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INTRODUCTION

Many of the attempts to provide & general physical
 gthQ@ry including gravitational, relativistic, and quantum
»¢§:focts have led to generalized fleld theories. The
'Emcyhod of attack has proceeded from generalizatiéne”gf,the
?:ﬁbréglism of classical particle dynamics, claséicéimplecm.
,fjtrbdynamlcs, and particle quantum meehanics;,.The“syntheéis

aand.extansion of the ideas of the older theories wWere. ini-
JVQQxated by Diracl, Jordane, Heisenberg3, and Pau112’3.

_ Basic Prineiples

4 1g usually to select a Lagrangian L

: The procedure
;?_‘Z‘fgg;;a function of the field coordinates ¢ = (A, 19) and
,ﬂlghgir derivatives:

; L=L (% Fap, Qapy )

ifwhare the ¢y are functions of the space-time coordinates

(= (xl, Xo) x3, xu = 1xg = iet) and

/ } = .._3._.‘.’3. - Q Yu
cPd:P é X{S ! ('Pdvpa- éXp 3)‘3

4

1 P. A. M, Diraec, Proc. Roy. Soc. 11& 2&3, 710 (1927).
2 P, Jordan and W, Paull, Zelts. ¥ hyeik, 47, 151 (1928).
: 3 W, Heisenberg and W. Paull, Zeits. f. Phys
6 1 (1929); 59, 169 (1930).
-4 Bee, fer exsmple, the review article by V. Pauli
Rev. Mod. Phye. 13, 203 (1941).
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- The application of the variational principle
' 1cdW = SSL =0, al= dxy axpdxzdxy (1.1)
‘leads to the fleld equations (the form of which depends
on the order of the derivatives in the Lagrangian), when
'f the‘var1ablea in the Lagranglan are speclfied and unvaried
'_rfen the boundaries of the four-dimensional manifold
over which the integral is taken. A different application
':@f~the vari@tion_procedure, where the potentisls as well
 1#3 the boundaries are varied, while the field equations
are satisfied throughout the region of integration, as
féllaws:5
Xpt Sxg X
10éW = S | (L+dL)aR - S L as, (1.2)
;,;pada to the dete;mlnation of the enerég—momentum tensor,
_ with the ald of the definition of the total momentum P,
~ through |
‘ W = Pquu,
and'ef the energy-momentum tensor tuv through
. P,= j' tyy 48,
Quantization is effected by the Helsenberg-Pauli
  §&1¢, which 1s a generalization of the particle quantum
  ;m¢¢han1cal rule

Pydyr = 4Py = -hiS“.

B The notatlon and techniques of this section are the
.. eseme as thoge used by B, Podolegky and C. Kikuchl, Phys. Rev,
65, 228 (194k). This paper will be designated as GE II.
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 to a form applicasble to field quantities, at a given

‘instant:
| p(r)glz!) - qlz')p(z) = -h18(x - r') (1.%)
‘ér its.alternate,

Fam) = (8, 7], , (1.5)

 Here Dy, the particle momentum component conjugate to qj,
~ is defined in terms of the derivative of the Lagrangian;
 ana p(r), the field momen tum componént’conjugate to qlr),
1fjgany one component of the potential, is defined in terms of
“ f:fnnctiona1 derivatives of L = .fﬂ dv (see, for example,
GE II, eqns. 1.4, 1.5),
Now the potentials are not uniquely determined by
$ what may be thought of as the observable quantities, the
Fifield strengths E and.?l as a consequence there 1s some
’ -s,rbitrariness in the potentials which may be reduced by
yythe specificatlon of auxiliaﬁy conditions, The cholce of
:~‘¢¢nditions 1s restricted in qﬁantum electrodynamics by
' fe§uiréments imposed by the commutation conditions arising
 ;;in‘a qfnumber theory, as well as by thé customary reqguire-
~Jm§nts of the c~number electrodynamics. There is usually
szﬁfficient latitude, however, to permit a useful cholece of
‘>;”aux111ary'eonditlons.
- ‘The Generalized Quantum Electrodynamics

In the usual quantum electrodynamics the Lagrangian

   ;£§;reatr1eted to contaln derlvatives of order not higher
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vajﬁhan first. Pedalskye has postulated a generallzed elec-
; ,tredynamica by including second derivatives of the poten-~
‘tidls in the Lagrangisn. In the non-quantum electrostatic
f ¢ase it was shown that the field and the gself-energy of a
‘péint~charge are'everywhere finite; and in the non—qugntum
 ;‘r9lat1vist1c case for space free of charged particles thét
 ';;f£piso1ut1on of the fleld equations for the potentials con=-

”f1§1338 of two parts, the ordinary waves, éarreaponding to

ﬁwffhe usual electrodynamicel waves describing photons, and

"athe~extraordinagx waves, analogous to de Broglie waves for

. neutral perticles.

. InGEII Podolsky and Kikuchl extended the theory to
“,include quantum effects, by applying to the Lagrangian con-
 "§ﬁiﬁing the continuous set of field ecoordinates, together

-,,wiﬁh*thelr,first‘and second derivatives, a generalization

f@ﬂ the technique suggested by Ostrogradsky7 for application
 539 a'Lagrangian contalning a discrete set of particle coor-
f;«dinates, together with their first and second derivatives.

 5f¥hx«forma11sm of Fock and Po&éiskyg was used in estabiishing
t’}.ﬂyfce:mnma.’t:a.‘cSuean rules for field strengths, and for the selection

fQJQaf the auxiliary conditions, following the work of Diraec,

. 6 B, Podoleky, Phys. Rev. 62, 68 (1942). This paper may
‘,be ecalled GE I,
w7 tsefxE. T. Whittaker, Analytical Dynamics (1927),

” p Qr . )
V. Fock and B. Podolaky, Physik. Zeits, SowJetunion 1,
1932). Thie paper will be designated as FP,
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- Fock, and Podolsky9, and a later paper by Stﬁckelberglo.

“ :In the fashlon of DFP the field equations were derived,
Podolsky and Kikuchill,‘through elimination of the
‘auxiliary conditions in the manner of Focklz, derived the
' g‘axPression for the electrostatic interaction and the self-
»,f;éﬁergy of point charges in the quantum case (which values
Vﬁifﬁﬁned out to be the same as for the non-quantum cese),
 and also derived the relativistic wave equation for a
f;;single particle.,
In the present paper the relativistic wave équation
f‘tér a gystem of particles is derived, A generalization of

12 is developed, and applied to obtain the

 Fock's formalism
’ ~§i:3t—order approximation of the rslativistic interaction
Jbéfﬁeen two eleétrons, on the generalized quantum electro-
_ dynemice. The result contains no infinitles.
:*;Fprmallsm‘ |
‘  In particle quantum mechanics, the soiution of parti-
‘:jcular‘problems is often greatly faelllitated by choosing

  ggpee1r1c forms for the operands to be used in conjunectipn

9 P, Dirac, ¥. Fock, and B, Podolsky, Physik. Zelts.

: ;'g“-;Sewgﬁgunion 2, 468 (1932). This paper will be designated
. 10 E, C, G. Stiickelberg, Helv, Phys. Acta 11, 222 (1938).
11 B, Podolsky and C. Kikuchi, Phys. Rev, b7, 18k (1945),

© This paper will be designated as GE III, '

12 V, Fock, Physik., Zeits. Sowjetunion 6, 425 (1934),
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 w1th operator equations. The usual Schroedinger formula-
tidn regults when the operands’are taken as functions in
:'fjeenfiguratioﬁ space, and each spatial coordinate operator
‘ _is represénted by the spatial coordinate, each conjugate
‘1, momentum by a factor times the derivative with respect to
' , the coordinate, for example, the equation
| Pydyr = dy1Py = ~h15513 (1.3)
'?Epermite the representation | | |
= (-10d /dqy)ay ¢ - qu(-ihb /2a3) P = ~818y 1§ (1.6)
. ‘where ¢ =‘|J(qj).
4 Fock in a serles of papers;B has developed an analo-
f>7 géuaffermu1ation for field quantum mechanics., For this
, ¥éése the operands are taken as functionals of the field
 'var1ables, and each fleld coordinate operator is repre-
;f gented by the field coordinate, each conjugate momentum by
j qgraétor times the functional derivative‘with respect to
~fi£he coord1nate; for exampie, the equation
| pl(rla(r') - qlr')plr) = -n18(x - r') (1.4)
']7 §;11'a11ow the representation
- (-m § /8ale))alz! YV~ glr')(-1n§ /Salr))y=
Lo a8z - ")V (1.7)
: ,"ijhgere V=Ylalz)].

'f,fﬁébk has provided i1llustrations of the use of this repre-

13 V. Fock, Zeits. f. Physik, 49, 339 (1928); I5, 622
B “(1“,‘52) and reference 10,
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:{",sentation in reference l1ll, and further apﬁlicatlon of the
technique is made in GE III: it furnighes the basis for

~the computations of the present paper.
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WAVE EQUATION FOR A SYSTEM OF PARTICLES

Derivation of Wave Equation for a System of Particles

According to DFP, GE II, and GE III, the Dirac wave

 "squation for a system of particles and field, together
"E;with their interaction, 1s

| (H, + He + H pt) ¥ = 100¥/0T - (2.1)
_with
‘ ¢ =¢(r ..0rg; Alk),A" (k),90), ¥ (k);
L) & (x),8(x), %%(x); T) (2.2)
,,where

n 5 | |
HP=Z;(0_9_(’E +mcB); - (2.3)

8 f[A (K)eA(k) - 0%(k)0(k) + AlKk).A" (k)
“« P (x)¢" (k)]k dk
-[[g(y-g(y - §%e)¥(x) + E(x)+A" (x)
- P x) P (x)] B2 ax  (2.4)
n
= 82;183[<P(£8,T) - % eAlr,T)]. (2.5)
 When the single equation with common time T ls replaced by
?;theaeet of equations with separate tlmes t; in accordance
-with DFP ,; and after several transformations and use of
' ; ¥&ﬁx111ary conditions, it is shown in GE III that the equa-
 %ions to be solved are

(c staBh + mgo 0,10 = 148, (2.6)
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 where
| 3
By =pg - =2 Dlr,,t,) = 22 ngs, (2.7)
v, 1
T' = a - E_g.é___g_ - -E-q‘-. .
e T T TR TN (2.8)

‘The last two equations are GE III (4,2) and (4.3), with
'  abv1aus minor changes in notation. The definition of Ug

«15 given by GE III (4.1): ' - -
p=y fu [ain (9, - 9,) sin (¥ -—vu)] ax

T (2m)? x> B

—t

‘;fwhere

| 9g = oktg = kerg, 9 = cktg - kerg.

, In order to obtain the wave e@nation for the syateﬁ,
_ DFP ghows that the equations for the individual particles
: "'are to be added, and the times are to be set equal to the

. common time T. Now it 1s readily shown that
A PT = N0t +§ d /ot g;

nyégd inasmuch as £ 1s independent of t, the effect of
‘ 5adding equatione and setting times equal 1s tp replace
' i‘a‘/ata in individual equations by 9 /0T in combined eque-
'5g&19ﬁ. The resultant equation is further simplified by
fﬂshawing that V Ug= 0 when times are set equal, and meking
 ;ffu§¢ of GE III (4.3) and (4,12), namely

le)U
, zz ﬁ“l_s o (1 - e

”123 ‘AEn‘/a)‘

‘ ??h§ resulting wave equation for a system of particles in
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’  the generalized quantum electrodynamics 1s thuslu

| Z{Q‘—S‘(cp-s," £D(rg,t)] + msceps}ﬂ =
8

~lrg = Iyl /8
2.1 fafy l-e —© =77)
S TR unlr_s—_r.ul( °
‘ 8,u
2
1 fa o
- . (2.9)
8

,J;Representatien of Wave Equation 131Funct;ona1 Formalisml5‘
- It will be convenlent to transform the field variables
: to their Fourier amplitudes, by means of equation GE II,
(3.3
D(rg,t) = (1/en)3/‘7{g<g_> exp [ 1(kerg - kot)]
+D (k) exp[ =1(kep, - ket))}ax
+ (1/2::)3/]( D(k) exp [1(k-r - kct)]
‘ + D' (k) exp{ -1(kery - kct)]} ax.
'jicFrom the commutation rules in GE III (2. 7)16, it follows
“fthat D(k) may be represented by :
D(k) = Wépa(l/k)kxe b(k,§) (2.10)

;1'whsre ﬁj =1, ey are a get of Carteslan unit base vectors,

14 This equation was derived earlier by C. Kikuchi in
»Q_«é&fferent manner, but has not been previously published.
. 15 This is the formalism developed by Fock in :
i‘;{reference 12,

- 16 Note the typographical error in the second equation;
’»~athc tilde over the k2 in right hand side has been omitted.
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‘vandthe b(k,J) are operators satisfying

ey, P ) = 0 8tk - 1 (2.11)
~ end D(k) by
| b(x) = Ven/zx i_@J(l/ak)(&k*BJ + eJ) B(k,3) (2.12)

~ where (33\ =1, gy are defined previously, and b(_k_,J) are
s ,f@perators satisfying

[B(;k.).j): B*(E':J')] = - JJ‘S(k - k')f ' (2'13)

_ Upon definition of

= en? GEEY 6o 1men o of BT E,
o | | ) (2.1%)

' "~»§*<§»3>‘~‘ (1/2"’3/2 'cﬁ/eiz s pJ(l/ai)(g(s;a:k_' ey ¥ Xa*Ly) °
L . 8 "

o HlEEg - Eet) (5 o)
 ana
| ',._Ks Z[o(s.cp_s mgc p ]-l- lz nﬁgiu _u‘(l - e"‘?.'s = .’E‘.ul/a’)
“8,u
* ggg, © (2.16)
8
~1iths wave equation (2.9) becomes
| :_Hﬂ- 1h 289t =
{E%:}’dk[a (k,3)0(k,]) + Gk, J)b'(k 3)
+ 8T, 0Bk, ) + e, DB R, (2.7
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10w

The time factors in the exponentials in G's may be

_eliminated through transformations of type

1Wtb(k J)e

where
w=g ?% fdk'[k'b (k',3')b(k!,3%) = k'B7(x', 39b(x!, 3],
(2.18)

ffrﬁam the commutation rules for b and b, it follows that

- +
e‘iwb(y_,[j)ei% = b(_l_C_,J)O ickt’

wiwt * ickt

(k, 1)el"t = p*(k,))e
e—iwbg(gd)eim = E(E,J)Q‘..ic»it,

e'-iw'ts* -ickt.

(k,3)et"® = B7(k,)e

"~f_;There is also the relationship

eIV (1n 3 /3t)et¥h = w1n I /3t + Aw. (2.19)
Upon definition of
Golk,)) = Gf(g,J)elckt , and so on,
7/the transformed wave equation becomes (where the trans—
o fermed,runctional is designated by the same symbol as
’ the original functional) ‘
(H~1n J/t) + he i ]ak[kb (k,3)b(k,3)
. - BB (k, )8, 30} R =
; {% axloh(x,3)0(k;) + 650k, 3)0% (k,3) + G(k,3)B(Kk,))
s + 5°(§,‘J)%’(_1_:_,J)]}ﬂ. (2.20)
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- Explicit Representation for Field Operators and Functional
A gufficlently general forml! for the functional is

Q = rZsQrs

where

) Qrs E 5- T foao[d&loood}}_‘r dg_looqd&s | * .
‘ 8

Jl,o’.’r 11,‘.1

."-V\Pr(g_l,,al...&,ar) blky,d7)e0ablkn,dp) ¢
s P (L 02qe 00 dgoty) B L) BIL L), (2.21)

Each sum 1s to be taken from 1 to 3 over the values
of §J and i, and each integral over the entire momentum
- space of k and {. The symbol £, of the same nature &s k,
": zhas been introduced temporarily for clarity.
Wil‘ The functional derivative is defined by
¢ S___W[;',y) Eﬂ]i’é' i‘{ﬂ[ﬁ(_ls,.l) + ‘nSJJ.vS(g"- x)]
-Q[bs,a}, |  (2.22)
; ~where k,) are the varlables of integration and summation
 '~11n the funectional,
 Derinitions (2.21) and’(2.22) permit the association
blk,J) ~ §/8b(k,8); v¥(k,3)~ B(k,1);

b(L,1)~ §/86(2,1); BT(L,1)~ =B (£,1) (2.23)

17 B, Podolsky in a private communication has suggested
- & notation which 1s more useful for problems of a general
-~ nature; however, for the specific case in this paper the
- .present notatlon ig adequate. ‘
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ke

for 1t may readily be shown that |
- (8/8b(k,3)) B(E', 3" )2~ B(k',1')(8/5B(k,)) ) =
| 85518k - )R
© ana | : (2.24)
50 (-8/55(£,1)) B(L,11)0= B2 ,11)(-§/55(L,1))R =
-8, 8(L- L8,
‘ ¥2h§se two equations are to be compared with the commu-

; fat1on rules (2.11) and (2,13).
 Application to Wave Equation ’

The explicit representation developed in the pre-

- ceding section may be applied to the wave equation (2;20)
 f1h order to obtain an ordlnary wave equation in k-space.
ffFér_the immediate purpose of this paper, we are’intereated
’ ih the case where the series of functionals is to be

‘   Ereken off after only the first three terms., Then
R -8, ""Qlo + 851

~ where
9*oo =¥o Yo

Q10 ==‘\’QF [ dk1y (kg

;31) =
Idkﬁh(k 3) ®Blk,3)

1_‘1

- Yo 3
84, *Woéfdh$1(4’11) B(fy,1) =

‘ Z

J

O

Yo jdﬂi(&d) B(k,J).

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



| The subgtitution of this eXpression in the wave
, ,eqﬁationw.arter conamferable computation results ln the
| 'fﬁllewing three equations:
C{HE - 1h R, =
fdk o (k0 ¥o¥a(k,1) + ]ak &0 (k,3MoPa(k,3) (2.25)

. me ok = 18 /3t )%ty (K, 1) = Golk,3) Fovo (2.26)
s : ,(H + hek - 1A b/at)kpeqal(g_,'j) .=-c}0(£,3) WO\PO' (2.27)
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RELATIVISTIC INTERACTION OF TWO ELECTRONS

Suppose the system consists only of two electrons
and their field, To obtainia first-order approximation
7;(1,3;, matrix elements proportional to the square of the
 ,§eharge,6n the electrony) it 1s possible to treat the
‘  ;Llést.two terms in the definition of H (2.16) and the
*;ﬁéntire right hand side of (2.25) as perturbations of
~an unperturbed Hamiltonian consiating of the first two
~ terms of H, In order to eliminate \; and ) on .the
‘;right hand side of (2.25), the two succeeding equations
‘",gréksolved for these two functions, with\¥o¢o approxi-
.;aated by the wave function for the unperturbed system.
“ The substitution of these results into (2.25) provides
 ‘f;an equation amenable to methods of standard'perturbation
‘5 1ﬁheery.

~ Wave Function for the Unperturbed System

The representative for two free electrons with
. momenta p1© and p,°, and signs of energy and direction
~of spin designated by s;° and 8%, 1s given in ry,r»,§1,¢2
 $pé¢e‘by | |
" (23315 £ o122 001% R585°) = OB YL (3.2
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99 = (/eI ¥ R (0, 5, 0,%)

(3.2)
b Here u is antisymmetric, and has slxteen componenta'
| ~ ecorresponding to variables £1,fs, each of which has four

- varlables, The representative (3.1) 1s & solution of

e the wave equation

(Fl + Fg)q) = woq’:

~ where

,f[ﬁﬁith

Fgo= Oig*CRg + msezps (2.3)
~ end |
W= W)+, ‘ (3.4)
wm0® = WO o0 » 00 = WO ‘ |
PO CRR R (3.5)

. Elimination of Y and §1

Let us define

o 430 ‘ 5 iy ;
= ‘q)quls f=fe LWt /h , Yy = &= gae'”’%ﬁ’[i (2.6)

It 1s clear from (2.26) end (2.27) that £ and g have the

same time dependence as (3.1), when \T)O\PO has been approx-

imated by thls wave function. Hence f, and g, are inde-
 pendent of time, and (2.26) and (2.27) lead to

(F) + F, + Bek - W0)£® = & (K, §)P] (3.7)

R LR 9

s}
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-]

vﬁﬁere‘the static interaction and the self-energy have
o beén neglected, as they are proportional to the square
of the.charge, and would give terms proportional to
pawers higher than second in the final interaction matrix
element., | |

The solutions for £° and g°© are

t° =09, g°=38¢3 , (3.9)

'¢ where
o= (1/2n)>/2 Yook -

» {(Fy + Bk - WJ‘;)-ltlpj'u/k)(ﬁl.Eng).9-15'21

|+ Py + hok - Wa) epp, (1/k) (Mo ke e EE2 Y (3.10)
o 63,(1/21r)3/2\/hc/2i§ .
‘, { (F) + hek - W5)"Ley By (1/0K) (o) ek + agogg)e ™ E L

+ (Fp + Bok - ;vﬁ)"lsg'ﬁ:,(1/;9.12)(gt_g‘zug_e_J +opreg)e EE2 }
(3.11)
; 4;ﬁere'we have made use of the fact that &y and.ge commute,
 and that 9g satisfies (3.5).

The wave equation (2,25) becomes
*

(B - 18 324)¢ @, '%:/ axfe¥ o~ 3 B8]y (3.12)

. Now\ differs from ¢, only by a perturbation contri-

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



,‘»‘f"‘fbmien; and the operator preceding V is itself a pertur-
 bation operator., Hence we may replace ¥ by \PO‘FQ , and
':Jthe_ equation is in standard form for application of per-

turbation theory, |

v@ieulaticn of Interaction Matrix Element

The perturbing energies are, for two particles of

'Elcé(]_ - e 151~ Ep /a)/&rer_-_l‘ -rp = Uy (3.13)
(g £,%)/gna =V, (3.14)
o -jag%- (6X o= @) B =u, + v, (3.15)

. v@er.e U, represents the part of the left-hand side of
(3.15 )‘ containing Iterms in 816.2 , and Va fepresents the
. ?’%.:;part‘ containing terms in 812 and £,2. BSince we are
’},”:in’s,erested in the interaction only, we shall calculate
enly the matrix elements for Uy and Us. Further we
i‘é‘s;eum,e\ conservation of energy: Wy + Wy = W?_ + Wg. It
| 13 well known that the matrix element

 (py.813 Bpu8p|erep/inizy - ro\| 27,975 B3.83) =
 yenlee, (2 + B (/AR B (), (3.16)
where Pag= pg ~ p_g, and

L e = = . © .0, 00
- (\l*,u ) 713’2&'?’?' (21:31, 22,32)\17’ 1. (El,sl, 22,52).
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- Fron the -fliee'\gl b 52‘/a/&n|gl - r | term, the

r,|
' eontribution to the interaction matrix element is cal-

£ ,eulataa as the negative of (3.16), with P, replaced by

j ‘F‘or the part of -fdg__z G; € which contains €1&,,
J

 ‘ﬁhe contribution is
; ”1
- emle e S, v 2 al ? L - 1272}

(ﬁ‘,(u 2, - g(_l.plaz.pl/p Z)°) ; (3.17)

: ffar the part of *fd.kz- Go @ which contains €1€2, the

:ﬂ ;Li‘;;‘,reantribution is given by the negative of (3,17) with
‘::,eplaced by P12 + h2/a .

o . After some computation, we get for the interaction
| element the following:

 (/2m3/mdip) + p, - 2§ - 0D) -

{ g, - 29)% - (W, - w§>/e2} [1 + (a2/02) [ip, - o¢
-1 :
- (W) - W))/e ]} (1= 9‘;3;'-91_2)&9)., (3.18)
“This 1s a generalization of Mgller's I’c:rnml:st.:"8

i :,It will be notlced that 1t is relativistically 1nvarlant,

j,;{fa.nd reduces to Mgller's expression as a0,

& C. Mgller, Zeits. f. Physik, 70, 786 (1931),
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APPENDIX

_ Proof that Relations (2,10) and (2,12) are consistent

,fwith Commutation Relations GE III (3.7)
" According teo (2,10) and (2,11),
Db ,ogn] -

""‘5’@/% Veh/2k! EPJ@J.(l/k)(l/k')(;xgj)ogl (kxe})eey
ok, )5 (x,2))
& (ch/2k>) E‘Pjﬂj|(§_x§_£»gj)(§xgm.gj) a“.;(g- k')

= (on/23) (ks ) (e, S - k')

' == (eh/2k3) (k*k €8y - '5..9_9 kee ) & (k - k')

= (ch/2k) (85 = koky/k2) S(k k')

which is the seme as GE IIT (3,7).

~ According to (2.12) and (2.13),
o [Betw) Baxn] =

h ;%L-izi‘ifeh/ai Ven/ok! 32; ' /'3'J é 1 (1/8k) (1/8%*)

(akxey + e3)-e, (akxey)-on [btx,1),5" (x,1)]

= ~(ch/2a kB)%k'pJch(a.k_"Eﬁ - 21)‘23 (akxe, - S.m)‘P_J

SJJRS(E" k')
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E =‘-(ch/2a2i3)(a§x_@._l ~ e,)* (akxe, - &) Sk - k'),

- Now the dot product becomes

(akxe )+ (akrey) *+ o o0y = akxeyes, ~/ak g, »8,

’ - ae-k‘-]}- g’tgm - ae}sog‘e Eogm +

jo

: I'Em
; = aEEESM - 8k,

. m i |
j_fffé’[ﬁp(y Du(k")] = =(ch/2E)(§on = koky/E2) §(x - k')

" which 1s the same as GE III (3.7),
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f ;,‘jicfﬁémputatien of Matrix Element for Uy (2.13)
' : =1ry-rol /2 - 0.0:p0.g0) =
()8 5Rps8p|mE €% L 2 /H0IE) - Bl | RYH805,8)

Z [ ary [ arpf{eepe E1ER /2 hniry - £ el =

- slsgcu*,u%u/em;ﬁ [[ exporpemimezare

. o~ tl(py-pR)  (zy-rptrp) + (ppp3)erol /R, J£; - Epl

 Define P P-l’ Po =po ~ 92’ R =r, - r, the inte-

gral 1mmed1ately above becomes

Udre‘m -1[plon+(p +P2)'r2]/h -R/a /R) =

[ f [/ -.(i/h)P]_R cos 9( R/a/R)R‘?sm 9 dRaGd =

: 0

‘ &hen the matrix element 1s finally "

‘ -1
- =(1/2m>e 6,82y + Bo)(1/m) [Py 2 + 1%/8%] T (utu0).
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ff%@éﬁputation of Us (3.15)

We’have to evaluate -jd;:_Z (G;e - 5-25).
J

 From the appropriate definitions (2.1%, following 2,19,
~and '3,10), we have | |

‘Z-J-' G; & = ZJ (1/2#)3(he/2k3)

{8125_1‘5*338”1&’21(?1 + hok - Wg)-l"..(.l '_k_",_?_Je-i-l-E.?-l

ni_k_.}:

i 52252.§§EJ§-1§EH(F2 + hok - W3)lwpekre o

--1 ‘ 1k‘ ” -’

e -1 ik* (ro-r
:‘ % £1£~29-‘-1.EX-B-J(F2 + Hck - Wg) 2‘_2.5 239 B (_2"__1)} .
We are interested only in the terms in £1€o; the matrix

 element for the first of these is, since Fy is Hermitlan,

- 2;. ZJ £165(F) + hok - W) Qoyekxe, oy okxe, o 1k* (ro=r; ) %
#here the second sum 1s to be taken over the spin varlables
S and the integrals over the riy,ro variables, With the help

of (3.5), the expression becomes
EIGEZI (wl + hek - Wg) 1Cpo (g(_lxg_)ﬁ(e(_zxg)ei.k. (Ez‘ﬂ)%g

: £1£2j (W, + hck - ¥9) 1-1(pyery *+ pprrp)/h

(e k® = ok pk)elE (22T g2 (ed0m + pBera) /B
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The complete expression for the term without tildes 1sa
: ,--(1/21r) (he/2k) £l£2fd‘k[drldr2(wl + fck - Wl)
| ,‘Iggﬁgration with respect to ry gives a 8(21 - h_l_t_) factor,

and integration with respect to hk replaces the hk by Py

;,’hfe,fmal integration with respect to s glves a 5({2 + 21)

f&ater, The result 1s

| a/2m g gylombyy + 20 )+ ofp, - 310

C ele = 22 (e = °)
(2]py = p7I7) 7 (0 (e ety = 0By &50By Iu°)
~ For the second term contalning €, ¢&,, the subscripts

1 ancl 2 and interchanged. Upon use of the conservation

ﬂf‘f@t energy, we Tind the sum of the two 1sg

e ”)'3‘51525(?-1 + 22){{1 Pl - (W, - Wg)e/c?]}-‘l

{u* . - . P 2
(o (g v 0tp = 7By %5°B3/P1°)).
~ The calculations for +Jdg_z @, © are of the same
~ type.

The part containing the Dirac matrices can be aimpli-—
"ﬂiffurther' for by (3.2) and (3,3)
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0 o, \
Fydg = (1/20m) e1R2°E2/B. (, - op, 611 r1/By0

+ mlceﬁleip-g'zl/ﬁno)
= (1/218)361R2" Eo/B, (1R1"F1/By . op,
+ gt_]_‘cpfeipag'-‘:-l/ lf‘u’o + myop; et ‘B1"T1/Ry0)
= (1/2q8)3e1 (I r1*p3 r2)/B(P) + & +cpf)u®
e |
5 ,}~>‘"€'b’*f~“’“°e
| (Fy + q_l.cp_g)u" = Wu®;
and éince, in the expfession (3.3) for Fyp,
&y e cpyu’ = ﬁ.(h/1)3u°/b£15 0,

u follows that &jpQu® = (1/¢)(W§ = m,cZB;)ul.

wﬁéglogous relations hold for 9—'-1'9-1? gt_z-gg, X5°Poe |

Qﬁ (u*, =1 +B1 &peP1u°®) = (u”,[o1+(py = pf) o+ (po - p2)]u°),
by definition of P and conservatlion of momentum, according
| fo ‘ 5(2_1 + Bp) factor in the matrix element, The expansion

"‘«":@f the quantity in brackets gives

¥ . - . o . - , .m0 + . o _voy.
o %yrRy %Ry T ARy %5 By T Xy By BBy T Iy By 25 Bp
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‘fhen c(u”, ot 0py XD, u) -([°_‘,_2‘22°_<1 By u] » u)e
2 * 0
= ([5epp Wy = myeBy)u]",u%) o

([0 = mpeZBp) (W) = mycFey)u]” ,u®)

= (0", 00 - mpe2P,) (W = myc?y du)
e | | |
 —c(u e nf sppg®) = ([ ppu] s pfu®) o2
= =([(Wy = moePo)ul", (W = m3c®yIu®)

| = —(u* ,(Wz - m202p2)(wg - mlczﬁl)uo)o

S ,,Anglqgous expressions are computed in similar fashion
rerthe other two terms in the expansion. Upen combining

the four terms, the (3'5 disappear, and the result is
(u*, (W - W) (W, - Wu).
‘,‘:T,V‘B:‘v conservation of energy, Wy - Wg = «(W, - W3), whence
(u*, =8Py ¥orByu®) = ~(1/¢2) () (W - W?_)Eu").

. This is useful in the final computation for (3.18).
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,QPreof of Transformation following Equation (2.18)

We ehall prove the first relation
i ’ | -+

 =the others follow in the same manner.
H m It 1s clear that w, as defined in (2.18), commutes
‘4"_«‘,'w1m b(k,]) except in the neighborhood of k' =k, for

,ff{ehg,values of J' #J, and for all the b's; hence
‘ _1wtb(k J)eth = exp[-ict[ ak'k'b* (k4,3)0(k!, )]
* blk,)) exp[+1ct/ ak'k'v* (k',3)0(k',3)]
= Ak

= exp [~tetk 8k b*(k,3)b(k,3).b(k,3)
exp[ +ictk Ak b* (k,3)b(k,))]
= exp [ =Lckt Ak t*b].b.
['1}+ jckt Ak Bb + (ickt A‘K)ab‘b *b/2t +...]
= exp [~ickt Ak ¥ bl. |
~ [b+ ickt Ak b b + (Lokt Ak)ZBH' b - b/21%..]
L exp [ ~ickt Ak Y blexp [ickt Ak bb"] D
= exp [Lekt Ak (bX* - B¥b)]1*Db

But f,\—.b(.l_i_,.)),b' (k',3))ax = f [o(x,3),0"(k',5)]ax

=k {b(E, P (k,9) - DY(E,DB(E,D) = [ 8k - xak = 1
Hence
+1ckt.

uiwtb(k J)Q = b(E’J Je
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