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INTRODUCTION

Many of th e  a ttem p ts  to  p ro v id e  a g e n e ra l p h y s ic a l 

th eo ry  in c lu d in g  g r a v i t a t io n a l ,  r e l a t l v i s t i c ,  and quantum 

e f f e c t s  have le d  to  g e n e ra liz e d  f i e l d  th e o r ie s .  The 

method of a t ta c k  has proceeded from g e n e ra l iz a t io n s  of the 

form alism  of c l a s s i c a l  p a r t i c l e  dynam ics, c l a s s i c a l  elec** 

trodynam lcs, and p a r t i c l e  quantum m echanics. The s y n th e s is  

and ex ten s io n  of th e  id eas  of th e  o ld e r th e o r ie s  liere i I n i ­

t i a t e d  by D irac1 , Jo rd an 2 , H eisenberg^ , and P a u l i2 ' ' ’.

B asic P r in c ip le s
It

The procedure i s  u s u a lly  to  s e le c t  a  L agrangian L 

a s  a  fu n c tio n  of th e  f i e l d  co o rd in a te s  * (A, 1<P) and 

t h e i r  d e r iv a t iv e s :

L - L  ( ^

where th e  a re  fu n c tio n s  o f th e  space-tim e co o rd in a te s  

Xtf * (x ^ , x2 , x^ •  I xq » l e t )  and

CP =: ^ (0 — £

1 P . A. M. D lra e , P ro c . Roy. 8o c . l l 1)-, 2^3 , 710 (1927).
2 P . Jordan  and W, P a u l i ,  Z e i t s .  f • P h y s lk , 4 7 , 151 (192S).
3 W. H eisenberg and W. P a u l i ,  Z e i t s .  f ,  P h y s lk ,

5k> 1 (1929); 5 2 ,  169 (193©).
4 S ee, fo r  exam ple, th e  rev iew  a r t i c l e  by W. P a u l i ,

Rev. Mod. Phys. 12., 203 (1941).
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The a p p l ic a t io n  of th e  v a r ia t io n a l  p r in c ip le

icSw * aft * 0 , dfi » dx^dxgdx^dxjj. ( 1 *1 )

le a d s  to  th e  f i e l d  eq u a tio n s  ( th e  form of which depends 

on the  o rd er of th e  d e r iv a t iv e s  in  th e  L ag ran g ia n ), when 

th e  v a r ia b le s  in  th e  L agrangian  a re  s p e c if ie d  and u n v a ried  

on the  boundaries o f th e  fo u r-d im e n sio n a l m anifo ld  

over whieh th e  in te g r a l  i s  ta k e n . A d i f f e r e n t  a p p l ic a t io n  

of the  v a r ia t io n  p ro ced u re , where th e  p o te n t i a l s  a s  w e ll 

a s  th e  boundaries a re  v a r ie d , w hile  th e  f i e l d  eq u a tio n s

a re  s a t i s f i e d  th roughou t th e  re g io n  of in te g r a t io n ,  as
*5

fo llo w s :

IcSw * V ( L + 4 L ) d f t -  V L dQ, (1 ,2 )
•'fa

le a d s  to  th e  d e te rm in a tio n  of th e  energy-momentum te n s o r ,  

w ith  th e  a id  of th e  d e f in i t io n  of th e  t o t a l  momentum P„fj.
th rough

6 *  3  V v

and o f th e  energy-momentum te n s o r  t fJLV th rough

Q u an tiza tio n  i s  e f fe c te d  by th e  H eisen b erg -P au li 

r u l e ,  which i s  a g e n e ra l iz a t io n  of th e  p a r t i c l e  quantum 

m echanical ru le

p J q 3‘ "  QJ ,P J ■

5 The n o ta t io n  and tech n iq u es of th i s  s e c t io n  a re  th e  
same a s  th o se  used  by B. Podolsky and C. K ikueh i, Phys* Rev. 
S£. 222> (19W-). T his paper w i l l  be d e s ig n a te d  as I I ,
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to  a  form a p p lic a b le  to  f i e l d  q u a n t i t i e s ,  a t  a  g iven  

i n s t a n t :

)p (r )  = - h i £ ( r  -  r 1) ( l . ^ )

o r i t s  a l t e r n a t e ,

F(i/6) -  [h, f] .  (1.5)
Here p j ,  th e  p a r t i c l e  momentum component co n ju g ate  to  q j ,  

i s  d e fin e d  in  term s of th e  d e r iv a t iv e  of th e  L agrang ian ;

and p ( r ) ,  th e  f i e l d  momentum component co n ju g a te  to  q ( r ) ,

any one component of th e  p o t e n t i a l ,  i s  d e fin e d  in  term s of 

f u n c tio n a l  d e r iv a t iv e s  of L * J l  dV ( s e e ,  f o r  example,

GE I I ,  eqns. l . ^ ,  1 .5 ) .

Now the p o te n t ia l s  a re  n o t un iq u e ly  determ ined  by 

what may be thought of as  the  o b serv ab le  q u a n t i t i e s ,  th e  

f i e l d  s tre n g th s  £  and l i;  a s  a  consequence th e re  i s  some 

a r b i t r a r in e s s  in  th e  p o te n t ia l s  which may be reduced by 

the s p e c if ic a t io n  of a u x i l ia ry  c o n d itio n s . The choice of 

c o n d itio n s  i s  r e s t r i c t e d  in  quantum e lec trodynam ics by 

req u irem en ts  imposed by th e  commutation c o n d itio n s  a r i s in g  

in  a  q-number th e o ry , a s  w e ll a s  by the custom ary r e q u ir e ­

ments of th e  e-number e lec tro d y n am ics. There i s  u s u a lly  

s u f f i c i e n t  l a t i t u d e ,  however, to  perm it a  u s e fu l  choice of 

a u x i l ia r y  c o n d itio n s .

The G enera lized  Quantum E lectrodynam ics

In  th e  u su a l quantum elec trodynam ics th e  L agrangian  

I s  r e s t r i c t e d  to  c o n ta in  d e r iv a t iv e s  of o rd er n o t h ig h e r
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(L
than  f i r s t .  Podolsky0 has p o s tu la te d  a g e n e ra liz e d  e le c ­

trodynam ics by in c lu d in g  second d e r iv a t iv e s  o f th e  p o ten ­

t i a l s  in  th e  L agrang ian . In  th e  non-quantum e l e c t r o s t a t i c  

case I t  was shown th a t  th e  f i e l d  and th e  s e lf -e n e rg y  of a 

p o in t charge a re  everywhere f i n i t e ; and in  th e  non-quantum 

r e l a t i v i s t i c  case f o r  space f r e e  o f charged p a r t i c l e s  th a t  

th e  s o lu t io n  of th e  f i e l d  eq u a tio n s  fo r  th e  p o te n t ia l s  con­

s i s t s  of two p a r t s ,  th e  o rd in a ry  w aves, co rrespond ing  to  

th e  u su a l e lec tro d y n am ica l waves d e s c r ib in g  p h o to n s , and 

th e  e x tra o rd in a ry  w aves, analogous to  de B ro g lie  waves f o r  

n e u t r a l  p a r t ic le s *

In  GE I I  Podolsky and K ikuchi extended th e  th eo ry  to  

in c lu d e  quantum e f f e c t s ,  by ap p ly in g  to  th e  L agrangian  con­

ta in in g  th e  con tinuous s e t  of f i e l d  c o o rd in a te s , to g e th e r  

w ith  t h e i r  f i r s t  and second d e r iv a t iv e s ,  a  g e n e ra l iz a t io n  

o f th e  tech n iq u e  suggested  by O strogradsky^ f o r  a p p l ic a t io n  

to  a  L agrangian co n ta in in g  a d is c r e te  s e t  of p a r t i c l e  coor­

d in a te s ,  to g e th e r  w ith  t h e i r  f i r s t  and second d e r iv a tiv e s *  

The form alism  of Pock and Podolsky was used  in  e s ta b l i s h in g  

commutation r u le s  f o r  f i e l d  s t r e n g th s ,  and fo r  th e  s e le c t io n  

of th e  a u x i l ia ry  c o n d itio n s , fo llo w in g  th e  work of D ira c ,

6 B* P odolsky , Phys. Rev* 62 , 66 (19^2). This p ap e r may 
be c a l le d  GE I .

7 See E. T. W h itta k e r, A n a ly t ic a l  Dynamics (1927),
Chapter X.

6 V. Pock and B, Podolsky , P h y slk . Z e its*  Sow jetunlon 1 , 
601 (1932). This paper w i l l  be d es ig n a te d  a s  PP.
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9 10Fock, and Podolsky7 , and a l a t e r  paper by S ttick e lb erg  .

In  th e  fa sh io n  o f DFP th e  f i e l d  eq u a tio n s were d e r iv e d .

Podolsky and K ikuchi11 , th rough  e lim in a tio n  o f th e
12a u x i l ia r y  co n d itio n s  in  the manner of Fock , d e riv e d  the  

ex p ress io n  fo r  th e  e l e c t r o s t a t i c  in te r a c t io n  and th e  s e l f ­

energy of p o in t charges in  the  quantum case  (which v a lu es  

tu rn ed  ou t to  be the same as f o r  th e  non-quantum c a s e ) ,  

and a ls o  d e riv e d  th e  r e l a t i v i s t i c  wave eq u a tio n  fo r  a 

s in g le  p a r t i c l e .

In  th e  p re se n t p aper th e  r e l a t i v i s t i c  wave eq u a tio n

fo r  a  system  of p a r t i c l e s  i s  d e r iv e d . A g e n e ra l iz a t io n  of
12Fock’s form alism  i s  developed , and a p p lie d  to  o b ta in  th e  

f i r s t - o r d e r  approxim ation  of th e  r e l a t i v i s t i c  in te r a c t io n  

between two e le c t ro n s ,  on th e  g e n e ra liz e d  quantum e le c t r o ­

dynam ics. The r e s u l t  co n ta in s  no i n f i n i t i e s .

Formalism

In  p a r t i c l e  quantum m echanics, the  s o lu t io n  of p a r t i ­

c u la r  problem s i s  o f te n  g re a t ly  f a c i l i t a t e d  by choosing 

s p e c i f ic  forms f o r  th e  operands to  be used in  conJunOtion

9 P . D irac , W. Fock, and B. P odolsky , P h y slk . Z e i t s .  Sowjetunion 2, 463 (1932). This paper will be designated 
as DFP.
10 E. C. G. S tu ck e lb e rg , H elv , Phys. A cta 11, 225 (1933).
11 B*. Podolsky and G. K ikuch i, Phys. Rev. ¥][, 134 (19*5). 

This p ap e r w i l l  be d e s ig n a te d  a s  ©I I I I .
12 V. Fock, P h y slk . Z e i t s ,  Sow jetunion 6 , %25 (193̂ ).
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w ith  o p e ra to r  eq u a tio n s . The u su a l S chroed lnger form ula­

t io n  r e s u l t s  when th e  operands a re  taken as  fu n c tio n s  in  

c o n f ig u ra tio n  sp ace , and each s p a t i a l  c o o rd in a te  o p e ra to r  

i s  re p re s e n te d  by th e  s p a t i a l  c o o rd in a te , each con jugate  

momentum by a f a c to r  tim es th e  d e r iv a t iv e  w ith  re s p e c t to  

th e  c o o rd in a te ; fo r  example, th e  eq u a tio n

p JqJ '  “  qJ ,p J = ^ * 3 )

p erm its  th e  r e p re s e n ta t io n

(-ihd /dqj)qj “* qj i (-ihd/dqj)<|>* -*M8j j i4-> (1.6)
where

Fock in  a  s e r i e s  of p ap e rs1^ has developed  an an a lo ­

gous fo rm u la tio n  f o r  f i e l d  quantum m echanics. For t h i s  

case th e  operands a re  taken  a s  fu n c tio n a ls  of th e  f i e l d  

v a r ia b le s ,  and each f i e l d  co o rd in a te  o p e ra to r  i s  re p re ­

sen ted  by the f i e l d  c o o rd in a te , each con jugate  momentum by 

a- f a c to r  tim es th e  fu n c tio n a l  d e r iv a t iv e  w ith  r e s p e c t  to  

the c o o rd in a te ; f o r  example, th e  equa tion

p ( r ) q ( r ‘ ) -  q (r*  )p ( r )  = - h iS ( r  -  r 1) ( l .*0

w il l  a llo w  th e  r e p re s e n ta t io n  

( - ih  6 / d q ( r ) ) q ( r  * ) Y “  q^E.') ( - 1*  & A q ( r ) )Y B

- M $ ( r  -  r ' ) Y  (1 . 7 )

where Y  = V [ q ( r ) ] .

Fock has p rov ided  i l l u s t r a t i o n s  of th e  use of t h i s  r e p re -

13 V. Fock, Z e i t s .  f .  P h y s ik , | 9 ,  339 (1926); 75, 622 
(1 9 3 2 ); and re fe re n c e  1 0 .
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s e n ta t io n  In  re fe re n c e  1 1 , and f u r th e r  a p p l ic a t io n  o f th e  

te ch n iq u e  i s  made in  GE I I I ;  i t  fu rn is h e s  th e  b a s is  f o r  

th e  com putations of th e  p re s e n t p ap e r.
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WAVE EQUATION FOR A SYSTEM OF PARTICLES

D e riv a tio n  of Wave E quation  fo r  a System of P a r t i c l e s

A ccording to  DFP, GE I I ,  and GE I I I ,  th e  D irac  wave 

eq u a tio n  fo r  a  system  of p a r t i c l e s  and f i e l d ,  to g e th e r  

w ith  t h e i r  in t e r a c t i o n ,  i s

(Hp + Hf  + Hp f ) ^  = lhd^/< )T  (2 .1 )

w ith

where

/ I

* ^ ( r - ^ . . . r n ; A(k) ,A* (k) ,<?(k), <P*(k);

A(k) >V (^.) >^(*0, *P*(k); T) (2 ,2 )

Hp '£ , < ° - V E s  + * s a\ > - ’ (2 - ’ >*r g»x

8 f ■ /  [ E  (k ) »A(k) -  <P*(k)<l>(k) + A (k).A *(k)

-  <P (k)</>'(k)]k2 dk 

A* (k)»A (k) -  <P*(k)¥(k) + A(k )•&*(£)

-  f  (k) ^ ( k ) ]  k 2 dk (2.J4-)

%  -  . . * )  "  (2 .5 )
8*1

When th e  s in g le  eq u a tio n  w ith  common tim e T i s  re p la c e d  hy 

th e  s e t  of eq u a tio n s w ith  s e p a ra te  tim es t s in  accordance 

w ith  DFP, and a f t e r  s e v e ra l tra n s fo rm a tio n s  and use of 

a u x i l ia r y  c o n d itio n s , i t  i s  shown in  GE I I I  th a t  th e  equa­

t io n s  to  he so lved  a re

(c  <*a*Ps + m8e 2|9a ) f t*  ( 2 . 6 )
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where

S i  -  Re -  T  “  i f  V« ° » '  l 2 , 7 )
« i ,  vh 1_____ £§. 3 ps _ 1 f a 2 / o « \
28  “  5 * ;  ? ;  S i ;  5 ?  i r -  (2 *s )

The l a s t  two eq u a tio n s  a re  GE I I I  (^*2) and (^ -.3 ), w ith

obvious minor changes in  n o ta t io n .  The d e f in i t io n  of Us

i s  g iven  by GE I I I  ( lf .1 ) ;

z ' - M r fa l n - ^ y ^ - 1  ^U (2T\ y )  L Tr? y?  J
where

<Pe « c k tg -  k * rs , 9 S .■ c k ts -  k * r s .

In  o rder to  o b ta in  the  wave eq u a tio n  f o r  th e  system , 

DFP shows th a t  th e  eq u a tio n s f o r  the  in d iv id u a l  p a r t i c l e s  

a re  to  be added, and th e  tim es a re  to  be s e t  equal to  th e  

common tim e T. How i t  i s  r e a d i ly  shown th a t

d  /3T * 3 / d t + 5 T  3 /d t~ ;
s

and inasmuch as  & i s  independent of t ,  the  e f f e c t  of 

adding eq u a tio n s  and s e t t in g  tim es equal i s  to  re p la c e  

d / 3 t g in  in d iv id u a l eq u a tio n s  by 3 /<)T in  combined equa­

t io n .  The r e s u l t a n t  eq u a tio n  i s  f u r th e r  s im p lif ie d  by 

showing th a t  ^ sDg* 0  when tim es a re  s e t  e q u a l, and making 

use of GE I I I  (*l-.3) and ( ^ .1 2 ) ,  namely

i ' t H s  = 3 "  . ( i  -  e- *2 * “c 5 t ;  L  fe ilrg  -  Pal
u

The r e s u l t in g  wave eq u a tio n  fo r  a  system  of p a r t i c l e s  in
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l l i
th e  g e n e ra liz e d  quantum e lec trodynam ics i s  th u s

^ { a s - f ^ E s  ■ + “ gO2^ } ^  "

t t t . l t -' e«Si   ( I - . - 1 2 - '  2111/8)
dt 2 / — 4 n |r s -  Sul

s ,u

- i - V i s !  . (2 . 9 )
•̂TT * -  2a 

s

R e p re sen ta tio n  of Wave E quation  In  F u n c tio n a l Formalism1^

I t  w i l l  be conven ien t to  transfo rm  th e  f i e l d  v a r ia b le s  

to  t h e i r  F o u rie r  a m p litu d e s , by means of eq u a tio n  GE I I ,  

(3*3):

0 ( r s , t )  * (1 / 2 (o (h )  exp [ i(fe>£s -  k c t ) ]

+ D (k) e x p [ - l (k * £ g  -  k c t) ]} d k  

+ ( 1 / 2 I S (k ) exp [ i ( k . r s -  k c t)]

+ 2 .̂  (k) e x p [ - i ( k * r s -  k c t) ]} d k .

From th e  commutation r u le s  in  GE I I I  (3 . 7 ) ^ ,  i t  fo llo w s 

th a t  D(k) may be re p re se n te d  by

D(k) * >/eh/2k J r  (1 /k )k * e jb ( k , J ) ( 2 . 1 0 )
j= l

p
where P j .* 1 ,  e^ a re  a s e t  of C a rte s ia n  u n i t  base  v e c to r s ,

1^ This eq u a tio n  was d e r iv e d  e a r l i e r  by G. K ikuehi In  
d i f f e r e n t  manner, b u t has n o t been p re v io u s ly  p u b lish e d .

15 T his i s  th e  form alism  developed by Fock in  
re fe re n c e  1 2 .

16 Hote th e  ty p o g ra p h ic a l e r r o r  In the second eq u a tio n ; 
th e  t i l d e  over th e  k 2 in  r ig h t  hand s id e  has been o m itted .
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and th e  b (k ,,J) a re  o p e ra to rs  s a t i s f y in g

[ b ( k , j ) ,  b* (k* )] » (2*11)

and D(k) by

B(k) * Vch/2k ( l / a k )  (ak*ej + e j )  b ( k ,J )  (2 ,1 2 )
J®1

where y  * 1 , e j  a re  d e fin ed  p re v io u s ly , and b ( k , j )  a re  

o p e ra to rs  s a t i s f y in g

[ b ( k , J ) , b*(k» )] * r*<^ji$(k  -  k 1 )* (2 ,1 3 )

Upon d e f in i t io n  of
3 /2  ,— 7— v  l ( k * r s -  k c t )

& ( k , j ) =  (l/2n-)*" I m / Z k ^  £g ^ ( l / k ) « s *k e

8 (2.1*-)

( k , j ) =  ( l / 2 w ) ^ 2 V ch/2!k^  es (3j(l/a£)(ocs *ak e j  *  l a* £ j )
s

and

• ei ( - - s  " S c t ># (2.15)

s 2 A - -  Sal
8 s ,u

.2
+  i w l  f t -  ( 2 - 1<5>

8

th e  wave eq u a tio n  (2 .9 )  becomes 

H&— ih  d-ft/dt *

{ J l  J < ^ [ & ' ( k , j ) b ( k j )  + a ( k , J ) b * ( k , J )

+ S * (k ,J )b (k ,j>  + 5 (k ,j)b * (k ,j> )} f l..  (2 .1 7 )
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The tim e f a c to r s  in  th e  ex p o n e n tia ls  in  CMs may be 

e lim in a te d  th rough  tra n s fo rm a tio n s  of type

e - 1’rtb < k ,J )e 1' r t >

where 

w * c rak » [k l lD *(It* ,J« )b(k* ,Jt ) -  k ‘b * (k ' 
j  fZlJ

(2. 12)

From th e  commutation r u le s  fo r  b and b ,  i t  fo llo w s th a t

-  b < k , j ) . + lo k \

e_lwV ( k , . j ) e 1,rt -  b '( k „ ) ) e - l c k \

e - i ’r tb ( k ,3 ) e iwt -  « < k ,j)e + lc £ t ,

e“ 1,rtb * ( k , 3 ) 9lw t  = b ’ ( k , J ) 8- l e E t .

There i s  a ls o  the  r e la t io n s h ip

e~lw t(~ ih  a / a t ) e iw t * ~ ih  6 / a t  *  hw. (2 .1 9 ) 

Upon d e f in i t io n  of

Go(£>J) * &* ( k ,J ) e ic k t  > 8114 so on, 

th e  transfo rm ed  wave eq u a tio n  becomes (where th e  t r a n s ­

formed fu n c tio n a l  i s  d e s ig n a te d  by th e  same symbol as 

th e  o r ig in a l  fu n c t io n a l)

(H -  lh  a / a t )  > h c { 5 l  Jak [kb*  ( k , j ) b ( k , j )

J 1 -  kb* (k , J ) b ( k j  )]}& *

/  £T  d k l& J(k ,3 )h (k r^ ) + G0 ( k , j ) b * ( k , j )  + >

- * 1 + S0 ( k , j ) b * ( k J ) ] } f l .  (2 .2 0 )
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S x p l lo l t  R e p re sen ta tio n  fo r  F ie ld  O pera to rs and F u n c tio n a l 

A s u f f i c i e n t ly  g en e ra l form1? fo r  th e  fu n c tio n a l  i s

a  5  x a ,„ „ r s  r , s

where

iQ r j  =  ^   2 1  f . . , r % . . . d k r  • •&JLb * '
^ l» » * * sJ J

* '^x»^«i> Jj.* • Jp) k (k ^ , J]|.)• • *

*CPS( i l * 1l* * * lS» lS) (2 »21>

Each sum i s  to  be tak en  from 1 to  3 over th e  v a lu es  

of j  and 1 , and each I n te g r a l  over th e  e n t i r e  momentum

space of k and J_. The symbol JP_, of th e  same n a tu re  a s  k ,

has been in tro d u ce d  te m p o ra rily  f o r  c l a r i t y .

The fu n c tio n a l  d e r iv a t iv e  i s  d e fin e d  by

- ^ [ b ( k , j ) ] ]  , ( 2*22)

where a re  th e  v a r ia b le s  o f I n te g r a t io n  and summation 

in  th e  fu n c t io n a l .

D e f in i t io n s  (2 .2 1 ) and (2 .2 2 ) p erm it th e  a s s o c ia t io n  

b ( k , J ) ~  < y /$b(k ,4 ); b ^ k , , ) ) ^  b ( k , j ) ;
( 2  2*? )

* U . i ) ~  S / S U £ , i ) i  V < i , u ~  -?  ( i , i )

17 B. Podolsky in  a p r iv a te  communication has suggested  
a n o ta t io n  which i s  more u s e fu l  f o r  problem s o f a  g e n e ra l 
n a tu re j  how ever, f o r  th e  s p e c i f ic  case in  t h i s  paper th e  
p re s e n t n o ta t io n  i s  ad eq u ate .
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f o r  I t  may r e a d i ly  be shown th a t

( $ / £ b ( k , J ) )  b ( k ' , j ' ) f l -

S j j i S t k  -  k ' ) * i

and (2.2*0

These two eq u a tio n s a re  to  be compared w ith  th e  commu­

ta t io n  r u le s  (2 .1 1 ) and (2 , 1 3 ) .

A p p lic a tio n  to  Wave Equation *

The e x p l ic i t  r e p r e s e n ta t io n  developed in  th e  p re ­

ceding  s e c tio n  may be a p p lie d  to  th e  wave eq u a tio n  (2 .2 0 ) 

in  o rd e r to  o b ta in  an o rd in a ry  wave eq u a tio n  in  k -sp a c e . 

For th e  imm ediate purpose of t h i s  p a p e r , we a re  I n te r e s te d  

in  th e  case where th e  s e r ie s  of fu n c tio n a ls  i s  to  be 

broken o f f  a f t e r  only  th e  f i r s t  th re e  te rm s. Then

where

J ^ ( k i J i )  =

$ 0  ^  r ^ ( k , 3 )  b ( k , J )

■^01 f  S f & . t i )  "
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The s u b s t i tu t io n  of t h i s  ex p re ss io n  in  th e  wave 

e q u a tio n  a f t e r  c o n s id e rab le  com putation r e s u l t s  in  th e  

fo llo w in g  th re e  eq u a tio n s :

(H -  ih  *

Y <*o + Y j  o  ( k , J ) %$L( k, j )  ( 2. 25)

(H + hck  -  1& a / d t f l ^ M k j J ) -  * % ( k ,J )  ^ 0%  (2 .2 6 )

(H + hck  -  ifi a / i t ^ ^ ^ j )  — &0 ( k , J ) ? 0H>0 . (2 .2 7 )
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RELATIVISTIC INTERACTION OF TWO ELECTRONS

Suppose th e  system  c o n s is ts  only of two e le c tro n s  

and t h e i r  f i e l d .  To o b ta in  a  f i r s t - o r d e r  approx im ation  

( i . e . ,  m a trix  elem ents p ro p o r tio n a l to  th e  square of th e  

charge on th e  e le c t ro n f )  i t  i s  p o s s ib le  to  t r e a t  th e  

l a s t  two term s in  th e  d e f in i t io n  of H (2 .1 6 ) and th e  

e n t i r e  r i g h t  hand s id e  of ( 2 . 2 5 ) a s  p e r tu rb a t io n s  of 

an u n p ertu rb ed  H am iltonian  c o n s is t in g  of th e  f i r s t  two 

term s o f  H. In  o rd e r  to  e l im in a te  and vp]_ on th e  

r i g h t  hand s id e  of ( 2 . 2 5 ) ,  th e  two succeeding  eq u a tio n s  

a re  so lv ed  fo r  th e se  two fu n c t io n s ,  w ith  aPPr0 x *“  

mated by th e  wave fu n c tio n  f o r  th e  u n p ertu rb ed  system .

The s u b s t i tu t io n  o f th e s e  r e s u l t s  in to  (2 .2 5 ) p ro v id es  

an eq u a tio n  amenable to  methods o f s tan d ard  p e r tu rb a tio n  

th e o ry .

Wave F unction  fo r  th e  U nperturbed System

The r e p re s e n ta t iv e  f o r  two f r e e  e le c t ro n s  w ith  

momenta and p^0 , and s ig n s  of energy and d i r e c t io n  

of sp in  d es ig n a te d  by s^° and sg0 , i s  g iven  in  £ i,£ 2 » j’l» ? 2  

space by

E.2.y2|E1°ai0; E2% ° )  -  Cj>° (J.x)

where
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cp° -  i v a « 3 W ' £ i  4  B | ,,* S 8 > ' \ l f 2 (B l V s B g V >

(3.2)

Here q i s  an tisy m m etric , and has s ix te e n  components 

co rrespond ing  to  v a r i a b l e s f i# fg *  each o f w hieh has fo u r  

v a r ia b le s .  The r e p re s e n ta t iv e  (3*1) i s  a s o lu t io n  o f 

th e  wave equa tion  

(Fx + F g )^  * W0^ ,

where

Fs = Og.eEg + msc2f?s (3.3)

and

W°= Wj + W° , (3 .^ )

w ith

V o  ^ V o *  V o  “  V o  * (3 ,5 )

E lim in a tio n  of 4*1 and vh 

L et us d e fin e

r ,  V " 1W°t/fi V 1̂ *  <3.6)

I t  i s  c le a r  from (2 .2 6 ) and (2 .2 7 ) th a t  f  and g have th e  

same tim e dependence a s  (3*1)» when 4>04>0 has been approx­

im ated by th i s  wave fu n c tio n . Hence t Q and g0 a re  inde­

pendent of tim e , and ( 2 . 2 6 ) and ( 2 . 2 7 ) le a d  to

(F. + F .  + -fcck -  ¥ ° ) f °  -  G (k,j)<P® (3.7)1 d O — O

(F + F + hc£  -  W°)g° * -G (k,j)<p° (3 .^ )1 2 o -  o
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where th e  s t a t i c  I n te r a c t io n  and th e  s e lf -e n e rg y  have 

been n e g le c te d , as  they  a re  p ro p o r tio n a l  to  th e  square 

of th e  ch a rg e , and would g iv e  term s p ro p o r t io n a l  to  

powers h ig h e r  than  second in  th e  f i n a l  I n te r a c t io n  m a trix  

elem ent.

The so lu t io n s  fo r  f °  and g° a re  

f 0 - © * ? ,  g° * @<pS , (3*9)

where

9 s  (1 /2 tc)3 / 2 V hc/2k •

• \ (F1 + hck -  ¥©) £ i P j(l/k )(o ^ 1 * k x e j)‘ e -

+ (F2 + hck -  ¥ ^ )^ £ g |3 J ( l / k ) ( « 2 «kxej)e“ i ~*E2 } (3 . 1 0 )

e s ( l / 2 f r ) 3 / 2 V he/2& ' •

* { (F-l + hck -  wJ)’" ^ 1 pj(l/ak)(fi<TL»akxej +

+ (F2 + hck -  w |) 2 p j( l/a k )(o fg 'a k x e j + o<g*ej)e *^2 J

(3 .1 1 )

Here we have made use  of th e  f a c t  th a t  and <*2 commute, 

and th a t  9© s a t i s f i e s  (3*5)«

The wave eq u a tio n  (2 .2 5 ) becomes 

(H -  lh  V a t ) * ^  -  ' Z j  d k [&* 0 -  £* £]M> (3*12)

Now d i f f e r s  from only  by a p e r tu rb a tio n  c o n t r l -
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b u tio n ; and th e  o p e ra to r  p reced in g  ^  i s  i t s e l f  a  p e r tu r ­

b a tio n  o p e ra to r . Hence we may re p la c e  fe3r V 0 , and 

th e  eq u a tio n  i s  in  s ta n d a rd  form f o r  a p p l ic a t io n  of p e r ­

tu r b a t io n  th e o ry .

C a lc u la tio n  of I n te r a c t io n  M atrix  Element

The p e r tu rb in g  en e rg ie s  a r e ,  f o r  two p a r t i c l e s  of 

charge f-j. 41114

£l £g (1 -  e_ IE l ’  ^ / a )A M E ! -  Egl s  (3 . 1 3 )

(S j2 + £g2 ) / 8 n a s  (3 ,1 * )

- J d k T  (»0* 9 -  S) s  + Vg , (3 . 1 5 )

where Ug r e p re s e n ts  th e  p a r t  of th e  le f t - h a n d  s id e  of

(3 «1 5 ) c o n ta in in g  term s in  and Vg re p re s e n ts  th e

P  Pp a r t  co n ta in in g  term s in  and £g . S ince we a re

I n te r e s te d  in  th e  in te r a c t io n  o n ly , we s h a l l  c a lc u la te

only  th e  m a trix  elem ents fo r  and Ug. F u r th e r  we
o oassume co n se rv a tio n  o f energy: + Wg * + Wg. I t

i s  w e ll known th a t  th e  m a trix  elem entŜglĉgAulri - Sl2»| Ei»si* fi|>*V *
( 1 / B n ) \ £ 2  (?! + PgXl/fiPi2) ^ 0), ( 3 . 1 B )

where P 0 =  ^  and

(rf,u ° ) S  (W  E g 's g )u XX lK ’* v  e |« 8P -
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Prom th e  * £1 £2e~ ^ 1 "  -  £21 te rm , th e

c o n tr ib u t io n  to  th e  in te r a c t io n  m a trix  elem ent i s  c a l­

c u la te d  a s  the  n e g a tiv e  of (3 *1 6 ) ,  w ith  P^2 re p la c e d  by
_ 2 . , 2 , 2 P^ + ft / a  .

For th e  p a r t  o f -  J&k  Z Gq © which c o n ta in s  f i €2 »

th e  c o n tr ib u t io n  i s

( 1 / g i T + -  (Wx -  W°)2/ o 2 ]} •

<'M 2'1 *°‘g -  * 1 -E1“ g-E.1A ’i 2 )a ° )  ; (3 .1 7 )

f o r  th e  p a r t  of + / d i X  G. ® wh lc h  c o n ta in s  £x*2> th e

c o n tr ib u t io n  i s  g iven  by the  n e g a tiv e  of (3 *1 7 ) w ith

P-ji2 re p la c e d  by P j2 + h 2/ a 2.

A f te r  some com putation , we g e t f o r  th e  in te r a c t io n  

elem ent th e  fo llo w in g :

(1/211)3( l /h j i c ^  + *

2 ' ^ - l r .  . / o a o . t .  • « .2
n % - ^ r -  <*x -  ^ H 1 + (a 2/ h 2 ) -  p j |

-  (» !  -  *2>/<s]) ( tf ,4 l - ^  0 ^ ) 8 ° ) .  (3 .

T his i s  a  g e n e ra l iz a t io n  o f M i l le r ’ s fo rm u la .1**

Id )

I t  w i l l  be n o tic e d  th a t  i t  i s  r e l a t i v l s t i c a l l y  in v a r ia n t ,  

and red u ces  to  M i l le r f s ex p ress io n  as a-*-0.

lg  C. M il le r ,  Z e i t s .  f .  P h y s ik , JO, 7$6
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APPENDIX

P roof th a t  R e la tio n s  (2*10) and (2 .12 ) a r e  c o n s is te n t 

w ith  Commutation R e la tio n s  GE I I I  (3 .7 )

Ac cord ing  to  (2 .1 0 )  and (2 .1 1 ) ,

Vch/2k Vch/2k‘ ^ 7 , ( l / k ) ( l / k 1) (kxe^)*e^ (k*^)*©^

[b(k J ) , b * ( k  J ) ]

« ( ch /2 k ^ ) 1 Pj • (kxe^* e j ) (kxem* e j) 5j  j  t^ (k  -  k * )

* (ch/2k^) (k*e^) * (k**^) S (k -  k ' )

* (ch/2k^) (k*k e . ^ £  (k “  k 1)

* (ch/2k)(S^m -  kjpkja/k2) &(k -  k 1),  

which i s  the same as GE I I I  (3*7)*

A ccording to  (2 .1 2 ) and ( 2 .1 3 ) ,

P , ( k ) , i ' ( k * ) ]  -  

■v/ch/iE V e ^ i F  Z  P*  ft 1 ( l / ak)  ( l / a £ * )
J J '  3 3

(ak^e j  + «s j  ) * e jj ( a k x e j ) * ^  [ ^ (k j j ) ,^ *  ( k , j ) ]

* - ( eft/2a^ 0 ) 2~- P j f j t ( a k * e j  -  e.^)*©^ ( a k x -  e^) *e.j
J »J *
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= - ( c h /2 a 2£ 3 )(a k * e | -  e^) • (akxe^ -  e^) <5(k -  k 1) .

Now th e  d o t p ro d u ct becomes

(akxe^,) • (ak^em) + •«ffi/W ak(

“ aZi ‘£ Z / ’ S a  -  a%'2.ji  i ' S &  *  S - t 'S m

“  a2£2^ m “  a2* t V  

Then

[ty (*) )] “  “ (ch /2k ) {Sim *  k /k m/ £ 2 ) S (k -  k » )

which I s  th e  same as  SE I I I  (3*7)*
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Computation of M atrix  Element f o r  (3*^3)

<E1 »«1 iE2 .e 2| - f 1 f 2e_lE l _E2l / a A * i r 1 -  j y  | E ^ , a J ; ^ , e | )  =

-  f’o { f l £ 2 e _ l E l " 'E 2 l / a A n | r 1 -  1

-  f 1fg(iir,u0)(l/2itfi)® j j  a r ^ r g e " !^ !-^ /8 •

. e- l t< E i-E l) - (E l- £ g ^ l2 )  + (E2-E?)-EgV 6/ | £ i  _ ^

D efine P ^ s  %  -  E®» —2 5 2.2 *“ &2* -  ~ -1  “  —2 J i n t ®“

g r a l  im m ediately above becomes

j j a r 2 ajR . - 1  i  £ 1  '& , - R / > ) .

j 4 r gJ 2Y ,Y V < 1A ) Pl R 008 9 ( e- R/ a /R )R 28 ln  eflfidSd .

+ P2 ) ( ta f t /P ] . ) • J  s i n  (P1R / h ) - e -R^adR ■

iznhf S ( J i  +  g ^ d n m / p - p  • 1 / a / ^ / p ^ g / h g

Then th e  m a trix  elem ent i s  f i n a l l y  ’

+ E g X i/f tJ tP i2 + flt2/ * 2] ” 1 ^ ^ 0 ) .
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Computation of Ug (3»15)

4
We have to  e v a lu a te  — J d k  Z ( < * -  « £ > .

From th e  a p p ro p r ia te  d e f in i t io n s  (2 .1 4 , fo llo w in g  2 .19  > 

and 3 .1 0 ) ,  we have

e  * Z  (l/27 r)3 (he/2k5 )
J 4

{ £12* l  J«"*i - Fi  + &ck -  W|)“ 1e^»k> eje“,i-*^1 

+ £ 22<x2 *k.xeje“ ^^Sl('Fg + lick  -  ^ ^ ^ • k x e j e " ’^ * ^

+ E^gWg'kxe^F-jL + hck -  w|) 1« 1 * k x e je ^ '

* € 1c 2^L*-x®4^F2 + ~ *^~2*— } .
We a re  in te r e s te d  only  in  the  term s in  €iC g; th e  m a trix  

elem ent fo r  th e  f i r s t  of th e se  i s ,  s in ce  F^ i s  H erm itian ,

Z  H  J £i C2 (Fi  + h ek  -  w j r V o ^ p 'k x e j  o ^ k * ^  e""1- * (-2 ” - l } <

where th e  second sum i s  to  be taken  over th e  sp in  v a r ia b le s  

and th e  I n te g r a ls  over th e  r i , £ 2  v a r ia b le s .  With th e  h e lp  

of ( 3 -5 ) .  th e  ex p ress io n  becomes

h U T  j  (Wx + hok  -  Wf k)* (c^xk)e1^  < £ rS l> < ^ -

£ l£ 2J  (W1 + ^ ck  -  W j r V 1 ^ !  +

(A .(« x^ 2 -0L 1 - k « 2-k )e i ^ (^ 2 -S l)e l ( E f* £ l + e S#£ 2 > .^ .
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The com plete ex p re ss io n  fo r  th e  term  w ith o u t t l i a e s  I s  

- ( l /S r r )7 (ho/2k) ^ ( g j d k j t e j d r g t l ^  + ftck -  tf j)” 1

( % . Sg _  2 i . s  ^ 2 ) h

I n te g r a t io n  w ith  r e s p e c t  to  r j  g iv e s  a  £(1^ -  bk) f a c t o r ,

ana in te g ra t io n  w ith  re s p e c t  to  h k  re p la c e s  th e  fik by El* 

The f i n a l  I n te g ra t io n  w ith  r e s p e c t  to  rg  g iv e s  a  <5(Pg + P ^ ) 

fa c to r*  The r e s u l t  I s

( l / s r r ) ? + Pg )(W1 -  W° + c |El -  E®| f 1

1£ Iex ~ eJ I 3 ) 1 (u » (S i-2g ■ 2 i* 2 i  2 g ’E i) u °)

For th e  second term  co n ta in in g  th e  s u b s c r ip ts

1 and 2 and in te rc h an g e d . Upon use  of th e  co n se rv a tio n  

of en e rg y , we f in d  th e  sum of th e  two i s

+ P g J j ^ P j 2 -  (Wx -  Wj)2/©2] } " 1 

~ 2 -l 'E l S g * V * i2 ) ) *

iTThe c a lc u la t io n s  fo r  + I dh > © a re  of th e  same+  J a £ 2

ty p e .

The p a r t  co n ta in in g  th e  D irac  m a tric e s  can be s im p li­

f i e d  f u r th e r ;  fo r  by (3 ,2 )  and (3 .3 )
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V o  '  ( l £2 ’ 1 • OEx* ‘

+ l ^ u ° )

-  ( i / a n ) V E i , £ a ^ . ( . 1E i , E i/ila i -< « 1«0

+ « i '  c p f e ^ l ’- l ^ u 0 + m io ^ ie 1 E l'- l/* H i° )

-  ( l / 2 » l O V tE !* J i+E l , &>>/&(F1 + « i * c ^ ) a 0

0 0 

“ V .
whence

( P i + « a -c E a )“ °

and s in c e ,  in  th e  ex p ress io n  (3*3) f o** Fi»

« l * cE iu° s  o ,

i t  fo llo w s th a t  ®1i »e£«0 * ( l /c ) (W | -  m ^ c^ -jju 0.

Analogous r e la t io n s  h o ld  fo r  o ^ g ^ ,  « 2* s |# &2*E-2*

How (u* ,-o^  »P  ̂*p*Pi a ° ) ■ (®*»[®tL*^2l *2*^12 "  £ 2 ^]m°^»

by d e f in i t io n  o f P^ and co n se rv a tio n  of momentum, ac co rd in g  

to  4(Pj_ + Pg) f a c to r  in  th e  m a trix  e lem en t. The expansion  

of th e  q u a n tity  in  b ra c k e ts  g iv es

%’% ^  Eg “ %'Ej «g'Eg -  «r  % Sig El + «i E£ «g' Eg-
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Then c2 (u* , ^ ’E i ^2*^2 u°^ * -1 * %  u]*» u ^®2

* <[*2*£2(W1 ~ ml e^3l ) u ]**u°> 0

* (["CWg «• * 2 ® ^ 2 ^ ^ 1  "* ,u ° )

« (n*,(Wg -  mgC^gJtW^ -  bî c^ ^ u )

and

- e 2 (tt*,«i*E£ o<2*£2u°) * - U l 2#£2u ^ » ^ l 'E , lu0) ° 2

* —( [(Wg -» ffl2c /̂32^u l  * ^^1 ""’

■ -(m*,(W 2 -  B ig e ^ g X ^  -  m^c2̂ ) ^ 0 ) .

Analogous ex p ress io n s  a re  computed in  s im ila r  fa sh io n  

f o r  th e  o th e r  two term s in  th e  expansion . Upon combining 

th e  fo u r te rm s, th e  ^ ' s  d is a p p e a r , and th e  r e s u l t  i s

(u* , (Wx -  W f)(¥2 -  W |)u ),

By co n se rv a tio n  of energy , -  W| * »'(Wg -  ¥ | ) ,  whence 

( u \  o ^ ^ u 0 ) = - ( l / e 2 )(u*, (Wx -  Wj)2uG) ,

This i s  u se fu l in  th e  f i n a l  com putation f o r  < 3 .1g ).
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P roof o f T ransfo rm ation  fo llo w in g  E quation (2 .1 8 )

We s h a l l  prove th e  f i r s t  r e l a t i o n

e - l w t b ( k , J ) e lw t  -  b<k„))e+ l c k t ;

th e  o th e rs  fo llo w  in  th e  same manner.

I t  i s  c le a r  th a t  w, as  d e fin e d  in  ( 2 .1 8 ) ,  commutes 

w ith  b ( k , j )  excep t in  th e  neighborhood o f k 1 * k ,  f o r  

th e  v a lu es  of J 1 j ,  and fo r  a l l  th e  b 's ;  henee

= exp [ - l c t k  Ak b* (k ,J  )b (k , j ) l . b ( k j )  *

* ex p [ + ic tk  Ak b* (k , j ) b ( k ,  j )]

* exp [ - i c k t  Ak b * b ] .b .

[ l  + ic k t  Ak b* b + ( ic k t  A J t)V b  b*b/2  t + . . .  ]

* exp [ - i c k t  Ak t f b ] .

[b + i c k t  Ak bb*' b + ( i c k t  Ak)2bb*b b**b/2 ! ♦ . . . ]

* exp [ - i c k t  Ak tf  b]exp [ i c k t  Ak bbr ] *b

* exp [ i c k t  Ak (bb* -  b ^ b j l 'b

But \ [ b (k ,J ) ,b *  (k 1 , j ) l d k  * f  [ b (k ,J )  ,b* (k * , J ) ]d k  
J ~ 'Ak ~

* A k{b(k ,j)b<r ( k ,J )  -  br  (k , J )b (k , j )} ■ J  A(k -  k ’ )dk » 1 

Hence

e“ lw tb ( | , j ) e lw t * b ( | , j ) e + lcS tt.
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