define the coefficients s;,, Ss;.
Ss2, Sazs Szss S3s, 830, 231, 23z2. The normal velocity
boundary condition for interface 1, and the normal and
tangential velocity boundary conditions for the other two
interfaces (I = 2, 3) in the arbitrary multilayer, Fig. A1l,
are used 1o define the other elements in the matrices of
coefficients in eq. (25). The expressions for the
coefficients of ¢, 7, and A show that the value of an
interface constant or amplitude on any one interface depends
on the values of the constants and amplitudes on all the
other interfaces.

The values for the interface stresses ¢ and T are
computed from eq. (25) by standard matrix operations.

With all of the arbitrary constants determined, we can

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



480

compute the growth rates of all the waveforms in all the
interfaces. To do this, we compute the rate of change in

height, &, of an interface:
(35/3t) = [v.]e = [vi]y (33/3x) (32)

The equation for the height of the interface, eq. (2), is
used in the left-hand-side of eqg. (32); the 3rd order
expressions for the velocities, egs. (3) using egs. (4) and
{(8), are used in the right-hand-side of eg. (32). To 3rd

order, the expressions for the rate of growth of amplitudes

are:
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d(;A. ,)/d5, = =(,A. +/5.)

+

(1/5,5,) { [UA+ A+ 3A+11A,) (,C2)

+

(TR + iR+ EA+1HN ) K

-

($A+ A +1EA 411 AL) (4S2)

+

(IAn+ AL+ A+ AL ) K
+ (1Ac,o2/2) [ (304 2A,) 2k — (EAn+!EAn) (2C2)
FO(BA+13AL) 2k 7 (BAo+1EN) (2S2%) ]
= (2Ac . u2/2)[(iA:)k = (iAa) (1C?)
oAk 7 (i%) (1S?)]
- (1/2) (1A, 52/2)3[{1A,(,C%) + iXo(2,S,C-k)

t 1A, (,S%) * 1A, (2,5,C+k)] } (33a)

d(,A..0)/d5, = —(:A, +/5,)
+ (1/0.,5,) { [(3An+13A,+130,+11A,) (.C?)
+ (SR HIINHIEA +IUAIA) 2k
£ (BN TN HIBAHIIEA,) (2S?)
Fo(Exa AR 1IN ) 2k
+ (1B o) [(1A+11A DK = (IA+1iAg) (,C?)
Po(HAR+AL K T (AL +1{A,) (482)]
+ (A 2)[(*3A,)8k - ('4A,) (sC?)

P (13A,)3Kk § (3A,) (5S2)] } (33Db)

d(3Ac.b)/d§x = ‘(3A:.o/§x)
+ (1/0,,5,) { [(3An+'4A, 150, +115A,) (5C2)

+ (BA_+1IA #1120 41140 ) 8k
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(3A+15A+15A+1 144, ) (582)

(3An+13An+ 1500+ 140 L) BK

+ 3(1Ac w0/2) [(3A. 4144, ) 2K — (BA,+13A,) (.C2)
To(3A.+ 1AL 2K T (BA.+13A,) (252) ]
+ 3(2A. ,8/2) [ (1A)k = (1An) (,C?)
TO(1A)KR T (1A.) (152)]
- (8/2) (;A. ,2/2)2[1A.(,C?) + 1A.(2,8,C-k)
t 1A,(,S2) t 1A, (2,S,C+k)] }
d(4A. ) /45, = —(4A o/5,)
+ (1/6,5,) { [(30a+12A,+114A,) (4C2)
+ (3N +1EA 410, ) 4k
£ ($A, 413041150, ) (482)
Fo(EALHEALHIAN ) 4k
+ 2(1A o2)[(134,)8k = (13A,) (5C2)

Fo('1A,)3k 7 (14A,)(sS2)1 }

482

(33c)

(334)
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A general equation for the growth rate of a waveform to

3rd order accuracy is cast in terms of amplification

factors, gq;.:

d(,A;)/d(-D,dt) = (8:. + {d:i«) (AL)

+ g (A) 2 + Pidi(1A)3 (34)
where j is the waveform: j = 1,2,3,4 (no summation);:
i and k are the number of interfaces:
i=1,2, ... ,n (summation)
k=1,2, ... ,n (summation)

and §;, is the Kronecker delta. Nzt only may the growth of a
waveform may be different on every interface, but it is
affected by the growth of the waveforms on the other

interfaces. Thus, each of the two subscripts,

1
W
=4
[N
-
o]
o]

the amplification factors takes on values of all the
interfaces in the multilayer.

Growth rate equations for the four waveforms which we
use in a 3rd order solution to describe interface shape are
derived from the general equation, eg. (34), by letting the

subscript j take on values one through four. The resulting

four equations are:
A(,A;)/d(-D,dt) = (8« + iqi) (1AL)

+ Mg (LA)2 4+ g (4A)3 (35a)
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d(zA;)/d(-D,.dt) = (8. + 3d::) (2A:)

+ Qi ((A)2 + g (1A,)3 (35b)
d(3A;)/d(-D,.dt) = (8:x + 3q,:) (34:)

+ Haic (A2 + ''3g; (1A,)8 (35c¢)

d(.A;)/d(-D.dt) = (0:v + 1) (4Ak)

+ '1qi(4A)3 (35d)

Expressions for the amplification factors g;. are found by
equating egs. (33 a,b,c,d) and egs. (35 a,b,c,d).

Once we have the equations for the rates of growth of
the component waveforms on each interface, we can compute
the rate of growth of the fold with the equations for the
first waveform, eg. (35a), and the shape of the interface
with the eguations for all four component waveforms,
egs. (35 a,b,c,d). Integration of the growth rate equations
provides values, to 3rd order accuracy, for the amplitudes
of the component waveforms at any stage in the deformation
0f the multilavyer.

Ir practice, a computer prcgram is used to compute the
values of the interface stresses and to integrate the growth
rate equations, eq. (35), for the amplitudes of the
component waveforms in a multilayer with a finite number of
interfaces. My computer program, "Folding3rdOrder.bas",

written in Microsoft BASIC, is presented in Appendix C.
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Eigenvalues and eigenvectors can be extracted from the
system of growth rate equations for the first component
waveform, eq. (35a). The eigenvalue of greatest absolute
value contains the maximum amplification factor for the
whole system; the eigenvector associated with it represents
the relative amplitudes of the first waveform on each
interface that together maximize growth of folds in the
multilayer. My computer program, "Eigen.bas", for
determining eigenvalues and eigenvectors for a multilayer is

also presented in Appendix C.
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APPENDIX B

If the orientation of the principal compressive stress
is oblique to layering, viscous multilayers fold in response
to the layer-parallel shortening and develop asymmetric
interfaces in response to the layer-parallel shear. 1In this
Appendix, I will derive equations, analogous to those
derived in Appendix A for maximum compression parallel to
iayering, for the mean and perturbed stresses and
velocities, the stress and velocity boundary conditions, and
the rates of growth of amplitudes at interfaces in
multilayers subjected to both layer-parallel compression and
shear.

The analysis is to 2nd order accuracy in the maximum
slope of the first waveform, and the interface shape is
described by four component waveforms.

The multilayer consists of linear viscous layers with
vertical thickness h and coefficient of internal viscosity
H: and is confined by infinitely thick, viscous media
(Fig. 6, Chapter III). The model I have selected to
describe contact properties relates rate of slip between
lavers to magnitude of shear stress applied at contacts and
is =2xplained in Chapter II. Each layer contact is
represented by some specified resistance to slip described

for the general case by a powerlaw relationship between the

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



487

rate of slip and the contact shear stress.

The positions of points on interfaces between layers is
described by &, the height of the interface above the local
origin of coordinates. The local origin of coordinates for
each layer is at middepth in that layer. The multilayer
contains initial, symmetric perturbations of cosinusoidal
shape and low amplitude, so the heights of the top (t) and

bottom (b) interfaces of a single layer are initially:

S, h/2 + ,A, cos(2x) (1a)

]

So -h/2 + A, cos(2x) (1b)

The mean positions of the top and bottom interfaces are h/2
and -h/2, respectively; the variation of points about the
mean position is described initially by a cosinusoidal
function of amplitude ,A.

Components of stress and velocity within a layer are
separated into mean and perturbed values (e.g., Fletcher,
1974, 1977): the mean values of stress and velocity and
those that solve the problem describing the uniform
deformation of a layer with planar interfaces, and the
perturbed values of stress and velocity are those that must
be added to the mean values to match stresses and velocities

at perturbed interfaces.
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The mean stresses and velocities within the layer are

v, = xb,, + 2z0,, + (V.), (2a)
Vv, = 2D,;; + (V.)o = (V;), — 2D, (2b)
Tu«x = 2HDyx = P (2c)
. = —2pDx - P (24)
GTx: = 21,D,, (2e)
P = -(d. + 7;2)/2 (2f)

in which the deformation rate, D, is:

Oi; = (1/2)(dv,/3¥x; + d¥V;/3x%,) (2g)

For incompressible viscous materials, the rate of
herizontal shorterning and the rate of vertical thickening

must balance:

ﬁxx = = Dy, (Zh)

This analysis considers mean simple shearing parallel

to layering only:; vertical shearing is zero:
(3%,/3%) = 0 (21)

The orientation of maximum compression, ¢., within a
ztiff, viscous layer is defined by the angle &, measured

ciockwise from the x-directioa (Fig. 6, Ch. III), which lies
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in the plane of the unperturbed layering. The ratio of the
mean shear stress to the difference of the mean normal

stresses is a function of the angle §:
ax:/(axx - 6::) = -(1/2) tan(zé) (3a)

Within viscous layers, therefore, the mean layer-parallel
shear stress is a function of the viscosity of the layers,
Ky, and the magnitude and orientation of the maximum

compressive stress:
. = -2p4,0,, tan(28) (3b)

In the boundary-value problems I solve, I have elected
to specify a combination of uniform, layer-parallel normal
deformation rate, D,,, and uniform, layer-parallel shear
stress, ¢,,. The multilayer and medium are allowed to
shear in a combination of mean pure shearing, as specified
by D, — D.., and mean layer-parallel simple shearing,
2D,,. The mean velocities specified for a layer, edgs. (2a)
and (2b), reflect this choice.

The mean velocities, ¥, and v,, increase in magnitude
with mean vertical distance from the global origin of
coordinates for the multilayer and vary locally with
vertical distance from the local origin of coordinates for
the layer (Fig. Bl). The layer-normal velocity, V., is
unchanged by the shearing deformation. The layer-parallel

velocity, V,, on the other hand, increases with the mean

o
£
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shearing deformation within the layers and at the layer
contacts. According to egs. (2a) and (2e), the dependence
of the mean layer-parallel velocity on the mean shear stress

and on vertical position in the multilayer is:

vx = Bxxx + (axz/pl)(ml. + gt.b)

t {(Tuz/Bc) 1Tua/Be ™ + 8(Ty)o} (1) (4)

in which w. + &.,, is the vertical distance from the origin
of global coordinates (Fig. Bl) and i is the number of layer

interfaces contained in the distance o, + &, ..

- —
o~ [
o

Figure Bl. Global and local coordinate systems for
multilayer. For the mean positions of the interf
shown, ., = th/2.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



491

If the mean shear stress, &,,, is zero, the mean
layer-parallel velocity reflects only the shortening,
through b,,x. If the mean simple shearing stress is not
zero, however, a velocity gradient across the layer is
produced which is inversely proportional to the viscosity of
the layer, H,.

At the contacts between layers, there is a velocity
jump in the x-direction that depends on the rate of slip
parallel to the contact. The rate of slip, in turn, is a
function of the mean shear stress, d,,, and the parameters
. and m which describe resistance to slip at that contact.
The mean part of the velocity jump in the x-direction is the
difference in mean velocities at the top (t) of one layer
and at the bottom (b) of the overlying layer.

To 2nd order, we write the heights of the top (t) and
bottom (b) interfaces of a layer in terms of their mean
position and a variation about that mean that is described

in terms of four component waveforms:

. = h/2 + A, cos(&x) + A, sin(¢x)
+ LA, cos(28x) + RA. sin(2x) (5a)
&y = -h/2 + A, cos(2x) + ,A, sin(Lx)

A, cos(28x) + A, sin(28x) (5b)

The perturbed interface shape is described by two first

component waveforms with wavelength L and two second
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component waveforms with wavelength L/2. Each pair consists
of a cosinusoidal and a sinusoidal waveform.

The two cosinusoidal component waveforms, ;A cos(%x)
and ,A cos(24x), are the same two cosinusoidal waveforms
that arise in a 2nd order analysis of layer-parallel
shortening. If the maximum compressive stress were parallel
to layering, the amplitudes of the cosinusoidal waveforms
would reduce the corresponding ones derived in Appendix A.

The two sinusoidal component waveforms, ;A sin(%x) and
2A sin(28x), are generated by the shearing deformation. If
the maximum compressive stress were parallel to layering,
the amplitudes of the sinusoidal component waveforms would
be zero.

The order of approximation refers to the maximum power
to which the slope of the first waveform is raised. Because
the interfacsz is described by two independent first
waveforms, both first waveform amplitudes, ;A and A, are
significant in determining the order of approximation. Thus
in 2 2nd order solution, terms proportional to (,AL%), (,A%),
(.A2)2, (,AR)2%, and (;A0)(;AL) are retained. Terms
proportional to 1st order in the maximum slopes of the
second component waveforms -- terms proportional to (.AL)

and (zA%) -- also are retained.
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The perturbed values satisfy the biharmonic equation in

the stream function, y:
Véy = 0 (6a)

The stream function y for this problem contains both

sinusoidal and cosinusoidal functions:

v = (1/j%) [;g(z) sin(jex) - ;h(z) cos(jix)]:

j = 1,2 (results summed) (6b)

in which ¢ is the wavenumber, & = 2x/L, L is the wavelength
of the perturbation, and ;g and ;h are functions of z.

The perturbed velocities are derivatives of the stream

function:
U, = -dy/oz
¢, = dy/dx (6c)

The solution for the perturbed velocities and stresses
consists of two sets of equations, one for the velocities
and stresses generated by the layer-parallel shortening
(egq. 7) and one for the stresses and velocities generated by

the layer-parallel shearing (eq. 8):
¥, = [{;a + ;b(jlz)} cosh(jiz)

+ {;c + ;d(j2z)} sinh(jfz)] cos(jLx) (7a)

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



494

V., = -[{,a + ;d + ,b(j2z)} sinh(jLz)
+ {;b.;c + ;d(jtz)} cosh(jLz)] sin(jLx) (7b)

F,, = 2jul[{;a + ,b(jez)} sinh(jlz)

+ {;c + ;d(jlz)} cosh(jlz)] cos(jix) - B, (7c)
F.o. = -2jul[{,a + 2,d +',b(j£z)} sinh(j2z)

+ {;c + 2;b + ;d(jfz)} cosh(jlz)] cos(jix) - B, (74)
.. = -2jul[{;a + ;d + ;b(jlz)) cosh(jilz)

+ {;c + ;b + ;d(3fz2)} sinh(j%z)] sin(jix) (7e)

¢, = [{;a + ;b(jlz)} cosh(jiz)
+ {;c + ;d(jez)} sinh(jLz)] sin(jix) (8a)

[ Jp—

¢, = [{,a + ;d + ;b(j2z)} sinh(jlz)

+ {(;b.;c + ;d(jlz)} cosh(jfz)] cos(jix) (8b)
F.. = 2jull{;a + ;b(jez))} sinh(jlz)

+ {;c + ;d4(jlz)} cosh(jfz)] sin(jix) - B, (8c)
G.x = -2Jul[{;a + 2;d + ;b{jlz)} sinh(jlz)

+ {,c + 2,b + ;d{jez)} cosh(j2z)] sin(jix) - B, (8d)
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G.. = 2jul[{;a + ;d + ;b(jrz)} cosh(jiz)

+ {;c + ;b + ;d(j2z)} sinh(j%z)] cos(jix) (8e)

in which

j is the waveform number: 3j = 1 to 2 (results summed);
2 is the wavenumber: & = 2n/L;

L is the wavelength of the first component waveform;

and ;a, ;b, ;¢, and ;d are arbitrary constants.

The leading subscript indicates the waveform with which the
constant is associated.

The solution for the cosinusoidal interface (produced
by layer-parallel shortening, eq. 7) can be transformed to
the solution for the sinusoidal interface (produced by

layer-parallel shearing, eq. 8) by using two trigonometric

identities:
sin(4x) = sin(4x + 90°) = cos(X) (sa)
cos(f8x) = cos{(¢x + 90°) = -sin(&x) (9b)

The 2nd order expressions for the perturbed stresses
and velocities at the interface are derived by substituting
the 2nd order expression for the height of the interface, &
(eg. 5), for z in the exact, general expressions for the
perturbed stresses and velocities, egs. (7) and (8). Using
trigonometric identities to regroup terms according to

waveform, we derive the following expressions for the
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perturbed stresses and velocities, to 2nd order accuracy:

(9.1 = { [{iatibk}(,C) + {tic+idk}(,S)]

+ [{latibk}(,C) + {tic+idk}(,S)] } cos(1x)
+
{ [{tatibk)(;C) + {tic+idk}(,S)]
+ [{iatibk}(,C) + {tjc+idk}(,S)] } sin(2x)
N

{ [{3at23bk}(.C) + {t3c+23ak)(,S)]

+ [{%at28bk}(.C) + {tZc+2%dk}(.S)]

+ (1/2)[{ib+ictidk}{,C) + {*iatid+ibk}(,S)]1(,AL)
+ (1/2)[{ib+ictidk}(,C) + {tlatid+ibk}(,S)](;AL)
- (1/2)[{ib+ictidk} (,C, + {tlatid+ibk}(,S)](:AL)
- (1/2)[{ib+ictidk} (,C) + ({tjatid+ibk}(,S)](.AL)
+ [{*4at2'ibk} (.C) + {t'jc+2'idk}(.S)]

+ [{'3at213bk} (,C) + {t'lc+2'3dk}(.S)]

+ [{13at211bk} (,C) + {t'1c+2'1dk)(,S)] ! cos(20x)

{ [{3at23bk}(,C) + (tZc+22dk}(.S)]

+ [{3at23bk}(.C) + {tic+23dk}(.S)]

+

(1/2) [ {ib+ictidk}(,C) + (tiatid+ibk}(,8)](.AL)

+

(1/2) [ {ib+ictidk}{,C) + ({*jatid+ibk}(,S)]1(.AL)

+

(1/2)[{ib+ictidk}(,C) + {*iatid+ibk}(,S)](:AL)

+

(1/2) [{ib+ictidk} (,C) + ({tiatid+ibk}(,S)](.AL)
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+

[{‘3at2'jbk} (.C) + ({t'ic+2'idk}(.S)]
+ [{'3at2'jbk} (.C) + (t'ic+2'idk}(.S)]

+

[{*3at213bk} (.C) + {1'jc+2%4dk)(.S)] }

+ (1/2)[{ib+ict}idk} (,C) + {tiatid+ibk}(,S)](,AL)

+

(1/2)[{ib+ictidk} (,C) + {*iatid+ibk}(,8)](,AR)

+

(1/2) [{ib+ictidk}(,C) + {tiatid+ibk}(,S)](,ALR)

+

(1/2)[{ib+ictidk}(,C) + (*jatid+ibk}(,S)]1(,AL)

[0.] = { - [{ib+ictidk)}(,C) + {tiatid+ibk}(,S)]

[{ib+ictidk}(,C) + {tlatid+ibk}(,S)] }

{ + [{ib+ictidk}(,C) + {t}atid+ibk}(,S)]

(24

+ [(ibHctidk}(,C) + (tiatid+{bk}(,5)] }
{ - [{2b+3ct23dk} (.C) + {*3atid+2ibk}(.S)]

- [{%b+2ct2%ak}{.C) + {(*Z2at2d+22bk}(.S)]

- (1/72)[{iat+2idtibk} (,C) + {tict2ib+idk}(,S)]1(,AL)
- (1/2)[{la+2idibk} (,C) + {*ict2ib+idk}(,S)](,AL)
+ (1/2)[{}a+2{di{bk} (,C) + {tict2lb+i{dk}(,S)](,AL)
+ (1/2)[(}ja+2{d*}{bk} (,C) + {(*ict2}{b+i{dk}(,S)](,AL)
- [{ib+'ict21idk} (,C) + {*'lat!ld+2'ibk}(.S)]

- [{ib+'4ct213dk} (2C) + {t'lat'id+2'ibk}(,S)]

- [{'}b+'ict2tidk} (.C)

-
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sin(24x)

(9a)

sin(ix)

cos(ix)
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+ {t'at13d+213bk} (,S)] }

{ + [{3b+3ct2%dk}(.C) + {:%at2d+2%bk}(.S)]

+
+

+

[§2.]

<>

+

.
2

[ {3b+3ct23dk} (,C) + {t3at3d+23bk}(,S)]

(1/2)[{1a+2}{dtibk} (,C) + {tict2ib+idk}(,S)]1(,AL)
(1/2)[{i{a+2{dsjbk} (,C) + {tict2ib+{dk}(,S)](,AL)
(1/2)[{ia+2id¢ibk} (,C) + {tict2ib+idk}(,S)](,AL)
(1/2) [{ta+21dsibk} (,C)

+

{tict2ib+idk} (,S)]1(:AL)
[{*ib+'ict2'idk} (.C) + (%'iat'id+2'ibk}(.S)]
[{*ib+'}ct2'idk} (.C) + {:'lat'id+2'ibk}(.S)]

[ {*tb+'3ct2'idk} (.C)

+ {t13at14d+214bk} (.S)] }

(1/2)[{ja+2id¢ibk} (,C)

+

{tict2ib+idk)} (,S)](,ALR)

-

(172)[{ia+2id*ibk} (,C) + {tjct2}jb+idk}(,S)](,AL)

(172)[{ia+2idtibk} (,C)

+

{tict2ib+{dk} (;S)]1(,AL)

(1/2)[{ia+2idtibk} (,C) + (tict2ib+idk}(,S)](,AL)

= { 2u0[{ictiak) (,C) + {tia+ibk)(,S)]

2uf [ (ict1dk} (,C) + (tia+ibk}(,S)] |}

{ 202 {ictidk} (,C) + {tia+lbk}(,S)]

2ul[{jctidk) (,C) + {tja+ibk}(,S)] !

498

sin(2.x)

cos(24x)

(9b)

cos(4x)

sin(ix)
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{ + 4pR[{3ct23dk) (.C) + {t3a+23bk}(.S)]
+ 4pR[{%ct28dk}{(.C) + {:fa+2%bk}(.S)]
+ ue[{ia+idtibk}(,C) + {tictib+ick}(,S)]1(,AL)
+ po[{la+ids1bk} (,C) + {tictib+idk}(,S)]1(,AL)
- ug[{la+idtibk}(,C) + {tictib+idk}(,S)](,AL)
- ue[{ja+{dtibk}(,C) + {tictib+idk}(,S)](,AL)
+ 4pL[{'3ct211dk) (,C) + {*'}a+2!ibk}(.S)]

+ 4pQ[{3ct2'1dk}(,C) + {t'la+2!ibk}(,S)]

499

+ 4p[{*ict2tdk} (,C) + {t'la+2'ibk}(.S)] } cos(24x)

{ + 4p[(3ct23dk)(,C) + {(:Za+22bk}(,S)]
+ 4ul[{3ct23dk) (.C) + {t3a+23bk}(.S)]

+ pe[ {ja+idtibk} (,C)

+

{tictib+idk}(;S)](,AL)
+ p&[{ia+id*ibk} (,C)

+

{tictib+idk}(,S)](,AL)
+ u[{ia+idtibk}(,C)

+

{tictib+idk}(,S)](.AL)
+ p [ {fa+idtibk}(;C) + {ictib+idk}(,S)](:AL)
+ 4pl[{tict2:idk}(.C) + {t'ja+2!ibk}(.S)]

+ 4u[{'3ct2:4dk} (.C) + {t'la+2'ibk}(.S)]

+ 4pR[{*2ct213dk) (,C) + {:'fa+21ibk}(,S)] !} sin(24x)

+ pL[{ia+idtibk}(,C) + {(tictib+idk}(,S)](,AL)

+ ue[{ia+idtibk} (,C)

+

{tictib+idk} (,S)](,AL)
+ ul[{ja+idzibk}(,C) + (tictib+idk}(,S)](,AL)
+ pe[{ja+idtibk}(,C) + {tjctib+{dk}(,S)](:AL)

- go - pPgz
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[#..7 = { - 2uf{ic+2ibtidk}(,C) + {tiat2id+ibk)(,S)]

- 2pe[{ic+2ibtidk} (,C) + {tiat2id+ibk}(,S)] } cos(4x)

{ - 2uel{ic+2ibtiak}(,C) + (tfat2{d+ibk}(,S)]

- 2ue[{ic+2ibtidk}(,C) + (t}at2i{d+ibk}(,S)] } sin(4x)

{ - 4p[{%c+23bt23dk} (,C) + (*3a*23d+23bk}(:S)]

4pL [ {2c+22bt23dk)} (,C) + {t3at22d+22bk}(.S)]

- WL[{ia+31dtibk}(,C) + {tict3!b+idk}(,S)](,AL)

- pe[{la+33dtibk)(,C) + {tict3!b+idk}(,S)](,AL)

+ pQ[{ta+31dtibk)(,C) + (*ict3ib+idk)}(,S)]1(,AL)

+ pR[{ia+3}dtibk}(,C) + {tict3ib+idk}(,S)]1(,AL)

- 4pe[{'ic+2'3bt213dk} (,C) + {*'3a*2!1d+2!ibk}(,S)]
- 4uQ[{'stc+2'3b2211dk) (,C) + {t'3at2'1d+2!1bk) (,S)]

- 4p{tic+21tbt221dk}(,C)
+ {11a+211d4+211bk} (,S)] } cos(22x)

{ - 4pQ[{Zc+22bt28dk} (,C) + {*2a:22d+23bk}(,S)]

4p[{3c+22b*23dk} (,C) + {*3at2id+23bk}(.S)]

MR {}a+31d¢ibk} (,C) + {tict3ib+idk)}(,S)](,AL)
- pR[{ja+31d¢}bk}(,C) + {tjct3ib+idk)(,S)](,AL)
~ pL[{la+31dtibk} (,C) + {# b+idk} (,S)](;AL)
~ pL[{la+31d¢1bk) {1C) + {tlct3!b+idk)(,S)](,AL)

- 4u[{*ic+2iibt23dk} (,C) + {t!iat2'id+2'ibk}(.S)]

3
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- 4uQ[{'3c+2'4b213dk} (,C) + {t!'3at2:3d+2!3bk}(,S)]
- 4pg[(*3c+21ibt213dk)} (,C)
+ {t13at213d+213bk) (,S)] } sin(2¢x)
- ue[{ia+3!dtibk}(,C) + {:lct3}b+idk)(,S)](,AL)
- pe[{la+31dz1ibk} (,C)

+

{tict3ib+idk} (:S)]1(,AL)
- ne[{{a+3idibk} (,C)

+
-~

t1ict3ib+idk} (,S) ] (,AL)
b

- v [{ia+3i{dtibk}(,C) + {*ict3ib+{dk}(,S)](,AL)

- B, - egz
(9d)

[8..1 = { -2p8[{ia+ldibk}(,C) + {tictib+idk}(,S)]

-2nl[ {la+idtibk} (,C) + {ticiib+idk}(,S)] } sin(4x)
+

{+2p9.[{{a+{dt}bk}(10) + {tictib+idk}(,S)1?

+2pf [ {{a+jdtibk} (,C) + {tictib+idk}(,S)] } cos(4x)

+

{ - ane[(za+3d:23bk} (,C) + {t2ctib+22dk}(,S)]

4ul[{Za+3dt2%2bk} (,C) + {*Zc:Zb+2%2dk} (.S)]

- ue[{ic+2ibtidk}(,C)

+

{tiat2id+{bk} (,S)](.AL)

- uef[{ic+2ib2idk}(,C)

+

{tiat2id+ibk} (,S)](.AL)

+

+ pL[{ic+2ibtidk}(,C) {tiat2id+ibk} (,S)](4AL)

+ pl[{ic+2ib2idk} (,C)

+

{tjat2id+ibk} (;S)](,AL)
- 4pf[{'ia+'3dt21ibk} (,C) + (%'ict!ib+2'idk)}(.S)]

- 4plf{*la+11d+2ibk} (,C) + {(tiict'ib+2'idk}(.S)]

T
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- 4u[{ta+ridt211bk} (.C)
+ {t13ctib+213dk) (,S)] !} sin(22x)

{ + 4pl[{3a+3d: 28bk} (,C) + {tEctEb+2%8dk}(.S)]
+ 4uL[{3a+3dr23bk} (,C) + {*3ctib+23dk}(.S)]
+ uR[{lc+2ibidk} (,C) + {tiat2}d+ibk}(,S)]1(,AL)
+ p[{ic+2ibt}idk} (,C) + {tiat2}jd+ibk}(,S)](,AL)
+ pf{{ic+2ibidk}(,C) + {tiat2id+i{bk}(,S)]1(;AL)
+ pl{{lc+2ibtidk}(,C) + {tlat2id+ibk}(,S)](,AL)
+ 4pf[{tia+14d+21ibk} (,C) + {(#'iciii+2tidk} (,S)]
+ 4pQ[{'3a+14d2214bk} (,C) + {tlict!ib+2!idk}(.S)]

+ 4uf[{*3a+'3d+214bk) (.C)
+ {t13ct13b+213dk} (.S)] } cos(2¢x)

+

+ pR[{ic+2ibtidk} (,C) {tiat2id+ibk) (,S)](,AL)

+ pf{ic+2ibtidk}(,C)

+

{tjat2jd+ibk} (,8)]1(.AL)

- p&{{ict+2ibtidk}(.C)

+
—~—

"
-

a:2id+ibk} (,S)](,AL)

- ne[{ic+2ibtidk} (,C)

+

{t1at21d+ibk} (;S)]1(:AL)
(9e)
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in which

;€ = cosh(jk) and ;S = sinh(jk)

jJ is the waveform number (j = 1 or 2)

k is the dimensionless wavenumber, k = 2(h/2)
%2 is the wavenumber, 2 = 2n/L

L

is the wavelength of the first component waveform

h is the vertical thickness of a layer.
The "t" sign refers to the top (+) and bottom (-} of a layer.
Equations (10) are analogous to egs. (10) in Appendix A.

The complete expressions for the velocities and
stresses are found by summing the individual expressions for
the mean and perturbed components, egs. (2) and (10),
respectively.

On each arbitrary constant in eq. (10), the leading
subscript identifies the waveform with which the constant is
associated; the leading superscript indicates the product of
maximum slopes that enters the expression for that constant.
For example, %a is a constant for the second cosinusoidal
waveform (subscript "2") that is to 1st order in the maximum
slope of the second sinusoidal waveform (superscript "2").
The constant !j}a is associated with the second sinusoidal
waveform (subscript "2") and is to 2nd order in the slopes
of the cosinusoidal and sinusoidal first waveforms

(superscript "11"),

Expressions for the individual constants which arise
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here in the analysis of combined layer-parallel shortening
and shearing are identical to those for individual constants
with the same notation derived in the analysis of
layer-parallel shortening alone, Appendix A.

In Appendix A, I outlined a method for reducing the
number of constants by about half: I apply the stress
boundary conditions to transform layer constants, a, b, ¢,
d, into interface constants ¢ and t. I apply the same
method in this derivation, maintaining 2nd order accuracy.

The 2nd order expressions for the interface stresses,

o.n @and o,.., in terms of the layer constants are:
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(ann)t.b = &zz + zpsxx(lAt.b'Q)z + ZPBxx(lAt.bQ)z

- f’o = po t pg(h/Z)

.
{ -26.:(1Bc,02) + pg(:Ac L)
+ 2pL{{ictidk}(,C) + {ti{a+ibk}(;S)]
+ 2p8[{lctldk) (,C) + (tla+ibk}(,S)] }

{ 2axz(lAt.b£) + pg(lAt,b)
+ 2ue[{ictidk} (,C) + {(ia+ibk}(;S)]

+ 2pL[{jctidk)(,C) + {tja+]bk}(,S)] }

{ - 46, (280 40) + pg(2Ac )
—2ub,. (A, :8)% + 2ub,., (A, .0)°
+ 4pf{3ct23dk} (.,C) + ({(:3a+23bk}(.S)]
+ 4pQf[ {(%c223dk}(.C) + {:%a+2%bk}(.S)]
+ 3p[{{a+idtibk} (;C) + (ticitib+idk}(,S)]1(.A,,
+ 3pf[{ta+idtibk} (;C) + (tictib+idk}(.S)](.A.,
- 3ug[{{a+tdtibk}{,C)

+

(tictib+idk} (,S)](,4A.,
- 3ut[{ja+{dtibk}(,C) + (tjciib+idk}(,S)](:A,,
+ 4p[{'ict2'3dk} (.C) + (#'ta+2'ibk}(.S)]

+ 4u[{*3ct2tidk} (,C) + (:'ia+2'ibk}(.S)]

He[ {{a+{dtibk} (:C) + (tict{b+idk}(,5)](,A. L)
pe[{la+idtibk} (iC) + {tic:ib+idk}(:S)](1A: L)
el {ta+idtibk} (iC) + {t}ctib+{dk}(,S)]1(1A. L)

pe[{ia+idtibk} (,C) + {tjctib+{dk}(,S)](1A. L)

ol)

b2)

505

cos(x)

sin(¢x)
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+ 4pe[{13ct213dk) (,C) + {t'3a+211,bk}(.S)] }

{ + 45..(2A:,02) + pg(2Ac,0) —4uDux (1A, u2) (54, L)

+ 4pl{fct2§dk}(.C) + {:3a+2%bk}(.S)]

+ 4plf{3ct2zdk}(,C) + {t3a+23bk}(.S)]

+ 3ue({la+{dsibk) (,C) + (tictib+idk}(,S)](:A.
+ 3ut[{{a+idtibk} (,C) + (fjctib+idk}(.S)](.A.,
+ 3pt[{ia+idtibk} (,C) + (ictib+idk}(.S)](.A,

+ 3u[{la+idsibk} (,C) + (tictib+idk}(,S)] (A,

+ 4pl[{'dct2'4dk}(.C) + {(tt!ja+2!'ibk}(,S)]

+ 4p[('ict2idk} (,C) + {t'ia+2'ibk}(.S)]

+ 4plf{tict21jdk} (.C) + {(:'ia+2'';bk}(,S)]

{Oneden = Tuxz[1 = (1A 52)% — (1A;,52)%]
+ po{ictiak} (:C) + (tia+ibk}(;S)](:A.,
+ po[{iciidk} (,C) + {la+ibk}(:S)](:A.,
- He[{icidk}(,C) + {tla+ibk}(:S)](,A,,
- pel{ictidk}(,C) + {tja+ibk}(:S)](.A,

{ 4}"'6xx‘lA:,bQ)

s)

o)

s2)

= 2pd[{{a+{dtibk} (,C) + {iictib+{dk}(,S)]

= 2pe({ia+idtibk} (,C) + {tictib+idk}(:S)] }

}

of)

of)

o)
o)
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cos(22x)

sin{(22x)

(11a)

sin(&x)
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{ —4|"5xx(!At.b£)

+ 2ue[ {{a+idtibk}(,C) + {tictib+idk}(.S)]

+ 2u0[ (ja+idtibk) (,C) + {tictib+idk}(,S)] I

{ 4pBu(2B,.022) + 23,.(1A.,s2) (1A, 00)
4p2[ {3a+3dt25bk}(.C) + {23ctsb+23dk}(.S)]
4ul[ {3a+3d223bk}(,C) + {2%ct2b+2%dk}(.S)]

ML [ {3ic+4ibt3idk} (,C)
+ {t3{at4}d+3ibk}(1S) ] (1A:,02)

HR[ {31c+4ibt31dk} (,C)
+ {$31at41d+31bk} (,S)](,A. L)

ML {3{c+41bt3idk} (,C)
+ {$31a*4id+3ibk}(;S)](:A. 1)

HL[ {3ic+4}{bt3jdk} (,C)
+ {t3jat4}d+3jbk}(;:S)](:A. L)

4pL[ {*ta+13d:2'ibk} {.C) + {t'ict!ib+2'idk}(.S)]
4u[{13a+13d2214bk} (,C) + (2'ct!ib+213dk}(,S)]

4pf[ {ta+tidt21ibk} (.C)
+ {t'3ctitb+213dk} (,S)] !

[ =4pD,, (2A. 020) + G..[ (1A, o2)2 - (.A.,02)2]
4pl[ {3a+§dt 28bk)} (,C) + ({tfctib+2%dk}(.S)]
4ul[ (3a+3dt23bk} (.C) + {t3ctib+23dk} (.9)]

He[ {3ic+4ibt3{dk} (,C)
+ (t3jat4}{d+3ibk} (;S)]1 (A, L)

ue [ {3jc+4{bt3idk} (,C)
+ {£3}at4jd+3{bk} (:S)]1(:A..02)

HL[ {3ic+4{bt3}dk} (,C)
+ {$3{at4id+3ibk} (;S)] (1A +2)

507

cos(4ix)

sin(2¢x)
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+

MR [ {3ic+4i{b23idk} (,C)
+ {t31at41d+31bk} (,S)]1(:A.. L)

+

Aul[{ia+13dt2iibk} (,C) + (tl'ictiib+21}jdk}(.S)]

+

4ul[{‘ja+3dt2'ibk} (.C) + {t'3ct'}b+2!jdk}(.S)]

+

4pt[{*ja+tjdt214bk} (.C)
+ {itjct1jb+213dk} (,S)] } cos(24x)

(11b)
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Equations (11) are analogous to egs. (12) in Appendix A.
The 2nd order expressicuz for the interiace siresses in

terms of the interface constants, ¢ and T, are:

(0an)e.o = 0o + (jo.,ptlo.,u) cos(LXx)
+ (lo.,.+i0.,s) sin(2Lx)
+ (30, ,+80, o+ii0, o+'i0, v+'l0.,,) cOS(2LX)

+ (30, ,b+%°'c ,otido, ptlzo. otido., ») sin(22x)

(12a)
(nedeso = To + (1To,0+iT..0) SiN(4X)
+ (it.,otiT.,u) cos(2X)
+ (3T, o+3T.. o +iiT, o+iiT, o+137,.,,) sin(24x)
+ (3T, o+8T. o +'37T,. ot+idT, o+'47,.,,) cOS(24X)
(12h)

Equations (12) are analogous to egs. (13) in Appendix A.
Eguating the two expressions, egs. (1la) and (12a), for
the interface normal stress, ¢,,, provides an expression for
the interface constant ¢ in terms of the layer constants, a,
b, ¢, and d. Similarly, equating the two expressions,
egs. (11b) and (12b), for the interface shear stress, og,,,
provides an expression for the interface constant, T, in
terms of the layer constants, a, b, ¢, and d {e.g., eq. 14

in Appendix A). A pair of equations, one for ¢ and one for

-
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T, can be written for each combination of waveform and
amplitude dependency. By solving the pairs of ¢ and 7
equations simultaneously, we derive expressions £
layer constants in terms of the interface constants (eq. 15
in Appendix A). 1In deriving these latter equations, we
introduce new constants, lambda, which contain the interface
constants and the interaction terms responsible for
generating that particular waveform-order combination.

The constants, lambda, for a 2nd order analysis of

layer-parallel shearing and shortening deformation are:
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1A, »[2(,:5,Ctk)]

"
—
[

Q
o
L4

tou) /2L

ihe.ml2(:8:C3k) ]

1]
—_—
-

R
o
L,

tte)/2p2 - 2(,A.t;A,)

1..n[2(,8,Ctk)] = (0. t lo,)/2p2
+ (0x2/1) (1A t1A,)
Meml2(48:C3k)] = (i1 ¢ 11)/2p8
tr. m[2(:8S,Ctk)] = ({o. t }o,)/2p2
1N, n[2(;S:CFk)] = (i1, t §7,)/2p0 + 2(,A.%,A,)

i m[2(18;Ctk)] = ({o. t }oy)/2n8

= (0«z/H) (1A t,A,)

-ire.m[2(:8S,C7k)] = (it. t {7,)/2p8L

i+

§hp m[2(2S.Ct2k)] = (fo, §o,) /418

Sxp.m[z(aszc;m{)] = (STe t 5'%)/4!49— - 2(2At!2Ab)

2h, m[2(25.Ct2k)] = (%0. t %0,)/4K2

+ (6’,‘2/}1) (2Att=Ab)

Ao ml2(25:C72k)] = (37. t %r1,)/4pL

(%0,

#A, m[2(25:C22Kk)]

-

$g.)/4p2

-3ho.m[2{25:C32k)] = (31, t $7o) /4L + 2(2A.%:A,)

511

(13a)

(13b)

{13c)

(134d)

(13e)

(13f)

(13h)

(13k)

(132)

(13m)

(13n)
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A, m[2(2S.Ct2k)] = (§o. t 30,)/4ut
= (0x:/H) (2A.%.A,) (130)

-3Ap.m[2(28.C32k) ] (§t. t 37v,)/4n8 (13p)

1A, n[2(2S.Ct2Kk)] (‘1. t 'loy)/4pt

+ (R/2)[(.A.)2%2(1A)?]

+ (32/4)[(1A.t,4,) (17;) (45,C-Kk)
+ (1A:%1A,) (1An) (15,C+k) ) (13q)

'1ho.m[2(28:C32K)] = (7. t 'i7,)/4ne
= (2/4) (1At A,) [1A.(1S;C-3Kk) +4{An(,C?)]

- (2/4) (1A %,8,) [1AL(,S,C+3Kk) +41A,(,S2)] (13r)
238, ml21282082K)] = (%30, & *30,)/4ux
- (2/2)[(:A.)2%(,A:)2]
- (22/4) [ (A t,A,) (12:) (1S,C-k)
+ (1A% 4A:) {(12n) {18,C4K) ] {(13s)
3h. m[2(28:C72k)] = (M7, t M7T,)/4p8
+ (2/4) (1A t,A,) [1A:.(1S,C-3Kk) +4iAn(:C2) ]
+ (R/4)(1Ac74A,) [1AR(:S,:C+3Kk)+41N,(,82) ] (13t}
3A, n[2(2S.Ct2k)] = (o, t '1o,)/4p2
+ (32/4)[(,A.t,A,)(1A;) (1S:C-k)
+ (;A.%7;A,) (INs) (1,S,C+Kk) ]
= (32/4)[(1Ac2,A,) (17.) (1S:C-Kk)
+ (1A %71A.) (1An) (1S;C+k) ] (13u)

2
3
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12,.m[2(28.C32k)] = (47, t ‘'47,)/4pL

+

+

(£/2) (6.2/1) [ (1A:) (4Ac) £ (1As) (1A) ]

(2/4) (1A t1A,) [14,(1S,C-3K)+4}A, (,C?) ]
(2/4) (1A %3A,) [1A.(1S,C+3K) +4]A, (,5?) ]
(2/4) (1B.t,Ac) [1A.(,5,C-3k) +41A,(,C?) ]

(2/4) (1A 7,R:) [1An(1S,C+3Kk) +417, (,5?) ]

'#h, n[2(.S.Ct2K)] = ('}o. t '}o,)/4pL

+

(39'/4)[(1A211Ab) (17\;:) (1ch"k)

+ (4A.%,A;) (JAn) (1S,C+k) ]

“'4h, m[2(28.C32k)] = ('37. t ‘'iT,)/4pQ

+

+

(2/4) (/1) [ (1A )22 (1As)2]

R S Y U - 1 N N Y A L R ]
(X774 ) (18I 18p ) Liflp 191V OKjTRjARI1VT )

(2/74) (1A, 7:4,) [{A(,S,C+3k)+4]A,(,S2)]

30, m[2(25:C¢2k)] = {'fo, t '40,)/4pe

+

(SQ/4)[(1ActiAo) (”‘p) (1S,C—k)

+ (1A ¥4As) (1An) (18,C+K) ]

-4N, ml[2(2S:C32k)] = (7, t Y7,)/4pL

+

+

(2/4)(0,. /1) (A )2t (4A;)2]

(9-/4) (i-A-t!lAb) [{A,.(,S,C—Sk)-i-é}?\m(xcz)]

+ (2/4) (1Ac73A,) [1AL(,S,C+3k)+41A,(,82) ]
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(13v)

(13w)

(13x)

(13y)

(132)



514

130, o[2(.S.Ct2k)] = (40, t 'jo0,)/4pL
+ 2[(1A) (1A.) 2 (sAs) (1R0)]
+ (32/4)[ (1A t,A,) (12,) (1S,C-k)
+ (1A %,A,) (1An) (1S,C+k) ]
+ (32/4)[ (1A.t4A,) (i2,) (18,C-k)

+ (1Ac714,) (1An) (1S1C+K) ] (13aa)

-3h,.m[2(25.C32k)] = (‘7. t '}7,)/4pl
+ (2/4) (1A t4A,) [1A,(:S,C~3Kk)+4iA,(,C?)]
+ (2/4) (1A, 748,) [1A,(,S,C+3Kk)+41A,(,52)]
+ (/4)(,A.t,A,) [1A.(,S,C-3k)+417,(,C?)]

+ (2/4) (1A 7,8,) [$An(:S,C+3K)+412.(,S?)] (13bb)
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The interface velocities can now be written in terms of
the interface stress constants, ¢ and 1. According to the
procedure outlined in Appendix A, we derive the following
expressions for the interface velocities normal and

tangential to the interface:

(Vadeo = (V2)e,0 €OS(8,,5) =~ (Vi)e,o S8in(6,,s)

+

+ { (1AL+1A,) (1C2) + (1A +1A)k

£ (1A +3A,) ((S?) T (iAp+iAn)k } cos(2x)
+
+ [ (FAn+1A,) ((C2) + ($A.+iA)k
t (1A +iA,) (:S2) F (1ra+An)k |} sin(¢x)
+

+ { (BA+BA+13A+1BA +13A,) (,C?)

+ (3A 4B 1IN H1EN ) 2k

O (BAABA A HIBA A ) (257)

T (BAntEALF AL+ B+ A, ) 2k

+ (1A o R)[1AKR-{ AL (1CF) F{ARFIAL(1S7) ]
+ (1A o) [1AR-1AL (1 C?) 31A k71N (,8%) ]
= (1A o) [1A KRN, (1 C?) #1AKRFEA (,87) ]

= (sAc,o2) [1AR-1A, (,C2) TiAKRTIN,(,S2) ] } cos(28x)

>,
0
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+ { (BAn+EAL+'3AL+13AL+13A,) (2C?)

+ (A B +1ANH1EA 4130, ) 2k

t (BAHEA A+ A +13A,) (2S?)

T (BAntBAn A+ RN H1EA, ) 2K

+ (1A, o0) [$AR-1AR (1 CF) #1ALKRTEIN, (1S7) ]
+ (1A, o2) [1Ak={An (1C?) 31ALKF{N,(,S%) ]
+ (A, o) [1A.R-12,(,C2) 1A KFIA,(,S2) ]

+ (3B.,08) [1AR=1A, (,C2) 31AKFIN,(,S2)] }

(Vs)c,b = (\_’z)t.b Sin(e:.b) + (‘_’x)c.bcos (et,b)
- (1Arh£)[(§Am+}Am)(lcz) + (i>‘9+i>\p)(lsic)]
FOGA ) [ (1A 41A,) (1S2) + ({Aa+iAs) (15,C)]

+ (1A oR [ {1An+iAn) (1C?)

4

(};\p-i'i"\p; ( ISIC) }

t (2B o) [(3A:+1A,) (1S%) + ({An+iAn) (1S:C) ]

{ = A+ R + (1An.dAn) (1C?)

£ {HAa+iAL) K & (IA+10,) (,8%) }

{ + (*Ap"'iAp)k - (*Xmoixm)(lcz)

Fo(iALHAL KR (1A (4S7) ]

516

sin(22x)

(14a)

sin(ex)

cos(2x)
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{ = (BA4+3A+13A +13A,+13A,) 2k
(BAm EAn+ iAn+ A0 +100 L) (2C2)
(3AL+3A,+14A +13A +13A, ) 2k
(BA+EN+1AA+1EN #1800 ) (2S2)
(1Ac,02) [ ($A+1A;) (1S,C-k)

t ({An+iAg) (1S:C+k) ]
(1A, 62) [ (§Ao+A,) (1S:C-k)

£ (AntiAn) (1S:C+k) 1 } sin(24x)

{ + (BA+EA+13A +13A +13A ) 2k
(A nsEAnt A0+ 3A0+1400 ) (2C2)
(BA+ZA 4124 #2134, +13A ) 2Kk
(Eho+aho+ 3+ 2 +1EN ) (2S?)
(1Be 02D [ (§RpH+iRp) (15:C-K)
t (IAnHiAn) (1S, C4k) ]
(1A, ,62) [ ($A+1A0) (415,C-k)
t (iAn+iAn) (:S,C+k) 1 } cos(24x)

{i4b)
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Equations (14) are analogous to eqgs. (17) in Appendix A.

518

Expressions for the perturbed stresses and velocities

in the upper and lower confining media are derived according

to the procedure outlined in Appendix A.

The lambda constants for the upper (U) and lower (L)

media are:

thy,r = loy,o/2p8

Au,e = ity /202 - 2(4Ay0)

oo = 1ou,/2p0 + (0.:/H0) (1Au.L)
Au,e = ttu,u/2p0

y,o = oy /288

“Ay.L = Yty /208 + 2(8y,0)

ifur = jou,/2ul = (0.:/K.) (1Ay,)
“fAu.. = {Ty,L/2p8

SAy,L = 8oy, /4pl

Shy,L = 8Ty, /408 - 2(2Ay,0)

By, = B0y, /4RL + (Txa/Ho) (2Bu,0)
Bhue = BTy, /4pe

$hy,. = Foy, o /épk

~hy,L = BTy, /4pL + 2(2Ay,.)

3hu.L = 30u,0/4pL = (F.e/Mo) (2Au,0)
~3hu,L = §Ty./4nL

Ay, = Thou, /4pL + (£/2) (1By,)?

+ (3/4) 1Ay L) (1Au,0)
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(15a)
(15b)
(15c)
(154)
(15e)
(151)
(13g)
(15h)
(151)
(153)
(15k)
(15%)
(15m)
(15n)
(150)

L 25p)

(15q)
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YAy, = 3Ty, /4RL

= (1Ay, 274) (1Ay, L 7810y,0) (15r)
BAy,L = Moy, /4p2 - (2/2) (1Ay,)?

= (3/4) (1Ay,L2) ({Ay,0) (15s)
Uhu,o = Y1y, /408

+ (1Au. 0/8) (ihy, 7410y, L) (15¢t)

$Ay,. = Yoy, /4p2
+ (3/74)[ (A, L2) (12, 0)—(1Ay,L2) (1Ay.) ] (15u)

Uiy, = Y1y, /4HL - (2/2)(0xz/Ho) (1Au,1) (18y,0)

+

(sAy, 2/74) (JAy, L7410y, 0)

(1Ay,02/4) (3Ay, L 5743Ay,0) (15v)
‘#hy,L = 'doy,/4uL

+ (3/4) (1A, 2) ({Au.) (15w)
='3Au,0 = BTy, /40L - (2/4) (0. /Ho) (1Ay,L) 2

+ (1Ay, 2/4) ({Ay, L 741hu Ll (15%)
Ay, L = Yoy, /4pL

+ (3/4) (1Ay, ) (FAy,0) (15y)
—3hy,u = MTy, /4R + (2/4)(0.2/Ho) (sBy, )2

+ (1Ay, 2/74) (30, L7410y, 0) (152)
13hy,. = oy /4p8 + (A1) (1Ay0)

+ (3/4) [ (1Au,2) (1A, ) +(1Au,L2) (1Ay,) ] (15a=2)
“HAge = Ty /4L

+ (Ay.2/4) (1Ay, L7410y, L)

+ (A, 2/4) (1Ay, L7410 L) (15bb)

Equations (15) are analogous to egs. (19) in Appendix A.

r
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The expressions for the velocities normal and

tangential to the interface for the upper (U) and lower (L)

media are:

(Vidu.o = (V)u,L cO8(8y,0) = (Ve)y,. sin(ey,.)

F ({Ay.L + 1AyL) cos(2x)

+
T (IAy,0 + jAy,) sin(2x)
+
Fo[8Au, L + FAy.L + YAy L + 3Ay L + Ay,
= (1By  8) (IAy,L + ihy L)
+ (1Au, ) ({My.L + {Ay,L)] cos(28X)
+

T [3Au.L + 3Ay,L + M3Ay L 4 RA L+ Ay
= (1Au, ) (Fhu, L + 1Ay, L)

= (1Ay, L) (iAy,0 + 1Ay,L)] sin(28x) (16a)
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(Vedu,o = (V.)y,. sin(ey,) + (V,)y,. cOs(0y,)

t (A R)[(3Au, 0 + fAuL) F (FAu,e + (Ay,0)]
Fo(aBu ) ({Ay,0 + $Au,) 7 (fAu,L + tAu,L) ]
+
¥ ({Au,e + Ay,) sin(2x)
+
t (fAy.L + {Ay,L) cos(ix)
+
FOoL08hu.L + BAg,o + Ay + Ayl + Ay
oA L) (FAu,e + TAgL)
t (JAy, L 2) ({Au.L + tAy.) ] sin(24x)
+
t [BAy,L + BAg,c F Ayl + YAy, + Ay

Fo(Au, L) (FAu,0 + fAg.L)

Fo(Ay,L2) (Au.c + tAy,L) ] cos(24x) (16b)
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Eguations (16) are analogous to egs. (20) in Appendix A,

The velocity boundary conditions are used to determine
values for the interface constants ¢ and «.

The velocity boundary conditions we apply to a
multilayer subjected to principal compressive stress oblique
to layering are the same as those applied for principal
compressive stress parallel to layering. In both
situations, the normal velocity components must match at the
interface. 1In both cases, the difference in tangential
velocities on either side of the interface is controlled by
the resistance to slip at that interface. Resistance to
slip is modeled theoretically by a powerlaw relationship
between the rate of slip, dv.. and the interface shear

stress, gJ,, at the contact, as explained in Appendix A and

Chapter II.

The velocity boundary ccenditions are:
(Vado = (Vn)e (17a)
(vs)b - (Vs)t = (dna/ac)long/ﬁcltm-l) (17b)

in which g. and m are parameters describing the resistance to
slip.
The presence of a mean layer-parallel shear stress,
é.z, in the theoretical analysis removes the restrictions
on the values that the powerlaw exponent m can assume. We

write the tangential velocity boundary condition, eq. (17b),
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to 2nd order accuracy by substituting the 2nd order
expression for the interface shear stress, eq. (13b), for
o, and then expanding o¢,, to the mth power with the
binomial series approximation. The leading term, J,,, in
the expression for the shear stress, o,,, is a Oth order
constant which can be raised to the mth power without
exceeding the limitations of 2nd order accuracy. The series
expansion is limited, however, by the power to which the
perturbed stress constants, T, can be raised.

The expanded tangential velocity boundary condition,

accurate to 2nd order, is:

(Vo)o = (Vo)e = (2/8)™ { (Gux)™
+ [m(m-1)/4]1(8,.) ™2 (lT+i1)?
+ (m(m-1)/4]1(0,.) ™2 (1+j1)?

+ ln(o_-xz ) <m-1> ( 11T°+11T°+11T°)

+

mig (m=1)(lorair)) ein{(fy
haad gxz) (1‘ 1-), e an | e

+ {m(o,.)" "V (it+i{t)} cos(Lx)
+ { [(m(m-1)/2](0x;) "2 ({1+i7) ({T+iT)

+ m(g,, ) m 0 (raZoptiotiiv+iivc) )} sin(28X)
+ { [m(m-1)/4]1(0,.) ™ @[ (it+i7)2 - (i7+i7)?]

+ M(T,, )™V (3r+ir+ijT+iT+4T) } cos(2ex) }
(18)

e,
L
=3
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Because I choose to specify a uniform, layer-parallel
shear stress, o0,.,, I add a constant term, (¥.),, to the
mean layer-parallel velocity, eq. (2a). The constant
(V«)o is determined by the x-independent terms in the
velocity boundary conditions.

Once the constants have been determined, the growth
rates of the component waveforms can be computed. The
method is outlined in Appendix A. The computer program I
use to calculate the values of the interface stresses and to
integrate the growth rate eqguations for finite multilayers
subjected to a combination of layer-parallel shear and

shortening is presented in Appendix C ("Shear.bas")
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APPENDIX C

COMPUTER PROGRAMS

1. Folding3rdOrder.bas: layer-parallel shortening of finite
multilayers.

2. Infmult.bas: layer-parallel snortening of infinitely
thick multilavers.

3. sShear.bas: layer-parallel shortening and shear of finite
multilayers.

4. Infshear.bas: layer-parallel shortening and shear of
infinitely thick multilayers.

5. Eigen.bas: eigenvectors and eigenvalues for 3rd order
analysis.

E;.
.
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i REH LAYER-PARALLEL SHORTENING

2 REM 3RD ORDER ANALYSIS

3 REM PONERLAW EXPONENT M =1, 2, OR 3

5 WIDTH LPRINT 80

10 LPRINT "(Folding3rdOrder.bas)":6070 300

99 REM

100 REM s348888353% CALCULATION OF TRIG FUNCTIONS S883983%8388s88888821s
105 T5=17 (28HNSNFSMU(LL) ) sK1=WFRK(LL)

110 EM=1/{EK1) sEP=E*K12CH=(EP+EM) /2:5H=(EP-EM) /2

115 TMI=CHESH-K1s TP !=CHISHHK}

120 Ni={CH"2}/TM1:N2=K1/TH]sN3=(5H 2) /TP1sN4=K1/TPY

125 S§1=(CH*2)/TP1:52=K1/TP1:83=(5H*2) /TH1 : S4=K1/TN1

130 N6=SHICH/TM1:NT=SHSCH/TP1:S6=GHICH/TP1257=SHSCH/ TH1

135 NP1=(N1+N3) KTS5:NN1=(N1-N3) 8TG: NP2=(N2+N4) $T5: NM2= (N2-N4) 815
140 SP1=(51+53)8T5:5M1={51-63) #T9:5P2=(52454) 4T5: SM2=(52-54) 3T
150 AM=0:4P=0

155 IF INXT AND INC9 THEN 140

156 IF I¥=9 THEN IN=4

157 Af=ACI, IN)-A(I+1, IN) s AP=ACT, TN} +A(T+1, IN)

158 IF IH=4 THEN IN=9

160 RETURN

165 REM 2353898888888 END CALCULATIONS sssessssasssissse

166 REH

200 REM $28322888888888 CLLAR MATRIX $88383888R0080080888280818
205 FOR §=0 TO ILAST#Z+1sFUR J=0 TO 6:Y(I,J)=0:NEXT:NEXT

206 FOR L=1 7O LB:CLP(L)=0:CLR(L)=0:SLP(L)=0:SLM(L)=0:NEXT:RETURN
300 BOSUB 5330:5%=1:IN=0: INAX=-1.IINAX=0:115L=10

302 REM

303 REM seessssset INCREASE AMOUN:' OF STRETCH ssssssssssss

305 TP=(SI-1/(SX+DS+ABS(DS/10}))

310 IF TPCO THEN LPRINT “SY>SXF®:3070 9999

319 S1=8X+4DS: IN=IN+]

317 FOR L=1 TO LBsK(L)=PIST{L), (WLRSX 2) sNEXT

320 TT=0:FOR L=1 TO LB:sTT=TT [{L} /%A NEXT

325 WN=28P1/(NL3SX)

335 FOR I=0 TO LLAST:FOR TA=1 TO 4:8(I,Id)=0:NEXT:NEXT

338 REM

339 REM se338328388 FIRST AND SECOND WAVEFORNS, 1ST ORDER $s8sssstassstsss
340 IN=1:HF=1

350 WF=1W:B60SUB 205

351 IF AUIRT{ILAST/2),1H)=0 THEN 375 ELSE AP=A(0,IN):AM=A(ILAST, IN):605UB 405
353 PRINT WFy®-":1d::605U8 5790

360 FOR L=t TO LLAST:II=L-1:LL=LsSN=131F L=LLAST THEN LL=LB:SN=-1
365 I=LL~1:605UB 105:60SUB 610:60SUB 750

370 B{IL,IN)=(1/2) 8 (CHSN145PEN2+5NS (CPIN3-SMAN4) ) NEXT

375 IF IN=1 THEN IW=2:60T0 350

383 IF IW=2 THEN 810

402 REW

403 REN 2323338 FILL COLUNNS 0-5 OF MATRIX, SOLVE MATRIX ssssssssssssssesss
404 REH 882 HEDIA 888 ]
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405 L=021=0:T5=1/ (28WNSHF$MU (0) )

410 Y(0,2)=Y10,2)-28T5: ¥ (1,3)=Y (1, 31-28T5-28ULMUC: ¥ (1, 6)=Y (1, 6)-424P
415 L=LLAST: I=L-1:T5=1/ (28NNSKFSNU(LLAST) )2 T1=281

420 Y(I1,20=Y(11,2)-24T5

425 YUIT41,3)=Y(1141,3)-28T5-20ULMUC: Y (1141, 6)=Y (11+1,6) -48AN

430 FOR L=1 TO LB:I=L-1:LL=L:60SUB 105: IT=I:IP-L:1=281T

431 J=1:1F L=LB THEN J=0

433 REN $88 UN FOR TOP OF LAYER 888

435 YUI,20=¥41, 20 NP1 Y(T, 3)=Y (1, 3) -NM2: YT, D)=V (1, 4) +NNL

480 YUI,5)=¥(1, 5)-NP2: Y11, 6)=¥ (1, 6)~28 (APEN2-AMSNA) s I=1+1

443 REX #38 VS FOR TOP OF LAYER 88

445 Y(1,2)=Y(1,2)45M2: Y11, 3)=Y(1,3)-6P1s Y (1, A)=Y (1, 4)45P2

450 Y(1,5)=Y(1,5048M1: Y1, 6)=Y (1, 5)-28 (ANSS1+AP3S3) : I=IBS2

453 REN 883 VN FOR BOTTON OF LAYER 888

455 Y(I,00=Y(1, 00 +NM1zY (T, 1)=Y (1, 1) #NP2:Y(T, 2)=Y (T, 20 -NPY

460 Y(I,3)=Y(1, 30 4NN2: VUL, 6)=Y (1, 6) 428 (APEN2+ANENA) : 1=[ 41

463 REN $33 VS FOR BOTTON OF LAYER 883

465 YUI,00=Y(1,00-8P2: Y(1,1)=Y (1, 1) 45M1:¥(T, 2)=Y(1,2) -5H2

A70 YUI,3)=Y(1,3)-5P1-J828MUC: Y (1, 6)=Y(1, 6) 428 (ANSS1-APSS3)

475 NEXT

476 REN 38388 MATRIX FILLED -- SOLVE FOR CONSTANTS 82813

£77 REN SSERBLULLRRILLRLLANE MATRIN-SOLVER SRSBRRLERTLARLLLS

478 REN #% TP 1S PIVOT ROW (SEE DIAGRAM FOLLONING PROGRAM)

480 FOR L=1 TO LLAST:IT=L-1s IB=LsIP=28IT:¥Y=1/(Y(IP,2)):1=IP

485 FOR J=2 TO 6:¥(1,d)=Y(1,J)8YY:NEXT: IP1=T+1: IP2=142; IP3=1+3

490 FOR J=3 TO 6:Y(IP1,J0=Y(IPL,3)-Y(IP1,2)8Y(1,J):NEXT:Y (IP1,2)=0
495 IF L=LLAST THEN Y(IP1,6)=Y(IP1,6) /Y (IP1,3):Y(IP1,3)=1260T0 545
500 FOR 1J=IP2 TO IP3:FOR J=1 TO 3:Y(1J,J)=Y(1J,J)-Y (13,00 8Y(IP, J+2):NEXT
505 Y(1J,6)=Y(11,6)-Y(13,0)8Y(IP,6)

510 Y{13,0)=0:NEXT

512 REM 3 NOVE TO PIVOT BELOW

515 IP=IP+1:YY=1/¥(IP,3): 1=IP

520 FOR J=3 TO 6:¥41,)=Y(1,d) $YY:NEXT

525 IP1=1#1: 1P2=142:FOR 13=IP1 TO IP2:FOR J=2 10 3

530 Y(13,30=Y(13,3)-Y(1J, 1) 8V (IP, J42) :NEXT

535 Y(1J,6)=Y(13,6)-Y(1J, 1) 8Y{IP, 6) 1 Y13, 1)=0

540 NEXT

545 NEXT

546 REM #3 COHPUTE CONSTANTS AND PUT THEM IN LAST COLUMN

S50 1P=28LB: Y (IP, 83 =V 41P, 3-¥{IP+1,6) 8Y(IP,3): Y(IP,3)=0

555 FOR L=LB-1 T0 0 STEP -1:IP=28L+1

S60 Y(IP,6)=Y (IP,6)-Y(IP,4)8Y(IP+1,6)-Y(IP, 5)4Y (IP+2,6)

565 Y (1P, #)=0:Y(IP,5)=0: IP=1P-1

570 Y(IP,6)=Y(IP, 63-Y(IP, 3 8Y (IP+1,6)-Y(IP, 8)8Y(1P42,6) -Y(IP,5) $Y (P43, 8)
§75 FOR IK=3 T0 5:Y(IP, IK)=0:NEXT:NEXT

577 REK §% STGRE CONSTANTS

580 FOR 1=0 TO ILAST:3=281:JP1=1+1

585 SI6(1,IM)=Y(J,6):TAUCT, IN)=Y (IP1,6)

590 NEXT

595 RETURN

)
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996 REN $338333XS883224END MATRIN Sasassesssssssssssy

597 REM

600 REN 88528 COMPUTE LAYER LANBDA PAIRS (AS CP, ETC.) 33318

610 ITT=LL-1

615 CP=(SIG(ITT, INI4SI6(LL, IN) )STS+CLPLLL)

620 CH=(SIG(ITT,IN)-SIGILL, I¥) ) RTS+CLN(LL)

625 SP=(TAUCITT, IW)+TAU(LL, IN) ) $TS45LP(LL)-28AP

630 SM={TAUCITT,IN)-TAU(LL, IW) ) #TO+5LN(LL) -2¢AN

635 RETURN

700 REM st RETRIEVE LAMBDA PAIRS (CLAMP), STORE TEMPORARILY AS CP OR CPT 88
705 CP=CLAMP(LL,IW):CH=CLAMM{LL, IN) :5P=GLANP (LL, IN) : SM=SLANM(LL, IN) :RETURN
725 CPT=CLANP(LL, IN) CHT=CLAMNILL , IN) :SPT=SLAMP(LL, IN) : SHT=SLAMM(LL, I¥}:RETURN
740 REX X488t STORE LAMBDA PAIRS (CP) AS CLANP #3888

750 CLANP(LL, IN)=CP:CLAMMILL, IN)=CN:SLANP (LL, IN)=GP: SLAMMILL,, IW)=GH:RETURN
770 REM Gi¢s CONPUTE MEDIA LAMBDAS s$&iii

775 T5=1/(28WF tHU (0) $WN)

777 SLAR(O, IW) =TAU(0, IN) $T5:CLAN(O, [W)=516(0, IW) $TS

778 T5=1/ (20WF$NU (LLAST) $WH)

779 SLAM(LLAST, IN)=TAU(ILAST, IW) $75:CLAN(LLAST, IN)=GI6 (ILAST, IN)$TS
780 RETURN

800 REN

805 REH se8s18888828 SECOND WAVEFORM, 2ND ORDER $satssssssssassssssss
810 IW=4:505UB 205

820 Y(0,4)=Y(0,6)~AC0, 1) $(TAUCO, 1)/ (43HULO) ) -28A (G, 1) 4WN)

822 V{1,6)=Y(1,6)-A€0,1)8816(0,1)/ (43MU{0))

825 L=LLAST:I=ILAST:J=182

830 Y(I,8)=Y(3,6)-AL1, 1) S{TAUCI, £}/ CARNUCL) )-20A(T, 1) #WN)

840 Y(J+1,6)=Y(J+1,6)-A(1,1)8S16(1, 1)/ (48NU(L))

845 FOR L=] TO LB:lsL-1:ll=L:IP=I+1:IT=182

850 IW=1:MF=1:606UB 105:60SUB 705

860 CLP(L)={28(AP*2+AM~2) +38 (APRSP+ANRSH) ) SNN/B

G6d CLR(L)=(48 (APSAR) +38 (ARSSP+APESH) ) 3WR/B

870 T1=(CP&{56-3452) +SHE4LS1) NN/B

875 T2=(CH$(S7+43854) +SP34S5T) SUN/B

880 SLPIL)=-APSTI-ARBT2:SLE(L)=-ARETI-APST2

885 TVS(L)=CP$52-GM851: TVa(L)=-CHEG4-5PES3

890 #F=7:1N=4:605UB 105

895 T3=CLM (L) SN1+SLP(L) #N2: TA=CLP (L) SN3-SLM(L) $N&

300 YUIT,b5=Y(IT,6)4+T3+T4+A(], 1} SRNSLTVS L) +TVAIL))

905 YIT+2 A)=Y{1T42,56) -T3474-ACIP, 1) SWNR{TVS(L) -TVAILY)

910 T3=-CLP(L)¥S245LM(L) 851: T4=CLM{L) 8S4+SLP(L) 453

215 YOIT+L,6)=Y(IT+L,8)4TI+Ta4A (], 1) SRHE (SP4SH)

920 Y{IT+3,6)=Y(IT43,6)-T3+T4-A(IP, 1) SUNS (SP-SH)

925 MERY

930 IW=A:WF=2:AN=0:AP=0:605UB 405

931 PRINT * 2-11°;:605UB 5790

§35 FOR L=1 TO LLAST:II=L-1:LL=L:AR=A(IT, 1) 3NN/2:5N=1

937 IF L=LLAST THEN SN=-1:LL=LB

945 T5=17 (ASMU(LL)SNN) : IN=4:AP=0:AN=0:605UB 610:605UB 750

955 I=Li-1:IN=2:WF=2:608UB 103 ’
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960 TP=(1/2) 8 (CHEN]+SPEN24SNS (CPINI-SHINA) )

970 Q(I1,2)=0(11,2) +TP+ARB(TVI(LL) +5NBTVAILL))

975 NEXT

980 REM

990 REM $s2883888¢8 FIRST WAVEFORM, 3RD ORDER $338883ssssssssstatsse
1005 IN=5:60SUB 205

1010 T5=1/(28MU(0) $NN) : AA=A(0, 1) 8WN/2:56=516 (0, 1) $T5: TA=TAU(0, 1) 875

1013 UNT=A(0,2) 8{-48AA-28TASHN) -AABTAU (0, 2) TS

1020 T1=28(AA*2) $(Sb-28 (TA-28R(0,1))) 2 TP=(K-2) $ (N-1) /28(3/2) ${TAU(0, 1) ~3) /BRAT
1025 Y(0,6)=Y(0,6)-T1-ARSTAU(0,4) STS+VNT

1027 VST=A(0,2) 8 (ASTARNN-168AA-24SE3NN) -ARSTSS51610,2)

1030 Y{1,6)=Y(1,6)+48(AA~2) 8SE-AALSIG (0, &) 8TS+108(RA2) SA(0, 1) 4VST+TP
1035 L=LLAST: I=ILAST:J=281

1040 T5=1/(28MUCL) SWN) :AR=A(T, 1) SNN/2:86=816(1, 1) $TS: TA=TAU(I, 1) 875

1045 T1=28(AA*2) 8(S6+28{TA-28A(1,1)))

1047 VNB=A(I,2) 8 (-43AA-28TARWN) -ARITSSTAL(I, 2)

1050 ¥{J,6)=Y(J,6)-T1-AASTAU(I,4)STS+VNB

1053 VSB=A(I,2)#(168AA-4SKNSTA-28NN2SE) -AASTSSSIR (T, 2)

1055 Y{(J+1,6)=Y(J+1,6)-A%(AR*2) 856-AASSIG (T, 4) $TS+108 (AA*2) SALT, 1) +VSB
1060 FOR L=1 TO LB:I=L-f:ll=L:IP=1+1:1T=182

1063 IN=1:WF=1:605UB 105:605UB 705

1065 AAP=(APA2+AN2) 8 (MN"2) /32: ARN=(APSAN) 8 (KN"2) /1b

1066 AP1=AP:AM1=AM: TSP=GP: TSH=5N

1075 T1=CP#(56-5852) +SMR6451: T2=CN8 (57+45854) +5P14853

1076 H1=CP#(S6+3852)-SM82851: H2=CNE (57-3854)-5P824S3

1080 CLP(L)=-AAPST1-AANST2: CLM(L)=-ARNST1-RAPET2

1085 T1=CHB6EN1-GP8 (N6~78N2) 1 T2=CP3LENT-SHE (N7+78N4)

1087 TYNL(L)=CP352-SM8G1: TUNZ(L)=-CN854-5P353

1090 IN=2:WF=2:605UB 105: [N=4:605UB 705: IN=2:605UB 725

1095 CLP(LY=CLP(L)-4SNNS(ACL, 1) 8A(T, 2} 4A(IP, 1) SA (TP, 2) }- (SWN/4) § (APATSP+ANSTSH)
1096 CLM(L)=CLM(L)-A8HNR(ALT, 1)8ACT, 2)-ACIP, 1) 8A{IP, 2)) - (SENN/4) R (AMSTSP+APSTSH)
1100 T3=CP8G6+GME51: TA=CHIST+5P8S3

1101 H3=CPT456+SMTH51:HA=CNTSS7+5PT4S3

1105 TP={3/2)$(A(I,1)*T+A(IP, 1) 3] SNN*2-AAPST1-AAMAT2-AP SHNSTI-AM1SWNSTA
1115 TH=(3/2)$(A(],1)~3-ALIP, 1}73) SNN"2-AANST1-AAPRT2-ART SWNST3I-AP1SNNSTA
1117 TPTP=(NN/4) S (APSH{+ANSH2)}-NNS (APLEHI+AN13HE)

1118 THTH={NN/4) S (AMSH1+APEH2) -WNS (AMISHI+AP18HA)

1120 SLP{L)=TP+TPTP:SLM(L)=TH+TNTK

1125 TV1(L)=CP852-5H851: TV2(L)=-CH8S4-5P2S3

1127 TUN3(L)=CPT852-GMT851: TUNA (L)=-CHT8S4-5PT453

1130 IN=1:WF=1:605UB 105:60SUB 705

1135 TV3=-SPEN6-CHENT: TVA=-GNENT-CPINT

1140 T1=CLM(L) SN+SLP (L) SN2: T2=CLP (L) SN3-5LM(L) kN4

1145 AA=A(T, 1) 8WN/2: AB=R(IP, 1) SWN/2: ARAA=A(T, 2) AW/ 2: ABAB=R(IP,2) TWN/2
1149 XX=-RAAAS(TVNL (L) TVN2(L) ) +AAR(TUNS(L) +TVNA(L))

1150 YCIT,8)=Y(IT,6) 4TI4T24ART(TVL(L)4TVZ(L) ) 4 (AR2) 8 (TVT+TVA) XX

1154 XX=ABAB® (TUN] (L)-TUN2(L))-ABS (TUN3{L)-TVNA(L))

1159 Y(IT+2,6)=Y{1T+2,6) -T1472-ABS (TVL (L)-TV2(L) )~ (AB"2) $ {TV3-TV4) +XX
1165 Ti=-CLP{L)¥S2¢SLA{L) 8512 T2=CLM{L) 8S4+SLP (L) 853

1170 T9=CP3SH+SM851: To=CNIST+EPES3

529



530

1171 H6=CHEIEN1+5P8 (28N6+N2) : HT=CPE3ER+SHE (28NT-N4)

1175 WF=2:60SUB 105: IW=4:605U8 703

1180 T3=38CHEN1+5PE(48N6-N2) : TA=JSCPENI+SHS (4ENT+N4)

1181 HB=CHTEION1+SPTS (A8N6-N2) sHI=CPTEIENI+SHTH (48NT+N4)

1189 XX=-AAAAS (Ho+H7) +AAS (HB+HT)

1190 Y{IT+1,6)0=Y (IT+, 6)4TI4T2+ARR(TI+TA) + (AR*2) 8 (T9+TH) 4XX
£193 TP=(R-2)8(N~1) /28 (3/2) 8 (TAUCIP, 1)43) /BHAT

1195 i¥=ABABS (H4-HT)-ABS (HB-HY)

1200 Y(IT+3,6)=Y(1T43,8)-T14T2-ABS(T3-T4) - (ABA2) R {T9-T4) 4XX+TP
1205 KEXT

1210 IW=5:WF=1:AN=0:AP=02605UB 405

1211 PRINT * 1-12-111";:605UB 5790

1215 FOR L=1 TO LLAST:II=L-i:Ll=L:AR=A(TI, 1) $WN/4:5N=1

1220 1F L=LLAST THEN LL=LB:SN=-1

1225 T5=1/(28MU (LL) $4N) s TN=5: AN=0: AP=0:60SUB 410

1230 1=LL-1:IN=!:WF=1:605UB 105

1235 TP=(1/2) $ (CHAN!+SPENZ4SNS (CPIN3-SHENA))

1280 IN=1:60SUB 705

1250 TVI(LL)=CHBN1+SP# (28N6-N2) s TV4(LL)=CPENT+SHE (28N7+N4)

1255 PT=AAR(TVI(LL) +TUNI(LL)+SNB(TV2(LL) +TVN4(LL)))

1257 TPPT=-(A(II,2) SNN/4) S(TUNL (LL) +SKRTUN2(LL))

1289 QUII, 1=, 1) +TP4+PT+TPPT- (AR2) S (TVI(LL) +SNSTVA(LL))
1265 NEXT

1290 REM

1300 REM 28833833888 THIRD WAVEFORN, 1ST AND 3RD ORDERS sssssstssss
1305 IN=3:606UB 205

1307 T5=1/(28HU(0) SHN} s AA=A10, 1) SNN/2: TP=-(1/2) & (N-2) ${H-1} /28 (TAU(Q, 1)*3) /BHAT
1308 VNT=(A{0,2}/3)8(368AA-48NNSTAU(0, 1)8TS) ~{AR/3) STAL(0, 2) 8T
130% VST=-A(0,2) $EN3(4/3)8518(0, 1) 4T5- (RA/3) $TS8S16(0,2)

1310 Y(0,6)=Y(0,6)-(1/3) $AABTAU(0,4) STS+VNT

1315 Y(1,6)=Y(1,61-(1/3) SAASSIGIO,4) STS-A% (AA3) /HN+VST+TP

1320 L=LLAST:I=ILAST:J=2¥1:T3=1/ (Z4RU(L) SMN) :AA=A(T, 1) BWN/2
1322 UNB=(A{1,2)/3) 8 (363AR-ASNNSTAU (T, 1) 8TD) - (AR/3) $TAU(E, 2) 3TS
1323 VSB=-A{1,2) SWNS (4/3)8TS8SIR(I, 1)~ (AR ETSLSIGII,2)

1325 Y(3,6)=Y(J,6)-(1/3) SARSTAL(T, 4) STS+VNB

1330 Y(J+1,6)=Y{J+1,6)-(1/3) SAASSIG(T, 4) $TS-48 (AA*T) /NN+VSB
1355 FOR L=t TO LB:I=L-1:1P=1+1:IT=182:105L

1340 §F=1:IW=1:60SUB 105:60SUB 703

1341 AP1=AP:AN1=AN

1345 TV5=-CHSN1-SPSI3ING-28N2) : TVA=-CPINI-SHE {IENT+28N4)

1330 AAP=(APA2¢AN~2) 8 (RN~2) /96: AAN=(APZAN) & (WK"2) /48

350 Ti=CPR(5886-9452)45ME1A851: T2=CN8 (585749854) 45314353

1356 HI=(58WN/12) 85P:H2=(S8NN/12) 850

31357 Mo=Urei5o-0852) voRs0¥S1hT=CHE {57+5453) +57406803

1338 T11=CHE24N1+SP8(58NG-38N2) s T22=CPE2AN3+5NE (SENT+3ENE)

1360 WF=2:IW=2:605UB 105:60SUB 725: 1¥=4:605UB 705

1361 H3=(28WN/3) ¥SPT: Ha=(260N/3) SSHT

1364 CPCP=AFSHI+ANSH2+AP1SHI+ANT SHAS (4SHN/T)S (AL, 1)8A(T, 2)+AIP, 1) SALIP, 2})
1365 CLP(L)=(2/3) SNS (AP13SP+ANI SN} +AAPST1 +AANST2+(PCP

§369 CHCK=ANSHI+APSH2+ANTSHI+APISHAS (A3WN/3) & (AL, 1)88(1,2)-A(IP, 1) SALIP,2) )

.
4
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1370 CLMEL)=(2/3) SNNS (AN1SSPAP18SH) +AANST i +ARPRT2+CHCH

1372 HB=CPT${56-2952) +SMTH3I51 s HI=CNT S (S7+2454) +5PTH3453

1373 SPSP==(WN/12) $ (APSHA+ANSHT ) - (WN/3) 8 (AP13HB+AN]SHY)

1374 SMSH=-(NN/12! 8 (ANSHA+APEHT) - (MN/3) 8 (AN1RHB+AP18HT)

1390 T3=CPE(S6-2852) +5M838S1 s T4=CNE (57+2854) +SPE3L53

1391 APP=ARPYT: ANN=AANSI

1392 AP3=A{I, 1)~3+ALIP, 1)3: AN3=ALT, 1)~3-ALIP, 1) 43

1395 SLPAL)=-(1/6)8{NN*2) $API-APPET11-ARKST22~ (RP1STI+ANISTA) BHN/3+5PSP
1800 SLM(L)=-(1/6) 8 (HN"2) CANI-AMNST11-APPET22-{AN18TI<AP14T4) BWN/3+SHSN
1400 IW=1:WFs3:E00UD 105

1406 T1=CLN(L)&H1+SLP{L) 8N2: T2=CLP (L) SN3-SLM{L) tN4

1408 77=-CLP(L)#S245LM(L)$51:TB=CLM(L) $G4+5LP (L) 853

1410 AR=A(T, 1) SNN/2:AB=R1IP, 1) SWN/2: ARAA=ACT, 2) $WN/2: ABAB=A(IP,2) SWN/2
1419 XX=ISAAAAS (TUNL(L) +TVN21L))+38AASCTUNS (L) 4TUNAIL))

1420 YUIT,8)=Y(IT,6)T1+T2438ARS(TVL (LI 4TV2(L) ) + (AA*2) 8 (TVS+TVA) +XX
1429 XX=-3$ABABS (TVRL(L)-TUN2(L))-35ABS (TUNI{L) -TYNA(L))

1430 Y(IT+2,4)=Y(IT42,6)-T1+472-38ABE(TV1 (L}-TV2(L) )-(AB*2) £ {TVS~TV6) +XX
1435 WF=2:60SUB 105

1440 T3=CRINI+SPE(A8N6-TON2) : TA=CPENTI+GHS (ASN7+3ENA)

1441 TBB=CHTIN1+SPTE(AINE~38N2) : T99=CPTENI+SHTE (4EN7+38N4)

1445 WF=1:605UB 109:IW=1:60SUB 705:TP=-(1/2)$(N-2)8(N-1) /28 (TAU(IP,1)*3) /BHAT
1450 T9=CP8{56-2852) +SM83851: TA=CHB (57+2854) +5P#3%53

1451 Tob=CNAN1-GP3(2ANb-38N2) s T77=CPINI-SNE (28N7+38N4)

1454 XX=-ARRAB(TOL+T77) +AAS(TBB+TIT)

1455 YUIT+1,6)=Y (IT+1,6) 4TT4TB4AAR(TI+TA) + (AA*2) 8 (TG+TH) +XX

1459 XX=ABABS (T46-T77)-ABR(T8B-T99)

1460 Y(IT+3,6)=Y(IT43,6)-T7418-ABS (T3-T4) - (AB*2) $(T9-TH) 4XX+TP

1465 NEXT

1470 IN=3:WF=3:AM=A(ILAST,3):AP=A(0,3):605UB 403

1471 PRINT * 3-3-12-111";:605UB 5790

1475 FOR L=1 T0 LLAST: TT=L-t:Li=L:SN=1:AR=A(TT, 1) 8NN/

1460 IF L=iLAST THER LL=LB:SkK=-{

1490 I=LL-1:IN=3:KF=3:60SUB 105:605UB 610

1495 TP={1/2) $ (CHEN1+5PEN2+5NS (CPINI-SHENA))

1500 PT=38AAR(TVI(LL) +TVNS(LL)} +SNS (TV2(LL)+TVNA{LL)})

1510 TPPT=38(ACLT,2) 8WN/4) 8 (TUN1 (LL) +SNERTVN2(LL))

1520 G{II,3)=TP+PT+TPPT-3R{AR"2} 8 (TVI(LL) +SHETVEILL))

1530 NEXT

1540 IF H=1 THEN 5000

1990 REM

1995 REN Sassessasassss FIRST WAVEFORNM, 2ND ORDER 833338s3sssassissies
2000 I=5:60SUB 205

2010 Y(1,6)=Y(1,6)+(3-MI8{N-1)923ABS(TAU(O,1) ) $TAU (0, 1) #5858R(2) / (BHATSB)
2020 FOR L=1 7O LB:i=i-istt=L:IP=1¢1s1T=]82

2030 TP={(3-n)&{A-1)§28ABS(TAULIP, 1) )$TAU(IP, 1) $5850R(2) / (BHATSB)

2040 Y(IT+3,6)=Y(1T43,6)4TP

2050 NEXT

2050 TW=b:WF=1:fH=0: AP=0:605UB 405

2070 PRINT * 1-11"::605UB 5790

2075 IN=b:WF=1:605UB 775

1evA
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2080 FGR L= TO LLAST:II=L-1:LL=L2SN=1

2090 IF L=LLAST THEM SN=-1:LL=LB

2100 TS=1/(28KU(LL) $WN) 2 IN=4:AP=0: AN=0: 6OSUB 610:60SUB 750
2110 I=LL-1:IN=b6:WF=1:605UB $05

2170 TP=(1/2)8 (CHSN1+5PEN245NS (CPINI-SNINA))

Z530 (11, 1) =0(11,1)+TP

2140 NEXT

2290 REM

2295 REN ssstsscstssssss THIRD WAVEFORM, 2ND ORDER X3$33Sstssssasseessssssssss
2300 I¥=7:605UB 205

2310 Yi1,6)=Y(1,6)-(3-M)$(M-1) $28ABS(TAUCO, 1) ) $TAU(O, 1) $58R{2) / (BHATSB)
2320 FOR L=1 TO LB:I=L-fsLl=LsIP=I412IT=]82

2330 TP=-(3-M)$(M-1)$28ABS(TALCIP, 1)) STAUCIP, 1) 8SAR (2} / (BHATSB)
2380 Y(IT+3,60=Y{IT43,6)4TP

2350 REXT

2360 1H=7:WF=3:Rf=0:AP=0:605UB 405

2370 PRINT ® 3-11°;:605UB 5790

2375 IN=T:WF=3:605UB 775

2380 FOR L=1 TO LLAST:II=L-1:LL=L:5N=1

2390 IF L=LLAST THEN SN=-1:LL=LB

2400 T3=1/(68MU(LL) SHN) : TW=T7: AP=0z AN=0: 6OSUB 610:60SUB 750
2410 T=LL-1:IW=7:WF=3:605UB 105

2520 TE={1/2)3 (CHIN1+SPEN2+5SN8 (CPINI-SHINA))

2430 BT, 3)=8(11,3)47P

2440 MEXT

2490 REM

2495 REM seggssssseseesess SECOND WAVEFORM, 3RD ORDER S8ssssssiitssss
2500 IN=8:605UB 205

2510 AR=A{0, 1) ENN/2

2536 Y(0,6)=Y(0,6)-AAR(SLAN(O, 6) +SLAN(0,T7))

2550 TP={3-M)${N-1)828ABS(TAU(0, 1)) & (TAU(0,2) +TAU(0,4) ) §BSSAR(2) / (BHATSS)
2550 V{i,6)=Y{i,6)-AAR(CLAH(0,0) +CLAR(0,7) 147P

2570 L=LLABT:I=1LAST:J=281

2580 AA=A(L,1)8HN/2

2500 Y{J,60=Y{J,0)-AAB(SLAMIL, b} +SLANIL, 7))

2820 Y(3+1,6)=Y(J+1,5)-AAB(CLAM{L, &) +CLAN(L,7))

2630 FOR L=1 70 LBsIsL-fstl=L:IP=]+1:1T=182

2640 l¥=6:60SUB 705: IN=7:60SUYB 725

2650 T1=5P+5PT: T2=SH+SHT

2660 IW=1:WF=1:605UB 105

2670 CLPAL)=(3HN/B) S (APST1+ANST?)

2680 CLM(L)=(3SWN/B) S (ANET1+APIT2)

269G 7i=-1WN/B) $(CP3(S6-3852) +GNE4LS1)

2700 72=-{HN/B) 8 {Crs (S7+3854) +SPRALST)

2705 TVRS(LL)=CP8G2-SM851: TUNa (LL)=-CHIS4-5PE53

2710 1W=1:WF=3:60SUB 105

2720 T3=-(38¥H/8) &(CPTE(3256-52)45HT$4151)

2730 T4=-(3%HN/B) 8 (CHTS(3857+54;45PT84853)

2740 SLP(L)=APS(T14T3)+ANS(T24T4)

2750 SLN(L)=ANB(TI+T3)+APR{TZ4T4)

i
£t
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2760 TVN7(LL)=CPTS52-5NT#51: TVNB(LL)=-CHTSSA-GPTSS3

2765 TB=CHTRZEN14SPTS (SEN6-N2): T9=CPTE2ENSHSTS (3INT+NA)

2770 IN=8:WF=2:605UB 105

2780 AA=A(T, 1) tN:AB=A (TP, 1) SHN

2790 T1=CLM(L) SN14SLP (L) $N2: T2=CLP (L) SN3-SLM(L) 8N4

2800 T3=TVNS (LL)+TVNT (LL): TA=TVNG (LL} +TVNB(LL)

2810 Y(IT,6)=Y(IT,6)4TL+T24AAS (T3+TH)

2820 YIT42,6)=Y(1T+42,6)-T14T2-ABS (T3-T4)

2830 T1=-CLP (L) $S2¢SLM(L) 851: T2=CLN(L) $5445LP (L) 453

2835 TP=(3-M)2(N-1)828ABS(TAUCIP, 1)) $(TAU(IP, 2) +TAU(IP, 4) ) 8BSSAR<2) / (BHATSE)
2840 YUIT41,6)=Y(1T+1,6)+T1+T24AA8 (SPHSH4TB4TY)

2850 Y(IT+3,6)=Y(1743,6)-T1+T2-ABR (SP-SN+T8~T) +TP

2860 NEXT

2870 1W<=B:WF=2: AN=0zAP=0:GOSUB 405

2880 PRINT * 2-12-111%;:60SUB 5790

2890 FOR L=1 TO LLAST:II=L-1:LL=L:AR=A(TT, 1) $HN/2:SN=1

2900 IF L=LLAST THEN LL=LB:SN=-1

2910 TS=1/ (ASHUCLL) SHN) : IN=B: AN=0: AP=0: 6OSUB 610

2920 1=LL-1: IN=8:WF=2:60SUB 105

2930 TP=(1/2) 8 (CNSN1+SPIN2+SNS (CPEN3-SHENA) )

2940 TH=AAS (TVNS(LL)+TVNT (LL) 46NR (TVNG (LL) +TVNB (LL)))

2950 Q(11,2)=8(11,2)4TP+TH

2960 NEXT

3190 REN

3195 REM $%383888888%% FOURTH WAVEFORM, 1ST AND 3RD ORDERS 8383888888t
3200 IN=9:60UB 205

3210 AA=AL0, 1) SHN/4

3220 TP=-(3-N)# (N-1) $28ABS (TAU(O, 1) ) $ (TAU (0, 2)4TAU(0, 41 ) $3850R (2} / {BHAT48)
3230 ¥(0,6)=Y(0,6)-AASSLAN(O,7)

3240 Y{1,6)=Y(1,5)-AASCLAN(0,7)+TP

3250 L=LLAST: [=ILAST: J=281:AA=A{1, 1) ENN/4

3260 Y(J3,60=Y(J,6)-AATSLAN(L,7)

3270 Y(J41,6)=Y (341, 6)-AASCLAN(L, )

3280 FOR L=1 TO LB:I=L-1:IP=T+1: IT=182:LL=L

3290 IN=7:605UB 705

3300 IN=1:605UB 150

3310 CLP(L)=( 154N/ 16) 8 (APSSP+ANSSH)

3320 CLM(L)=(158HN/ 16) ${ANSSP+APSSH)

3330 14=1:8F=3:605U8 105

3340 T1=CPH(3856-5852) 4SMEBAS1; T2=CHS (3057+45054) 45PBIS3
3350 SLP(L)=- (S¥HN/16) §{APSTI+ARRTZ)

3360 SLM(L)=- (3HHN/16) $(ANSTI+APIT2)

3361 TB=CHINI+SPE(3ENG-28N2) s TI=CPIN3+SHE (3INT+28NR)

3365 TH=1:HF=4:605U8 105

3370 T1=CLM (L) $K1#5LP (L) 82 T2=CLP (L) SN3-SLM (L) SN

3380 YUIT, b)Y (1T,6)+4T1+T2+ (AP+AN) SHNS (TVN7 (LL) +TVNBILL))
3390 ¥(IT+2,6)=Y(IT+2,6)=T1+T2-(AP-AN) $HN8 (TVNT (LL)-TUNBILL))
3400 T1=-CLP(L} $52+6LH (L} $51: T2=CLH(L} #S445LP(L) $53

3410 Y(IT+1,6)=Y (IT+1, ) 4T14T24{ (AP+AN) /2) BHNS (TB4TO)

420 TP=-(3-H) $(M-1) $28ABS (TAUCIP, 1113 (TAUCIP, 2) +TAUCIP, #) ) 83850R (2) / (BHATSB)
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3439 Y(IT+3,6)=Y (IT+3,6)-T14T2-( (AP-AN) /2) KNS (TB-T9) +TP

3440 NEXT

3450 IN=3:WF=A: AP=A(0, 4): AN=A(ILAST, 4) :605UB 405

3460 PRINT * 4-4-12-111;:505UB 5790

3470 FOR L=1 T0 LLAST:I1=L-1sLL=LsSN=1:AA=ACIT, 1) SUN

3889 17 LLLAST THEN LL=LB:SN=-1

3490 I=LL-1: IM=9:NF=4:G0SUB 105:605UB 610

3500 TP=(1/2) 8 (CHEN1+SPIN24SNS (CPIN3-SHEN4))

3510 O(11,4)=TP+AAR (TVN7(LL) +SNSTUNBILL))

3520 NEXT

4957 REH

5000 REN $3888438883348888 CALCULATE ANPLITUDES $8S8888888888888s8

5050 I=INT(ILAST/2):d=1:IF IN=1 THEN J=0

5100 TH=(1/5X)8(ACT, 1)-0(1,1))

5102 ATEST=A(I,1)-DS8TH+JE(DS/2) £ (TH-DAO:T, 1)) : ALTEST=ATESTANN

5110 IF ABS(ALTEST) ! THEN LPRINT:LPRINT "SLOPE TOO LARGE:SX=SX-DS:60T0 9999
5115 IF (ATEST/AINIT)-ANPLIFCO THEN SX<SX-DS:G0TO 9999

5116 ANPLIF=ATEST/AINIT

5120 FOR 1=0 70 ILAST:FOR IN=1 TO 4:DADSK(I,IN)=(1/SX) 8 (ACI, IN}-G(I, IN))
5130 ACI,IN)=ACT, IN)-DSSDADSK (1, 1) +J8(DS/2) $ (DADSX (1, IN)-DAO(T, IN))

5120 DAO (T, IN)=DADSK (1, IN) : NEXT: NEXT

5150 GOSUB B301

5160 IF INT(IN/10)YIMAX THEN GESUB 8000

5170 IF INT((ATN(ALTESTI$180/PI)/TISL)YIIHAX THEN GOSUB 8001:I1SL=1ISL+2.5
S171 IF TISLY3S THEN 10500

5270 DS=(S1~2) $ISSEAINIT/ATEST

5275 REM $3% INCREASE STRETCH OR EXIT PROGRAM 888383338888

5280 1F IN)=NN THEN 5290 ELSE 305

5290 PRINT:PRINT *STEPS FINISHED.®

5305 PRINT *TG GUIT, TYFE <@>. TO CONTINUE, TYPE <C) AND ENTER NO. OF STEPS*
5310 As=INKEYS: IF A$="" THEN 5310

5320 IF A%="8" THEW 10500

5330 IF A$="C* THEN PRINT:PRINT *NN=":NN:INPUT "NEN NN";N:IF NNDIN THEN 305
$340 PRINT *NEW NNCIN--GUIT®:60TO 9999

5343 REH

5346 REM $8853328882888 READ IN DATA FOR KULTILAYER 834883888318

§350 DEFINT 1,3,L:DEFDBL Y,E

5360 1=0:3=0

5370 INPUT *LAYS=*;LAYS:LLAST=LAYS-1: ILAST=LLAST-1:LB=LLAST-1

5380 L=LLAST

5365 DIH T(L), TAULL, 10}, HU(L), ACL, &) ,K (L3, 316 (L,10),8(L,4), IZ(L) ,DAO(L &)
5390 DIM Y(28L-1,6),CLANPIL, 10} ,CLANM(L, 10),SLANP (L, 10) , SLANNIL, 10}, DADSX (L , &)
5395 DIM CLANIL,9),SLANCL,9)

5400 DI CLP(L),CLMAL) ,SLPILY, SLMIL), TVIILY, TV2(L), TV3LLY, TVA (L), TVS(LY, TVA (L)
5810 DIH TVNI(L), TYN2(L), TVN3(L), TUNA(L)

5415 DIN TUNS(L), TYN6(L), TUN7(L), TVNB(L)

5420 PI=3.1415926535897934: E=2, 7182818284590454

5430 INPUT *MAXINUN THICKENING(T/T0)%;S1

5440 INPUT *MAX. INITIAL SLOPE (DEGE.)*;DEGSLOPE

9450 SLTPE=TAN(DEGSLOPESPI/180)

R
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5460 INPUT *T(1)/T{2) LAYERS=";T2

5470 INPUT *NU(T)/MU(2) LAYERS=";MU2

5480 INPUT *MULL.N. ) /MU(20="3HU(0)

5490 INPUT *MUCL.N.)/KU(2)=";HU(LLAST)

5500 FOR I=2 T0 LB STEP 2:T(I)=1:MU(I)=1:NEXT

5510 FOR I=1 70 LB STEP 2:T(I)=T2:HU(I)=HU2:NEXT

§520 SCALEST(1):TT=0:FOR L=1 TO LB:T(L)=T(L)/(SI8SCALE) s TT=TT+T(L) s NEXT
5530 LPRINT:LPRINT "LENGTH SCALE="3SCALE

5540 MMU=MU{1)1FOR L=0 TO LLAST:HU(L)=HUAL) /HNU:NEXT

5550 LPRINT:LPRINT LAY NO®,*NU(L)/MII(1)®,*T(L) /SCALE®,*T{L} INITIAL®
5560 FOR L=0 TO LLAST:LPRINT L,MU(L), T(L),T(L)$SCALE:NEXT

5570 INPUT “ANISO*;ANISO:LPRINT "ANISOTROPY (ETA N/ETA S)=*;ANISO

5580 ULMUC=10000000%: INPUT *NUC*;MUC

5590 INPUT "PONERLAN EXP M (1, 2, OR 3)=";N

5595 LPRINT "POWERLAN EXPONENT N =*;H

5600 BHAT=N8(48SLOPE)~ (N-1)/ (ANISO-1)

5610 LPRINT "MUC=* 3 MUC, *BHAT="3 BHAT

5420 INPUT *NO. DEF. STEPS®;NN:LPRINT “ORIG. NO. DEF. STEPS="3NN

5630 DSFACT=40:DS=(1/52-1) /DSFACT: DSS=DS:LPRINT *D3=(1/52-1)/*;DSFACT
5640 LPRINT FINAL TOTAL THICK";TT$SI$SCALE, *INIT TOTAL THICK=";TT#SCALE
5650 INPUT *INIT NL-TO-SINGLE-THICK=";WLINIT

5455 LPRINT *INIT WL-TO-GINGLE-THICK="3MLINIT

5660 WL=HLINITATT/(LAYS-2):LPRINT *INITIAL WL=":HLSSCALE

5670 LPRINT "FINAL WL=*;WL$SCALE/SI

5480 LPRINT "FINAL WL/TT="3NL/(TT$51°2),*INITIAL WL/77=";KL/(TT)

5690 LPRINT:LPRINT *S§12*,51

5700 LPRINT "NAX. INITIAL SLOPE®;DEGSLOPE;*DEGS.*

5705 INPUT *(L/T) RATIO AT WHICH EIGEN IS CALCULATED=";EIGENNL

S710 FOR 1=0 TO INT(ILAST/2):PRINT *I=*; I3 INPUT *A(I,1)=";A(I,1)

5720 ACILAST-T,1)=A(T, 1) NEXT

5730 FOR 1=0 TO ILAST:A(T,1)=(A(1,1)/(SZASCALE) ) $ (NLINIT/EIGENNL) :LPRINT 1,A(I,1)$SCALE:NEXT
5740 AINIT=SLOPESNL/(28P1):REM [=INT(ILAST/2):A(I,1)=AINIT

5750 REM FOR 1=0 TO ILAST:ACI, 1)=AINIT:LPRINT *I,AC1,1)"51,A(%, 1} $50ALENEXT
5760 LPRINT *INITIAL AMPLITUDE®;AINITSSCALE

5770 ANPLIF=0

5780 RETURN

5782 REM SSRSSEBERISEERERRERRRSRRRILALIRISIERILIRILE

5783 REM $8488848 SUBROUTINE TO LPRINT ARRAYS $388nesssassss

5790 RETURN:FOR 1K=0 TO 28ILAST+1:LPRINT:FOR IL=0 T0 &

5800 U=Y(IK, IL) sLPRIRT U;

5810 NEXT:NEXT

5820 LPRINT

5830 RETURN

7900 REN 8343338 END SUB S33888883338

7950 REM SSSRSSESSESLIELLLLELR LPRINT ANPLITUDES S88EESRE8ERRLENLIBINL
8000 INAX=INT(IN/10)

8001 LPRINT:LPRINT *AMPLITUDESSSDEF. STEP=" IN;"D SX=";DS;"SX=";5X;"S1="31/SX
8002 LPRINT CURR. BL="3HL8SXSSCALEs"CURR. Bi./T=";HLESX~2/T(1)

8004 LPRINT "CURR. HN=";NN/SCALE;"CURR. T{1)="3T(1)$SCALE/SX:LPRINT
8005 FOR 1=0 TO INT(ILAST/2):LPRINT TAB(0) ;:FOR IN=1 T0 4

E
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8006 LPRINT TAR(S+188(IN-1)) A(I, IN)$SCALE;:NEXT:NEXT

8010 I=INT{ILAST/2):ALZ=A(I,1) SWN

8030 ANEFF=(N${43AL7)~(N-1) /BHAT) +{

B8040 LPRINT:LPRINT:LPRINT "ANEFF=";ANEFF,*SLOPE (15T WF,NID)=";ALI

8050 AIRID=A(I,1)

6060 LPRINT "AMPLIF. 1ST WF="3RIRID/AINIT

8070 LPRIAT °A2(0)/A1(NID)="3A{0,2) /RINID; "A3(NID) /AL (NID)=";A(T,3} /AINID
8075 LPRINT "A4(0)/A1(NID)=";A(0,4)/AINID

8080 RETURN

8095 REN

B096 REH s3s88iiiissassass PRINT ARPLITUDES s8dssssastiss

8301 PRINT:PRINT ®AMPLITUDESS®SDEF. STEP=* IN;"D SX=°;DS;°SX="45Xs"SI=";1/5X
8302 PRINT “CURR. WL="3;WL8SX$SCALE;"CURR. WL/T=";WL8SX*2/T{1)

8304 PRINT “CURR, WH=";WN/SCALE;°CURR. T(1)=":T(1)8SCALE/SX:PRINT

8305 FOR 1=0 TO INT(ILAST/2):PRINT TAB(0) I3:FOR 1W=1 70 4

8306 PRINT TAB(S+1B8(IN-1)) A(I,IN)8SCALE;:NEXT:NEXT

8310 I=INT{ILAST/2):ALZ=A(I,1)9NN

B3I30 ANEFF={(M2(43ALZ)~(N-1)/BHAT) +

8340 PRINT:PRINT:PRINT "ANEFF=";ANEFF,"SLOPE (15T WF,NID)=";ALI

8350 AIMID=A(!,1)

8360 PRINT "AMPLIF. 1ST WF=";AIMID/AINIT

8370 PRINT =A2{0)/A1(NID)="3A(0,2) /AINID; "A3 (MID) /A1 (RID)="3A(I,3) /ALRID
8375 PRINT "A4{0)/A1(NHID)=";A(0,4) /AINID

8380 RETURN

9999 60SUB 8001

10500 END

.
-3
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REM

REM

REM %kdkdkddkxkkkDEFINITIONS OF L AND I NUMBERSk¥kkdkk+

REM

REM THICK OQVERBURDEN L=0

REM

REM ——====—m D | e
REM L =1

REM --—mme—m 1 =1 —~w—emmmm e s e
REM L =g

REM ===—wmw-— I = 28 ———-—mmmmmemr e e e e e
REM L

REM -——==—w- I =3 I =
REM

REM L=4 L=LLAST THICK SUBSTRATUM

REM

REM

REM FkdokkhhhhkAkhkAXkDEFINITION OF MATRIXkkdkkkkkdkhkhkkikkikihik
REM THE STANDARD MATRIX WOULD BE AS FOLLOWS:

REM

REM SIG TAU SIG TAU SIG TAU SIG TaAlU DRIVING
REM

REM J=0 J=1 J=2 J=3 J=4 J=5 J=6 J=7 J=8
REM II=0:UN 1P XX X X 0 0 0 a XX
REM II=1:VS XX 1P X X 0 Q 0 a XX
REM I1=2:UN X X IP XX X X 0 Q XX
REM 11=3:VS X X XX IP X X 0 Q XX
REM Il=4 UN a 0 X X IP XX X X XX
REM I1=3 VS a Q X X XX IP X X XX
REM Il=6 UN 0 0 0 U X X IP XX XX
REM I1=7 VS a 0 0 0 x X XX IP XX
REM

REM NOTE:IP IS PIVOT

REM

REM

REM THE CONDENSED MATRIX USED IN THIS PROGRAM IS AS FOLLOWS:
REM

REM DRIVING

REM J=0 J=1 J=2 J=3 J=4 J=5 J=6

REM TI=0:UN NiilL NULL IP XX X X XX

REM II=1:VS NULL NULL XX 1P X X XX

REM II=2:UN X X IP XX X X XX

REM II=3:VS§ X X XX 1P X X XX

REM T1I=4:UN X X IP XX X X XX

REM II=5:VS X X XX 1P X X XX

REM II=6:UN X X IP XX NULL NULL XX

REM II=7:VS X X R IP  NULL NULL XX

REM
REM  Fkdeddkskdekkdkdokddoddokdok ENDX ke ddkedekhkdkdkddok ko ddokdedkkhokk

]
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i REM LAYER-PARALLEL SHORTENING OF INFINITELY THICK MULTILAYER
2 REM 3RD GRDER ANALYSIS

2 DEFINT I:DEFDBL E,P

3 WIDTH LPRINT 80

10 LPRINT “CINFMULT.BAS®

1 PI=3.1415926535897938: E=2.7182B18284590458

20 INPUT °NN";NN:LPRINT “KUNBER OF STEPS";NN

25 JK=0:KJ=0

30 PIR SR(RR).ATIRRI, AT IRN) (AA{RNY ARINR) ,AC(RN)

33 INPUT *MAX. SLOPE=";AL:LPRINT *INITIAL SLOPE=";AL

35 INPUT "ANISO=";ANISD:LPRINT "ANISOTROPY (ETA N/ETA 5)=";ANISO
37 BHAT=128{AL"2} /{ANISO-1) sLPRINT *BHAT="3BHAT

38 BHATAL=(AL"2) /BHAT:LPRINT ® (AL*2) /BHAT="3BHATAL

39 INPUT “SXF":SXF:LPRINT "SXF=";SXF

40 TF=1:5CALE=TF:TO=TF4SXF/SCALE

42 FOR WLT=1 TG i0:LPRINT:LPRINT “INITIAL L/T="3iLT

43 AINIT=WLTSALETOSSCALE/ (28PT)sLPRINT "INIT ANP="3AINIT

60 Ki=PI/WLT:K2=28K1:K3=38K1

61 E1=E*K1:E2=1/(E~K1) s EI=EAKI:EA=1/ (E"KT) tES=E*KZ: Eb=1/ (EK2)
82 S1=(E1-E2)/2:83=(E3-EA) /2:52=(ES-E6) /2

43 CHE=(E14E2) /2:CH3=(E3+E4) /2:CH2=(ES+EL) /2

64 SC1=513CH1:5KN=5C1-K1:SKP=SC1+K1

67 T1=6XF~2+(4B4BHATALSK1*2/51°2) $(SXF~2-1)

68 TF T1CO THEN LPRIRT °T1<0°:6070 72

&9 H1=1/SER(T1):W3=((5172) /(ST*2) )8 ({1/5KF)-N1)

70 LPRINT °Ti=";T1 TAB(20) "Wi=":N! TAB(40) "W3="3N3

72 T2=28{1428K1/5KM) s T3=(AL*2) / (28SKMESKP)

73 T4=425C1~245C18K14K142-2451 28 (CH2/52) $SKN

75 Te=({SXF~T2)+T38T48 (1-(SXFAT2}))

76 Vi=1/SOR(TS)

77 LPRINT "T6="3;Tb TAB(20) *Vi="3V]

78 LPRINT:LPRINT "STEP" TAB(6) "SX™ TAB({B) "SI" TAB(30) °WLTC" TAB(42)} "kL®
79 LPRINT "TYPE® TAB{&) "CURR AL" TAB{(18) "1A/1A0":

80 LPRINT TABI32) "24/1A0" TAB(39) *IA/1A0* TRB(3Z) "B11" TAB(a&) "B13"
81 LPRINT TAB{39) "FS: 91.631,033"

82 LPRINT TAB(1B) "A1" TAB(3I2) *A2* TAB(I9) "A3" TAB(S3) “A2/A1" TAB(50) "A3/AL"
53 SX(01=1:A1(01=1:A3(0)=0:AR(0) =12 AB(0)=03AC(0)=0

0% IMAX=-1

85 H=(SXF-1) /NN

87 FOR 1=0 TO NN-1

#8 IF JK=1 AND KJ=1 THEN 6070 999

82 SK{1)=CX(0)+ItH

90 SXC=5X(1):SXB=SXC:AIC=A1(1}:AIC=AT(1):605UB 500:60SUB 600

91 ARC=AA(T):ABC=AB(I) :ACC=AC(1):GOSUB 700

95 BLTI=RLYC:60SUB 800

100 C1=DALDSX#H: Z1=DASDSX8H:F {=DA13H: 61=DA28H: J1=DAISH

110 SXC=SX (I} +H/2:A1C=A1{1)+C1/2:A3C=AT(1}421/2:605UB 500:60SUB 600
111 ARC=AA(T)4F1/2:ABC=AB(I)+61/2:ACC=AC(I)+J1/2:605UB 700

i20 C2=DA1DSX8H: 22=DATDSY8H: F2=DA18H: 62=DAZ8H: J2=DA3LH

136 A3T=A1(1)+L2/2:43C=AT(1)+12/2:605UB 600
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131 AAC=RA(T)+F2/2:ABC=AB{I)+62/2:ALC=AC(T)+32/2:6OSUB 700

140 C3=DA1DSX#H: Z3=DA3DSX$H: FI=DAL8H: 63=DAZ4H: J3=DATSH

150 SXC=5X(1)+H:A1C=A1{1)4C3:A3C=AT(I)+I3:60SUB 500:605UB 600

191 nAC=AR{T}I+F3:ABC=AB{1) +63: ACT=AC(T) +J3:606UB 700

160 C4=DA1DSX8H: 24=DATDSYSH: F4=DA18H: 64=DA28H: JA=DA3IH

170 ALCT+1)=AL(T)+(1/6) $(CT+28C2420CT+CA)

173 ASCI+1)=ATITI+{1/6) B(11+281242813414)

177 TF A1(1+1)>1000000" THEN LPRINT:LPRINT *PONER OVERFLOW AT SX="3;SXB:AL{I+{)=1:A3(1+1)=0:JK=1
182 AB(1+1)=AB(I) +(1/6}8(6142856242863+64)

184 AC(I+1)=ACII)+(1/6)8(3142832¢2813400)

185 IF AA(T+1)>1000000' THEN LPRINT:LPRINT “FREE OVERFLOW AT SX=";SXB:AA(I+1}=1:AB(I141}=0:AC(1+1)=0:KJ=]
186 IF Q1FSCO THEN LPRINT:LPRINT "G1FS ¢ O AT SX="35XB:AA(I+1)=1:AB(1+1)=0:AC (1+1)=0:KJ=1

188 IF I=NN-1 THEN 6070 205

189 IF JK=1 AND KJ=1 THEN 60TO 205

190 IF INT(I/40)C=IRAX THEN 21&

191 IMAX=INT(1/40)

200 PRINT I3

205 LPRINT:LPRINT I TAB(6) SXB TAB(18) 1/5XB TAB(30) WLTI TAB(42) CURRWL

206 IF KJ=1 AND JK=1 THEN 60TO 209

207 IF KJ=1 THEN 6070 212

209 LPRINT "FS® TAB(4) ALC TAB(18) AA(I) TAB(3Z) AB(I) TABIIB) ACII) TAB(S2) G11FS TAB(&K) BI3FS
210 LPRINT TAB(39) BIFS TAB(S3) G31FS TAB(67) O33FS

211 LPRINT TAB(1B) AA(I)SAINIT TAB(32) AB(I)SAINIT TAB(I9) AC(I)SAINIT TAB(S3) AB(I}/AA(I} TAB(A0) AC(I)/AACT)
212 IF Kd={ AND JK=1 THEN &0TO 214

213 IF JK=! THEN GOTO 216

214 LPRINT:LPRINT *PL® TAB(4) ALD TAB(18) A1{I) TAB(32) "---* TAB(3B) A3(1) TABIS2) GIPL TAB(64) BIPL
215 LPRINT TAB(1B) AL(I)SAINIT TAB(32) *---* TAB(39) AJ(I)RAINIT TAB(S3) "~--* TAB(60) A3(I)/AL(D)
216 NEXT I

217 REM LPRINT:LPRINT 1 TAB(&) SXB TAB(18) WLTI

218 REM LPRINT *FS® TAB(4) ALC TAB(18) AA(I) TAB{32) AB(I) TAB(3B) AC(I) TAB(S2) BI11FS TAB(4&) B13FS
219 REM LPRINT TAB(39) G1F5 TAB(S3) B31F5 TAB(47) Q33FS

220 REM LPRINT °PL" TAB(4) ALD TAB(18) A1(I) TAB(32) “---* TAB(3B) A3(I) TAB(S2) GIPL TAB(46) Q3PL
230 REM LPRINT:LPRIKT "POMER A3/A1=";A3(I)/A1(I},"FREE AC/AA="3AC(I)/AA(I)

235 REM LPRINT "K1="3¥1,"N3=";K3

449 NEXT

450 6070 999

500 WLTC=WLT$SXC 2:K1=PI/NLTC:K2=28K1:K3=32K1

505 E1=E~Ki:EZ=1/(E*K1):E3=E*K3:E4=1/(E*K3) :ES=E*K2:E6=1/ (E*K2)

510 S1=(E1-E2) /2:52=(ES-E6) /2:53=(E3-EM} /2

S11 CH1=(E1+E2) /2:CH2={ES+E6) /2: CH3=(E3+E4) /2: RETURN

600 IF JK=1 THEN DAiDSX=0:DA3DSX=0:RETURN

605 DA1DSX=~(AIC/SXC$(14(4B/SXC~2) 8 ((RICK1/51)~2) YBHATAL)

610 DAIDSX=(1/SXC) #(-AJC+(48/SXC"2) ${AICAT) 8((K1/53)42) $BHATAL)

620 RETURN

700 IF KJ=1 THEN DA1=0:DA2=0:DA3=0:RETURN

701 SC1=518CH1:5C3=538CH3:8K1=5C1-K1:8K3=5C3-K3

705 TP={48(5C1~2) 48CI8KI+(K142)-28 (S1*2) 8 {CH2/S2) $5K1) /(28 (5K142))

710 DA1=-(AAC/SXCI K(1+(28K1/SK1)-({RACA2) $(AL*2) / (SXC42))3TP)

720 DA2=-(ABC/SXC) $(1+(28K2/ (S28CH2-K2)))
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725 TP=4851428CH2/528 (385C3-K1) +585C18K1-28K1~2+5CI8K3-68CHIBS18 (CHIIS1+LH1S3)
730 TX=((AACA3) $(ALA2}/ C(SXCAT) SALSKIESKL) ) $TP

740 DA3=-(ACC/SXC) 8 (1428K3/SK3)-TX

750 RETURN

800 ALC=AA(I) $AL/SXC:ALD=A1 (1) $AL/SXC

801 CURRNL=NLT$TOSSXC

805 D11FS=28K1/5K1

B10 TP=(43(SC142) +5C18K1+(K142)-28(S1°2) ${CH2/52) $5K1) /(28 (SK1~2))

815 QI3FS=-(ALL 2)4TP

820 B1FS=Q11FS+13FS

825 G31FS=24K3/5K3

B30 T=43(512) ¥ (CH2/52) $(38GCT-K1) +588C18K1-28(K142) +5CIPKI-4851 $CH3S (CHI$S3+CH38S1)
835 O33F5=(ALLA2) 8TH/ (43SK1R5K3)

840 Q1PL=((ALD*2) /BHAT) $483(Ki/51)~2

845 O3PL=~{(ALD"2) /BHAT) 8488 (K1/53)42

850 RETURN

999 END

23
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1 REW LAYER-PARALLEL SHORTENING AND SHEAR

2 REM 2N ORDER ANALYSIS

S WIDTH LPRINT 80

& WIDTH 80

10 LPRINT "(SHEAR.BAS>*:60TO 3000

100 REM 888588882882 288CALCULATION OF TRIG FUNCTIONS ssasssgsssssssssast
105 TS=1/(24NNSWFSMU(LL) ) sK1=NFIK(LL)

110 EM=1/(E*K1) sEP=E~K1:CH=(EP+EN) /2: SH=(EP-EN) /2

115 TH1=CHESH-K1: TP1=CHESH+K1

120 N1=(CHA2)7{2¢TNE) :N2=K1/(28TH1) :N3=(SHA2) / (28TPL) : NA=K1/ (23TP1)

125 S1=(CH*2)/{267P1):82=K1/(28TP1} :53=(5K"2) / (28THI) 254=K1/ (24TRD)

130 N6=SHSCH/ (28TH1):N7=SHSCH/ (28TP1) :Sb=CHECH/ (28TP1) :57=5HECH/ (24TH1)
135 NPi=(R1443) $TO:NK1=(N1-N3) 8TS:NP2= (N2+N4) 8 TS NN2= (N2-N4) T3

140 SP1={S1+53) $75:SM1=(51-3) #T5: 5P2=(S2+54) $75:GM2=(52-54) 4TS

150 RETURN

200 REM SSE3SSXIRIREALSCLEAR MATRIX: SET SGESSSSILIRICILLALLILLLNILNISIIN
205 FOR 1=0 TO ILAST$2+1:FOR J=0 TO b:Y(I,J)=0:NEXT:NEXT

210 86=1:IF N5=2 THEN S6=-1

211 RETURN

400 REM S3388228808323FILL COLUMNS 0-5 OF MATRIX, SOLVE MATRIX $388s8tsistssss

405 L=0:1=0:T5=1/ (28HNSWFIMU(0))

410 Y(0,2)=Y(0,2)-T5:Y(1,3)=Y(1,3)~T5-RPRIMEST (LN) / (SXSNU(LN))
415 L=LLAST: I=L-1:T5=1/ (Z8NNSWFSMU(LLAST) ) : 11=281

420 Y(I1,2)=Y(11,2)-TS: Y(1T+1,3)=Y (1144, 3)-T5

425 FOR L=1 TO LB:I=L-1:LL=L:BOSUB 105:1T=1:1B=L:I=281T

435 Y(I,20=Y(1,2)-NPL: Y AT, 30=Y (1,3)-GEONN2: Y (T, 8)=Y (1,4) +NMY
830 Y(1,5)=¥(1,5)-G68NP2: =141

485 Y(I,2)=Y(1,2)+8645N2: Y (1,3)=Y (1,3)-5P1s (T, 4)=Y (1, 4) +S645P2
450 Y(1,5)=Y(1,5)+5K1: 1=1B82

455 Y(I,00=Y(1,00#NML: Y (1, 1)=Y(1,1)4568NP21Y (1, 2)=Y (1,2)-NP1
860 YI,3)=Y(1,3)4568NN2: =141

#63 Y{1,00=Y(1,00-5545P2: Y (1,1)=V (1, 1)+5RizY(1,2)=Y(1,2)-5645H?
470 Y(1,3)=Y(1,3)-5P1-RPRIMEST (LN) / (SXSMUCLN) )

475 NEXT

480 FOR L=t TO LLAST:IT=L-1: IB=L: IP=281T:YY=1/(V(IP,2)}:I=IF
485 FOR J=2 T0 6:¥(1,3)=Y (1,3 8YY:NEXT: IP1=1+1: IP2=142: IP3=T+43
490 FOR J=3 TO 6:¥{IP1,J)=Y(IP1,3)-Y(IP1, 28 (1, J) :NEXT: Y (IP1,2)=0
495 IF L=LLAST THEN Y(IP1,6)=Y(IP1,6)/¥{IPY,3):Y(IP1,3)=1:60T0 545
500 FOR 1J=1P2 T0 IP3:FOR J=1 TO 3:¥(1d,3)=V(13,0)~Y(1J,008Y (IP,3+2) sNEXT
503 YU13,6)=Y(12,6)-Y (1], 008V(IP, &)

510 Y(1J,0)=0:NEXT

515 IP=IP+1:YY=1/Y(IP,3):1=1P

520 FOR J=3 TO 6:¥(1,3)=Y(1,d) $YY:NEXT

§25 IP1=[+1:1P2=1+2:FOR [J=IP1 TO IP2:FOR J=2 T0°3

530 Y(13,3)=Y (13,0)-Y (13, 1) 8Y (1P, §42) :NEXT

§35 Y(IJ,6)=Y(13,6)~Y (13, 1)8Y(IP,6):V(1J,1)=0

540 NEXT

543 NEXT

550 1P=26LB:Y (1P, 6)=Y (IP,5)-Y(IP+1,b)8Y(IP,3):Y (1P, 3)=0

555 FOR L=LB-1 T 0 STEP -1s[P=28L+{

560 Y(IP,8)=Y(IP, b)-Y(IP, })$Y(IP+1,6)-Y(IP,5) 4Y (IP+2, 6)

565 Y(IP,4)=0:Y(IP,5)=0: IP=1P-1

541



542

570 YiiP,b)=Y(IP,6)-Y(IP,3)8Y(IP+1,5)-Y (IP, )Y (IP+2,6)-Y (IP,5) 8Y (IP+3,6)
§75 FOR IK=3 T0 5:Y(IP, 1K) =0: NEXT: NEXT

580 FOR 1=0 TO ILAST:J=281:JP1=3+1

585 SIG(I,NF,NS,0A)=¥4J, 61 TAUCT, WF,NS, 081 =Y (JP1, 6)

590 NEXT

595 RETURM

599 REN 83388 CALCULATE MEDIA LANBDAS (AS CLANP, ETC.)SSS88338858838888888881
600 L=LLAST: I=ILAST

601 T50=1/ (28NNSHFSNU(0) ) : TSL=1/ (20MNSHF MU (L))

403 CLAMP {0, &F, S, DA)=SI5 (0, HF NS, 0A) §TSO+SEEMNSHEA (0, HF , NS+56) /ML (0)

505 SLANP(0, ¥F,NS, 0A) =SGTAU (0, NF , NS, 0A) £T50-28A(0, NF, NS}

610 CLAMK (0, NF,NS, DA)=CLANP (0, WF , NS, 0A) s SLANM (0, NF, NS, DA) =SLAMP (0, NF , NS, OA}
615 CLAMPL,WF NS, 0A) =816 (1, F, NS, 0A) $TSL+SEHNNSHSA(T, NF , NS+5E} /MU (L)

620 SLAMP (L, NF, NS, 0A) =SE8TAU (1, NF NS, DA} 8TSL-28A (1, NF, KS)

625 CLANH(L, HF,KS, OA) =CLANP (L, NF , NS, OA) s SLANM (L, NF , NS, OA) =SLANP (L., KF , NS, 0A)
630 RETURN

434 REN 888388838888 CALCULATE LAYER LAMBDA PAIRS (AS CP, ETC.) 3833534380388
635 ITT=LL-1

639 TP=SESNNCHEAPO/NU (LL) : TH=SGEMNSHSAND/MU (LL)

640 CP=(SIG!ITT, HF,NS,0A) +SIG(LL, WF, NS, 0A) ) $TS+CLP(LL, NF, NS, 0A) +TP

645 CM=(SIGITT,NF,NS, 0A)-S1G (LL, NF ,NS, 08) ) TSHCLM(LL, K , NS, OA)+TH

450 SP=GE# (TAU(ITT, NF, NS, DA) +TAU (LL, WF, NS, DA)) §TS#SLP (LL, NF NS, DA) -24APS

655 SM=S68 (TAUCITT, NF,NS, DA} -TAU(LL ,NF, NS, 0A) $TS+SLM(LL, NF, NS, OA) -28ANS

660 RETURN

700 REX $32288888% RETRIEVE CLAMP’S FOR SPECIFIC LAYER IN CP SHORTHAND 8883813
705 CP (NS)=CLANP (LL, NF, NS, 0A) :CH (NS )=CLANM(LL, NF NS, 0A;

710 SP(NS)=SLAMP(LL, WF, NG, D) : SK(NS)=SLANM(LL , NF , NS, 0A)

715 RETURN

745 REM $384838884388 STORE LAYER LANBDA PAIRS (CP, ETC.) AS CLAMP'S 8838883318
750 CLAMP{LL,WF,NS, 04} =CPs CLANN(LL, NF NS, 0A) =CH

755 SLANP (LL,HF,NS, 081 =SP:SLANMLL, NF NS, 0A) =SK

760 RETURH

947 REH 85885388888 988 0880 0RRsCALCULATE O S88USIRRIRERISRSRIBILRIIIANLLS
950 FOR L=1 TO LLAST: I1=L-1:Lt=LsSN=1:IF L=LLAST THEN LL=LB:SN=-1

952 IT=LL-1:1B=LL:ASE=A(IT, 1,N5) :AD=ALTT, 1, NS+5E)

954 AST=A(IT,HF,NS):ASB=A(LB, NF, NS) :AOT=A(IT, NF, NG+55) : ADB=A 1B, WF ,NS+55)
955 APS=(AST+ASB) §(2-0R) : ANS=(AST-ASB) & (2-0A)

952 APQ=(AOT+ADB) § (2-DA) : AMD= (ADT-ADB) & (2-0A)

940 AP1=AS18ADIS (0A-1):AD1=(AS1A2-AD1A2) $ (0A-1)

962 GOSUB 105:60SUB 635:1F WF=1 AND OA=! THEN GOSUB 750

962 FLES=(RPRINESZSK (LN / (NSWULN)) )8 (ILNID-LL+(1/2) ${~ (LAYS NDD 2)+1))

966 TF=(FNSHR (KNUILL) +5N8 (K (LL) /MU (LLY) +FLMSI+DELV(LL) SWN)

967 TM=-SG8WFSA (11, KF,NS+SE) §TF

968 TS=-G5% (KNSHERN/ (MU(LL) INS) ) 8((1+56) 8AP1/2- (1-55) 8AD1/2)

§70 TP=HiG (SRIADES (TV3CLL) 45RRTVALLI 1 -AB1 (TVE{LL) +SNETVZILLI))

971 TR=CHSNI+SPEN2+SNS (CPEN3-SHENA)

972 GUI1,KF,NS)=B (11, HF  NS) +TQ+TP+TS+THS (2-0R)

§73 RER LPRINT T8;8(I1,NF,NS)

974 NEXT

976 RETURH :

999 REH $3532:48888883FILL COLUMN 6 FOR MEDIA AND LAYERS, 1ST ORDER $138a83s
1000 AUS=A(D, KF NS} : ALG=R(ILAST, F ,NS)
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543

1002 AUD=A(0, NF, NS+S6) :ALO=A(ILAST, NF ,NS+S6)

1005 TH=SG8 ( (NNSHSRPRIMES2EK (LN) / (NSHUCLN} )} +DELTAVO(0) $HN) SAUOSKF

1006 Y(0,6)=Y(0,6)+SG8HNSHSALD/NU (0) +TH

1010 Y{1,6)=Y(1,6)-SE828AUS- (NNSH/NU(0) ) $ALD

1015 I=ILAST: 11=2¢1

1020 Y{I1,6)=Y (11,4) +SGENNSHEALO/MU (LLAST)

1025 Y(11+1,6)=Y(11+1,56)-S6428ALS+ (NNSH/MU(LLAST) ) $AL0

1030 FOR L=t TO LB:I=L-1:LL=L:60SUB 105:IT=I:1B=L

1032 APS=A(IT, WF,NS) +A(IB, KF,NS) : ANS=A(IT, NF, NS) -A(IB, WF ,NS)

1034 APD=A(IT,NF,NS+SG)+A (1B, NF,NS+SE) :AND=ALIT, KF, NS+56) A IB, NF, NS+S6)
1035 J=281T:5C=4:60SUB 1050

1038 J=281B:5C=-1:605UB 1050

1039 TH=GG8( (NNSHSRPRINESZSK (LN} / (NSKU(LN) )) 4DELTAVO(B) $HK) $NF A (1B, NF ,NS+SE)
1040 Y(J,6)=Y(J,6)47H

1043 NEXT

1045 RETURN

1050 TP=SCASGHNNSHS (ANOSNI+SCEAPOSNG) /NU(LL)

1052 Y(J,6)=Y(J,6)-SC828 (APSEN2-SCEANSENA) +TP

1055 TP=-SCSMNSHE (APDSS2-SCHANDSSH) /MUILL)

1056 TS=SC8(NNSH/ (28MU(LL))) 8 (APD+SCSAND)

1057 Y(J+1,6)=Y (141, 6)-GCHSE828 (ANSSS14SCEAPSES3) +TP4TS

1060 RETURN

1099 REM $383838S88R8R88A8S88FILL COLUNN & FOR NEDIA, 2ND ORDER $8838%183%sssss
1100 ARS=A(i,HF,NS):AD=A(1, NF NG+56)

1110 AD=ARS~2-AD"2: AP=AASHAD

1115 T¥=-(NN/4) 8 (RASESP (1) -SG8ADSP(2))

1117 TP=GCH (NNSHENN/ (28NSSNU(0)) ) $((1+55) $AP+ (1-56) $AD)

1120 Y(J,6)=Y(J,6)+(NSENN/2) 8 {(1+55) $AD/ 2+ (1-56) $AP/2) +TY+TP

1125 TY=-S68 (KN/4) 3 (ARSSCP (1) -SESAOSCP(2))

1130 Y(J+1,6)=Y(J+1,6)-558 (NNSHSWN/ (MU (LL) 828NS) ) 8 ( (1455) 8AP/ 2+ (1-56) 8AD/2)+TY
1140 RETURN

1150 AST=A(I,WF,NS):ASB=A(IP, HF,NS) : ADT=A(1, KF NS+S6) : AOB=A (P, HF , NS +56)
1155 AD=ASTA2+SCHASBA2- (ADTA2+5CHAOB2) : AP=ASTSADT+SCHASBHAOB

1160 T1=(38HN/8) 8 ((AST+GCHASB) 5P (1) + (AST-SCHASB) 4SH(1))

1165 T2=-568 (38HN/8) 8 (ADT+SCIADB) $5P (2) + (ADT-SCHADB) KSH(2) |

1170 T3=-(NN/4) 8 (AST+SCRASB) & (CP (1) #(S6-3052) +5M (1) 24251)

1175 TA=-(NN/4)$ (AST-SCHASB) 8 (CH(1) 8 (S7+3854) 4P (1) 34853)

1180 T4=558 (WN/4) 8 (ADT+SCRADB) 8 (CP(2)8(54-3852) +5M (2) £4851)

1185 T7=568 (WN/4) 8 (ADT-SCEADB) § (CH(2) 8(S7+3854) +SP (2) $4453)

1190 TC=(KNINS/2) 8((1+56) 8AD/2+ (1-56) AP/ 2) 4T1+T2

1195 TS=- (MNSHSWN/ (53 (LL) 28NS} 1 8 ( (1455) AP/ 2+ (1-56) 88D/2) +T34TH+TH4T7
1200 RETURN

1240 REH §385335338833884388FILL COLUNN 6 FOR LAYERS, 2ND ORDER st3seastastesses
1250 G0SUB 105

1251 T3=CLMILL, NF,NS, 0A) SN1#SLP (L, WF ,NS, 0A) $N2

1252 T4=CLPILL, WF NS, UA) $N3-SLM(LL , NF , NG, DA) N4

1253 To=HNS (SE8ADTS(TV3(LL)+TVA(LL) ) -ASTS (TVE (LL)4TV2(LLY))

1254 T7=- (NSHEWN/ (MU (LL) 828NS) ) 8( (1455) SASTEAOT+(1-56) ${ASTA2-ADTA2) )
1255 Y(IT, 6)=Y (1T, 6) 413474416417

1257 Te=HNS (SGSADBS (TV3(LL)-TVA(LL))-ASBS (TV1 (LL)-TV2(LL}))

1258 T7= (NNSHSHN/ (28MU (LL) $NS) ) 8 { (1456) $ASBSADB+ (1-56) § (ASB*2-AGB~2))
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1260 YIIT42,6}=Y(1T+2,6)-T3+TA-TH4T7

263 T3=-CLP(LL,NF,NS,0R) $52+5LM(LL, NF ,NS,0R) 351

1266 T4=CLM(LL,NF NS,08) $54+SLP(LL,WF,NS,DA)$S3

1267 T12=(MNSHERPRIMESZSK (LN) SNN/ (NSMU(LN) $48NS) +DELTAVOCIP) $WN~2/ (43NS))
1268 T7=-T128((1+86) $ASBSADB- (1-56) £ (ASB~2-A0B*2))

1269 T1=TAU(IP,1,1,1): T2=TAUCIP,,2,1)

1270 TB=((1456i37ixT24(1-56}8(1242-T1*2))

1271 T9={RPRIMES {M-1) 8T (LN)/ (SXSML{LN) SHNSHSASNS)) 8T8
1272 710=(NN/2) 8 (SBSASTH(SP(1)+SM(1))-ADTA{SP (2)+5H(21)
1273 T11={WN/2)$(S68ASBE (SP{1)-SN{1))-ADBS (SP(2)-5M{2)})
1275 YUIT41,8)=Y(IT+1,6) +568T3+SE4TA+TLO

1279 YUIT43,6)=Y(IT+3,6) -568T3+SE8TA-T114174T9

170N RETHNM
44UV RLIUNN

1399 REH $338333% CALCULATION OF DELTA VO 8888838883188
1400 FOR 1=0 TO ILAST

1402 LL=I+1:IF TCHILAST THEN 1405

1403 GBSUB 1525: T1=TP: T2=TN

1404 GOTO 1411

1405 60SUB 105:FOR NS=! TO 2:605UB 705:NEXT

1410 6OSUB 1500z T1=TP: T2=TH

1811 LL=T2IF 10 THEN 1413

1412 BOSUB 1525: TC2=CLAMP(0,1,2,1)s TC1=CLAKP(0, 1,1, 1}
14i3 G070 1425

1415 GOSUB 105:FOR NS=1 TO 2:60SUB 705:NEXT

1420 GOSUB 1500:TC2=(CP(2)-CN(2))/2:TC1=(CP(1}-CN(1))/2
1425 TI=NMS(A(1,1, 1) ${TP-T1)-A1,2, 1) $(TH-T2))

1430 TA=- (NUILL) SN2} $(A(T, 1, 1) 4TC2-A(1,2, 1) 4TC1)

1435 TS=((N=1)7 (ASNNSH) ) B (TAUCT, 1,1, 1)A24TAUIT, 1,2,11%2)
1580 To=(HNSH/NY 1 (1/8) =M SHN2R (AL, 1, 1)°2+A(1,2,1)2)
1445 T7=1- (271 8 (AT, 1,1)A24A(1,2,1)42)

1450 DELTAVO(1)=({RPRINEST (LN} / (SKSMU(LN))) 8{T6+TSTA)+T3)/T7
1475 HEXT

1480 RETURN

1500 SH=t:IF LL=] THEN SN=-1

1508 TP=GP(2) §H6+CH (2) BN1+GNR(SH (2) NT4CP(2) 8N3)

1505 TH=SP (1) SNA+CH{1) SN1+SNS (SH(L) SNT4CP (1) BN3)

1510 RETURN

1525 SN=1:1F LL=0 THEN SN=-1

1528 TP=GLANP(LL,1,2, 1) +SHCLAMP(LL,1,2,1)

1529 TH=SLAP(LL, 1,1, 1) +SNSCLANPILL,1,1,1)
1530 BETURN

VL1 U

2006 REM $33%33838 END OF SUBROUTINES $3%% BEGINNING OF WAIN PROGRAM $33s8383ss
3000 6O5UB 6020

3002 FOR A=MLOM TO NUP STEP NSTEP:LPRINT:LPRIMT *PONERLAN EXP M="3H

3005 R=(ANISO-1)/ (TAN(28THETASPI/180) )~ (N-1) :RPRIME=ANISO-1

3006 LPRINV "R=";R, "RPRINE="; RPRINE

3007 THETAPR=ATN(ANISOSTAN(24THETASPI/1B0)) $90/P1

3008 LPRINT "ANGLE (DEG.) BETW. PRINC. DEF. RATE AND X=*;THETAPR

3010 15=DS5

30iZ FOR 1=0 TO ILAST:FOR WF=1 TO WPT:FOR #5=1 TO NST

3013 AT, 8F,NS)=0:NEXT: NEXT:NEXT

3014 FOR 1=0 T0 ILAST:A(I,1,1)=ARA(I, 1,4} sNEXT

LY

544



545

3015 FOR L=1 TO LB:T(L)=TINIT(L) :NEXT:NL=NLINITAT(LN)
3020 AMPLIF=0:5X=1: IN=0: INAX=-1: IINAX=0

3030 TP=((1/5XF)-1/(SX+D5+ABS(D5/10)))

3035 IF TPCO THEN LPRINT *SX=SXF":GO0TD 5552

3040 5X=5X+DS: IN=IN#1

3045 FOR L=t T0 LB:K(L)=PIST(L}/ (NL8SK~2) :NEXT
3050 TT=0:FOR L=1 TO LB: TT=TT+T(L)/SK:NEXT

3055 WN=28P1/(KLSSK)

3060 FOR L=1 TO LB:TV1(L)=0: TV2(L)=0: TV3(L)=0: TV4(L) =0:KNU(L) =03 DELV (L) =0: NEXT
3061 FOR 1=0 TO ILAST:ACK(I)=0:NEXT

3062 FOR L=! TO LB:FOR WF=1 TO WFT:FOR NS=1 TO NST:FOR DA=t TO OAT
3065 CLP (L, WF,NS,08)=0s CLH(L, NF, NS, 0A)=0:SLP (L , WF, NS, 0A) =0z SLML , WF , NS, 0A) =0
306 NEXT:NEXT:NEXT:NEXT

3070 FOR I=0 TO ILAST:FOR WF=1 TO WFT:FOR NS=t TO NST
3071 B(I,NF,NS)=0: NEXT: NEXT:NEXT

3100 ON - (LAYS NOD 2)+2 6OTO 3105,3150

3105 LMID=(LLAST/2) : KNU (LNID)=0: DELV (LNID) =0
3107 ACK(LMID-1)=K{LMID) sACK (LNID) =—K{LHID)

3110 FOR L=1 T0 LNID-1

313 1=L-1

3115 KNU(L)=K (LNID) /MUCLNID) +K (L) /NU(L)

3120 ACK(1)=K(LNID) 428K (L)

3122 DELY(L)=DELTAVO(L)

3125 LK=LLAST-L

3127 IK=ILAST-1

3130 KNULLK) ==K (LNID) /MU {LMID} =K (LK) /NUSLK)

3131 ACK(IK) =K (LHID)-28K (LK)

3132 DELY (LK) =-DELTAVO(LNID)

3133 IF L=LNID-1 THEN 3148

3135 FOR J=L+1 T0 LMID-1

3140 TS=28K (33 /HU(I) s T2=-28K (LLAST-3) /MU (LLAST-3)
3142 T3=28K(J): T4=-28K (LLAST-)

3143 TS=DELTAVO(J): Té==DELTAVO(LLAST-J)

3144 KMU (L) =KMUCLY 4T KU (LK) =KNU(LK) T2

3145 ACK(1)=ACK (1)4T3:ACK (1K) =ACK(IK)+T4

3146 DELY(L)=DELVIL) +75: DELV(LK)=DELY(LK) +Té
3147 NEXT

3148 NEXT

3149 60TO 3200

3150 INID=ILAST/2

3152 ACK(INID)=0

3155 FOR 1=0 T0 IMID-1

3157 L=I+1sKNU(L)=K (LI /HU(L)

3158 ACK(1)=28K(L)

3160 LK=LLAST-LsKNU(LK) ==K (LK) /MU(LK)

3161 IK=ILAST-1

3162 ACK(TK)==28K (LK)

3165 IF 1=IMID-1 THEN 3190

3170 FOR J=L+1 TO INID

3172 T1=28K(3) /MU(3) sT2=-28K (LLAST-3) /MU(LLAST-0)
3173 T3=28K(3): Th=-28K (LLAST-J)

3175 KMU(L)=KMULL) +T1:KNUILK) =KHU(LK) T2
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3180 ADK (1)=ACK (1)4T3:ACK (TK)=ACK (1K) 4T4

3185 KEXT

3190 KEXT

3195 REN 5884083853888 34CALCULATION OF (ST ORDER CONTRIBUTIONS SS388sssssassss
3200 WF=1:NS=1:0z1

3205 605UB 205

3200 GOSUR 1000:E05UB 405

3215 PRINT WF;"-*;NS;"-*;0A; :605UB 9005

3220 IF WF=1 THEN GOSUB 600

3225 60SUB 950

3230 IF NS=1 THEN N$=2:6070 3205

3235 IF WF=1 THEN WF=2:NS=1:60T0 3205

240 WFz1:NG=1:08=1:E00U8 1400

3250 IF AT=1 THEN 5050

3390 REM $3$88XE8ATESRICALCULATION OF 2ND ORDER CONTRIBUTION S$8838888388888asss
3500 NSNS=!

3501 WFHF=2:0A04<2

3502 WF=NFWF:NS=NSNS: 0A=0A0A: GGSUB 205

3505 WF=i+fii=1sLL=0:FOR NS=1 TO 2:605UB 705:NEXT

3508 NS=NSNS:SC=1:1=0:J=0: GOSUB 1100

3510 TDV=DELTAVO(0) SHN~2/ (48NS)

3511 TX=-( (NNSHSRPRIMESZEK (LN) NN/ (NENU(LN) $43NS) ) +TDV) 8( (1+56) $AP- (1-56) $AD)
3512 T1=TAU(0,1,1,1): T2=TAU(0, 1,2,1)

3513 TY=((1486) /2 8TLIT24((1-56) /2) $(T242-T12)

3514 T2=(RPRINES (1) 8T (LN} / (SXEMUCLN) SHNSHEZENS) ) §TV

3515 Y{1,6)=Y11,6)4TH+TZ

3517 LL=LLAST:FOR NS=1 TO 2:605UB 705:NEXT

3520 #S=HENS:5C=-1:1=ILAST:J=182: 60SUB 1100

3525 FOR L=1 TO LB:l=L-1:LL=LsWF=1:0A=1:605UB 105: IP=I+1: IT=182

3530 FOR NS=1 TO 2:605U8 705:NEXT

3535 HS=NSNS:5C=1:605UB 1150

3540 CLP(LL,FUF NoNS DADA)=TCiSLP(LL,MFHF NONS GADA)=TS

3542 IF NS=2 THEN 3550

3565 TUS(LL)=-CP(2)852+6H(2) $51: TVA(LL)=CN(2) $5445P(2) 853

3586 TVA(LL)=-CP(1)85245M{1) 851 TV2(LLY=CH(1) 854+5P (1) 863

3550 H3=NSNS:SC=-1:605UB 1150

IS55 CLM(LL, HFUF, NSNS, DADA) =TC: SLM(LL  MFHF, NSNS, DADA) =TS

3560 WF=NFWF:0A=0AQA: NS=NSNS: GOSUR 1250

3565 NEXT

3570 7=HF4F: NG=HSNS: 0A=0ACA: 6OSUB 405

3575 PRINT * 2-*;NSNS;"-11*;:60SUB 9005

3580 60SUB 550

3585 IF NSNS=! THEN NSNS=2:G60TD 3501

5499 REN $8883K838884488 CALCULATE AND LPRINT DA/DSX, ETZ. SS83888888888888ssss
§500 I=INT(ILAST/2}sd=15F IN=1 THEN J=0

5502 TM=(1/SX) 8 (ACT,1,3)-8(1,,1))

5508 ATEST=A(I,1,1)-DS8TM+JR(DS/2) 8 (TN-DAO(I,1,1)) : ALTEST=ATESTSHNSSCALE

3306 JF ABS{ALTEST) ! THER LPRIRT:LPRIRT °SLOPE MILL BE TOD LARGE™:5X=5X-NS:6070 9999
9908 IF (ATEST/AINIT)~AMPLIFCO THEN LPRINT "AMPLIF. DECREAGING":S5X=5X-DS:6070 9999

5510 AHPLIF=ATEST/AIRIT
§512 FGR 1=0 TO ILAST:FOR WF=1 TO WFT:FOR NS=1 TO NST
5514 DADSH (1, WF,NS)=(1/SX) 8 (AL, NF,NS)-8(1,NF,NS))
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9516 TP=J8(D5/2)8(DADSX(I,NF,NS}-DAO(I,NF,NS))

5518 A(I,HF,NS)=A(1,HF,NS)-DSSDADSY (1,4F, NS) +TP

5520 DAO(I,WF,NS)=DADSX(I,WF,NS)

5922 NEXT:NEXT:NEXT

9524 60SUB 8301

5925 IF INT(IN/10)>IMAX THEN 60SUB 8000

5835 IF INT((ATN{ALTEST)$180/PI)/15) >IINAX THEN 60SUB 8001:50T0 5552

5545 DS=18X*2) $DSSSAINIT/ATEST

5550 IF IN)=RN THEW 5552 ELSE 3030

5552 NEXT:REM NEXT M

5553 60T0 10500

5355 PRINT:PRINT “STEPS FINISHED. TO LIST AMPLITUDES & PHI’S, TYPE <(A)*
5566 PRINT *T0 QUIT, TYPE <@>. TO CONTINUE, TYPE <(C> AND ENTER NO. OF STEPS"
9567 AS=IMKEYS$:IF A$="" THEN 5567

3568 IF A$="A" THEN 9999

5969 IF A$="0" THEN 10500

5571 IF A$="C" THEN PRINT:PRINT “NN=";NN:INPUT "NEW NN";NN:IF NM)IN THEN 3030
5573 PRINT *NEW NNCIN--QUIT*:60T0 10500

6010 REM ssxtssasssssstss READ IN DATA FOR SPECIFIC PROBLEM $38s8sssassssisssss
6020 DEFINT I,J,L:DEFDBL Y,E

6022 1=0:3=0:1=0

6024 INPUT "LAYS (INCL. MEDIA)=";LAYS

6028 LLAST=LAYS-1: ILAST=LLAST~1:LB=LLAST-1

6029 TLMID=INT(LLAST/2)

6030 INPUT °TOTAL NO. WF, NS, 0A=";WFT,NST,0AT

6031 LPRINT “WFT,NST,BAT=";NFT;NST;0AT

6032 L=LLAST: s NF=NFT:NS=NST:0A=0AT

6035 DIN T(L),MUCL), KAL), TZCL), KMUCL) ,ACK (L), PHILCL), TINITIL)

6037 DIN A(L,NF,NS),DAO (L, NF NS}, B4L, NF NS), DADSXIL, HF, NS}, ARAIL, 1, 1)

6038 DIM Y(28L-1,6), TAU(L,HF NS, 0A) , STG(L,NF, NS, 08) , LELTAVO(L) , DELV(L)

5040 DIN CLAMP(L,NF,NS,04) ,CLAMM(L,NF NS, 0R),CLP(L,WF,NS,0R) ,CLM(L, KF, NS, 0A)
6041 DK SLAWPIL,F, NS, GA) , SLARN(L, NF, NS, 0A) , SLP (L, NF, NS, 0A), SLA(L, WF, NS, DA)
6042 DIM CP.(NS),CM(NS),SP(NS),SH(NS)

6045 DIN TVE(L), TV2(L), TVI(L), TVA(L)

5050 PI=3,1415926535897938:E=2.7182818284590454

6055 INPUT "NAXINUM SHORTENING(L/LO)®;SXF

6056 LPRINT:LPRINT ®SKF=";SKF

6057 INPUT °MAX. INITIAL SLOPE (DEGREES)*;DEGSLOPE

6058 SLOPE=TAN(DEGSLOPESP1/180)

6040 INPUT *T({1)/T(2) LAVERS=";T2

6061 INPUT *MU{1)/MU(2) LAYERS=";MU2

6042 INPUT "MU(U.M.) /HU(2)="3H11(0)

6063 INPUT “MU(L.M.)/MU(2)=";¥U(LLAST)

6064 FOR I=2 T0 LB STEP 2:T(I)=1:HMU(I)=1:NEXT

6065 FOR I=1 TO LB STEP 2:T{I)=T2:RU{I)=HUZ:NEXT

6070 LN=2:REM INPUT "LAYER ND, OF STIFF LAYER (U.M.=0)=";LN

6071 LPRINT "LAYER NO. OF STIFF LAYER="3;LN

60735 SCALE=T(LM}:TT=0:FO0R L={ TO LBsT(L)=T(L}SSXF/SCALE: TT=TT4T{L) s TIRIT(L)=T(L):REXY
6077 LPRINT "LENGTH SCALE="3SCALE

6085 MMU=MU(LN):FOR L=0 TO LLAST:MU(L)=NU(L)/MMU:NEXT

6093 LPRINT:LPRINT "LAY NO®,"MU(L)/MU(LN)®,*T(L)/SCALE®,*T(L) INITIAL®

6100 FOR L=0 TO LLAST:LPRINT L,MU(L),T(L)},T(L)SSCALE:NEXT

<
-
3
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4107 IKPUT *ANSLE (DEGREES) BETW. COMPR. AND STIFF LAVER="3THETA

4103 LPRINT *THETA (ANGLE BETW. COMPR. AND STIFF LAYER)=";THETA

6104 MNSH=-28TAN(28PI$THETA/180)

8105 LPRINT *NEAN SHEAR SIGKA BAR XI STAR="3MNSH

6107 TMPUT *ANISO=";ANISO

6108 LPRINT *ANISOTROPY (ETA N/ETA S)=*;ANISO

6110 INPUT *LONER M LINIT=";NLON

biii INPUT "UPPER M LINIT=";NUP

6112 TNPUT "M STEP=",NoTED

6117 INPUT *ND. DEF. STEPS®;NN

5120 DSFALT=50:D5=(SXF~1) /DSFACT:DSS=DS:LPRINT *DS=(SXF-1)/*3DSFACT
6125 LPRINT *FINAL TOTAL THICK*;TT#SCALE/SXF,"INIT TOTAL THICK=";TT#SCALE
6129 INPUT *INIT WL-TO-SINGLE-STIFF-LAYER- (LN)-THICK="; MLINIT

6130 LPRINT "INIT WL-TO-SINGLE-STIFF-LAYER- (LN)-THICK=";NLINIT

6131 HL=HLINITST(LN):LPRINT *INITIAL WL=";WL$SCALE

6132 LPRINT *FINAL WL=";NL8SCALEASKF

5135 LPRINT "FINAL BL/TT=*;WL8SXF~2/TT, INITIAL WL/TT=*;NL/TT

4140 LPRINT “NAX. INITIAL SLOPE (DEGREES)";DEGSLOPE

4142 FOR 1=0 TO ILAST:DELTAVO(I}=0

8143 FOR ¥F=1 TO WFT:FOR NS=1 TO NST

6148 ACT,WNF,NS)=0:NEXT: NEXT:NEXT

6143 FOR 1=0 TO ILAST/2

b146 PRINT I3sINPUT *ACL,1,1)";ARA(T,1,1)

B147 ARACILAST-I,1,1)=ARA(T,1,1) sNEXT

6148 FOR [=0 TO ILAST:AAA(T,1,1)=ARA(I,1, 1) $SXF/SCALE

6149 LPRINT *I,A1,1,1)":1,ARA(T, 1, 1) $SCALE:NEXT

6150 AINIT=SLOPESNL/(23P1):

615 REH FOR I=0 TO ILAST:A(I,1,1)=AINIT

6152 REX LPRINT *I,A(1,1,1)%;1,A(1,1,1) $SCALE: NEXT

6153 LPRINT *INITIAL AMPLITUDE";AINITSSCALE

6155 RETURN

7999 REN 333833888 LPRINT CURRENT AMPLITUDES AND PHI’S sssassssasssssss
8000 IHAK=INT(IN/10)

8001 LPRINTSLPRINT *DEF. STEP=*;IN,*DS%=";DS,*SK=";5X

8002 LPRINT "CURR. WL="3NLESX§SCALE; *CURR. HL/T="; HLBSXA2/T(LN)

8004 LPRINT “CURR,WN=";WN/SCALE;"CURR. T(1)=";7(1)85CALE/SK

8006 LPRINT "ANPLITUDES® TAB(13) “HF=1" TAB(28) "NF=2°;

807 LPRINT TABIS3) *WF=1* TAB(6B) *NF=2*

8008 FOR 1=0 TO INT(ILAST/2):LPRINT TAB(0) I;:LPRINT ®NS=1®;:FOR WF=! TO WFT
801G LPRINT TAB(NFS9+(HF-1)45) AT, WF,1)$SCALE;sNEXT:LPRINT TAB(AZ) "NS=2'3:FOR WF=1 TO WFT
8012 LPRINT TAB(40+NF89+ (NF-1)85) A(I,WF,2) 4SCALE; :NEXT:NEXT

8014 I=INT(ILAST/2) :ALI=A(T, 1, 1) NN

8016 LPRINT:LPRINT "SLOPE(I=HID,1,1)=";ALl

8018 LPRINT *DADSX(I,1,1)=";DADSK(I,1,1), "ANPLIF. AT, 1,1)=";A(1, 1,1} /AINIT
8058 LPRINT TAB(O) *I* TAB(4) *A(COS LX)* TAB(20) *B(COS 2LK)* TAB(37) "C(SIN 2LK)";
R040 LFRINT TAB(S3) "PHI1 (DEG)" TAB(&B) °CAPPHIL®

G042 FOR 1=0 TO INT(ILAST/2):LPRINT TAB(0) I;

8064 PHIL(1}=ATH(-A(T,1,2)/&i1,1,1))

8068 LSPPHI1=INT(1008(180/P1) $ATN(-PHI1 (I} /ACK(111) /100

8070 AS=A(1,1,1)/COS(PHI1(IN) '

8072 B2=A(1,2,1)8C05 (28PHI1(1))-A(1,2,2)4STN(28PHIL (1))

8075 C3=A(1,2,1)$5IN(28PHIL (1)) +A(1,2,2)$COS 1 28PHILCT))
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8076 LPRINT TAB(4) AISSCALE TAB(20) B24SCALE TAB(37) C2¥SCALE;

8078 LPRINT TAB(33) PHI1(1)8180/P1 TAB(48) CAPPHI!

8080 NEXT

8082 PSI=(ATN(-(5X*2-1)STAN(2¢THETASPI/180))) 8 (180/P1)

8084 LPRINT *PSI (DEG)="3PSI

8090 LPRINT "DELTAVO’S ---":FOR 1=0 TO ILAST:LPRINT I;DELTAVO(I),:NEXT:LPRINT
8100 RETURN

8299 REM $38381838 PRINT CURRENT AMPLITUDES AND PHI’S sssssssstastsst

8301 PRINT:PRINT "DEF. STEP=";IN, "D5X=";DS, "§X="35X

8302 PRINT *CURR.NL=";WL8SX3SCALE; "CURR. WL/ T=";WLESX*2/T{LN)

8304 PRINT "CURR.WN="3¥N/SCALE: "CURR. T(1)="3T(1) $5CALE/SX

8314 I=INT(ILAST/2) :ALZ=A(1,1,1) 8NN

8316 PRINT:PRINT "SLOPE(I=NID,1,1)="3AL1

8318 PRINT "DADSX(I,1,1}=";DADSK(I,1,1),"ANPLIF.A(T,1,1)=";AC1,1,1) /AINIT
8358 PRINT TAB(1) "I TAB!S) "A(COS LX)" TAB(22) "B{COS 2LX)® TAB(39) "C{RIN 2LX)*;
8360 PRINT TAB(54) "PHI1 (DEG)" TAB(6B) "CAPPHI1"

8362 FOR I=0 TO ILAST:PRINT TABIO) I;

8364 PHIL(I}Y=ATN(-ACT, 1,2} /A(T,1,1))

8368 CAPPHII=INT(1008(180/PI)SATN(-PHI1 (1) /ACK(I)}}/100

8370 A1=A(I,1,1)/COS(PRIL(I))

8372 B2=A(I,2,1)8C0OS(28PHI1(1))-A(T,2,2)8SIN(2¢PHI1 (1))

8374 C2=A(1,2,115IN(Z8PHIL (1) }4A(1,2,2)$COS(24PHIL (1))

8376 PRINT TAB(S) AISSCALE TAB(22) B2SCALE TAB(3%) C28SCALE;

8378 PRINT TAB(S4) PHIL(I1)8180/P1 TAB(4B) CAPPHI!

B3BO NEXT

8382 PSI=(ATN(-{5X*2-1) $TAN(2KTHETASP1/180))) 4 (180/P1)

B384 PRINT *PSI (DEG)="3;PSI

8385 PRINT

8390 PRINT "DELTAVO’S ---":FOR 1=0 TO ILAST:PRINT I;DELTAVO(I},:NEXT:PRINT
8400 RETURN

9002 REM sssssstssasassss LPRINT ELEMENTS OF MATRIX SS883sssssssssssansaseisess
2005 RETURN:FOR IK=0 TO 28ILAST+1:LPRINT:FOR IL=0 T8 6

9010 U=Y(IK,IL):LPRINT U;

9013 NEXT:NEXT

9020 LPRINT

9023 RETURN

9050 REM $388R20183220Rasaissatisasssastsaissasssasineseasaaniedasasastaeesese
9999 60SUB 8000

10300 END
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1 REX LAYER-PARALLEL SHEAR AND SHORTENING IN INFINITELY THICK MULTILAYER
2 REM 2ND ORDER ANALYSIS

10 DEFINT I:DEFDBL E

15 MIDTH LPRINT 80

20 LPRINT "(INFSHEAR.BAS)*

25 EPI=3.1413926355897934:E=2, 7182818284590458
30 INPUT "NN";NN:LPRINT "NUMBER OF STEPS";NN
35 DIN SKX(NW},A(NN),C{NN),PHI (NN)

45 INPUT "MAX. INIT. SLOPE (IN DEGREES)=":SLOPE
60 INPUT "SXF=";8xF:LPRINT "SXF="35XF

75 LPRI®T *INITIAL SLOPE=";SLOPE;"DERS.”

76 FOR ANISO=1.5 T0 5.3

78 FOR H=f T0 9 STEP 2

80 FOR THETA=7 TO 13 STEP 4

81 IF ARISO=1.5 THEN WLT=114,3

82 IF ANIS0=2.5 THEN WLT=39.7

B3 IF ANi50=3.3 THEN WLT=27!

B4 IF ANISO=4.J THEN WLT=23.1

B3 IF ANISO=5.5 THEN WLT=24.6

87 LPRINT:LPRINT "INITIAL L/T="3NLT

88 LPRINT:LPRINT “POMERLAN EXPONENT N="3M

90 LPRINT "THETA=";THETA; *DEGS. "

99 TF=1:5CALE=TF:TF=TF/SCALEs TO=TFSSXF < NU=1: MUREF=NU: NU=NLi/MUREF
97 AL=TAN(EPI$SLOPE/180):CURRAL=AL

100 WNSH=-28TAR(28EPTSTHETA/180)

106 R=(ANISO-1)/ (TAN(28THETASEP1/180)* in-1))
107 LPRINT “ANISOTROPY="3;ANIS0

108 LPRINT "Rs";R

110 AINIT=WLTSALSTO/ (28EPT)

112 LPRINT “INIT AMP=";AINIT#SCALE

115 LPRINT:LPRINT "STEP® TAB(9) *SX" TAB(22) *WLTC® TAB(33) *WL" TAB(40) "LAYER THICK.® TAB(57) °CURR AL(DEG)®
120 LPRINT TAB(B) "A" TAB{22) °C® TAB(36) °C/A® TAB{30) °PHI(DEG)" TAB(62) °CAP PHI (DEG)®
130 S (0i=1:A{0)=AINIT:C{0)=0:PKI{0)=0

135 IRAX=-1

140 H=(SXF-1) /NN

145 FGR T = 0 TO NN-1

46 J=1

130 SX{I}=5X(0)+I8H

155 SXC=8X (1) :AC=A(T}:CC=C(I)

165 6OSUB 1000:E0SUB 2000

175 V1=DADSX$H: Y1=DCDSX$H: 71=DPHIDSXSH

180 SXC=EX{L)+H/2:AC=A(1)+V1/2:CC=CIIN+71/2
190 60SUB 1000:605UB 2000

195 V2=DADSK&H: Y2=DCDSX8H: 12=DPHIDSX4H

200 AC=A(1)+V2/2:CC=C(1)+Y2/2

206 605UB 2000

210 V3=DADSX$H: Y3=DCDSX$H: Z3=DPHIDSKSH

213 SAC=5X{1)+H:AC=AT) +VI:CL=C(1)+Y3

221 60GijB 1000:605UB 2000

223 V4=DADSK3H: Y4=DCDSKeH: 14=DPHIDSI8H

236 ALIH=RID +(1/6) 1(V1428Y2:20034V4)

245 CLI+D=CLD +(176) 1{Y1422Y2428734Y4)
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250 PHI(I+1)=PHI(I)+(1/6)8(214201242813+14)

256 PHIDEGSPHI(I+1)8180/EPI

257 CURRAL=A(I+1)3WNzALCURR=(1B0/EPT) SATN(CURRAL)

298 CAPPHI=INT (1008 (1BO/EPI) SATN{-PHI(I+1} /K1)1/100

260 IF A(I+1)>1000000! THEN LPRINT:LPRINT "A OVERFLON AT SX="3;SXC:I=NN
265 IF I=NN-1 THEN J=NN:6OTO 280

267 IF ALCURRY20 THEN 280

270 IF INT(ALCURR/2.9)<=INAX THEN 300

275 IMAX=INT(ALCURR/2.5)

280 PRINT J

285 LPRINT:LPRINT J TAB{&) SXC TAB(18} WLTC TAB(30) CURRWLSSCALE TAB(43) THCH#SCALE TABi40i ALCURR
290 LPRINT TAB(2) A(I+1)3SCALE TAB(17) C(I+{}9SCALE TAB(32) C(I+1)/A(I+1) TAB(48) PHIDEG TAB(44) CAPPHI

.295 IF ALCURR20 THEN I=NN

300 NEXT

304 REXTsHEXT:NEXT

305 60TO 9999

1000 WLTC=NLT#SXC"2: THC=T0/SXC:CURRWL=NLTCSTHC:WN=28EP1/CURRNL
1005 Ki=EPI/WLTC:K2=28K1

1010 E1=E*K1sE2=1/(E~K]) :E3=E*K2:E4=1/ (E*K2)

1013 S1=(E1-E2)/2:52=(E3-E4) /2

1020 Ci=(E1+E2) /2:C2=(E3+E4) /2

1025 SC1=518C1:502=528C2: SM1=6C1-K1:5P1=8C1+K1s SM2=5C2-K2: §P2=5C24K2
1030 N12=K1/(205M1):N13=5142/(285P1):812=K1/(285P1) 2513=5142/ (245H1)
1035 N22=K2/(245M2):523=02"2/ (285H2) :516=5T1/ (285P1)

1040 RETURK

2000 DENON=(ANIS0-1)828K1

2010 F1=613/(S13+DENOM/2)

2020 F2=523/(523+DENDN)

2030 TAUIIHAT=43F}

2033 Ti=ME(M-1) SNI38 (TAULIHAT/MNSH) *2

2040 GVZERD=( (42M+3) SN1I+DENON-T1}/ (({4/CURRAL2) 43} N13+DENOM)
2050 OSTAR= (MNSHEKI/NU) R {1+ ((ANISO-1)/M) 8 (1-OVIERD))

2035 THM1=(ARISO-1)$(N-1) STAULIHATA2828K1 SHNSMU/MNSH

2050 THNH=((ANISO-1)$28K1SNNSHNSH/ (MSNU)) 8 (1-BVIERD)

2055 Q11=48N12¢(1-F1)

2070 @BB=48N228{1-F2)

2080 T1i=(WNSMNSH/ (28MU) ) 8 (14N228 (1-F2))

2085 TP=(1/N13) 8(512-(N22/2)8(S16-38512) ¥ (1-F2))

2090 TZ=(THMM/2) 8 (TP-N22/ (A8(523+DENOM)))

2105 T3=-(THN1/8) $N22/ (S23+DENCN)

2110 GB11=T1+724T3

2120 DADSX=-(AC/SXC)8(1+Q11)

2135 DLDSX=-(CC/5XC) 3(148BB) +(1/SXC) ACA28GB11

2175 DPHIDSX={1/SXC)%(-QSTAR)

2200 RETURN

9999 END
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1 REM EIRENVALUES, EIGENVECTORS, AND AMPLIFICATION FACTORS

2 REW FOR 3RD ORDER ANALYSIS OF LAYER-PARALLEL SHORTENING

3 REM POWERLAW EXPONENT H =1, 2, OR 3

5 WIDTH LPRINT 80

10 LPRINT "(EIGEN.BAS)>":60T0 185

100 TS=1/(28HNSNUILL) 8KF) :KI=HF$K(LL)

105 EN=1/(EK1) tEP=E*K1:CH=(EP+EN) /2:SH=(EP-EN) /2

110 TH1=28 (CHISH-K1) s TP1=28 {CHASH+K1)

113 Ni=(CHA2) /TH1:N2=K1/TH1:N3= (SHA2) /TP1:NA=K1/TP}

1Z0 S1={CH*2) /TP1:52=K1/TP1:53=(5H"2) /TH1:54=K1/Ti1

125 W6=5HECH/THIs7=5HECH/TP12 S6=SHECH/ TP1:S7=SHICH/THL

130 NP1=(N1+W3)8TI:NHI=(N1-N3) 8TS:NP2=(N24N4) 8T5: NH2= (N2-N4) $T3
135 5P1={51453)475:5M1=(54-53) $T9:5P2=(52+54) 4752 EM2=(S2-54) 4TS
140 RETURN

175 FOR I=0 TO ILAST#2+1:FOR J=0 TO I&eY{I,J}=0:NEXT:MEXT
180 FOR I=! T§ LB:FOR J=0 YO ILAST:CLP(1,d)=0:CLM{I,J)=0
181 SLP(I,J}=0:5LM{I,J)=0:NEXT:REXT: RETURN

185 60SUB 5010

203 INPUT "MIN. WL/T(1)*:MNIN:z INPUT *MAX. WL/T(1)";WMAX:INPUT "DENON.";WD
204 WINT=(WHAX-NMIN) /WD:NT=HNAX+WINT: WNP=1

205 HT=HT-NINT:WL=NT$T{1):IF WTCWMIN THER 999

207 IF WT=0 THEN 9999 ELSE LPRINT:LPRINT “NAVELENGTH/T(1}*;WT:" NL":NLSSCALE

210 FOR L= TO LB:K(L)}=PIST(L) /WLsNEXY

215 NR=28P1/iL ,

220 FOR 1=0 TO ILAST:A(I,0)=A(1,0) SWNF/WN:NEXT

221 BNP=hN

222 TD1=0:TD5=0

230 FOR 1=0 TO ASLLAST-1:FOR J=0 TO 28ILAST+1:YLP(I,J)=0:NEXT:NEXT

231 FCR 1=0 TO 48LLAST-1:FOR J=0 TO ILAST:YLP1(I,J}=0:YLP3{I,J)=0sNEXT:NEXT
232 FOR T=0 TO ILAST:FOR J=0 TO ILAST:YA(I,3)=0:YA1(I,J)=0:Y82(1,d)=0

233 YB3(1,3)=0:YR4(1,J)=0:YAS(1,d)=0:Y@6(1,J)=0: YAT (1,3} =0: NEXT: NEXT

240 Gr=:608U8 175

242 Y(1,6)=-2:Y(20LLAST-1,16)=-2

243 FOR L=1 TO LB:I=L-1:ITé=[+h:sLL=L:bOSUB 100:1T=182

244 Y(IT,IT6)=Y(IT,116)-28 (N2-N&) s Y (IT, [16+8)=Y(IT, [16+1)-28 (N2+N4)

243 YUITH1, IT8)=Y(IT+1, 116)-28(51483) s Y(IT+1, IT6+1 )=V (IT+], 116+1)+28(51-63)
236 Y(IT+Z,116)=Y(1T+2,116) 428 (N2+NR) : YIT+2, [16+1 )Y (IT+2,116+1) +28(N2-K4)
287 YUIT+3, T16)=Y{1T43, 116)428(61-83) s Y(IT+3, IT6+1)=Y (1T+3, 11641} -28(51483)
248 HEXT

250 BOSUB 300:605UB 505

255 FOR L=! T0 LLAST: I=L-1

206 ir LCLLAST THEN LL=L:60SUB 1602 IK=1:IL=43(L-1}+2:56=1

257 IF L=LLAST THEN S6=-1

259 FOR Js0 10 ILAST

260 YOUI,d)=-NISYLP(IL+1,3)-N28YLP (IL+2,3)-568 (NIOYLP(IL,J) -NASYLP (1L+3,3))
261 REXY

262 YB(I, IK)=YR (T, IK) +(1456) /2: YO (I, IK+1)=YB (I, IK+1) +(1-56) /2

268 MEXT

275 6070 1040

304 L2603 1=0:79=1/ (20MNRHIO) 2HF)

552
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305 Y(0,2)=Y(0,2)-T5:¥(1,3)=Y(1,3) -TS-ULMUC

310 L=LLAST: I=L-1:T5=1/ (28NNSNULLAST) $WF) : T1=281

320 Y(I1,2)=Y(11,2)-TS: Y (1141, 3)=¥ (1141, 3) -T5-ULNUC

325 FOR L=1 70 LB:I=L-1:LL=L160SUB 100z IT=1:1B=L:1=281T

330 J=1:1F L=LB THEN J=0

335 Y1, 20=Y(1,2)-NPE: Y (T, 3)=Y (1, 3) -NN2: V{1, )= (1, 4) +NNY

345 YUI,50=Y(1,5)-NP2: I=I+1

350 Y(I1,2)=Y(1,2)45K2:¥(1,3)=¥(1,3)-6P1: (1, 4)=Y(1,4)45P2

360 Y(I,5)=Y(1,5)45M1:1=1882

365 Y(1,00=Y (1,00 4NM1:Y (1, 1)=Y(1, 1) +ir2s Y (1, 2)=¥(1,2)-NPY

375 YAI,3=Y(1,3) 4NN2: [= 141

380 Y(1,00=Y(1,00-6P2: Y (I, 1)=Y41, 1) 4SMA: Y (1,2)=¥(1,2)-5H2

390 YAI,3)=¥(1,3)-5P1-Jemuc

395 NEXT

394 PRINT *MATRIX FULL®

400 REM $SSINVERT NATRIXS$S

405 FOR L=1 TO LLAST: IT=L~1: IB=Ls IP=28ITsYY=1/ (YIP,2)):=IP

410 FOR J=2 T0 16:¥(1,0)=¥(1, I SYY:NEXT: IP1=1+1: IPZ=142: IP3=143

415 FOR J=3 T0 T6:YAIP1,J)=Y{IP1,d)-Y(IPL,2)8Y (1,3} :NEXT: Y (IP1,2)=0
420 IF LOLLAST THEN 425

421 FOR J=b TO I6:Y(IP1,3)=Y(IP1,3) /Y{IPL,3) :NEXT:Y{IP1,3)=1:60T0 470
425 FOR 1J=IP2 TO IP3:FOR J=1 70 3:Y(IJ,3)=¥(1J,3)-Y (13,00 8Y(IP, 342 :NEXT
430 FOR J=6 T0 T6:Y(13,0)=Y(13,0)-Y(1J,08Y (P, ) NEXT

435 Y{13,00=0:NEXT

450 IP=IP+1sYY=1/Y(IP,3) s 1=1P

445 FOR J=3 T0 T6:Y(1,3)=Y(1,3)0YY:NEXT

450 1P1=1+1:1P2=1+2:FOR 13=1P1 TO IP2:FOR J=2 T0 3

4S5 Y(13,0)=Y(13,00-Y (13, 1) 8Y(IP, J+2)  NEXT

460 FOR J=6 TO T6:Y(13,3)=¥ (13,3)-Y (13, 1 0YCIP, ) sNEXT:Y (13, 1)=0

465 NEXT

470 NEXT

475 IP=28LB:FOR J=5 TO I6:¥{IP,J0=Y(IP,3)-Y(IP+1, 3} $Y41P, 31 sRERT: VAIP, 3020
480 FOR L=LB-1 TO 0 STER -i:IP=28L+]

485 FOR J=b T0 16:Y(IP,3)=Y (IP,)-Y(IP, 818V (IP+1,3)-Y (IP,5) 8Y (IP+2, ) :NEXT
490 Y{IP,4)=0:Y(IP,5)=0z IP=IP-1

494 FOR J=b T0 16

495 Y(IP,3)=Y(IP,3)-Y(IP, ) 8Y{IP+1,0) -Y{IP, £)8Y(IP42, 1) -Y (IP,5) $Y(1P43,J)
495 NEXT

497 FOR J=3 T0 5:¥(IP,J)=0:NEXT: NEXT

498 PRINT "WATRIY INVERTEG®

499 FOR 1=0 TO 28LLAST-1:FOR J=0 TO ILAST:Y(I,d)=Y(I,J+6) :NEXT

500 FOR J=ILAST+1 TO T6:Y(I,J)=0:NEXT:NEXT:RETURN

505 FOR 1={ T0 28LLAST-1 STEP 2:FOR J=0 TO ILAST

507 TAUC(I-1)/2,3)=Y (1,3} :NEXT:NEXT

S11 FOR J=0 T0 ILAST

512 YLP(0,2)=Y10,3)8(1/ (20ML1(0) $HN) 1 YLP (1, 3)=Y (1,3) 81/ (28HU10) SHN) )
S14 YLP(ASLLAST-2,8)=Y (28LLAST-2,J) 8(1/ (28HUILLAST) $N))

S16 YLPAGRLLAST-1,d1=V (ZVLLAST-1,3)4(i7 (ZiRUILLAST) §WNI 7

518 NEXT

520 YLP(1,0)=YLP(1,0)-2: YLP {48LLAST=1, ILAST) =YLP (48LLAST-1, ILAST)-2
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522 FOR L=1 TO LB:IT=28(L-1)21L=IT+(28L):T5=1/ (28HU(L) SHN)

524 FOR =0 TO ILAST

526 YLP(IL, D) =s(Y(IT, D) 4Y(IT+2,d) )81

529 YLPAIL4L, 3} =(Y(IT, J)-Y(IT+2,0)) 875

532 YLP{IL42,0)=(Y{IT+1,d)4Y{IT+3,J))8T8

S35 VLP(IL43, d)=(Y(IT4L, J)-Y(IT43,3)) 475

940 NEXT

542 YLPUIL#2,L-1)=YLP(IL42,L-1)-2: YLPCIL42,L) =YLP(IL+2,L) -2

944 YLP(IL43,L-1)=YLP(IL43,L-1)-2: YLP (IL+3,L)=YLP(IL43,L)42

545 HEXT:RETURN

547 FOR 1=1 TG 28LLAST-{ STEP 2:FOR J=0 TO ILAST

S48 TAU2((I-11/2,0)=Y(1,J) sREXTNEXT

S50 FOR J=ILAST+1 TO ILASTS2+¢1

551 JK=1-(ILAST+1) :LA=48LLAST:L 2=28LLAST: TS=1/ (ASMU{LLAST) SWN)

552 YLP(0,31=Y(0,JK) 8 (1/ (43U (0) SHN) ) + (ISWNSA(0, 0) /4) S (YLP(1,JK))

354 YLP{1,J3=Y{1,JKi8(1/ (ASNUCO) BNN})+({A(0,0) SNN/4) 8 (43YLP (1, JK}-YLP{0,JK))
555 YLP(L4-2,3)=Y{L2-2,JK)8TS+(ISHRSACILAST,0) /4) $(YLP (L4-1,IK))

956 YLP{L4-1,0)=Y{L2-1,JKI8TS~(ACILAST, 0) SWN/&) B (4RYLP (L4-1,JK)+YLP(L4-2,3K))
957 REXT

558 YLP(0,ILAST+1)=YLP (0, ILAST+1)+A(0,0) $NN/2

559 YLP(4S8LLAST-2,281LAST+1)=YLP (48LLAST-2, 28 ILAST+1)+A(ILAST, 01 SWN/2
560 FOR L=1 TO LB:IT=28{L-1): IL=TT+(L82) s TO=1/ (44HU(L) SWN)

962 FOR J=ILAST+! TO ILAST32#1

363 JK=3-{ILAST+1)

963 YLPCIL, J)=(YEIT,dK) +Y(1T+2,dK} ) 4TS4CLP (L, dK)

367 YLP(IL+1,)={Y{IT,JK)-Y(IT+2,JK) }8TS+CLM(L,JK)

570 YLP(IL42,d)=(Y{IT+1,JK) Y (1T+3,3K) ) $TS4SLP(L, IK)

S73 YLP(IL#3, D)= (Y(IT+1,JK)-Y(1T+3,JK) ) 8TS+SLN{L,JK)

575 REXT

580 NEXT:RETURN

700 REW 38833250LVE FOR MAX. EIGENVALUE AND EIGENVECTORSS3¥RX

705 LPRINT:FOR 1=0 TO ILAST:PRINT A(I,00sREXT

708 1T=0

710 1T=IT+1:ERRHAX=0:PRINT:FOR 1=0 TO ILAST:A(I,1)=0:FOR J=0 TO ILAST
713 AL DI=ALT, 1+ (YAUT, 3) 4YQ1 (T, 31 4YB3 (T, ) ) 8A(J, 0) s REXTNEXT

715 PRINT "NUMBER OF ITERATIONS";IT:IF ITDITMAX THEN 734

725 TP=0:FOR J=0 TO ILAST:TP=TP+A(J,1)*2:REXT

726 TP=GAR(TP):FOR J=0 YO ILAST:TENP=A{(J,0):A(J,0)=A(J,1)/TP

727 SERR=ABS(TEMP-A{(J,0)):PRIKT INT(100000'!8A(J,01)/100000!;

728 IF XERRYERRMAX THEN ERRMAX=XERR

729 MEXT:IF ERRNAXC, 0000099999998 THEN 734

736 6070 710

734 LPRINT:LPRINT TAB(O) "INTERFACE" TAB(15) “ticewvALUt®;

733 LPRINT TAB(29) “AMPLIF. FACT." TAB(44) “EIGENVECTOR® TAB(60) °NORMALIZED"
736 FOR =0 TO ILAST:8(J)=A(J,1)/A(J,0) :NEXT

735 TFIP=A(0,00:FOR J=1 TO ILAST:IF A{J,0)-TPTP)0 THEN TPTP=A(J,0)
739 KEXT

740 IF TPTP=R(0,0) THEN LPRINT *NO HAXIHUN FOUND®:60T0 734

742 TP=TPTPSHN/SLOPE:FTR J=0 TO ILAST:A(J,00=A{J,0)/TP:REXT

74é FaR §=0 TO ILAST ’
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746 LPRINT TAB(S) J TAB(1S) G(J) TAB(30) B(J)-1 TAB(A3) A(J,0);
748 LPRINT TAB(62) INT(100008A(J,0)$HN/SLOPE) /10000:NEXT

750 TA1=A(1,0):T85=A(S, 0) :RETURN

755 REM $888888SS84REND CONPUTATION OF EIGENVALUESISSSS88s

760 REM SS838RSSSSERELRRSEEREEITLELORLLLAIALINNILIINELNILE

1040 WF=2:605U8 175

1050 FOR J=0 TO ILAST

1055 (9, J+6)=-(A 0,0} SHN/4) SYLP(1,3)

1060 Y(1,346)=-(A(0,0) $¥N/4) YLP(0, )

1065 Y(28LLAST-2, J+6)=- (ACILAST, 0) 1NN/4) SYLP (48LLAST-1,J)

1070 Y(28LLAST-1, J+6)=- (ACILAST,0) $N/#) $YLP 48LLAST-2,J)

1075 NEXT

1080 V{0, L)=V1(0, £ 44810, 0) $NN/2)

1081 Y(28LLAST-2,16)=Y (28LLAST-2, 16)+ (A(ILAST,0) $HN/2)

1100 FOR L=1 T0 LB:I=L-fsLl=Ls IL=AbL-2: 1T=281:1P=]+]

1105 AP=A(1,0)+A(IP,0) :AN=ALT, 00-A(IP, 01 sALT=A(I, 0) $HN:ALB=A(IP, 0) NN
1110 WF=1:60SUB 100

1112 FOR J=0 T0 ILAST

1115 T1=(NN/4)$((S6-3852) $YLP (IL,J) +48S18VLP (IL+3,0))

1116 T2=(HN/A)8((ST+3854) YLP (IL+1,3) +A8S38YLPAIL42,0))

1120 SLP{L,J)=-APST1-ANST2:SLU(L, 3)=-ANST1-APST2

1121 CLP(L,J)=(38WN/B) 8 (APSYLP(IL+2, 1) +AKSYLP(IL+3,1))

1122 CLMAL,J)=(38NN/B) $ANSYLP (1L#2, J) +APSYLP (IL#3,0))

1124 T3UL,)=YLPAIL, ) 852-YLP(IL+3, ) 851 TAIL, J)==YLP (IL+1,])854-YLP (IL+2,) 853
1125 NEXT

1130 CLPAL, 1)=CLP(L, 1) 4ALT/2:ELP(L,L)=CLP (L, L}+ALB/2

1135 CLN(L, 1)=CLM(L, 1) +ALT/2:CLM(L, L) =CLM(L, L) ~ALB/2

1140 WF=2:605U8 100

1145 FOR J=0 T0 ILAST

1150 TNT=CLN(L, d) SNS4SLP (L, J) SN2+CLP(L, J)SN3-SLM(L, J) $N#

1155 YUIT, 346V (1T, J¢6)4TNTHALTR (T3 (L, ) 4T4(L,d))

1160 THB=-CLM(L, J)$NL-SLP (L, J) SN2+CLP (L, J) SH3-SLM(L, J) $NA

1165 YiIT+2, J46)=Y(1T+2,3+6) 4 TNB-ALBR(T3(L, ) -T4(L,3))

1170 TST=-CLP (L, J)$52¢5LMIL, 3} $51+CLM(L, J) $S44SLP (L, ) 853

1175 YUITH1,J46)=Y (IT+1, Je6)4TST+ (ALT/20 R (YLP(IL#2, D) YLP(IL#3,))
1180 TSB=CLP{L,J)$52-51N(L, J) $51+CLMIL, J) SSA4SLP L, J) 853

1185 Y(ITH3,J46)=Y (1T+3,3+6)+T5B-(ALB/2) $CYLPCIL+2, d)-YLP(IL+3,d))
1190 NEXT

1195 NEXT

1200 WF=2:605UB 300:G0SUB 547

1300 WF=1:G0SUB 175

1304 AA=A(0, 0)8KN/2:AB=ACTLAST, 0) $¥N/2:L2=28LL AST: LA=ASLLAST

1305 FOR J=0 TO ILAST:K=J+ILAST+]

1306 TP=(H-2)8((H-1)/2)8(3/4) $(A(3,0)42) ${TAULD, 1) ~3) /BHAT

1310 (0, J+6) =-AABYLP(1,K)+ { (ARA2) /2) 8 (BRYLP(1,J)-38YLP (0,31}

1315 Y(1,346)=-AASYLP(0,K) +( (AA*2) /2 8 (3BYLP(1, ) 448YLP (0, J))+TP
1320 Y(L2-2,J46)=-ABSYLP (L4~1,K)-((AB*2)/2)$ (BYLP (L4-1,3) +38YLP (L4-2,J))
1325 VAL =1, J46)=-ABSYLP(L4-2,K) +((AB*2) /2) § (38YLP (LA-1, ) -48YLP (L4-2,1))
1330 NEXT

1340 YU1,6)=Y(1,6) +68 (AR*2)

.
3
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1345 Y{28LLAST-1,16)=Y(28LLAST-1, 16) +68(AB*2)

1350 FOR L=1 TO LBsI=L-f:ll=L:IL=48L-2:1T=281:IP=]+1

1352 ALT=A{1,0) 8NN/2:ALB=A{IP,0) JUN/2

1355 AP=WNS (A(1,0) +A(IP,0)) sAN=HNS (A(],0)-A(1P,0))

1357 APP=(APA2+AN~2) /16:AMN=(APRAN) /8

1360 WF=1:605UB 100

1362 FOR =0 TD ILAST

1363 T1=(56-5852) $YLP(IL,J) +68518YLP(IL+3,0)

1370 T2=(S7+5¢54) BYLP(IL+1,3) +68538YLP(IL+2,4)

1375 CLP(L,J)=-APPSTI-ANNET2: CLMAL, J)=~AHNST1-APPIT2

1380 T&(L,J)=68NI8YLP(IL+1,J)~(N6-TON2) SYLP(IL+2,d)

1385 T7(L,3)=58NISYLPLIL, 3) - (N7+7SNR) SYLP(IL43,d)

1390 REXT

1355 WF=2:605UB 100

1400 FOR J=0 TO ILAST:K=J+ILAST+1

1405 T1=868YLP{IL,K}4S18YLP(IL+3,K) 2 T2=574YLP (1L+1,K)+SISYLP(1L+2,K)
1410 SLP(L,J)=-APPETEIL,d)-ANNRT7(L,J)-28 (APRT1+ANST2}

143 GLR(L, 3)=-ANNSTAIL, D) -APPST7(L, ) -28 LANST14APST2)

1417 TUNL(L,)=828YLP(IL,K) -S18YLP(IL+3,K)

1418 TVRZ(L,J)=-GAEYLP (IL+1,K)-S38YLP(IL+2,K)

1420 TB{L,2)=38N18YLP(IL+1,K)+ (43K4-N2) SYLP(IL+2,K)

1421 T9L,J)=3ENIBYLP (IL,K) + (4INT+NA) SYLP (1L+3,K)

1323 NEIT

1825 SLP(L, 1)=5LPIL, D+ {3/2) S (AP+AR) /2) 2

1827 SLPAL,L}=SLP(L,L)+(3/2} S ((AP-AN}/2)42

1430 SLM(L, IY=SLM(L, 1)+ (3/2) 8 ((AP+AN) /2)42

1832 SLMAL,L)=5LMILL)-(3/2) 8 { (AP-AH) /2)*2

1435 &F=1:605UB 100

1480 FOR J=0 TO ILAST

1845 TB=-NISYLP (IL+1,J) -NO8YLP{IL+2,3) s T9=-NIRYLP(IL,J)-N73YLP{IL43,3)
1448 THT=N1SCLM(L,J)+N28SLP(L,J) +N3SCLP (L, J)-N4SSLA(L,J)

1430 Y{IT,d+6)=Y(IT,J+0) 4TRT4ALTH (TVNL (L, 3) +TVNZIL,0)) +{ALT*2) $(TE+TT)
1452 TNB=-N13CLM{L,J)-N28SLP (L, J)+N3SCLP(L,d) -NASSLNLL,J)

1455 Y(IT+2,J46)=Y(IT42,J+6) +TNB-ALBS (TYNS (L, J}-TUN2(L,J)) - (ALB*2) $(TB-T9)
1836 TP=(H-2) 8{(R-1)/2)3(3/4}8(A (I, 00208 (TAU(IP,J)*3) /BHAT

1458 Ti=S68YLPUIL, 3D +S1YLPIL4T, 3) s T2=574YLP (1L +1,3)+STIVLP(IL+2, 1)
1459 T5T=-524CLP(L,J)+5188LR(L,d) +548CLA(L,J) +534SLP(L,J)

S460 YCITH1,0¢6)=V{IT41,J+6) +TSTHALTE(TBIL, J)4T9L,d)) +(ALTA2) $(T14T2)
1463 T8B=824CLP(L,J)-S18SLHIL,d) +543CLAIL, ) +5385LP (L, J)

1465 Y{IT43, J+6) =Y (IT+3, 3£} +T5B-ALBI(TL, 3D -T9{L, 1)) -(ALBA2) $(T1-T2)+TP
1470 HEXT:NEXT

1475 wr=1:506UB 300

1500 WF=1:FOR L=1 TO LLAST:I=L-1:AR=R{1,0)$WN/2

1365 IF LCLLAST THEM LL=L:BOSUB 100:1T=28/L-1):T0=A1{1-1)42:56=1

1508 IF L=LLAST THEN 56=-1

1509 FGR J=0 TO ILAST

1910 TDALILL,J)=NISYLP(IL+1,3) ¢ (Z8N6-N2) SYLP{IL+2,J)

1310 TEAZILL, II=NIEVLRIL, 3) +{2ONT+RA SYL PLIL4S, 0)

1520 TI=BEOLIV{T,ar-VRT42,2 2870000 (LL,0))

1522 TA=N28((Y(IT+1,J)4Y(IT+3,d0) 8TS4SLP(LL,d))

r
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1524 ToH=NISU(Y(IT, 30 +Y(IT+2,d)) $TH+ELP(LL, D)

1526 T7=NAS((Y(IT+1,d)-Y(IT+3,3))8TO+5LN(LL,I))

1529 TB=-AAS(TVNL (LL,J)+S68TVNZ(LL,J))

1530 YA3(I,d)=-T3-T4-568(T6-T7)+T8+(AA*2/2) 8 (TDA1 (LL,J) +SE8TDA2(LL,d))
1335 NEXT:NEXT

1550 WF=1:605UB 175

1552 FOR J=0 TO ILAST

1554 Y(1,3+6)=(3-M) 8 (N-1) $ABS(TAU(0, J) ) $TAL(O, J) $A(J,0) $5850R (2) / (BHAT18)
1556 NEXT

i357 FOR L=1 TO LB:I=L-121T=2¢1:1P=I+{

1558 FOR J=0 TO ILAST

1560 Y(IT43,0+6)=(3-H) #{N-1) $ABS(TAU(IP,3))$TAUCIP, J)$A{J,0) $S45AR(2) / (BHATEB)
1564 NEXT:NEXT

1566 6OSUB 300

1568 FOR J=0 TO ILAST

1570 YLP1(0,d)=Y(0,J) $(1/ (28N (O} SNN} ) : YLPL(1,3)=Y (1, 0) 811/ (28HU{0) 8HN) )
1572 YLP1(ASLLAST-2,3)=Y{Z3LLAST-2,J) 8(1/(28NU (LLAST) 8KN) )

1574 YLPI(ASLLAST-1,3)=Y(28LLAST-1, ) 441/ (28HU(LLAST) SNN) )

1576 NEXT

1580 FOR L=1 TO LB:IT=28(L-1) ¢ IL=IT+(28L) :TS=1/ (28NU(L) SWN)

1582 FOR J=0 TO ILAST

1384 YLPL(IL,J)=(Y(IT,3)4Y(IT42,0))4T5

1386 YLPL(IL+1,0)=(Y(IT,)-Y(IT+2,J))8T5

1588 YLPICIL+2,0)=(Y(IT+1,J)4Y(IT43,J) 1475

1590 YLPLCIL+3,d)={Y(IT+1,3)-Y{IT+3,J))8T5

1592 REXT

1598 NEXT

1600 FOR L=1 TO LLAST:I=L-1

1602 IF LCLLASY THEN LL=L:6OSUB 100: IL=4%(L~1)+2:56=1

1604 IF L=LLAST THEN Sb=-1

1606 FOR J=0 T0 ILAST

1607 TP=-N1SYLP1(IL+1,3)-N28YLPL (IL+2,J)-S68 (NXSYLPE{IL, ) -NARYLP1 (IL+3,]))
1608 YQ{1,J)=TP

1610 NEXT:NEXT

1623 6OSUB 703

1630 1313=2:IF ABS(TA1-TD1)>.0001 THEN 1J1J=t
1635 d131=2: IF ABS(TA5-TDS)>.0001 THEN J1d1=1
1640 TD1=T@1:TD5=TA5: IF 131d=1 OR J1dI=1 THEN GOTO 1040

1650 WF=3:605UB 175

1652 AA=A(0,0) 8WN/2:AB=A(ILAST, () $WK/2:L2=28LLAST :L4=48LLAST

1654 FOR J=0 TO ILAST:K=J+ILAGT4!

1656 TP=-(N-2)8 ({H-1)/2)¢(1/8) $(A(J,01+2) $ (TAU{0,J}3) /BHAT

1638 Y(0,3+6) =~ (AR/3)SYLP(1,K)+({AR"2) /6) 3 (4RYLP(1,d)-YLP{0,d))

1660 Y(1,d+6)=-(AR/3)SYLP (0,K) 4 ((RR*Z) /2) BYLP(1,J) ¢TP

1662 Y(L2-2,J+6)=~(AB/3)$YLP(LA~1,K) - ((AB*2) /6) 8 (48YLP (L4-1,0) +YLP{L4~2,d))
1664 Y{L2-1,J+46)=-(AB/3) $YLP (LA-2,K) +({AB*2) /2)$YLP(LA-1,])

1663 NEXT

1666 Y(1,6)=Y(1,6)-28(AR*2}/3: Y(28LLAST-1, 16) =Y (28LLAST-1,16)-28(AB*2) /3
1668 FOR L=1 TO LB:I=L-f:li=L:1l=48L-2:1T=201:1P=1+]

1670 ALT=A(I,0) $WN/2:ALB=A(IP,0) SWN/2
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1671 AP=WNS(A(1,0)+A(IP,0)) :AN=MNS (A(I,0)-R(IP,0))

1672 APP=(£PA2+4AN~2) /48: ANN=(APSAN) /24

1673 WF=1:605UB 100

1674 FOR J=0 TO ILAST:K=J+ILAST+{

1675 TE=20RI8YLP (IL+1,3) +(SANL-TEN2) SYLP(1L+2,J)

1676 T2=28NIBYLP(IL,J) +{SENT+IINA) SYLP(IL+3,0)

1677 T&=YLP(IL,J) 8 (5856-9852) +YLP(IL+3,J) 814851

1678 T7=VLP{IL+1,J) 8(5857+49854) 4YLP{IL+2,]) $14453

1679 TBIL,3)=YLP(IL,J) $(54-2852) +YLP(IL+3,3) 431461

1680 T9L,J}=YLP(IL+1,J) $(S7+2854) 4YLP(IL+7, 123463

1681 TiG(L,Jb=-NISYLP(IL+1,J1-(38N6-20N2) SYLP(IL+2,))

1682 TEEEL,J)==N3SYLP(IL,J) = (TSNT+2INMI EYLP(IL+3, )

1683 TLPIL,3)=(2/3)8(APRYLP(IL+2,K) +ANBYLP (IL+3,K) ) +APPSTA+ANNSTT
1687 CLN(L,3)=(2/3) $LANSYLPUIL+2,K) +APSYLP (IL+3,K) ) +AHNSTH+APPAT7
1689 SLP(L,J)=-38 (APPST1+ANNST2) :SLA(L,J)=-3E{ANNST1+APPET2)
1690 MEYT

1692 WF=2:505UB 100

1693 FOR =0 TO ILAST:K=J+ILAST+{

1694 Tl J)=NIBYLP{IL+1,K)+(48N6-JINZ) SYLP(IL+2,K)

1695 T7(L,J)=NISYLP{IL,K) + (ASHT+38N4) SYLP (IL+3,K)

1656 T3=YLP(IL,K)$(56-2852) +YLP (IL+3,K) 83851

1697 TA=YLPLIL+1,K) 8(57+2854) +YLP (11+2,K) 43853

1699 SLP(L,d)=SLP(L,J)~(2/3) $(APSTI+AMSTH)

1700 SLM(L,J}=5LH(L,3)-(2/3) ${AMRTI+APST4)

1702 NEXT

1704 SLP(L,1)=SLP{L, 1) ~(1/6) $( (AP+AN)/2) %2

1705 SLP(L,L)=8LPIL,L)-(1/6)8((AP-AN)/2)*2

1706 SLMIL, D)=SLH(L, ) -(1/6) R ((AP+AN) /2)42

1707 SLMIL,L)=5LMCL, L) +(1/6) 8 ((AP-AN}/2)%2

1710 NF=3:605UB 100

1712 FOR =0 10 ILASY

1714 THT=RISCLM(L,J) +N28SLP (L, J) +NJSCLP (L, J) -NASSLN(L, )

1715 TR=JALTH(TUNI (L,J)+TVNZ(L,d))

1716 YUIT,046)=Y{IT,J46) 4 TRT+TH (ALTA2) 8 (T1O(L, 1) ¢TH1(L,0))

1718 TST=-G28CLP(L,J)+S13SLM(L, ) +543CLMIL, J) +5345LP(L,J)

1720 YUIT41,046) =Y (IT41,J46) +4TST+ALTS{THIL, J)4TTHL, 3) ) 4ALTA28(TB(L, ) +T9(L, 1))
1722 TP=-{H-2) 8 ((R=-1)72) {1/4) 8(A(],00°2) $(TAUCIP,3)~3) /BHAT
1724 TRE=-NISCLM(L,J)~N285LP(L,3) +NISCLP (L, d) -NASSLMIL, J)

1725 TH=-38ALRE(TUNL(L,J)-TVR2(L,0})

1726 YUTT42,345)=V 11742, J+5) 4THB+TH-1ALB*2) RITY0ML, D) -T1LIL, 3
1728 TSB=S28CLP(L,J}-SI8SLMIL, ) +SASCLM(L, J)+5345LP (L, 1)

1729 TH=-ALBS(T4IL, D -T7(L, 1)

1730 YAIT+3,046)=Y (IT+3,J46) +TOB+TH-(ALBA2) $(TB(L, 3} -T9(L,J)) +TP
§731 REXTeNEXT

1732 WF=3:605UB 300

1740 WF=3:FOR L=1 TO LLAST:I=L-1:AA=A(I,0)8NN/2

1741 IF LCLLAST THEN LL=L:605UB 100s17=28{L-1):IL=48(L-1)+2:56=1

ETAY SE ol AT TUSM QC=-d
AITL AT L™LLNOVY 1LY JU~ 3

1744 FOR J=0 T0 ILAST .
1745 TI=NIR((Y(IT, D) +Y(TT42,3) V8TS4CLPILL,J))
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1746 TI=NI$((Y(IT,d)-Y(IT+2,J)) $TSCLMALL, 3))

1747 T2oN28((Y(IT+1,304Y (1743, 1)) $TS4SLPILL, )

1748 TA=-NAS((Y(IT+1,3)-Y(IT+3,3)) $TSSLNILL, 3))

1750 T8=-38AA8(TUNL(LL, J) +SETYN2(LL, J))

1752 YG6(1,3)=-T1-T2-564 (T3+T4)+(3/2) $ (AR~2) 8 (TDAL (LL, J) +SE8TDA2(LL, J))+T8
1755 NEXT:NEXT

1760 WF=2:FOR L=1 T0 LLAST: I=L-1:AA=A(1,0) SN

1765 IF LLLAST THEN LL=L:6OSUB 100z IL=48{L~1)42: IT=28(L~1) :56=1

1767 IF L=LLAST THEN S6=-1

1770 FOR J=0 T0 ILAST:K=J+ILAST#]

1772 TP=-N1SYLP(IL+1,K)-NZ8YLP (IL+2,K) -568 (NZBYLP (1L, K) -NASYLP (IL43,K))
1775 Y82(1,3)=TP-AABTIILL, 3 +S68TA(LLIN)

1777 HEXTINEXT

2000 WF=3:605UB 175

2010 FOR J=0 TO ILAST

2020 Y(1,d+b)=-(3~M)${N-1)$ABS(TAU(0,J)) 8TAL(O, J) $A(J, 01 8SBR(2)/ (BHAT18)
2030 NEXT

2035 FOR L=i 70 LB:I=L-1: IT=281: 1P=141

2040 FOR J=0 T0 ILAST

2050 Y{IT+3,346)=-(3-M) $(H-1) $ABS(TAUCIP, J) ) $TAULIP, J)$A(J, 0) $5GR (2) / (BHATSS)
2060 NEXT:NEXT

2070 605UB 300

2080 FOR J=0 T0 ILAST

2090 YLP310,)=Y(0,0) ${17(68NU(0) SKND) sYLP3(1, 1) =Y (1, 31 8 (17 (68HU (O) i ;
2100 YLP3(48LLAST-2,)=Y (28LLAST-2,3)8(1/ (68MU(LLAST) §NN) )

2110 YLP3(ASLLAST-1,)=Y (28LLAST-1,J)8(1/ (68MUILLAST) SKN) )

2120 NEXT

2130 FOR L=1 T0 LB:IT=28(L-1)2IL=1T+(28L) : TS=1/ (68HU(L) $NN)

2140 FOR 3=0 T0 ILAST

2150 YLPICIL, D)=(Y(IT, D4Y(IT+2,31) 475

2160 YLP3(IL#1,)={Y (IT,3)-Y(IT42,3) 1475

2170 YLP3(IL42,0)=(Y (IT+1, 1) 4Y(IT+3,3))8TS

2180 YLP3(IL#3,J)={Y (IT+1,3)-Y(IT+3,0))4T5

2190 NEXT

2200 NEXT

2210 FOR L=1 T0 LLAST: [=L-1

2220 1F LCLLAST THEN LL=L:GOSUB 100z L=48(L-1)+2:56=1

2230 IF L=LLAST THEN S6=-1

2240 FOR J=0 TO JLAST

2250 TP=-MI$YLP3(IL+1,)-N24YLP3 (1L+2,])-568 (NSSYLPI(IL, 3)-NARYLP3 (IL+3,0))
2260 Y@5(1,3)=7F

2270 NEXT:NEXT

2500 WF=Z:605UB 175

2510 AA=A0, 0) SHN/4:AB=A(TLAST, 0) SHN/4:L2=28LLAST: LA=4SLLAST

2520 FOR J=0 T0 ILAST

2530 TP=(3-M)8$(H-1) $ABS(TAU(0,3)) $TAL2(0, ) 3A¢J, 0) $BSSAR (2) / (BHAT#B)
2540 Y(0,d+6)=-AABIYLPY (1,3)4YLP3 (1,15}

2550 Yi1,3+6)=-ARECYLPL (0, 3) +YLP3(0,J)) TP

2560 Y(L2-2,J¢6)=-ABS (YLP1(L4-1,)+YLP3(LA-1,d))

2570 Y(L2-1,5%6)=-ABS (YLPL (L4-2, ) +YLP3(L4-2,1))
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2580 NEXT

2590 FOR L=1 TO LB:I=L-1:Ll=L:IL=48L-2:1T=281:1P=]+1

2600 AP=R(1,0)+A(IP,0):AN=A(I,0)-A(IP,0)

2610 WF=1:605UB 100

2620 FOR =0 TO ILAST

2630 T1=YLP1(IL+2,J)4YLP3(IL+2,d) sT2=YLPI(IL43, D) 4YLP3(IL43,0)
2640 CLP(L,J)=(I8NN/B) $(APST1+ANST2)

2650 CLM(L,J)=(38NN/B) S (AMST1+APST2)

2660 To(L,J)=-(WN/Q)S{YLPY(IL, )8 (S6-3852) 4YLP1(IL+3, 1) £4851)
2670 TT(L,J)=~(WN/8) $(YLP1{IL+1,0)8{5743854) +YLP1 (IL+2,]) $4353)
2680 TYNIIL,J)=YLP1(IL,J)852-YLP1(IL4+3,J) 851

2690 TUN2(L,J)=-YLP1(IL+1,J) $G4-YLP1(IL+2,0} 383

2700 NEXT

2710 WF=3:60SUB 100

2720 FOR J=0 TO ILAST

2730 T3=-(IENN/4) ${YLPI(IL, 1) 8(3886~52) +YLPI(IL+3,T) 44451)
274G TA=-(JENN/4) 8 (YLPI{IL+1,J) (3057454} +YLPI(IL+2, ) 84853)
2750 SLP(L,J)=APR(TA(L, J)+T3) +ANS(T7(L,J)+T4)

2760 SLNAL,J)=ANB(TA{L, D) +T3)+APS(TT(L,J1+T4)

2770 TVRT(L,d)=YLPI(IL, J) $52-YLP3(IL+3,J) 858

2780 TVNB(L,J)=-YLP3(IL+1,J)854-YLPI(IL+2,)883

2790 T8(L,J)=YLPI(IL+1,J) Q28NI+YLPI(IL+2,3) ${38N6-N2)

2800 T9(L,3)=YLP3I(IL,J)S28NI+YLPI(IL+3,3) 8 (JINT+N4)

2810 REXT

2820 WF=2:60SUB 100

2830 AA=A(Y,0) SWN:AB=A(IP,0) ¢HN

2840 FOR =0 TO ILAST

2850 Ti=CLN{L,J)SN14SLP(L, 1) 8N2: T2=CLP (L, J) SN3-GLM(L, J) 8N4
2860 TI=TUNI(L,J)+TVRT(L, ) T4=TUN2(L,J)+TVNB(L,J)

2870 Y(IT, J46)=Y{IT,J46)+TI4T2+ARN(TI+TH)

2880 Y(IT+2,046)=Y(IT42,046)-T1+T2-ABR(T3-T4)

2890 Ti=-CLP(L,J) 852+5LH{L,d)851:72=CLR{L, J) #54+5LP (L, J1 853
2900 TP=(3-N)8(N-1)$ABS(TAU(IP,J) ) 8TAUZ(IP,J) 8A(J,0) $BESAR(2) / {BHATSB)
2310 TM=AAR(C(YLPY (IL+2,)4YLPILIL+3, 300 /2)4T8(L, J) +T9(L, 1))
2920 Y(IT¢1,d46)=Y(IT+,J4+6}4TI4T24TH

2930 TH=-ABY ({(YLP1(IL+2,))-YLP1{IL+3,3))/2)+TB(L,J)-T9(L,0))
2940 YiIT+3,046)=V(1T#3,046) -TI+T24TH+TP

2950 NEXT:NEXT

2940 WF=2:606UB 300

297G FOR L=1 TO LLAST:I=L-1:AR=A{1,0) 4NN

2980 TF 1(L1AST THEW LL=L:GOSUB 1002 1T=28(L-1): IL=48(L-1)+2: 561
2990 IF L=LLAST THEN Sb=-1

3000 FOR J=0 1O ILASY

3016 TI=NISCIYUIT,3)-Y(IT+2,3)) STHHCLRILL, 01)

3020 TA=N28((Y(IT+1,J)+Y(IT+3,) )4TS45LPILL,ID)

3030 To=H3B((Y(IT,J)4Y(IT+2,0) ) 8TS+CLPILL,3))

3040 T7=N48((Y(IT+1,d)-Y(IT+3,0) }4T+SLAILL, D)

3050 TR=AAE(TVNT(LL, J1+TUNT(LL,3) 4568 (TYNZ(LL,J) +TUNBILL,J))}
3060 a7l 3)=-T3-T4-568(T6-17)-T8

e

.
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3200 WF=4:605UB 175

3210 AA=AR(0,0) SWN/B:AB=A(ILAST,0) SKN/8:L2=28LLAST: LA=4SLLAST

3215 FOR =0 TO ILAST

3220 TP=~(3-H) §(M-1) $ABS(TAU(0,J) ) §TAU2(0.J) §A(T, 0) 8T4SAR(2) / (BHATSB)
3230 Y{0,J+6)=-AARYLPI(1,J)

3240 Y(1,345)=-RASYLP3(0,d)+TP

3250 Y{L2-2,d+5)=-RABSYLPI(L4-1,0)

3250 Y(L2-1,J+6)=-ABRYLP3(L4-2,d)

3270 NEXT

3280 FOR L=1 TO LB:I=L-1:LL=L:IL=48L-2:1T=281:1P=1+}

3290 AP=A(I,0)+A(IP,0) :AN=A(I,0)-R(IP,0)

3300 HF=3:605UB 100

3310 FOR J=0 TO ILAST

3320 CLP(L, 3)={1SSNN/16) R (APRYLPI(IL+2, 1) +AMBYLPI{IL43,3))

3330 CLM(L,J)=(1500N/16) S {ANRYLPI(IL+2,J) +APRYLPI(IL43,1))

3340 Ti=YLP3(IL,J) ${3856-5852) +YLPI(IL+3,d) 18851

3350 T2=YLPI(IL+1,J)3(3857+3884)+YLPI(IL+2,]) 88853

3350 SLPAL,d)=-(33WN/B) $ (APT1+ANRTZ)

3370 SLMAL.J)=-(3EHN/B) R {AMST1+APET2)

3380 TB(L,J)=YLPI(IL+1,J) SNI+YLPT (IL+2,J) ${3aN6-20N2)

3390 TR(L,J1=YLPI(IL, J)SNS+YLPI(IL+3,d} 8 (3ENT+28N4)

3400 NEXT

3410 WF=4:605UB 100

3420 FOR J=0 TO ILAST

JA30 TI=CLM(L,J)NS4BLP(L J)AN2: T2=CLP(L,J) INT-SLM{L, J) $NS

3880 Y(IT,J48)=Y(IT,J+6)+T14T24 (AP+AN) SHNS (TYNT(L,J}+TUNBI(L,d))
JAS0 Y(IT+2,346)=Y(IT42,346)-T1+T2-(AP-AN) §NNS (TUNT (i, J)-TVNBIL,d))
3460 T1=-CLP(L,J)85245LM(L,J)251:T2=CLM(L, J) ¢54+SLP(L,J) 483

J470 TP=-(3-K) 8 (M-1) SABS(TAUIP,J))STAU2(IP, J)$A(J, 01 ¥34SBR (2} / (BHATLE)

3490 Y(IT43,d+6)=Y (IT+3,048) -T14T2- ((AP-AH) /2) SHNS (TBIL,J)-T9(L,J})+TP
3500 NEXT:NEXT

3510 WF=4:60SUB 300

3520 FOR L=! T0 LLAST:I=L-1:AA=A(1,0)8HN22

3530 IF LCLLAST THEN LL=L:6OSUB 100:IT=2%(L-1):IL=48{L-1)42:56=1

3540 IF L=LLAST THEN §6=-1

3550 FOR J=0 TO ILAST

3560 TI=NISCIY(IT,d)-Y(IT+2,3)}8TS+CLNILL, D)

357C TA=R2R LY (ITH, JM4Y(IT+3,0) ) §TS4SLPILL, )

3580 To=HIR({VIIT, )Y (IT42,d774TI+LLFILL, 03 )

3590 T7=Na#{Y{IT+1,d}-Y(IT+3,5) }STS+5LMILL,J})

3600 TH=AAS(TYNTZ(LL,J)+5GRTVHRILL 1))

3610 YBA({I,J}=-T3-TA-568(T6-T7)-T8

3620 NEXT:NEXT

4500 LPRINT:LPRINT "INT." TAB(7} *YO({-1)® TAB(21) *YGL(1-11)* TAB(3S) "Y@3{1-111)" TAB(50) "YB(1-1-1i1)®
4310 FOR 1=0 TO ILAST:U=0:V=0:X=0:7=0:FOR J=0 TG ILAST

4520 U=U+YBUT, J)8A(T, 0 eV=V+YOI (T, J) BALT, 00 1 X=X4YQI (1, J) $A(J, 0) 1 NEXT

4530 LPRINT 1 TAB(S) (U/A(1,0))-1 TAB(20} V/A{I.0) TAB(35) X/A(I,0) TABISO) {(U+X+V)/AL1,0))-1
4540 NEXT
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4350 LPRINT

4351 LPRINT "INT." TAB(7) "Y@2(2-11)" TAB{20) "YB7(2-111}* TAB(34):

4332 LPRINT "YB3(3-11)" TAB(49) *YQ4(3-111)" TAB{64) "YO4(4-111)"

4560 FOR I=0 TO ILAST:U=0:V=0:W=0:¥=0:7=0:FCR J=0 TO ILAST

4370 U=U+YB2{I,J)8A(J,00:V=V+YBT (1, J)8ALJ,0) s W=N+YBS (I, J)8A(J,00 s X=X+YBA(I,J) $A(D
/

5580 LPRINT TAB(O) 1 TAB(4) U/A(I,0) TAB(19) V/ACI,0) TAB(33) W/A(I,0) TAB(48} X
4590 NEXT

4500 G0TO 205

5000 REM $333888888358888888 INITIALIZESRSSRS838888281)

3010 DEFINT 1,J,L:DEFDBL Y,E

5020 1=0:J=0

5030 INPUT *NUMBER OF LAYERS (INCL. MEDIA)*:LAYS

5080 LLAST=18YS~1: TLAST=LLAST-1sLB=LLAST-1; T6=ILAST+6: ITA=TLASTAZ: ITHAY=20
5050 L=LLAST

5060 DIN TIL),HUL),AL,1),K(L),B(L-1),Y(28L-1,16) YLP(ASL-1,28L-1)
5065 DIM YLP1 (48L-1,L-1),YLP3(48L-1,L-1)

£070 DIN YA(L-1,L-1),YBL(L=1,L~1),YB2(L-1,L-1) ,Y3(L-1,L=1)  YBH(L-1,L~1)
5080 DIN YAS(L-1,L-1),Y86(L-1,L-1) Y87 (L-1,L-1)

5690 DIM CLP(L,L-1),CLM{L,L-11,6LFIL, L=1), SLAL, L=1)

5120 DIt TUNI(L,L-1),TWN2(L,L-1), TUNT(L,L-1), TUNB(L,L-1)

5130 DIN TDAL(L, L), TDA2IL,L)

5140 DIN T3(L,L-1), T4(L, L1}, T6(L,L-1), T7(L,L-1)

5150 DIM T8IL.L-1),T9(L,L-1) , THO(L,L-1), THH (L L-1:

S160 DIH TAU(L,L-1),TAU2(L,L-1)

5170 P1=3.1415926535897934: £=2, 7182818284590458

5180 INPUT *T(1)/T(2) LAYERS =*;T2

5190 INPUT *NU(1)/MU(2) LAYERS =*:MU2

5200 INPUT *MU(U.M.) /MU(2)=";HU(0)

5210 INPUT *MU(L.K.)/HU(2)=": MU(LLAST)

§220 FOR 1=2 T0 LB STEP 2:T(I)=1:MU(I)=1:NEXT

5230 FOR I=f 70 LB STEP 2:T(1)=T2:HU(1)=HUZ:NEXT

5240 SCALE=T(1):TT=0:FOR L=1 TO LB:T(L)=T(L)/SCALE: TT=TT+T (L) :NEXT

5250 LPRINT "LENGTH SCALE=":SCALE

5260 MAU=MU{1)sFOR L=0 TO LLAST:MU{L)=HU (L) /MHUs NEXT

5270 LPRINT:LPRINT "LAY NO*,"MU(L)/NU(1)®,*T(L) /SCALE*, *T(L)*®

5280 FOR L=0 TO LLAST:LPRINT L,HUML) T(L),T(L)SSCALE:NEXT

5200 PRINT "THE FOLLONING RANGE FRON O (BONDED) TO VERY LARGE (FREE SLIP)®
5300 ULHUC=100000008:REH INPUT *HU(LAYER) /MU(CONTACTS AT UPPER AND LONER CONTACTS)®:ULHUC
5340 INPUT *WULLAYER) /WUICONTACTS BETWEEN LAYERS)*:WiC

5320 LPRINT *ULMUC=*;ULNUC, "MUC="; MUC

5330 INPUT "POMERLAN EXP M (i, 2, OR 3)-+:~

5340 LPRINT *POWERLAN EXP M="3N

5350 INPUT *MAX. SLOPE (DEGS.)";DEGSLOPE:LPRINT "MAX. SLOPE=*;DEGSLOPE;*DESS.”
5360 SLOPE=TAN(DEGSLOPESP1/180)

5370 INPUT °ANISO=";ANISU:LPRINT “ANISOTROPY (ETA N/ETA S)=":ANISO

5380 BHAT=(M8 (485LOPE)~(N-1)) / (ANISO-1) :LPRINT *BHAT=":BHAT

5390 LPRINT *TOTAL THICKNESS®,TTSCALE

5400 LPRINT *AL(N-1) /BHAT="; {SLOPE~ (M-1)) /BHAT

5440 FOR I=0 T0 ILAST:A(L,0)=SLOPE:NEXT

5420 RETURN

0D Z=1+Y04(1, )RR,
AMI,00 TABL FETH

0):NEXT
%

+Y@4(1,J)
T, LTy 7
1 Ui &

(%
¥V
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